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Abstract
We study the hadronic flux tubes in Quantum Chromodynamics (QCD) in terms of the dual

superconducting scenario of the nonperturbative vacuum in the 't Hooft Abelian gauge and
the resulting dual Ginzburg-Landau (DGL) theory as an infrared effective theory of QCD. The
essential prescription to derive the DGL theory from QCD is Abelian gauge fixing and Abelian
projection. This scheme reduces the SU(N) gauge theory into an [U(1)]Y~! Abelian gauge
theory with additional N — 1 types of color-magnetic monopole currents corresponding to
the homotopy group m(SU(N)/U(1)N~1) = Z¥=1 Performing the duality transformation,
we introduce the dual gauge field which couples to the monopole current. When we sum
over the monopole-current world lines in four-dimensional space time, assuming monopole

condensation, we finally get a dual version of the Ginzburg-Landau theory.

First, in order to find the region of applicability of the DGL theory as an infrared effective
theory of QCD, we study the quantitative relation between them at the quantum level by
using their lattice formulation. For definiteness we refer to the SU(2) lattice gauge theory
at fsu) = 2.5115, where we know an example of the color-electric field and monopole
supercurrent profile of the flux tube, and to the corresponding U(1) DGL theory (dual Abelian
Higgs (DAH) model). Paying attention to the monopole degrees of freedom as appearing in
both theories, we combine the extended Swendsen method and the approximate analytical
evaluation of the U(1) DGL theory in order to match the monopole actions. By Monte Carlo
simulations with this set of couplings we measure the flux-tube profile and the string tension.
We can partially reproduces the results of the SU(2) simulations. Remaining problems can

be related to the vortex-loop vacuum structure appearing near the chosen parameters.

Second, we reformulate the [U(1)]> DGL theory to make the Weyl symmetry manifest,
which enables one to treat this in a quite similar way as in the U(1) DGL theory. We apply
this to the systematic study of hadron structures, meson, baryon, and glueball states in
terms of the open flux tube, Y-shaped flux tube, and the closed flux tube (flux-tube ring),
respectively. The baryonic state is one of the most interesting and important application of
the [U(1)]?> DGL theory, since this state can be treated only after taking into account the
[U(1)]? dual gauge symmetry originating from SU(3) gauge symmetry. In the glueball study,
contrary to other hadrons containing valence quarks (meson, baryon) where the motion of
quarks helps to stabilize the states, here we need to consider for the first time how such
flux-tube ring can be stabilized by the flux-tube motion itself. For this purpose we apply the
result of the string representation of the DGL theory, and describe the flux-tube ring as an
relativistic closed string with an effective string tension. This description enables us to write
down the Hamiltonian of the flux-tube ring. Analyzing the Schrédinger equation, we discuss
the mass spectrum and the wave function of the glueball. The lowest glueball state is found

to have a mass Mg ~ 1.6 GeV and a size Rg ~ 0.5 fm.
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Chapter 1

Introduction

1.1 Approach to the nonperturbative QCD

The analysis of Quantum Chromodynamics (QCD) at large distances is a very important
subject in understanding not only the nontrivial vacuum structure, and its manifestations
such as confinement and chiral symmetry breaking [1], but also the hadron mass spectrum
observed in experiments [2] in terms of its ingredients, quarks and gluons. The QCD La-
grangian density has the SU(3) gauge symmetry, which is written by using the quark field ¢
and the gluon field A, as

Ny

Lacp = —%tr(GuyG‘“’) + 3 qp(iv* Dy — mp)ay, (11.1)
=1

where G, = 0,A, -0, A, +ie Ay, A, is the SU(3) field strength tensor, and D,, = 0, +ie A,
the covariant derivative. The quark masses are my, and e is the SU(3) gauge coupling. Ny
is the number of flavors. Due to the non-Abelian nature of the SU(3) group, the gluon fields
carry color charge too, and interact with themselves. This feature is completely different
from Abelian gauge theory like Quantum Electrodynamics (QED), where there is no self-
interaction term of the Abelian gauge (photon) field. In QCD, the one-loop contribution
from gluon self-energy and vertex at large momentum scale Q? leads to the running coupling

constant ) e(QQ) 195
(@) ==~ = (35— 2N, (@7 Ny (1.1.2)

where Aqcp is an important quantity, which provides a typical scale of the strong interaction.

For large momentum transfers Q — oo, one finds that the coupling behaves as a,(Q?) — 0,
which is called Asymptotic Freedom [3,4]. On the other hand, for Q@ — Aqcp, the coupling
becomes large and diverges to infinity, as(Q?) — oo. Clearly, in this region, perturbative

expansions in a, and therefore the expression (1.1.2), too, are not meaningful anymore. Such
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127

as(Q?) a,(Q?) =

(33 — 2N ;) n(Q2/A%cp)

0.5

0.0 | | |
0.0 0.5 1.0 1.5 2.0

Q (GeV)

Figure 1.1: The QCD running coupling constant a(Q?), where Aqcp = 0.1 GeV.

behavior is opposite to that of the QED running coupling constant. Checking expression
(1.1.2) with empirical data at a high scale a,(Q* = M%) ~ 0.12 [2] gives Aqcp = 0.10 GeV
for Ny =5 (Top quark mass is known as m; ~ 170 GeV, which is heavier than Mzo. On the
other hand bottom quark mass is mj, ~ 4 GeV.). The typical behavior of a,(Q?) is shown in
Fig. 1.1. Higher order corrections up to 4-loop give Aqcp ~ 0.22 GeV [5].

In order to study the low energy region of QCD, we need to develop other techniques
beyond the scope of perturbation theory. The lattice QCD formalism is one promising ap-
proach for this subject. The lattice discretization of space-time coordinates leads, infinite
four-dimensional volume, to a finite-dimensional path-integral representation of the partition
function. Then the sampling of vacuum fields can be performed directly by means of the
Monte Carlo method. In fact, from the measurement of the expectation value of the Wilson
loop, an useful operator to measure the excess of free energy of a bound state of the ¢-q
system, an area-type exponential decay is found, which leads to a linear quark confinement
potential [6]. The effect of dynamical quarks can be taken into account at a much higher cost.
Therefore, up to recently, the light hadron mass spectrum has been simulated in quenched
approximation and found to be in reasonable coincidence with the empirical data up to a
well-understood systematic error [7]. In this sense, we can already say that the lattice QCD
simulation is a very useful method to provide us detailed information assuring that QCD
is the reliable fundamental theory of hadrons. The mechanisms how and why the QCD re-
produces this face of nature is still under debate. Therefore, besides numerical lattice QCD
simulation, it is quite important to investigate the corresponding infrared effective theory
which is constructed from QCD by extracting the relevant degrees of freedom describing the

infrared energy region. If the resulting framework has a simple form which can be dealt with
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analytically, this is of big practical importance. Then this effective theory can be studied
complementary with lattice QCD simulations. We hope to understand better the working

principles behind the lattice results.

1.2 Dual superconducting scenario

In this context, we take up that the so-called “dual” superconducting scenario [8, 9], described
by the dual Ginzburg-Landau (DGL) theory [10,11], as a promising theoretical idea. The
word “dual” represents a world where the role of electricity and magnetism is interchanged.
This idea is applied to ordinary superconductivity where electrical charges (Cooper pairs) are
condensed and magnetic field is confined. The essential prescription to derive the DGL theory
from QCD is Abelian gauge fixing (selecting the “off-diagonal” gauge degrees of freedom) and
Abelian projection (dropping off-diagonal gauge degrees of freedom) [12]. This is justified by
the infrared Abelian dominance for the nonperturbative quantities, which was conjectured in
Refs. [13]. This scheme reduces the SU(3) gauge theory into the [U(1)]? Abelian gauge theory
with additional two types of color-magnetic monopole currents, which can be understood by
recalling the homotopy group m2(SU(3)/U(1)?) = ma(Se x Sz) = Z%. After summing over
the monopole-current world lines in four-dimensional space time [14-16], assuming monopole
condensation, we finally get a Ginzburg-Landau type Lagrangian density with the [U(1)]?

dual gauge symmetry:

3
1 - - SN2 L= 2 2
[’DGL = _Z (6MBV — 6,/BM + eZEZ,> + Z |:‘ (6M + dei'Bu> Xi — )\ (’XiF — 1)2) :| s (1.2.1)
i=1
where B% and x; denote a two-component dual gauge field (axial vector) and a three-
component monopole field (complex scalar)*, respectively. There are three coupling pa-
rameters, the dual gauge coupling g and the strength of monopole self-interaction A, and the

monopole condensate v. The dual gauge field appears during the step of path-integral duality

E
2

which describes the color-electric Dirac string singularity. In the dual form, we need such

transformation of the partition function. The quark field are included in the definition of &

string in order to define the color-electric charge, which is similar but dual to the definition
of the magnetic charge of the Dirac monopole [1]. It is important to note that recent stud-
ies of lattice QCD Monte-Carlo simulation in the maximally Abelian (MA) gauge [17-19]
show numerical evidence of assumptions used to derive the DGL theory, infrared Abelian
dominance [20-22] and monopole condensation [23-27], and their relation to nonperturbative
phenomena like confinement [28,29] and chiral symmetry breaking [30,31]. In this sense, the
DGL theory is qualitatively supported by numerical lattice QCD.

*The components of which have to fulfill some constraint.
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According to the fact that QCD is based on SU(3) gauge theory, in the DGL theory, there
appear three different types of the Abelian color charges both in the electric sector and the
magnetic sector. The color-electric charges are defined as ew; (j = 1,2,3) and the color-
magnetic charge g€ (i = 1,2,3), where @; and € denote the weight vector and the root
vector of the SU(3) algebra, respectively. These color charges satisfy the Dirac quantization
condition, ew; - g€ = 2mm;;, where m;; is an integer. These charges possess the global
Weyl symmetry, which is permutation invariance among color labels of these charges. Hence,
the Weyl invariance guarantees the color-singlet criterion of the theory. Recently, we have
developed the DGL theory to make this Weyl symmetry manifest by the redefinition of the
dual gauge field B;, = g€; - EM [32], and found that the DGL Lagrangian (1.2.1) can be

written in the form, Lpar, = Y5, ESEL, where

2
i 1 3 ] 9 9 2
i = 7 (aMBiy—awamw Zmijz;f?w) (@t iBi) il =X (Il —v?)
j=1
(1.2.2)

Here the dual gauge coupling is redefined as ¢ = \/gg, and we have used the relation
ifjl, = Z?’:l w; E?W. The three dual gauge fields in (1.2.2) fulfill the constraint 333 ; B;, = 0
due to Z?:la- = 0. Clearly, this form is manifestly invariant under the permutation of
labels i or j, since they are summed over. The resulting form apparently has a [U(1)J?
dual gauge symmetry. Thanks to this extension of the dual gauge symmetry, each piece of
the DGL Lagrangian El()i)GL can be treated as a the U(1) dual Abelian Higgs (DAH) model
corresponding to the infrared effective model of SU(2) gluodynamics in the Abelian projection.
In this sense, an analysis of the U(1) DAH model is also useful to learn the essence of the
dual superconductivity described by the DGL theory. More details of a derivation of the
DAH model from the SU(2) gluodynamics will be discussed in chapter 2. The DGL theory
is discussed in chapter 6, where we will obtain the DGL Lagrangian (1.2.1). The manifestly
Weyl symmetric description like the expression (1.2.2) will be presented in chapter 7, where

the application of the flux-tube solution to the understanding of hadron structure is discussed.

1.3 String picture of hadrons

In the dual superconducting vacuum as described by the DGL theory, the color-electric flux
emanating from the color-electric charge is squeezed into an almost one-dimensional object
like a string, due to the dual Meissner effect caused by monopole condensation. We call this
hadronic color-electric flux tube, or simply the flux tube. An example of flux-tube profile is

shown in Fig. 1.2. The color-electric flux emitted from the quark is absorbed by the antiquark,
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forming the tube structure in between. This is due to the existence of induced color-electric
field originating from monopole supercurrents through the dual Faraday law. As shown in
Fig. 1.3, these supercurrents are circulating around the flux tube. Figs. 1.2 and 1.3 show
the classical flux-tube solution, discussed first in chapter 3. Quarks together with gluons are
then confined into the inside of a fuzzy rod (of large color-electric field strength), or Mercedes
star-shaped objects, or rings, which correspond to the various hadronic objects like meson,
baryon, glueball, respectively. The flux tube has a constant energy per unit length, the string
tension, which characterizes the slope of the linear potential between the color charges. This
is dual analogue to the formation of Abrikosov-Nielsen-Olesen (ANO) vortex in an ordinary
superconductor [33,34]. Here, magnetic monopoles play the same role as that of the electric
Cooper pairs of BCS theory. Two typical scales of dual superconductivity are provided by
the mass of the dual gauge field mp = v/3gv and the mass of the monopole field my = 2v/\v.
These masses characterize the thickness of the transition region between the normal phase
(the interior of the flux tube) and the dual superconducting phase (the surrounding vacuum).
They play a crucial role to determine the profile of the flux tube and the string tension of
the flux tube. There is a vacuum property classified by the ratio of two masses x = m, /mp,
called the Ginzburg-Landau parameter; we have a type-I (k < 1) or a type-II (k > 1) vacuum.
The border between the type-I and the type-1I vacua given by x = 1 is called the Bogomol'nyi
limit, where one can find several results analytically [35, 36]. Details of the flux-tube solution
are discussed in chapter 3 within the U(1) DAH model, and in chapter 7 within the [U(1)]?
DGL theory.

It should be noted that this flux-tube picture of hadrons is not in contradiction to the
properties known from empirical data, such as the Regge trajectories and duality of scattering
amplitude [37, 38]. The Regge slopes of hadrons provides the value of the string tension, o ~ 1
GeV/fm, which characterizes the strength of the confinement. In the extreme type-II limit
(k > 1), one can explicitly derive the string representation of the DGL theory [39-42], which
can be regarded as the theory of the QCD string theory essentially described by the Nambu-
Goto action and a rigidity term [43,44]. It is expected that such effective hadronic string
theory does not to contain the conformal anomaly [45], due to the presence of the Polchinski-
Strominger term [46]. This means that one may be able to establish a quantum string theory
within the four-dimensional space time [41]. In terms of the string description of hadrons,
the linear rising inter-quark potential obtained by the area-law decay of the Wilson loop
seems trivial. Before going over to the string representation, the hadronic flux tube can be
regarded as a rather complicated collective excitation in the QCD vacuum. In a simplified
form, the so-called flux-tube model can be applied even for the study of scattering properties
of hadrons [47].
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Figure 1.2: (a) The profile of color-electric field and (b) its strength in the flux tube.
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Figure 1.3: (a) The profile of monopole supercurrent and (b) its strength in the flux tube.
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Figure 1.4: The profile of the flux tube in the SU(2) lattice gauge theory in the MA gauge
at Bsy(z) = 2.5115 (The lattice spacing represents a = 0.086 fm, determined from the string
tension /o = 440 MeV).

A few years ago, an interesting quantitative example of flux tube was identified in the
Monte Carlo simulation of SU(2) lattice gauge theory, studied in the MA projection [48]. The
authors have studied the profile of the color-electric flux between heavy quarks measuring the
correlators of both the color-electric field E and the monopole supercurrents k, with Abelian
Wilson loops. So far, this type of measurement, performed on a 32% lattice at Bsu(z) = 2.5115,
has not been repeated to check the results for the scaling. Such correlators, divided by the
expectation values of the Wilson loops themselves, describe the expectation values of color-
electric field and monopole supercurrents induced by the presence of a static color-electric
charges*. For the Abelian Wilson loop in the z-t plane, the z component E,(R) of E and
the azimuthal component kg(R) of k were found to be non-vanishing as shown in Fig. 1.4.
The distance from the center of the flux tube is R = /22 + ¢2, and the azimuthal angle 6 is
defined as usual tan § = y/x. Note that these quantities would vanish in vacuum. In presence
of the color-electric current circulating around the Abelian Wilson loop, E and k are created

and related through the dual Ampére law.

*Why this measurement provides the expectation values of operators in the vacuum with external source
will be explained for a similar case in the section 4.4. The form (O)external g—g = (WO)o/(W)o, where W
denotes the Wilson loop operator and O an another operator, physically corresponds to the dual object (4.4.5),
the 't Hooft loop operator H [49].
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1.4 Open problems to be dealt with in this thesis

Now, we would like to specify our view point on this subject. As explained in the previous
sections, in order to get deeper theoretical insights into the hadronic properties in terms of
quarks and gluons perturbing the vacuum, it is useful to pay attention to the dual supercon-
ducting picture of the QCD vacuum. In this framework the vacuum (monopole condensate)
is present already at the tree level. Then this picture enables one to connect the string-like

properties of hadrons with QCD.
On this level,

e the analysis of flux-tube (effective string) statics and dynamics described by the DGL
theory should be done for the purpose of systematic understanding of the observed

hadron properties.

We consider that for this purpose it is useful to apply the manifestly Weyl symmetric form
of the DGL theory, as already explained in Eq. (1.2.2), which is based on the idea that the

hadron should be a color-singlet state. Therefore, using this framework,

e we shall study the hadron structures corresponding to the meson, the baryon [50], and
the glueball states [51] in terms of the flux-tube solution in the DGL theory.

In particular, the baryonic state is the most important application of the manifestly Weyl
symmetric form of the DGL theory, since it contains all three types of the color-electric
charges. As anew application of the flux-tube solution of the DGL theory to hadron structure,
we present the study of the glueball state as a flux-tube ring. This idea is based on the
extension of the open flux tube used in usual mesonic and baryonic states, with valence
quarks at the ends, to the concept of a closed flux tube. The glueball, which is considered
as a bound state of gluons without any valence quarks, can be regarded as a toroidal flux
tube. We summarize the string picture of the hadronic states in Fig. 1.5. The mesonic and
baryonic states are studied in chapter 7 on a classical level, and the glueball states will be

discussed, for an attempt to quantize the flux-tube ring, in chapter 8.

Before doing such analysis,
e it is also important to find the region of applicability of the DGL theory.

First, this effective theory (1.2.1) cannot describe all properties of QCD (1.1.1). More im-
portant, being an effective theory, its couplings must be related to QCD. In other words, for
quantitative descriptions of infrared QCD in the framework of the DGL theory we would like

to know how to determine its coupling parameters directly from QCD.
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Figure 1.5: The string picture of hadrons corresponding to (a) meson, (b) baryon, and (c)

glueball states.

As a first step in this direction, on a phenomenological level, recently an estimation of the
parameters of the DAH model corresponding to the Abelian-projected SU(2) gauge theory has
been performed in [52], where the template profile of the color-electric flux tube between heavy
quark and antiquark shown in Fig. 1.4 has been analyzed. The profiles of the color-electric
field and the monopole supercurrent has been fitted by the classical fluz-tube solution of the
DAH model. The result suggests that the masses of the dual gauge field and the monopole
field are almost the same, approximately 1 GeV, such that the so-called Bogomol’'nyi limit
seems to be realized in the dual superconductor vacuum. The authors also mention that the
string tension of the flux tube can be reproduced, as a classical energy per length, in the
DAH model with the obtained parameter set within 94% of the original SU(2) string tension.
This result support the hope that the DAH model as a classical field theory is rich enough
to describe the infrared properties of SU(2) gluodynamics not only qualitatively but also
quantitatively. However, the DAH model, related by duality to gluodynamics, is supposed
to be an effective theory on the quantum level. Then the result of Ref. [52] is just a fit. A
final statement on the status of the DAH model and on the parameter which correspond to
gluodynamics can be made only when the profile of the flux tube known from gluodynamics is
reproduced within the quantized DAH model. Notice that no prediction is made by Abelian-
projected SU(2) gluodynamics for the profile of the monopole field. If this is successfully
done, other vacuum properties can be studied: type of vacuum, renormalized dual photon

mass, monopole mass, mass gap (glueball mass), field strength correlators, etc. ..

In this thesis,

e we restrict our task to the study of the quantitative relation between the SU(2) gluo-

dynamics and the DAH model at the quantum level [53].

The aim of this study is first to know under which circumstances how much of the classical

description of the flux tube in the Ginzburg-Landau type model can be reproduced by the
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quantum version of it taken as an infrared effective model of non-Abelian gauge theory.
Second, and not less important, we have to establish microscopically the link between SU(2)
gluodynamics and the DAH model in a way which tells us the couplings of the latter. Of

course, our final goal is to solve this problem for the SU(3) case.

For definiteness we refer to exactly the case of pure SU(2) gauge theory at Ggy(2) = 2.5115,
i.e., the lattice vacuum we are interested in is exactly that where the flux-tube template
comes from. Non-Abelian flux-tube data for other Bgy(2) are not yet available. Then, our
strategy is the following: We focus attention to the monopole degrees of freedom, which
are common ingredients of both the SU(2) gauge theory (in the Abelian projection, after
performing the MA gauge fixing) and the DAH model. In the DAH model, the monopoles are
figuring as the monopole field. They can be made explicit, however, in the so-called monopole
representation of the DAH model. This offers the possibility to match the monopole action,
known from the monopole content of the Abelian-projected SU(2) configurations, with the
monopole action to be obtained from the monopole representation of the DAH model [54].
The first part comes from Monte Carlo simulation of SU(2) lattice gauge theory, Abelian
projection, and then adopting the extended Swendsen method [55,24] The second part is
obtained analytically, such that one can infer the DAH model parameters. Finally, DAH
simulations can be performed which should give the flux-tube profile and the string tension,
both at the quantum level, to compare them with the SU(2) results. Studying the approach
to the continuum limit would be worth of further studies. However, the matching should be
done at a scale where the monopole dynamics is sufficiently simple. The details of this study,
the Monte Carlo simulation of the SU(2) lattice gauge theory, the monopole representation
of the DAH model, the extended Swendsen method, and the simulation of the DAH model
will be presented in chapter 5. General features of the Monte Carlo simulation of the DAH
model is discussed before in chapter 4, where some useful notation and technical details of
the lattice DAH model are provided.

10



Chapter 2

Dual Abelian Higgs model derived
from SU(2) gluodynamics

In this chapter we are going to derive the dual Abelian Higgs (DAH) model from the SU(2)
gluodynamics. First, we adopt the Abelian gauge fixing, which shows the existence of Abelian
magnetic monopoles in the SU(2) gauge theory. Second, by performing the Abelian projection
method [12], we extract these monopoles as collective modes, which is based on the hypothesis
of Abelian dominance in the nonperturbative vacuum [13]. At this stage, the SU(2) gluody-
namics is reduced into an Abelian gauge theory including the Abelian magnetic monopoles as
additional degrees of freedom, which form closed world-lines in four-dimensional space-time.
Finally, we assume that the vacuum is characterized by the complicated clustering of these
monopole world-lines. The partition function of grand canonical ensemble of such “monopole
currents” system can be reformulated in terms of a “monopole field.” In order to sum up
these monopole trajectories including interactions, it is useful to introduce the dual gauge
field which directly couples to monopole currents by a duality transformation. One finds that
the resulting model is nothing else but the DAH model, describing the vacuum as the dual

superconductor.

2.1 SU(2) gluodynamics

2.1.1 Preliminaries

We start from the SU(2) gluodynamics described by the action

Ssu(2) = /d4$ESU(2)7 (2.1.1)

11
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where Lgy(9) is the Lagrangian density in the Euclidean metric, given by
1 .
‘CSU(Q) = §trGWGW + Z.AZJS (212)
where A, denotes the SU(2) non-Abelian gauge field

A, = AT, T =

Ta
—. 2.1.
] (2.1.3)

Here, T* (a = 1,2,3) are generators of the SU(2) Lie algebra satisfying the commutation

relation [T¢,T% =i Y23_, e®°T°. 7% (a = 1,2,3) are standard Pauli matrices

01 0 —i 1 0
= , 2= ! , T = , (2.1.4)
10 1 0 0 -1

which satisfy a normalization

1

tr(797%) = 26% or tr(TT?) = §5ab. (2.1.5)

The SU(2) quark current is introduced as the external source Jy, = eqy,Tq, which couples
to the SU(2) gauge field Aj.

Now we can define the covariant derivative 15“ based on the gauge principle as
Dy =, +ieA,, (2.1.6)

then, the field strength tensor G, written as

Gu = é{[i)u,f)y] ~ 10:0) } (2.1.7)
= OuA, — OA, +ie[A A (2.1.8)

Note that the hat “*” means that it operates on wave functions of the right. The commutator
of derivative [5,“ 3,,] plays an important role to keep the SU(2) field strength tensor regular.

The action is invariant under the SU(2) gauge transformation (gauge principle), defined
by using the element of SU(2) group U(z) € SU(2) as

Au(e) — A, =U) (AM(:U) + %au) Ut (), (2.1.9)
D, — D, =UD,U" =9, +ied, (2.1.10)
Gu(x) — G, (x) =U(@)Gu(x)U'(2). (2.1.11)
Here U (x) satisfies
UUut=1 — 0=09,UU") = (,0)U" +Ud,U", (2.1.12)
detU = 1. (2.1.13)

12
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2.1.2 Singular gauge transformation

By using the covariant derivative (2.1.7), the field strength after the SU(2) gauge transfor-

mation G, () is explicitly computed as
G = U {[Du D] - [0.0.]} U

_ 1 {v[D, DUt U [d,,8,] Ut}

i€
1 (o - . .
_ 1 t 1 _ t
= - {lvb,ut,ub,ut| - v 9,8, Ut}
. 1
= Ol = DA, +ie | A A - —U.,a,U", (2.1.14)
where we have used
(O A | = 00 Al = A0 = O, + A0, — A, = 04, (2.1.15)

It is important to note that if the gauge fixing function U(x) € SU(2) is singular, that is
[0y, 0,]U(x) # 0, the last term in (2.1.14) remains. The Abelian gauge fixing is classified into
this type.

2.2 Abelian gauge fixing

2.2.1 Diagonalization of gauge dependent variable

We consider some gauge dependent variable X (z) € su(2)*

1 ( X3(x) X' (z) —iX?(x) ) . (2.2.1)

X=X =5 ¥ 1ix2@)  —x3w)

Abelian gauge fixing is defined by the diagonalization of this kind of matrix by using the
gauge fixing function Q(z) € SU(2) as

X(z) — Xa(@) = Q@)X (@)) = ( N ) (2.2.2)
Ae(z) = j:%\/Xlz(x) ¥ X2(x) + X2(x). (2.2.3)

Here Ay(x) represent eigenvalues of X (z). One finds that these eigenvalues degenerate as

At (x) = A_(z) when the conditions

Xl(x) = XQ(.’I}) = X3(.’I}) =0 (2.2.4)

*When we represent elements of Lie algebra, we use small characters.

13
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are satisfied. Since each condition describes a three-dimensional surface, the locus where all
of them are satisfied will be a world-line in four-dimensional space-time.

Now, the degeneracy point is our main interest. In order to understand the structure of
the neighborhood of the degeneracy point, we parametrize the world-line by the proper time

7, and perform the Taylor expansion around a certain point g at fixed time t3. Then we

have
X(CL‘) = Xa(to, :]30) T + 8iXa(t0, .’130)({13 — .’L'())iTa + O((l’ — :]30)2)
N—— —_———
=0 neglected
= Cf(x—mo)'T", (Cf = 0;X%(x0)) - (2.2.5)

If det C' # 0, this means that there exists an inverse mapping; So we can define a linear

transformation to new coordinates
w® = C(x — xo)". (2.2.6)

In terms of these new coordinates w®, we find the hedgehog configuration near the degeneracy
point xq, given by
X(w®) =T, (2.2.7)

This is the simplest non-trivial solution corresponding to the homotopy group m2(SU(2)/U(1))
= 79(S2) = Z~. The eigenvalue and the degeneracy point are represented by :l:%\ Jw? 4+ w3 + w3
and w; = wy = w3 = 0, respectively.

Let us parametrize the new coordinate w, by polar coordinates as
w = (wy,wy,ws) = (rsinfcos¢ , rsinfsing , rcosh), (2.2.8)

then the gauge dependent variable X (w) becomes
X(w) = 1 wgl wy —iwy \ 7 AcosiH e " gin @ . (2.2.9)
2\ wy + twe —ws3 2\ €?sinf —cosb

Thus, one finds the gauge fixing function Q(w) € SU(2) in the form

i 9 in?
(e oS 5 sin 5

—sin? —i¢ 9
sing e '?cos 3

Qw) = ) (= O (w)). (2.2.10)

This gauge fixing matrix Q(w) diagonalizes X (w) as

Xy = Qw)X (w)Q (w) = g ( é _01 ) = T3, (2.2.11)

where the gauge dependent variable X has only a 7% component. In this sense, the gauge

degree of freedom in the SU(2) non-Abelian gauge theory is fixed by Q(x) up to a remaining

14
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the Abelian gauge symmetry. After this gauge fixing, as is clear from the expression (2.2.11),
there remains only the maximal Abelian subgroup of SU(2), that is U(1).

It is worth noting that we have many choices of the Abelian gauge fixing function owing
to the residual Abelian gauge symmetry. In fact, instead of Q(w), it is possible to choose

the form

[ —i o3y O
Q(w)z( oS 5 e sin ¢

2 ) (= Qa(w)). (2.2.12)

— e gin 2 9
e'?sin 5 oS 5

Here, 1 (w) and Qy(w) are related by the residual Abelian gauge symmetry as
—i¢ .
0y = ( ° . ) O = e 20T°Q,. (2.2.13)
By using this matrix Qs(w) , one also leads to the equation (2.2.11).

2.2.2 Appearance of magnetic Dirac string

By the Abelian gauge fixing function Q(z), the gauge field A, (z) is transformed as
1
Ay () — A(z) = Q(z) (Au(x) + %au) O (a). (2.2.14)

Now, if the original gauge field A, is regular, the first term of (2.2.14) is still regular. However,
the second term provides a singularity. To confirm the appearance of singularity, let us
compute the flux originating from the second term of (2.2.14). The flux is given by the path
integral along a closed loop C; r, 6 = const. , ¢ € [0,27) as *

?(C da {iQ(x)@HQT(a:)]

- %dw {E azam( )}

_ L 0 o
= % ) deaw) 5 alw), (2.2.15)

o

where we have used the form of 9/0w® in the polar coordinate,

0 0 L1 10 )t 1 0
= — —ey.

dwe  or" T ra0% T Tsing ¢ ¢
*This is related to the surface integral of the field strength 9,45 — &,Aff through the Stokes theorem.
Here, we do not take into account other terms in the field strength tensor: [Af, A’] and Q[9,,,]Q" [See, Eq.

(2.1.14)], which play important roles when we discuss the Abelian projection.

(2.2.16)

15
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Inserting Q2 = 4, the flux is explicitly calculated as

1 f2r 0
d = — | dopQ o)l
= [T o uw) 2 0l
1 2”d¢ e“%os% sing o e_i‘bcosg —sing
te Jo —sing e*id’cosg 0¢ sing eid’cosg
4 0
= ——WCOSQ§TBE(I)1(9). (2.2.17)
e

We find that this gives non-zero contribution even in the case that the closed path C is shrunk

to one point, that is § = 0,
(0 =0) = ——T5. (2.2.18)

On the other hand, for # = m, this flux vanishes. That is to say, along the axis at # = 0
there exists the flux expressed by the delta-function type, which implies the existence of the

“Dirac string.” Rewriting (2.2.17) as

4 (1 + cosd)

ay(0) = -~
4 4 1
= I3y s (%SH) T3, (2.2.19)
e e

one can recognize that the first term and the second term correspond to the flux which
are originating from the “magnetic monopole” with the magnetic charge 47w /e = g and the
“magnetic Dirac string,” respectively. Here an interesting relation, eg = 4m, appears, which
is the so-called Dirac quantization condition for the magnetic monopoles. This quantization
condition guarantees the unobservability of the magnetic Dirac string whenever the Abelian

gauge symmetry is not broken.

It is interesting to compare with 2 = 5. In this case the flux is calculated similarly as

4 dr (1
Dy(0) = ?”T3 - g (JFTCOS‘Q) 3. (2.2.20)

Here, the role of the first term and the second term are the same as the previous discussion.
However, it should be noted that in this case the flux has non-vanishing value along the
axis at 8 = w, which means that the direction of the magnetic Dirac string is different from
previous case. In this sense, one can say that the position of the Dirac string can be varied
by the residual Abelian gauge transformation. The direction of the Dirac string is defined
by the sign of the charge e or g. If we define as e > 0 (e < 0), the flux of the Dirac string is
absorbed (emitted) by the magnetic monopole (anti-monopole) [See, Fig. 2.1]
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Figure 2.1: The direction of the color-magnetic Dirac string for the Abelian gauge fixing
function (a) Q1 (w) and (b) Qa(w) .

2.3 Abelian projection

In the previous section, we have shown that the SU(2) gauge theory contains monopole-
like singularities in the Abelian gauge. Our next task is to “extract” these singularities as
monopoles. To do this, it is essential to adopt the Abelian projection method, which reduces
the non-Abelian gauge theory into an Abelian gauge theory. The resulting Abelian gauge

theory contains Abelian magnetic monopoles as additional degrees of freedom.

2.3.1 Abelian gauge transformation of the gauge field

In order to extract the Abelian gauge field from the theory after the Abelian gauge fixing,
we perform the Abelian gauge transformation. Let Af} be the gauge field after the Abelian
gauge fixing as given in Eq. (2.2.14). Using the Cartan decomposition as

1 1
Q_ Q1 | - 492 _ 1, 2
CM :E(AM +2AM )7 E:_Q(T —f—Zj-‘)7 (231)
we write the gauge field .Aﬂ as
Q _ 40 _ AQ33 Q Q
Al = AT = APT + CIE + CFE, (2.3.2)

where the diagonal part and the off-diagonal part are exposed. Let us perform the Abelian

gauge transformation by making use of d(x) € U(1)s,

0
. s 0
d(z) = pief(@) T _ ( 602 el ) ) (2.3.3)

17
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Then, one finds the following transformation:

d 1
AR A9 = d(A,%EaH) d

= (AP -0.0)T% + e PCRE + O E. (2.3.4)

This suggests that the off-diagonal gluon parts Cf} and Cf}* become charged matter fields and
lose the property of a gauge field. Only the diagonal gluon Af}?’ still behaves as an Abelian

gauge field. Here, we have used the relation

T3, E|=E, [T3 E=-E, (2.3.5)
e"Be ! = B+[A,B] + %[A, [A,B]] +---. (2.3.6)

Now, we have found which is the Abelian gauge field in terms of the residual Abelian gauge
symmetry. Following the Abelian dominance hypothesis as a low-energy property of the non-
Abelian gauge theory in a suitable Abelian gauge, we extract only the Abelian gauge field
by dropping* the charged matter fields Cf} and Cf}*. This is the step of Abelian projection.
Only the diagonal component of the gauge field defined by

1
AL = AT — ta(S AT = tx {739 (AM + %au> QT} T3 (23.7)
is taken into account. The field strength tensor of the SU(2) gauge theory is then written as

1
Gl = OuAl = 0, AT + i [AD, AT —— Q0. 9,101
N—
neglected

= 9,A — 0,47 - %Q[@u, 2,10 (2.3.8)

It should be noted that we drop the off-diagonal gluon part after the Abelian gauge fixing,
never before one. Since the Abelian gauge fixing is, of course, among the non-Abelian gauge
transformations, the diagonal and off-diagonal components of the gauge field can mix each
other. In other words, the gauge field which is finally aligned with the T direction is originally
spanned by all of the SU(2) generators T, T2, and T3.

2.3.2 Abelian field strength tensor

The Abelian component of the field strength tensor can be extracted multiplying by 73 = 273
and taking the trace. Then, after the Abelian projection the field strength tensor F},, is given

“In principle, these charged matter fields should be integrated out [56].
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Fu=t[62)] = {73 <au,4§2 — 0, A% - éa[&u, ay]mﬂ

uv

1
= Ay - 0,4, — —tr [~ 0,001, (2.3.9)
where we have defined the “Abelian gauge field” as
1
Ay = tr(T3AT) = tr {739 (AH + .—5u> QT} . (2.3.10)
ie

Here, if the field strength tensor F),, is regular, as evidence of this, the following Bianchi
identity is satisfied:

O FH =0, PR = %gwﬁFaﬁ. (2.3.11)
However, the last term in Eq. (2.3.9) breaks the Bianchi identity, which means that a magnetic

current k,, # 0 appears. In what follows, we see this mechanism more precisely.

We introduce “auxiliary Higgs-like fields” P° (a = 1,2,3), defined by using the Abelian
gauge fixing function €Q:
e = Qf Q. (2.3.12)

One finds that ¢3a have the following properties:

3
> 2 =1, (2.3.13)
a=1
0u(9°7%) = —[Ly, 7], (2.3.14)
L,=9219,0. (2.3.15)

In general, the explicit form of ¢* depends on the choice of Abelian gauge fixing function
Q(w). For instance, for Q1 (w) or Qo (w) this ¢ takes the form

¢ = (sinf cos ¢, sinfsin, cosb), (2.3.16)

which parametrizes the simplest hedgehog configuration of monopole. In this case, the rela-
tion (2.3.13) is trivial. Here, L, itself leads to the relation

OuLy — 0y L, + Ly, L) = Q1[0,,8,]Q # 0, (2.3.17)

which corresponds to the breaking of the Maurer-Cartan formula (dL + L A L = 0).
By virtue of the relations (2.3.13), (2.3.14), (2.3.15) and (2.3.17), the Abelian gauge field

A, can be written as

~ 1 N
Ay = ¢" Ay — [T L. (2.3.18)
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Figure 2.2: The cancellation of the color-magnetic Dirac string in the Abelian field strength
obtained by the Abelian projection method.

Then, we also have the relation
OuAy — Oy Ay = 0,(0"A2) — 0,(° A3 — ée“bc&aauébayéc + it 000, 0,07|, (23.19)
which leads to the Abelian field strength tensor
Fiaw = 00 A) — 0,(§A3) — ~e°6°0,810, 3 (2.3.20)

The last term resembles the 't Hooft-Polyakov tensor used in the discussion of the 't Hooft-
Polyakov monopole in the Georgi-Glashow model [57,58]. We find that the non-commutable
term of the derivative in (2.3.19) is “exactly” canceled by the same term in (2.3.9) [See,
Fig. 2.2]. This corresponds to the cancellation of the magnetic Dirac string. One finds that
the Abelian field strength tensor F},, can be defined without the magnetic Dirac string. Due
to this fact, we can safely define the magnetic charge of the monopole.

Here, by inserting the explicit form of Q(w), one can easily confirm that the non-commutable
term of the derivative is nothing but the magnetic Dirac string. In fact, if we use Q(w) =
Q4 (w), we get

itr [Faufo,.a10]] = —%ewe(z)a(m(y)(% _ —%ewe(z)a(x)a(y). (2.3.21)

For another form of Abelian gauge fixing function €2, we have
1 47 - 47
—tr [7*[0,,,0,]08] = ~—ub(=2)0(@)0(y)¢* = +—ub(—2)0(@)3(y),  (23.22)

where €, denotes €12 = —ez1 = 1, €11 = €22 = 0. The relation ¢ = cosf in (2.3.16) is used.
Note that the direction of the Dirac string coincides with the singular flux discussed in the

subsection 2.2.2.
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2.3.3 Breaking of the Abelian Bianchi identity and monopole current

Due to the presence of the last term in (2.3.20), we have the equation

1
OF" = 5y

_ _%euupaeabcau(éaapébaaéc) =k 7& 07 (2323)

e
where the current of the Abelian magnetic monopole k¥ appears. Of course, the Abelian
Bianchi identity is now broken. More explicitly, one can calculate the the magnetic charge of
the monopole g by considering the spatial integral of k¥ as

1 ~ ~ ~ 1 .. ~ ~ ~
RO = — 00 (000, (30,00 0,6°) = 5_ehe0, (600,60 04 5). (2.3.24)

Thus, the magnetic charge g is calculated as

— d3 kO
g /V (phys) v

1 3 ijk _abclag Tba Jc
N % V (phys) d xaz (6 € ¢ a]Qb 8,I<;¢ )
4

26 OV (phys) (:Séphys) )
1

abc Ja 7 7b e
- = ddb A dg©, 2.3.25
2e 9/ (int) (:Sgint)) € ¢ ¢ ¢ ( )

dSieijkeabcqgaaj ébakéc

where dS7 = dxo A dxg, dSo = dxg A dr1, and dS3 = dxi A dre. By making use of the
parametrization of ¢ in (2.3.16), we finally get

g= 2—16 OﬂdG O%dgo QSin¢9:2—1€-87T: 4;. (2.3.26)
This is the magnetic charge of the monopole for the simplest hedgehog configuration. In
general, the parametrization of (2.3.16) can be more complicated due to another choice of
the Abelian gauge fixing function Q [See, Eq. (2.3.12)]. In such case, we have the generalized

relation
1

n:§

]{ eehede? A do, (2.3.27)
av(int)(:SQ)

where n is an integer characterizing the homotopy class of the mapping Séphys) — Séint) :
m2(SU(2)/U(1)) = m2(S2) = Z . This integer is nothing but the covering (winding) number
counting how often the mapping from one one sphere is wrapped around the other sphere.

Thus, we have the generalized Dirac quantization condition for the magnetic monopoles

eg = 4mn. (2.3.28)

To summarize, the Abelian projection after some Abelian gauge fixing reduce the non-

Abelian gauge theory into an Abelian gauge theory including magnetic monopoles.
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Chapter 2. Dual Abelian Higgs model derived from SU(2) gluodynamics

2.4 Dual Abelian Higgs model

In this section we construct the dual Abelian Higgs (DAH) model based on the Abelian
field strength tensor obtained by the Abelian projection method. In the previous section,
we have obtained monopole currents as a result of the Abelian projection [12] assuming
Abelian dominance [13]. Now, we imagine that the complicated cluster of monopole currents
in four-dimensional space-time leads to a nontrivial vacuum, where color confinement takes
place®. This situation can be regarded as monopoles condensation analogous to the Cooper
pair condensation in the ordinary superconductor. Indeed, this dual superconducting picture
of the vacuum is numerically supported by the recent studies of lattice gauge theory in the

maximally Abelian gauge [17-31].

2.4.1 Path-integral duality transformation

We know that the Abelian field strength tensor derived from SU(2) gluodynamics in the
Abelian projection has the form (2.3.9),

Fuo = (ONA)uw+95), (2.4.1)

where (0 A A),, = 0, A, — 0, A, , which satisfies the Bianchi identity 9,%(0 A A) = 0. We

have defined EEL/{, as

po =

= 0 [, Fwandody @€l — (6)). (242)

Mo Lo i
g% ietr {7’ Q[0,,0,] }

The last expression means that the string singularity is represented as a nonlocal term. Note
that when the Dirac string is a straight line, this nonlocal term is explicitly written by using

a constant four-vector n,, describing the direction of the string, as

1
gy, = / d4y<$\—6|y>swagnak@(y)
n.

1

= mé—uyaﬁnakﬁ, (243)

where (x\nia|y> is the kernel which satisfies the equation

(n-0)alel —sly) = 69w — ). (2.4.4)

This solution is found to be

<$!%\?J> = [po((x—y)-n)— 1 —-p)o(y —z)-n) 5(3)(93L — 1) (2.4.5)

*An example of a cluster of monopole currents is shown in Fig. 5.2, where the lattice formalism is adopted.
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2.4. Dual Abelian Higgs model

Here p is an arbitrary real number and §(®) () is the é-function defined on a three dimensional
hyper-surface which has the normal vector n,,, so that #; and ¢/, are three-vectors (generically
not spatial) which are perpendicular to n,. Factorizing the magnetic charge from the current

as k, 47% = gku, we have the relation
M 1 7
E,U«l/ = mé‘uyaﬁnakﬁ. (246)
In any case, the term gZ breaks the Bianchi identity as

90, °Z, = S0 EN, = ki (2.4.7)

Wk o

where the star denotes the dual quantity.

Now, we come back to the action of SU(2) gluodynamics after the Abelian projection,

which has the form

SAP-SU(2 )[ o Jus 2 /d4 { 5/\A)uv+92 ) +iAuju}a (2.4.8)

where j,, = $qv,q is the Abelian electric current, which is treated as an external source. The
factor 1/2, the weight of the SU(2) algebra, comes from the projection tr(7373) = 1/2. Due
to this fact, again we would like to mention that the Dirac quantization condition for the

fundamental charge is given by §g = 27. Thus, the resulting partition function is written as

z= / DA,Dj, DN exp { ~Sup_su(e) Ay jun T} (2.4.9)

Here, we adopt the first-order formalism to achieve the duality transformation of the
effective action [59]. During this step, the monopole currents naturally appears in the action
as dynamical variables which couple to the “dual gauge field.” In contrast to Zwanziger’s
formulation [60], this approach enables us to directly connect the Abelian-projected theory
with its dual form [61].

First, we introduce an auxiliary antisymmetric tensor B, through the identity

exp {—— /d4 (O A A)? } /DBW exp {——/d4 (B2, + 2B (9 A A)W)}. (2.4.10)
Inserting this into the partition function, we get
Z = / DA,Dj, DN, DBy,
X exp[ /d4 { B2 + 2By (O A A + 29500, (0 N A) (ngfy)?) + iAMjM}]
= / DA,Dj, DN, DBy,
xexp[ /d4 {4 2+ ( zM)2 '(@*Bw,—z’g(‘)uil%j—jy) Ay}]. (2.4.11)
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Chapter 2. Dual Abelian Higgs model derived from SU(2) gluodynamics

We can integrate over the Abelian gauge field A,, which leads to a delta-function in the
measure
5 (0w By — 190,500, — ) - (2.4.12)
This resolution then has the form
, e
By = (0 A B)u +ig"S), + 525,,, (2.4.13)

)

where the dual gauge field “ B, ’

E
nvo

is naturally introduced. Here, we have introduced the

“electric” Dirac string >,;,, which satisfies the equation

This EEV can be represented in a analogous form to Eq. (2.4.2) as

£, = [ Suwasdals(@n)o(e - () (2.4.15)
For the straight electric Dirac string, we have the more explicit expression
1 .
B N
EHV = n—.aéﬁyaﬂna]ﬁ, (2416)

where we have denoted %ju = j,. Similar to the definition of the magnetic charge in the
above discussion, the Eq. (2.4.14) can be considered as the breaking of the “dual” Bianchi
identity, which is indeed necessary to define the “electric” charge in the dual world. We get

the following expression after the integration of B,,,,

Z

1 e 2 .
/ DY, DY), DBy, exp l_ / d*z {Z ((a A B)u + 523) — ik, B, + i EMVEEVH

</DZEVDBM exp [_/d% {i <(6 AB)uw + gzﬁy>2 - ikuBHH >ku : (2.4.17)

where we have used the equation (2.4.7), and accordingly, the dual gauge field B, couples

M
I

integration over EM, is written as a certain average of the monopole currents denoted as

to monopole currents k,. One finds that the square term of X, is exactly cancelled. The

(+ )k, It is interesting to note that the last term in the first line *EM,EEU represent the
“linking” between the electric sector and the magnetic sector, which counts the number how
many times the electric Dirac string are linked by the magnetic Dirac string. This term is

explicitly written by using (2.4.2) and (2.4.15) as

/ A SN = 2z 0 /E doM(#(&)) [ doy(z(m)a(@(E) — 2(n)) = 2miL, (24.18)

SE
where L is the linking number (integer). Then, this term does not influence Z as long as the

Dirac quantization condition is satisfied.
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2.4. Dual Abelian Higgs model

2.4.2 Ensemble of monopole currents

Now, we assume that the monopole currents are distributed in a complicated way forming long
range loops in four-dimensional space-time, which we call a clustering of monopole currents.

Since one monopole current itself forms a closed loop, it can be parametrized as

=g Z 7{ dx(” 5(x — 2™ (s)), (2.4.19)

where x(”)(s) parametrizes the world line of n-th monopole trajectory in four-dimensional
space-time. Then, the complicated clustering of monopole currents would be described by

the “grand canonical ensemble” of these closed monopole loops, which leads to the expression

<exp {z’/d‘lxkuBu] >ku = J\io%l: [/0 —eXp( szMQ)j{Dx(l/)(S;)]
X exp Lg /O ; ds, (—ix'-(l') 2(s)) + iga’cﬂ’)(sf)BM(x(l’)(SE)))
_)\1;1/ dsl/ ds}, (s)) — x(k”)(s’k’)}], (2.4.20)

where x&l/)(s;) parametrizes one closed loop of monopole current. As shown in Refs. [16,59],
this partition function can be rewritten as the partition function of the well-known dual
Abelian Higgs model, which describes the dynamics of the dual gauge field B, coupled to a

complex scalar monopole field x

/ DY}, DB, DxDx*

2
X exp [ /d4 { < (O B + 225,,) + (9 +igBu)x|* + A(IxI* = 02)2}] :
(2.4.21)

where M? is represented as M? = —2\v?. If A < 0, which means M? > 0, the monopole loop
density is suppressed by the factor exp(—s;M?). On the other hand, if A > 0 (i.e. M? < 0),
infinitely long monopole loops can appear. The delta function in Eq. (2.4.20) representing
the short-range (repulsive) interaction between monopole currents plays an important role to
keep the monopole loop density finite, which leads to the self-interaction term of the monopole
field (Ax*). This situation is described as monopole condensation. In a view point from the
lattice formulation [15], M? can be regarded as the free energy of the system written in the
form M? = o —In(2D — 1), where « is the monopole self-energy and D the dimension of the
system, then In(2D — 1) represents the entropy of the system (The factor 2D — 1 comes from

that the monopole-current system can be regarded as a self-avoiding random walk system.).
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Chapter 2. Dual Abelian Higgs model derived from SU(2) gluodynamics

Hence, one understands that the sign of A is related to the valance of energy-entropy of the
monopole-current system. In this case, A < 0 (A > 0) corresponds to the energy (entropy)

dominant system.

2.5 Summary and outlook

In this chapter, we have obtained the dual Abelian Higgs (DAH) model as an infrared effective
model of the SU(2) gluodynamics based on mainly 't Hooft’s Abelian projection and the path-

integral duality transformation. The resulting DAH action has the form

Soan(B,5F v x) = [ d'a {i (0 B+ S55,) 410+ igBux + A2 )

(2.5.1)

In the following chapter, we mainly study this DAH model, its classical properties by

investigating the DAH action (chapter 3) and the effects of the corresponding quantum theory

by studying the partition function of the DAH model (chapter 4). The quantum effects are

studied by means of the Monte Carlo simulation on the “dual lattice.” The parameter fixing

of the DAH model will be attempted from SU(2) gluodynamics (chapter 5). The extension
to SU(3) gluodynamics is straightforward, which will be addressed in chapter 6.
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Chapter 3

Classical properties of the DAH

model

In this chapter, we study the classical properties of the DAH model. The DAH model de-
scribes the vacuum as a dual superconductor as a result of monopole condensation analogously
to the Cooper pair condensation in the case of ordinary superconductivity. Since the dual
gauge field, which connects the color-electric sector and the color-magnetic sector, becomes
massive through the dual Higgs mechanism, the color-electric field cannot penetrate into the
whole vacuum due to the finite propagation range of the dual gauge field. In this sense,
the color-electric field is excluded from the vacuum, or we can say, confined by the vacuum.
This is called the dual Meissner effect. Since the color-electric source appears as the “color-
electric Dirac string” in this vacuum, the color-electric field can survive only around this
string forming an one-dimensional object, which we call color-electric flux tube, or simply

the “flux tube.” The DAH model possesses such flux tubes as topologically stable solution.

3.1 Dual Higgs mechanism

In this section, we explain the dual Higgs mechanism in the DAH model. We start from the

Lagrangian density of the DAH model obtained in the previous chapter, which has the form*
1, . 3 .
Loan = 75, (B, ) + (0 + igBu)x[* + Allx[* = 0%)?, (3.1.1)

where B, and x are the dual gauge field and the complex scalar monopole field, respectively.

The dual gauge coupling is given by g, and A characterizes the strength of monopole self

*In order to avoid confusion, the symbol “"” is reserved for the parameters of the DAH model. Later, we
consider the DGL theory corresponding to the SU(3) gluodynamics in the Abelian projection. In that case,

we do not use this notation.
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Chapter 3. Classical properties of the DAH model

interaction. The monopole condensate © determines the mass scale of the DAH model. The
dual field strength tensor *F),, has the form
e
*Fuw(B,X®) =0,B, — 8,B, + 525,,. (3.1.2)

Here, the nonlocal term EEZ,

represents the color-electric Dirac string, which is related to the
external quark current j, = $qv,q through the broken dual Bianchi identity %aﬂ*EEV = ju.
The factor 1/2 is the weight of the SU(2) algebra. Accordingly, e/2 becomes the Abelian color-
electric charge in SU(2) gluodynamics in the Abelian projection. Here, the term (O A B),,, =
0uB, — 0,B,, in the dual field strength tensor contains another color-electric Dirac string
attached to the color-electric charge of a quark (since the dual Bianchi identity 0,*(0AB)., =
0 is satisfied), which is exactly cancelled by the color-electric Dirac string in the nonlocal term.
In other words, the color-electric charge of the quark is defined by the cancellation of the

color-electric Dirac string in the dual field strength tensor [62].

It should be noted that the color-electric Dirac string is “dual” to the original magnetic
Dirac string which is attached to a magnetic monopole in the Abelian gauge theory. One
may remember that the direction of a magnetic Dirac string can be varied by a singular
Abelian gauge transformation, and hence, the magnetic Dirac string is unphysical in the
sense that one cannot detect it. In our case, however, the symmetry which is responsible for
the direction of the color-electric Dirac string is the dual gauge symmetry, achieved by a set

of transformation :
if ok —if 1
x—xel, x —xe, BMHBM—E%J“,

1 e e !
—z 0w alf + 5T = 55 (3.1.3)

where the dual gauge fixing function can be singular ([0,,0,]f # 0). The last relation
in (3.1.3) determines the new direction of the color-electric Dirac string. This dual gauge
symmetry is broken by monopole condensation (0|x|0) = 0. This is the so-called dual Higgs
mechanism, which is realized by inserting x = (@ + ¢/ \/5) e (where ¢,n € R) into the
DAH Lagrangian as

1, 1y o 1
Loan = FR(B.E%) + ompB2 4 3 [(9,0)° +m}e?|
~2 1’2 ~ ¢2 1 ~ 13 ¢4
+9°B,; \/§v¢+7 + A [ V200 +7 ) (3.1.4)

where the phase of the monopole field n is absorbed into the dual gauge field as BL =
By, + 0,1/§, and accordingly, the dual gauge field and the monopole field acquire the masses
mp = v/2§0 and my = 2\/317, respectively. In that case, only the region where the field x ~ 0
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3.2. Flux-tube solution

resembles the normal phase as opposed to the dual superconductor vacuum, which means that
the color-electric field can survive only in the region x ~ 0. Then, the color-electric Dirac
string has a physical meaning, since the “normal region” follows the color-electric Dirac string
so as to minimize the energy of the system forming the color-electric flux tube. It means that
the shape and the size of this normal region are determined by the direction of the color-
electric Dirac string and length, respectively. The width of the flux tube is characterized by
1 and my L
electric field and the coherence length of the monopole field, respectively. One important

the inverse masses mp which correspond to the penetration depth of the color-

vacuum property, the type of dual superconductivity, is governed by the ratio of these two
lengths, the so-called Ginzburg-Landau (GL) parameter
2L V2
p="B_ _ . (3.1.5)

1 ~

Here, £ = 1 is the critical case, the so-called Bogomol’nyi limit, and the vacuum is classified
into two types divided by this limit: & < 1 belongs to the type-I vacuum and & > 1 is
the type-II vacuum. The profile functions connecting the normal phase in the center of the
flux tube with the dual superconducting phase outside are classically determined by the field

equations
0 Fuw = —ig (X 0uX — X0uX™) + 26° Bux* X = ku, (3.1.6)
(O +1i9Bu)* x = 2Ax(x*x — %), (3.1.7)
where k,, is the monopole supercurrent which circulates in a certain transition region, sep-
arating confined normal phase inside from the dual superconducting phase. Solving these

field equations, the boundary conditions of fields are determined by the position of the color-

electric Dirac string.

3.2 Flux-tube solution

In this section we study the topologically stable solution, the flux-tube solution related to
a separated quark and antiquark system by solving the classical field equations in the DAH
model. The flux quantization condition and the boundary condition for solving the field

equations are clarified first.

3.2.1 Flux quantization condition

In order to obtain the topologically stable solution, it is important to provide the proper

boundary condition which satisfies the “flux quantization condition” [34]. The flux is given
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Chapter 3. Classical properties of the DAH model

by the surface integral of the dual field strength tensor as

= //*F,wdaﬂ” - %Buda:“ + g // 2 dot, (3.2.1)

where o*¥ is a two-dimensional surface element in four-dimensional space-time. By using the

polar decomposition of the monopole field as x = ¢e (¢, 1 € R) in the field equation (3.1.6),

we get,
k 1
B, = —t~ — 0. 3.2.2
14 292¢2 g 14 ( )

We substitute this expression into (3.2.1) and integrate along a large closed loop where the

monopole supercurrent k, is vanishing. Thus we get

1
o= g / 2B dot — p f B, mdz". (3.2.3)

This expression suggests that there are two possibilities to obtain a flux-tube configuration.

E
nv

Clearly, the former case corresponds to the flux-tube with finite length, which has the color-

One is originated from the singularity in ¥, and the other is from the singularity in d,7.
electric source and sink at both ends. Since the nonlocal term EEV can be expressed by the
delta-function type singularity, this surface integral is already quantized. The quantized flux
just corresponds to the color-electric charge attached to both ends of the Dirac string, which
can be understand as the Gauss law. On the other hand, the latter case, since the only
requirement on the phase n(z) is that x(z) should be a single valued, the line integral does
not necessarily vanish. It means that n(z) can be varied by 27n (n-integer), which leads
the flux 27n/g. Integer n is regarded as the winding number of the flux tube corresponding
to the topological charge. However, it is important to note that the phase n(x) does not
contain the information of quarks. It means that the singular line originating from the phase
[0y, Ou|n(x) # 0 does not have ends, or we can say that it is closed. Hence, the singularity
from the phase n cannot lead to the open flux tube corresponding to a ¢-¢ system. For the
hadrons with no valence quarks, such as the glueball state represented by a closed flux tube,
the flux-tube ring [51], we need to take into account the singularity from the phase 7, which
will be addressed in the chapter8. In what follows, we assume that there is no singularity in
0un to concentrate on the open flux tube. In such case, the phase can be simply absorbed

into the dual gauge field B, by the replacement B, + d,n/j — B,,.

3.2.2 Decomposition of the dual gauge field

In order to expose the behavior of the dual gauge field, it is useful to decompose the dual

gauge field into two parts, the regular (no Dirac string) part and the singular (Dirac string)
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3.2. Flux-tube solution

part [62],
B, = B¢ + Bi"8. (3.2.4)

The singular dual gauge field Bffng is determined so as to cancel the color-electric Dirac string

in the non-local term as

sin sin C-E _ €
6MB; g _ aVB; & + EEMV = ECMV’ (325)
where the r.h.s. has the form*
Conle) = g [ Ay @ 1.30) (3:26)
u\ L) = 47T2 y’x_y‘g J\Y))uv- oL

One finds that the role of C}, resembles the 't Hooft-Polyakov tensor used when we com-
puted the magnetic charge in the previous chapter [57, 58], since this term appears after the
cancellation of the Dirac string. Note that if there is no quark source, we do not need to have

BZing. Now, the dual field strength tensor is rewritten as
e
“Fl = (0N B™®),, + §Cw- (3.2.7)
In the static g-¢ system, where the color-electric source is given by

, e

Ju(z) = 5(5“0 [0(x—x1) —d(x—x2)], (3.2.8)
the C,, turns out to be the color-electric field which is originating from the color-electric
charge like the electric field induced by an electric charge. Let us denote the color-electric
field as E,Sc’ulomb = €;;xCjj, then we obtain

Coulomb N e L — I L — Iy
gCoulo (w)_g(\x—xl\?’_\x—wﬁ)' (3.2.9)

We note that the cross term of the regular dual field tensor *F75 = (9 A B™®),,, and C,
can be integrated out, and the square of C,,, and its integration gives the “Coulomb energy”

including the self-energy of the color-electric charge.

3.2.3 Cylindrically symmetric system

Let us now consider a system with cylindrical geometry, where all field variables can be de-

scribed in cylindrical coordinates (r, ¢, z) as shown in Fig. 3.1. Here, we set 1 = (0,0, —a/2),

*The differential form is useful to derive the Eq. (3.2.6). Let us denote the dual field strength tensor
*F = dB + 3%, where * denotes the Hodge dual, and d expresses the exterior derivative, which defines the
mapping from k-form to (k+ 1)-form, satisfying d> = 0. The breaking of the dual Bianchi identity is expressed
as d¥ = %j. We write as BS'"® = 5N, where N = —A716%. Here, A™' can be regarded as the Coulomb
propagator, given by the inverse of A = (d 4 68)? = dé 4+ dd : AA™' = A™'A =1 (4 is the codifferential,
which defines the mapping from k-form to (k — 1)-form, satisfying 62 = 0). By using [d, A™!] = 0, we have a
relation dN = —3 4+ A716  j, which leads to the final expression *F = dB**% + 5C, where C' = AT % 5.
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Figure 3.1: The ¢-q system with the cylindrical symmetry.

and x2 = (0,0,a/2). Then, the ¢-q distance is given by a. In this system, we get an explicit

form of the singular dual gauge field ijng from the relation (3.2.5) as
Bsing:_i Z+a/2 B z—a/2 eo.

8t \ /2 + (z +a/2)2 P+ (z—aj2)2) *

where ¢ is the azimuthal angle around the z-axis and r denotes the radial coordinate.

(3.2.10)

We first investigate the ideal system for the limit ¢ — oo:
lim B =~ e = Lo, (3.2.11)
a—00 4r qr
where we have used the Dirac quantization condition eg = 4w. Then, the fields depend only

on the radial coordinate,

Breg
¢ =¢(r), B™ =DB"5(r)e, = (”)eg,, (3.2.12)
r
and the field equations (3.1.6) and (3.1.7) are written as
PR 1B i
— - —2§(gB™8—1)¢*=0 3.2.13
g 2 (4 )e* =0, (3.2.13)
dQ_gb_l_l@_ gBreg_l 2¢‘_25\¢(¢2_A2)_0 (3.2.14)
dr? ~ rdr r ‘ v= o

where the monopole supercurrent is given by k = k(r)e,, where

k(r) = —24 <&f_1> P2 (3.2.15)

The string tension can be defined as the energy of the flux tube per unit length

~ 2 ~ 2
B o 1 (1dBree dp\? | (§B™ =1\~ 5 < 5 o
o= 277/0 rdr {5 (; o ) + <5) + (T) ¢+ A(@™ —07) ] . (3.2.16)
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3.2. Flux-tube solution

Since the flux-tube solution should have a finite string tension (energy), one finds the explicit

form of boundary conditions:

¢
, ¢=10 as r — oo, (3.2.17)

which, of course, satisfies the flux quantization condition.

The existence of the flux-tube solution can be shown analytically in the extreme type-II
limit: m, > mp, the so-called London limit. In this vacuum, one can treat the field equations
(3.2.13) and (3.2.14) analytically within the mean field approximation ¢ ~ ¢ with the cutoff
mp = mp 0(r —mj D). Note that the mean field approximation itself is valid at large r
(> my 1) and breaks for small 7 at the core region of the flux-tube. Thus, we only consider

the outside region of the cutoff 7 > m_!. The use of the mean field approximation leads to

X
the dual London equation from Eq. (3.2.13),

PR 1B
dr2  r dr

—2§(§B™& — 1)0% = 0. (3.2.18)

The field equation for the ¢ field is decoupled here, since it is automatically satisfied, which
does not depend on the behavior of the dual gauge field B™8. The replacements r = mglf
and B'8(7) = n/§ — + K (7) give

?K 1dK 1

— 4+ -—-(1+=5 ) K=0. 3.2.19

dr? + 7 dr < * f2> ( )
We know that the solution is given by the first-order modified Bessel function K (), which
asymptotically behaves as K (7) ~ ,/ 217:6*’2. Thus one obtains the profiles of the dual gauge
field and the color-electric field,

~ n | T 5 ™ P
Breg r ~ — — » e T E ) ~ —_— 77‘_ 3220
(r) g r 2,'/;_6 ’ Z(T) Qfe ( )

The color-electric field is excluded from the vacuum and hence confined inside a cylindri-
cal region # < 1 (r < mjp'), which means that mp defines the thickness of the flux-tube
configuration.

In order to get the flux-tube solution in an arbitrary type of vacua, we need to solve
the coupled field equations directly. Due to the non-linearity of monopole self-interaction,
however, it is hard to solve the field equations analytically, which means that some numerical
techniques are required. In Fig. 3.2, we show the numerical solution of the flux-tube profile
for the case mp = m,. This is a solution obtained by the finite difference method. Clearly,
one finds that the color-electric field is confined in a finite region around the center (the Dirac
string). One also finds that the boundary conditions (3.2.17) are fulfilled.
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1.4
1.2
Lo monopole field
os- N\ 7 L dual gauge field*
0.6
_ monopol e supercurrent
o NN T T .-l dual gauge field
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A color-electric field
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Figure 3.2: The profiles of ingredients of the flux tube, the color-electric field E(7), the dual

gauge field B™8(7) (“ % ” represents B'2(#)), the monopole field ¢(7), and the monopole

supercurrent k(#), for the Bogomol'nyi limit (mp = m, ), where # = mp'r.

For the case that the quark-antiquark a is finite, as shown in Fig. 3.1, we need to solve the
following field equations:
0°Be  10B™¢  0’Bre
o2 r or + 022

R R 1 z+a/2 z—a/2 9
_os | apres _ 2 _ $*=0, (3.2.21)
! (g 2 (\/1“2+(z+a/2>2 W+(z—a/2)2)>

¢ 10 0%
oz T ror T a2

gBreg _ % ( z+a/2 _ — z—a/2 2> ’
r24(z+a r’+(z—a 3
Vi ( +T/2) Vr2+(z—a/2) b — 2\p(% — %) = 0. (3.2.22)

where the fields have the z dependence as B™8 = B™&(r, z) and ¢ = ¢(r, z). The boundary

condition of the dual gauge field for infinitely distant region r, z — oo, is modified as
. 1 2 —a/2
Brees . — 2ta/ 2z . (3.2.23)
29 \/r2+(z+a/2)2 \/T2+(z—a/2)2

The resulting profile of the color-electric field, which is defined from the dual field strength
tensor (3.2.7) as

E = VxB*4 gc
Eres _i_lCCoulomb7 (3.2_24)
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Figure 3.3: The profile of the color-electric field in the Bogomol’nyi limit on r-z plane. The
sum of (a) the regular part E™ and (b) the Coulomb part EC°"°™P creates (c) the flux tube

structure.

E

K

Figure 3.4: The schematic figure of the linking between the induced electric field and the

monopole supercurrent.

is shown in Fig. 3.3. It is interesting to note that “induced” color-electric field in E*®®
prevents the usual Coulombic color-electric field in EC°™™P from penetrating into the dual-
superconducting vacuum. By compensation, the color-electric field is forced to form a flux-
tube structure. This situation is also understood in terms of a dual Faraday law, since we can
consider the induced color-electric field is originating from the appearance of color-magnetic
monopole supercurrent k,, # 0, circulating in a certain transition region between the normal
phase and the dual superconducting phase. They are always “linked” to each other as shown
in Fig. 3.4.
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Chapter 3. Classical properties of the DAH model

3.3 Properties of the classical DAH vacuum

In this section, we discuss more closely the vacuum properties of the DAH model within the
classical level by paying attention to a special case, corresponding to the border between the
type-I and the type-II vacuum. This is the so-called Bogomol’'nyi limit. This limit is an

interesting case which allows to derive several analytical results [35, 36].

3.3.1 Bogomol’nyi limit

Let us continue to study the cylindrically symmetric system. In this system, the string tension

(3.2.16) is exactly rewritten as,

~ 2
% 1 (1dBres

o = 27rf)2+27r/ rdrl— (— ig(q§2—@2)>
0 r o dr

2
d¢ ~ preg ¢ 2 1 3 ~2 2 ~21\2
+($i(gB —1);) +§(2)\—g>(¢ —02)2]. (3.3.1)
Here, it is obvious that if the couplings satisfy the relation
9% = 2], (3.3.2)

the self-interaction term of the monopole field disappears, and only terms which have a

quadratic form remain in the r integral. Then, we find that this string tension is reduced to
o = 2m?, (3.3.3)

when the two “first-order” differential equations (corresponding to the quadratic terms in the
string tension (3.3.1)) are fulfilled:

d ~

d—f + (gBreg - 1) % =0, (3.3.4)
1 dBreg ~ 2 ~9

- + §(¢% — 02) = 0. 3.
— 9(¢” —07) =0 (3.3.5)

The profiles of the color-electric field and the monopole field can be obtained for the minimum
energy configuration by solving these first-order differential equations, taking into account
the boundary condition as discussed above [35,36]. Note that these field equations of course
are reproduced from the second-order differential equations (3.2.13) and (3.2.14) when the
relation (3.3.2) is imposed.

Let us consider the meaning of (3.3.2). We have two characteristic mass scales: the mass of
the dual gauge field mp = v/2G0 and the monopole field my = 2v/ 2. Thus, the Bogomol'nyi
limit in the DAH model is a particular symmetry between the dual gauge field and the
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monopole field, since the relation (3.3.2) is nothing else but mp = m,, corresponding to the
GL-parameter &£ = 1 [See, Eq. (3.1.5)]. The Bogomol’nyi limit will turn out as a critical limit,

important to separate the vacuum into two types, type-I and type-II.

3.3.2 Interaction of flux tubes

One interesting property of the vacuum is probed by the interaction of flux tubes. This
depends of whether the superconducting vacuum is type-I or type-II. Here, we consider the
interaction between two parallel flux tubes. In general, flux tubes would interact with each
other. However, in the Bogomol'nyi limit, apparently, there is no interaction between them.
This can be understood through an investigation of the generalized string tension for an
exotic state where the color-electric charges at the ends are n x ¢/2 and n x —e/2, where n

is an integer. In this system, we easily get the generalized string tension,
op = 2mnt?, (3.3.6)

just proportional to n. This means that, for instance, the energy of two separated flux tubes,
with winding n = 1 each, and one flux tube with winding number n = 2 are the same,
independent of the separation distance of two flux tubes. This implies that the interaction
energy vanishes. It is considered that this comes from the balance of propagation range
of the dual gauge field and the monopole field since mp = m,. In the type-I or in the
type-II vacuum, away from the Bogomol’nyi limit, the interaction range of these fields are
not in balance, and the flux-tube interaction manifestly appears. The string tension is not
proportional to the winding number n any more. From the expression on the string tension
(3.3.1), we can understand the following property: While two parallel flux tubes in the
type-I vacuum experience attraction, the flux tubes repel each other in the type-II vacuum.
Numerical investigations of the interaction between two or more parallel flux tubes are given
in Refs. [64, 65].

3.4 Summary and outlook

In this chapter, we have studied the classical properties of the DAH model. The structure of
the topologically stable solution related to the g-g system, the flux-tube solution, is discussed.
What we have learned about the flux tube is summarized in Fig. 3.5. Our next interest is
directed to the “quantum” properties of the the DAH model, which is described by the
partition function of the DAH model. This will be given in next chapter. In order to study
this, we will introduce the dual lattice formulation, which enables us to study the quantum

effect described by the DAH partition function by means of the Monte Carlo simulation. Using
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Chapter 3. Classical properties of the DAH model

the dual lattice formulation, it is also possible to solve the classical field equations numerically
more elegant way. Then the study of quantum properties of the flux-tube solution becomes

also possible.

monopole
super current

monopole
condensation

Dirac string (0] X [0) = 5

in nonlocal term

Figure 3.5: The structure of the flux tube in the DAH model [cf. Figs. 1.2 and 1.3].

38



Chapter 4

Quantum properties of the DAH

model

The main topic of this chapter is the study of the properties of the quantized DAH model
using the dual lattice formulation. The use of the dual lattice enables us to investigate not
only the classical profiles of the flux tube in a more elegant way compared with the previous
chapter, but also the quantum properties of the DAH model by means of the Monte Carlo
simulation on the dual lattice. Then, it would be interesting to study, for instance, how
the classical profile of the flux tube is modified in the quantum vacuum. In this chapter,
therefore, we first formulate the DAH model on the dual lattice, and explain how we can
get the classical flux-tube solution. Next, based on this formulation, we perform the Monte
Carlo simulation and study the quantum effect. To evaluate this, we especially study some
order parameters in the DAH model. This information is important to explore the phase
diagram, which is an important step to determine the vacuum structure of the DAH model

at the quantum level corresponding to chromodynamics.

4.1 DAH model on the dual lattice

In this section, we formulate the DAH model on the dual lattice. The DAH model describes
the Abelian dual gauge field B, (), a complex scalar monopole field x(z), and the external
color-electric Dirac string Egy(az). First, we define these fields on the dual lattice. Let the
dual gauge field be defined on dual links as B, (s), the monopole field on dual sites as x(s),
and the dual field strength tensor and the color-electric Dirac string term on dual plaquettes
as *F,,(s) and EE‘V(S), where s = (z,v, 2,t) is a set of four-discretized coordinates. The color-

electric source and sink are attached to the ends of the color-electric Dirac string. Next, we
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Chapter 4. Quantum properties of the DAH model

go over to dimensionless fields by the transformation :

~ B s
By(s) — BZ(;), X(s) = 0X(s), B (s) — E’Z; !

(4.1.1)

where a is dual lattice spacing, which has the dimension of length and can be reinserted when
needed. Accordingly, the scale is absorbed into the definition of masses, of the dual gauge
field mp = V/2§0, and of the monopole field my = 2v/ . Then, the action of the DAH

model on the dual lattice is given by

S = Z ﬁDAH Z *Fiu(s) +’~YZ ‘)A((S) — eiB#(S)X(S + ﬂ)
s H

‘2
2 p<v

+X(|§<(s)2—1)2 o (4.1.2)

where the couplings are defined as

Bpanm®
2

Il
P
Il

Opan =1/9%, 7 (4.1.3)

The dimensionless masses are defined by mp = mp - a and m, = m, - a. The integral [ d*x
is replaced by 3, a*. The dimensionless dual field strength tensor with the external source
is given by

“Fluw(s) = Bu(s) + By(s + 1) — Bu(s + 0) — By(s) + 273k, (s), (4.1.4)
where the relation between the color-electric charge and the color-magnetic charge, the Dirac
quantization condition, eg = 4 is used to get the factor 27 in front of i)gl,(s) The color-

electric flux quantization is now realized by taking

SE

Euu(s) = =+1, (415)
on just a single plaquette in the pvr plane. The sign depends on the direction of the flux. In

the dual lattice formulation, the kinetic term of the monopole field is written as

0

Ou+19Bu)x = — (Uu(s)x(s + i) = X(5)), (4.1.6)

where U,(s) is a (compact) dual link variable,

N

Uu(s) = exp (iagB,(s)) = exp (iB,(s)). (4.1.7)

4.2 Classical flux-tube solution on the dual lattice

In this section, we adopt the above dual lattice formulation for the purpose of solving the
field equations in the static three-dimensional system, and try to obtain the profile of the

color-electric flux tube on the dual lattice.
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4.2. Classical flux-tube solution on the dual lattice

In the static three-dimensional system, we only need space-like links p or v =1,2,3 and s
is three-dimensional lattice point. Hereafter, we use 4, j, and k to specify spatial links. Note
that a four-dimensional Monte Carlo simulation of the DAH model is possible if we add the
time-like link contribution, which will be considered in the next section. The field equation on
the dual lattice is obtained when we formulate the cooling procedure, which aims to minimize
the action (4.1.2). We require that the first derivative of the action with respect to the dual
gauge field and the monopole field becomes zero. For the dual gauge field Ei:1,273(s), this

condition leads to

a8 * 7 * T ~ * * T 7 A
——— = OpAH ( Fij(s) + "Fji(s — ) + "Fir(s) + "Fri(s — k) + mQBbgg)(s)) = fBpanXi(s),
IdB;(s)
(4.2.1)
which corresponds to Eq. (3.1.6) in the continuum limit. Here we have defined
bgl)(s) = xr(s) ()QR(S + 1) cos Bi(s) — Xr(s + 1) sin El(s))
+x1(s) (Xr(s + ) sin By(s) + X (s + 1) cos Bi(s)) (4.2.2)
bgg)(s) = (XR s+ 1) sin Bi(s) + X1(s + 1) cos By( )
R (s) (X (s + ) cos Bi(s) = Xr(s + 1) sin Bi(s)) (4.2.3)

The labels i, j,k = 1,2,3 should be taken cyclically. We realize that the four terms of the
dual field strength tensor *Ej(s) ~ *Fy;(s — k) in (4.2.1) are nothing else but the sum of
plaquettes attached to the link at s pointing into ¢-direction. The subscript of the monopole
field R, I denote its real and its imaginary part. respectively. The candidate value of the dual
gauge potential, which locally satisfies the dual lattice field equations X;(s) = 0, is obtained
by a relaxation step taking into account the second derivative of the action, a la Newton and

Raphson as

2 —1
Bi(s) = Bi(s) = Bi(s)_<6g.2i’)> 8253)

(4.2.4)
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' {6+ 4% (2(6) + 306) = 1) }{6 + 4% (R3(6) + 3 (6) = 1) + 13 (33(5) + K3 5) |
(4.2.6)
where
Xp(s) = 6%r(s)— i{ (%als + 1) cos Bi(s) — (s + ) sin Bi(s))
+ (;gR(s — i) cos Bi(s — 1) + X7(s — i) sin By(s — %))}

g2 tnls) (h(s) + 53) 1)) (427

Xi(s) = 6xu(s Zil{(xR s+ 1) sin Bi(s) + X1(s + 1) cos Bi(s))

+ (;gR(s — ) (—sin Bi(s — 1)) + X1(s — 1) cos Bi(s — %))}
g2 a(s) (Khls) + £3(s) — 1) (428)

The dual lattice field equation for the monopole field are Xg(s) = X;(s) = 0, which corre-
sponds to Eq. (3.1.7) in the continuum limit.

One finds that the form of the classical profile does not depend on the coupling Spam,
since this is factored out from the field equation. Hence, one can set any Opap to study the
behavior of profile. At the same time, this implies that it is not necessary to specify the lattice
spacing a. Once the masses mp and m, are provided in physical units, the lattice spacing
a is known to characterize thickness and length of the flux tube. It is noted that when we
discuss the classical string tension of the flux tube, Spayg should be taken into account. In
such case, a also becomes important, since the dimensionful physical quantities are recovered
by using this a.

We find that the boundary condition of the dual lattice field equations becomes very easy
to handle, since all we have to do is to place a set of plaquettes EEV(S) = (0 which is pierced by
the color-electric Dirac string in the three dimensional space. For instance, if we assume that
a straight color-electric Dirac string is placed on the z-axis, which means that the quark and
the anti-quark are placed on the z-axis, the only non-vanishing plaquette is 21132(5), where
s = (0,0,2) and z belongs to the region between a quark and an anti-quark. A schematic

figure is shown in Fig. 4.1(a), where the non-vanishing plaquettes are shaded. They form
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Figure 4.1: The color-electric Dirac string dual to singular plaquettes (shaded) ending in

external charges.

a connected stack of plaquettes dual to the color-electric Dirac string connecting ¢ and q.
Here, f)EV(s) = +1 (—1) means that the color-electric Dirac string is regarded piercing the
uv-plane at s to u Av (—p Av) direction.

In Fig. 4.2 we show the profiles of the color-electric field, the color-magnetic current which
circulates around the flux tube, and the modulus of the monopole field. Here a 323 dual lattice
is used, and the mass parameters are taken as fpan = 1, mp = 1, = 0.5. The quark and
the antiquark position are taken as s = (x,y,2) = (0,0,—8) and (0,0, 8), respectively. The
color-electric field is given by the space-space components of the dual field strength tensor
(4.1.4), *Fij (1,7 =1,2,3). The color-magnetic current is minus of the last term of X;—1 2 3(s)
in (4.2.1), ku(s) = —m%Kb?(s), which corresponds to k() in (3.1.6) in the continuum limit.
The length of the arrows in these figures shows the relative strength of fields. In the figure
showing the color-electric field, one can observe the Coulombic behaviors of the field at (near)
the position of the quark (source) and the antiquark (sink). Here, in order to obtain the vector
variables defined on sites from the color-electric fields on plaquettes and the color-magnetic
currents on links, the appropriate averages like If’ifjl.g(s) = (sz(s) + Fij(s + k))/2, where
(i,4,k : cyclic), etc. are associated with centers of cubes. This is also where the quark and
the antiquark are located. Note that the parameter set used here is optimal for a 323 dual
lattice and intended to compare with Ref. [52], where the relation of the flux-tube profile
between the classical solution of the DAH model and that of the Abelian projected SU(2)
lattice gauge theory [48] is discussed.

The relation 7 p = m, implies that the vacuum is at the Bogomol'nyi limit, just between

the type-I and the type-II vacuum. The inter-quark potential is shown in Fig. 4.3. One
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Figure 4.2: The profiles of the color-electric field in the z-z plane at y = 0 (left), the monopole
supercurrent in the z-y plane at z = 0 (right-upper), and the modulus of the monopole field
in the z-z plane at y = 0 (right-lower) of the mesonic flux tube in the DAH model. The
quark and the antiquark are placed at (x,y,z) = (0,0,—8) and (0,0, 8), respectively.

finds that the slope of the linear part of the potential, which is the string tension, obeys the
analytic result on the Bogomol'nyi limit, as o* = 279%-a? = Bpaumm% ~ 0.78 [35,36]. Here,
the superscript “ 7 denotes the dimensionless string tension. Note that the force always
contains a Coulomb self-energy, which is included in a constant term in the potential V(R /a).
If we choose a finer dual lattice, smaller a, the self energy becomes large, and accordingly,
the constant takes a larger value. In such case, we could observe the fine structure of the
short-distance behavior of the potential.

It is worth emphasizing that the dual lattice formulation presented here is also applicable
to the “bending” flux tube [See, Fig. 4.1(b)]. If we assume that the bending is restricted
in z-z plane, that means that a z-component of the color-electric Dirac string appears, i.e.
some terms 21253(8) have non-vanishing value, +1. In this case, the sign of this plaquette
is similarly treated as discussed above. In this sense, the dual lattice formulation is quite
useful to obtain various shapes of the flux-tube solutions in the DAH model numerically. In
the chapter 7, we investigate the DGL theory with the similar technique, which corresponds
to the SU(3) gluodynamics in the Abelian projection. In the DGL theory, there appears a
flux-tube structure which includes three valence quarks corresponding to the baryonic state.
In order to study such a flux configuration, we need the skill to deal with the bending flux
tube.
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Figure 4.3: The quark-antiquark potential the mesonic flux tube in the DAH model, where
R/a denotes the ¢-g distance. The parameter set is taken as Span = 1, mp = 1, = 0.5.

4.3 Monte Carlo simulation of the DAH model

In this section, in order to study the general properties of the DAH model including quantum
fluctuation, we perform the Monte Carlo simulations on the dual lattice. Now, we take into
account all directions of dual links p = 1,2,3,4 and a four-dimensional lattice. Some details
on the Monte Carlo simulation of the DAH model are summarized in the Appendix A. Here
we only mention the general idea. We have two fields, the dual gauge field and the monopole
field, which are updated in alternating order. The sweep is vectorized. Detailed balance
requires to do the update in an even-odd checkerboard fashion.

First, we explain the treatment of the dual gauge field part. The kinetic part of the
action for the dual gauge field has a Gaussian form. Therefore, we can prepare a candidate
dual gauge field by mapping flat random numbers to Gaussian ones by using the Box-Muller
transformation. This would be all of the so-called heat-bath algorithm, if the dual gauge field
would be a the free field. However, the dual gauge field interacts with the monopole field,
by the kinetic term of the latter. It means that the additional term in the action containing
the dual gauge field should be taken into account. To repair the above heat-bath method, a
Metropolis acceptance check must follow. This combined procedure is also applied to generate
monopole fields which sample the weight of the action. For this case the kinetic term of the

monopole field is Gaussian. So it is also possible to adopt the heat-bath algorithm. The self-
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interaction term of the monopole field can be taken into account by a Metropolis acceptance
check.

By supplying the dual gauge field B,(s) and the monopole fields x(s), x*(s) sampled
according to the weight exp(—Spau[By, X, x*]), we can simulate the DAH model. In other
words, on an ensemble of fields provided by this weight, we can compute the expectation

value of an operator O[B,, x, x*],

* 1 * * *
(OBu, x,x*) = E/DBHDXDX O[B,, x, X" exp(—Span[Bu, x> X])

~ 3 S OUBL XK (131)

as a simple arithmetic average, relying on “important sampling.” The label ¢ denotes the

i-th vacuum configuration in a Monte Carlo sequence. Z is the partition function

2 = [ DB.DXDX exp(~SpanlBu . X']). (43.2)

To summarize, by iterating these update, we will finally get the thermalized configuration
of the dual gauge field and the monopole field (with an external source). It means that
we can prepare an vacuum including all the quantum fluctuation of fields, which enable us
to calculate the expectation value of some operators. Since the DAH model contains three
parameters, the dual gauge coupling Bpag = 1/¢2, the mass of the dual gauge field 7 and
the monopole field 1, the properties of the vacuum represented by the simulation ensemble

{B, X, x*} depend on the choice of these parameters.

4.3.1 Structure of the DAH vacuum

As a preparation for the study of flux tubes, we investigate the structure of the DAH vacuum
without external charges at the quantum level, the so-called phase diagram, in terms of the
DAH parameters, Span, mp, 1. To begin, it is useful to remember first the London limit
case (m, — 00). In this limit, it is known that the DAH vacuum possesses two types of
phases, the Coulomb and the Higgs phase[66], as shown schematically in Fig. 4.4, where
Bpan = 1/9%, ¥ = Bpanm%/2. As a driving mechanism for the appearance of two phases,
topological excitations, so-called “vortex excitations” originating from the multi-valuedness
of the phase of the monopole field, are held responsible [66,67]. The vortex excitation is a
closed color-electric Dirac string forming a more or less complex network. In fact, in this
limit, the DAH model can be analytically rewritten in terms of its string representation by
virtue of that the modulus of the monopole field can be fixed as || = 1 [68]*. In terms of

*Precisely speaking, Refs. [66-68] are studies of the Abelian Higgs (AH) model. However, since the DAH

model differs only in the interpretation of the AH model, we can make use of these studies.
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Bpan

Figure 4.4: The phase diagram of the DAH model in the London limit m, — oo.

the string representation of the DAH model, the existence of vortex excitations is manifest.
Regarding the density of vortex excitation as an important order parameter, it is shown that
we can classify two phases of the DAH model [67].

In the field theory, turning attention to topological excitations is often helpful in under-
standing the phases of the system. For instance, in compact U(1) gauge theory, there appear
magnetic monopoles originating from the periodicity of the lattice gauge action. They play
an important role in the confining phase transition through magnetic monopole condensation
[69-71]. At the same time, the Monte Carlo method is very useful to simulate the system,
since analytical understanding is sometimes restricted to ideal cases. In the DAH model for
general parameter case, the phase structure determined in the London limit case would be
modified. Moreover, we do not have an exact expression of the string representation of the
DAH model for general parameter case. In this sense, and for our purpose we need to resort
to a Monte Carlo exploration of the phase structure.

In this section, we would like to specially pay attention to the Bogomol'nyi limit case
(mp = ). Note that some studies of the DAH model show that the Bogomol’'nyi limit is
nearby the realistic at the classical level [52]. Then, it would be interesting to investigate the

vacuum structure of at the quantum level by virtue of the Monte Carlo method.

In order to scan the phases of the DAH vacuum, in the following, we evaluate expectation
values of several observables in a grid of points in the parameter plane. Besides the vortex
density some of them are expected too, as candidates of order parameters. If some drastic
changes of the value of the expectation values are observed, it can be a signal of a phase

transition.
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(1) Plaquette energy density:

Bpan *72
5DAH %752 2 Zs pu<v Fuu(s)
—(*F ) = : 4.3.
A2 ) " , (43.3)
where N, is total numbers of dual plaquettes.
(2) Modified hopping term:
Re(x*Uux) _ Reds (X" (s)Upu(s)X(s + 1)) /Ni
5 = —— , (4.3.4)
(x?) 226 [X(s)[?/Ns
where N;, and N, denote total numbers of dual links, and dual sites.
(3) Vortex density:
> s < 1N (5)]
NE |y = Sl 1Y 4.3.5
(INE ) e (43.5)

where IV, Ey(s) € Z is the modulo 27 of the vortex current J,,(s). The vortex current is
constructed from the phase of the monopole field n(s), where x(s) = ¢(s) exp(in(s)). First,

we subtract the multiple of 27 from the derivative of the phase as

Oun(s) = 0un(s) — 27m5(s), (4.3.6)

where nE(s) € Z is the modulo 27 of By,(s) + d,n(s). Then, the vortex current is given by
Juu(s) = [auaau]ﬁ(s)- (437)

Note that if the modified phase 7(s) is regular, the vortex current vanishes. We add more
explanation about the vortex density. The vortex density is the fraction of plaquettes which
are pierced by the color-electric Dirac string which is generated as excitations in the vacuum
configuration. Since the origin of appearance of such Dirac strings is the singular phase in
the monopole field, it forms closed sheet (world sheet of closed color-electric Dirac string) on
the dual lattice. From this value, we can learn that the quantum vacuum is how far from
the classical vacuum. If there exists a non-vanishing vortex density, the profile of the flux
tube inserted as the external source would be modified. Moreover, if such vortex excitations
dominate in the vacuum, the structure of the flux tube would be “destroyed.” We imagine
that when the vacuum fluctuation becomes large, the vortex density takes the large value.
Then, the vortex density is expected as a good order parameter to characterize the Coulomb

phase of the DAH vacuum.

We show the numerical results of the expectation values of observables in Fig. 4.5. These

observables are measured in the vacuum without external color-electric sources, EE‘V(S) =0,
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Figure 4.5: Observables: (a) plaquette energy density, (b) modified hopping term, (c) vortex

density, as functions of mass mp = M, and Bpan.

and periodic boundary conditions are adopted for all directions. The lattice size was 10%. For
one set of parameter Bpan, Mmp = M, we take 300 configurations with 5 skipped configuration
in between; 200 measurements are skipped for the thermalization. Note that the error is
sufficiently small, hence, it is not shown.

From the behaviors of observables, one finds that for a large OSpapg and a large mass region,
the plaquette energy density goes to zero, and the modified hopping term is almost given by
one. At the same time, the vortex density is almost zero. On the other hands, for a small

Opan and a small mass region, the plaquette energy density is constant around the value 0.25,
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Chapter 4. Quantum properties of the DAH model

the modified hopping term is approaching by zero, and the vortex density has non-vanishing
value there, which indicate the Higgs phase. A plateau around the value 0.4 is observed,
which is a signal of vortex condensation. Hence, from this result, we find that the vacuum
is essentially separated into two types, the Higgs phase and the Coulomb phase, similar to
the London limit as shown in Fig. 4.4. Note that the modified hopping term can be regarded
as an order parameter. Thus, we expect that the DAH model possesses at least two phases
at the quantum level, independent of the mass ratio 4. In any case, we could extract the
information on the vacuum structure for a reduced parameter set for the Bogomol'nyi limit
/k = 1 case. In the following, we often refer to this phase structure as a “map” of quantum

vacuum.

4.4 ’t Hooft loop operator in the DAH model

In this section, we introduce the 't Hooft loop operator [49] as four-dimensional extension of
the color-electric Dirac string, which is inserted as the external source. The 't Hooft loop
operator essentially can be regarded as the dual version of the Wilson loop. This operator is
then used to study the response of the DAH vacuum to external color-electric charges. For
instance, the investigation of the profiles of the flux tube, the evaluation of the string tension,

are important applications of the 't Hooft loop operator.

The 't Hooft loop operator H in the continuum theory is defined by the difference of the

action with and without the external source as

H =exp

—ﬂ]f% /d% (@A B +2735,)" + ﬂDjH /d4x(8 A B)fw} L (440)

Here EEZ, denotes the external source as already discussed, which describes the position of
the color-electric Dirac string. The expectation value of the 't Hooft operator in the DAH
model is then defined by*

[DB H e—ﬁDAH f He(ONB),

(H)se—g = fDBe o (4.4.2)
[DBe~ 42 ((OAB)u+275E,)”
_ e T o (4.4.3)
*SDAH[B,E }
_ [DBe . (4.4.4)

[ DBe~SpanlB]

By making use of the ’t Hooft operator, we can define the expectation value of another

“Here, we shall omit to write the monopole field part. One should regard such contribution is, of course,

included.
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4.4. ’t Hooft loop operator in the DAH model

operator O,
fDBe*SDAH[BvEE](Q [ DBe=SpAnlBIHO
B

o) fDBe*SDAH[B’E 10 [ DBe~SpAnlF] [ DBe=SDanTFI (HO)sE_g
E = = = = .

e~ 2B DBe~SpaHIB e E_

\Oheez0 [ DBe~SpaulB.XF] J/ Spanls="] J DBHe Spanl?] (H)se—g

fDBe*SDAH[B] fDBe*SDAH[B]
(4.4.5)

Here (...)yr_4o denotes an average in the vacuum with an external source (source-in vacuum),
and (...)se_y without external source (pure vacuum). This relation suggests that the ex-
pectation value of an operator O in the source-in vacuum is the same as the ratio of the
expectation value of O multiplied by 't Hooft loop operator in the pure vacuum and the
expectation value of 't Hooft loop operator itself in the pure vacuum. In this sense, the mea-
surement of an operator in the source-in vacuum can be regarded as a correlation function
between an operator and the 't Hooft loop operator. The operator O, which can be regarded
as a local probe, is now specified to measure the distribution of the color-electric field, the

magnetic current, the modulus of the monopole field etc.

In the dual lattice formulation, the 't Hooft loop operator is defined by

H = exp |- 0AH > (OAB)wls) + 27@5”(3))2+ Poan ST (OAB)W(s)?], (4.4.6)

2 S, u<v S,u<v

where the definition (4.4.5) is also applicable in the lattice formulation.

Finally, we would like to measure the profiles of the flux tube by inserting the 't Hooft loop.
We prepare the vacuum including the ’t Hooft loop from the beginning. This corresponds
to the direct measurement of the Lh.s. of Eq. (4.4.5). The probe is the field strength
*FW(S) = (0N B)uw(s)+ QWEEV(S) defined in (4.1.4), the Higgs modulus /[Y(s)[?, and the
magnetic supercurrent k;(s) = —me§2)(s). Here, bl(-z)(s) is defined in (4.2.3). For an input
parameter, we use here fpap = 0.4, g = 7, = 2.0. This point just belongs to the phase
transition region as discussed in the previous section. The vortex density is about 14%, which

means that a non-trivial noisy contribution from the vortex excitation enters.

In Fig. 4.6, we show the profiles of the flux tube for the middle plane of the ¢-g system,
where the lattice size is 16* and open boundary conditions are adopted for the spatial direc-
tion of the lattice. When we insert the 't Hooft loop, the periodicity is broken due to the
appearance of magnetic supercurrent which circulates around the Dirac string in each time
slice. Thus, in principle, we cannot use a small lattice to measure the profiles. However, the
use of open boundary condition enables us to circumvent this problem, which means that
we can use a relatively small lattice. We have taken 1000 configurations to perform for the
average, with 5 sweeps in between, after a thermalization of 30 sweeps. The ’t Hooft loop

size is 8 x 16, placed on z-t plane. The measurements are performed at the middle of z axis.
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Figure 4.6: The profiles of the flux tube, (a) color-electric field, (b) modulus of the monopole

field, (c) color-magnetic monopole supercurrent, as a function of z, at y = 0 and z = 0.

In order to get three-dimensional variables, we first take the average along the time direction.
Then, all data are similarly treated as in the section 4.2. The profiles are shown as a function
of z, where s = (z,0,0). One finds that the color-electric field is localized around the center
(the place of the 't Hooft loop). In this sense, the color-electric field is still confined forming
a tube structure. At the same time, the magnetic supercurrent circulates around the center.

However, it is important to note that the behavior of the modulus of the monopole field is
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completely different from the classical one. Near the center, only small deviation from the

constant value is found. Moreover, this constant is not given by one (smaller than one).

To summarize this section, we mention our experiences of scanning the profiles of the flux
tube for several points. In the Higgs phase, described by large masses and large Spap, where
the vortex density essentially vanishes, we could obtain the flux-tube profile which is quite
similar to the classical one. On the other hand, in the Coulomb phase, described by small
masses and small Spap, where we have large non-vanishing vortex density, it becomes quite
difficult to extract the dual superconducting signal from the profile. We never got a good
profile for the magnetic supercurrent. In other words, in the Coulomb phase, the 't Hooft
loop as the external source is not sufficient to see the flux-tube profile. In our experience, at
30 % vortex density the flux-tube structure is no more recognized. In this sense, the vortex
density is a quite important quantity to determine not only the phase diagram, but also the

profiles of the flux tube in the quantum vacuum.

4.5 Summary and outlook

In this chapter, we have studied the quantized DAH model using the dual lattice formulation.
We have found that this formulation is quite useful not only to obtain the classical flux-tube
solution in a numerically more elegant way, but also to evaluate the quantum effect described
by the partition function of the DAH model. As a remarkable fact, whether we can observe
the profile of the flux tube is very sensitive to the density of vortex loops. For the large vortex
density, the classical structure of profile, obtained by solving the field equations, is destroyed.

In the next chapter, we study the quantitative relation between the DAH model and
the SU(2) gluodynamics. In other words, we try to fix the DAH couplings from SU(2)
gluodynamics. Then, the information of the vacuum structure of the DAH model at the

quantum level would be useful to understand the meaning of the resulting couplings of the
DAH model.
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Chapter 5

SU(2) gluodynamics and the DAH

model on lattice

We have shown a derivation of the DAH model from the SU(2) gluodynamics in the chapter 2.
During this step, however, the relation of couplings in both models remained unclear, since
we did not know how to determine the value of the self-coupling of the monopole field and
monopole condensate. In other words, compensating for the unknown information about the
nonperturbative non-Abelian vacuum by freely adjustable couplings, we could construct the

DAH model as an infrared effective model of SU(2) gluodynamics.

In this chapter, we would like to try to fix the DAH couplings by making use of the Monte
Carlo simulation on the lattice, especially, by matching SU(2) original lattice and U(1) Higgs
dual lattice, and study how quantitatively well the DAH model can serve as infrared effective
model replacing SU(2) gluodynamics at the quantum level. Our strategy is the following:
We pay attention to monopoles, since both the SU(2) gluodynamics and the DAH model
have these degrees of freedom in common, as shown in the chapter 2. On the SU(2) lattice,
we can extract such monopole currents by Abelian projection after the maximally Abelian
(MA) gauge fixing. These currents can be used to extract a monopole action which - on the
other hand - can be derived from the DAH model [54]. This extraction from an ensemble
of monopole currents is done by means of the inverse Monte Carlo method, the extended
Swendsen method [24,55]. This procedure leads finally to the couplings of the DAH model.
By using the obtained parameters, we can simulate the DAH model on the dual lattice, and
compare the simulation results with the original SU(2) one. In particular, we pay attention
to the profile of the color-electric flux tube and the string tension that have been obtained
at Osy() = 2.5115.
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Chapter 5. SU(2) gluodynamics and the DAH model on lattice

5.1 A few words about SU(2) lattice gauge theory

In this section, we start from the SU(2) lattice gauge theory, and explain how to extract the

monopole currents in the MA gauge.

5.1.1 SU(2) Wilson action

In the lattice formulation, the space-time coordinates are discretized with the lattice spacing

a. The standard lattice action in the SU(2) gauge theory is given by
1
Ssu@lU] = Bsu) D {1 — 5Re tf[Uuu(s)}} ; (5.1.1)
S,u<v

where U, (s) € SU(2) are plaquette variables
U (5) = Un(8)Us(s + DU L(s + 2)US (5) (5.1.2)
and U,(s) € SU(2) denote link variables
Ui(s) = aeu(s) — giae (9T (5.1.3)

where e and T% = 7%/2 denote the gauge coupling and the generator of the SU(2) gauge
group. The coupling is defined by*

4
Bsu(z) = pox (5.1.4)

This lattice action is used to generate a configuration of the vacuum as a set of link variables
{Uu(s)}, where the heat-bath algorithm can be adopted without additional Metropolis steps.
In the continuum limit @ — 0, this SU(2) lattice action reproduces the well-known form of

the action of the SU(2) gauge theory,
1
liné Ssu@)lU] — 3 /d4:ctrGWGW, (5.1.5)

where

Gy = 0 Ay — 0, A, + ie Ay, A, (5.1.6)

This lattice action is used to simulate the physical expectation value of an observable
(operator) O[U,], based on the path integral representation of the partition function, as
J dUO[U,] exp (=S[U,])

J dU exp (=S[Uy])

1 N

~ Uprils 5.1.7

~ 2 OV} (5.1.7)
=1

OlU.) =

Q

*Note that ﬁSU(N) = 2N/62.
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5.1. A few words about SU(2) lattice gauge theory

where a configuration of link variables denoted {U,}; are generated by the Monte Carlo
method. The configurations of link variables are generated by a vectorized heat bath proce-
dure in the local SU(2) group, in the checkerboard realization. They are sampling the weight
exp(—Ssuy(2)[Uu]), such that all configuration can be considered equally important. Then, the
expectation value of the operator is obtained as the average of the value of the operator for
many configurations. In the SU(2) case, reflecting the non-Abelian property, the Heat-bath
reconstruction of the SU(2) link variables is only somewhat more involved than the Abelian
case. For our purpose, we were not interested in calculating averages, but to transform the
configurations into a particular gauge, suppress the non-diagonal gluons, and to produce an

ensemble of importance-weighted monopole currents.

5.1.2 Maximally Abelian (MA) gauge on lattice

The maximally Abelian (MA) gauge fixing is achieved by the gauge transformation
Uu(s) = UYA(s) = V(s)Uu(s)VT (s + ), (5.1.8)

S0 as to maximize the variable

R=Ytr{nUu(s)mUf(s)} = 252 [1 —2 ({Uj(s)}2 + {Ui(s)}Qﬂ (5.1.9)

SH

where V (s) and VT(S + f1) correspond to the MA gauge fixing functions located on the sites
s and s + fi, respectively. Then, the operator

X(s) = Y [Un)msUf(s) + Uj(s = @)msUn(s — )] (5.1.10)

is diagonalized. To see this, let us consider the infinitesimal gauge transformation, V(s) =
1 +ia®(s)7,. Here, R is transformed as R — R’ = R+ 0R. Then, we have

SR = i) a’(s)tr |7 [Uu(s)msUl(s), 7]
5,01

+i Z a(s+ fu)tr {Ta {UJ(S)TgUH(S), 7'3” + 0(a?)
5,0

= Z'Za“(s)tr [Ta [X (5),73]] . (5.1.11)

Here, if R is already maximized, then 0 R should vanish. This means that X (s) is diagonalized,
since the relation [X(s), 73] = 0 is satisfied for all sites. In this gauge, the absolute value of

off-diagonal components U, ﬁ(s) and U, 3(3) are rendered as small as possible.
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Chapter 5. SU(2) gluodynamics and the DAH model on lattice

5.1.3 Extraction of monopole currents

We briefly review the procedure of extraction of Abelian monopole currents from SU(2) lattice
gauge field configurations. After the MA gauge fixing, by using the Cartan decomposition, the
SU(2) link variables can be factorized into the diagonal (Abelian) link variable u,(s) € U(1)3
and the off-diagonal (charged matter field) parts c,(s), cj,(s) € SU(2)/U(1)3 as

UyA(s):( L=lew(@P =) )(uu(S) 0 ) (5.1.12)

cu(s) V1= leu(s)l?

where u,,(s) is explicitly written as
uy(s) =€) (—m < 0,(s) < ). (5.1.13)
The corresponding Abelian field strength (plaquette) is then has the form
O (s) =0,(s) + 0, (s+ 1) —0,(s + 1) —0,(s) (=47 < 0,,(s) < 4m). (5.1.14)

The U(1) link variables are extracted by the Abelian projection, dropping the off-diagonal
gluon contributions in Eq. (5.1.12). They are, in general, multiple valued functions reflecting
the compactness of the residual U(1) gauge group. It means that U(1) link variables contain
some topological defects, the monopoles. Let us divide the Abelian plaquettes into two parts
as

0, () = 0,,(s) + 270, (5) (=7 < O (s) <), (5.1.15)

where n,,(s) € Z is the modulo 27 of 6, (s). Here, the defect becomes manifest through the

breaking of the Bianchi identity
* 1 ~
0,0, (s) = Esu,,pg&,npg(s +4)=ky(s) #0 (5.1.16)

where k,(s) describes the monopole current as defined by DeGrand and Toussaint in compact
QED [70]. The first term of r.h.s. in (5.1.15) satisfies the Bianchi identity 9,0, (s) = 0.
Note that the magnetic current carries integer values, the so-called topological charge. In this

case, the limit of monopole currents are |k, (s)| < 2. The monopole currents are conserved as
I ku(s) =0, (5.1.17)

where 6/2 is the backward derivative, which guarantees the conservation of monopole current
at each site of the dual lattice. Therefore, monopole currents form closed loops on the dual
lattice in four-dimensional space-time.

Finally, we would like to mention the relation of original lattice (where quarks and gluons
are defined) and dual lattice. The latter is already adopted to formulate the DAH model
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o =*d* d= =5+
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Figure 5.1: The schematic understanding of the relation between original lattice and dual

lattice in terms of differential form on lattice.

on lattice in chapter 4. To understand this relation the differential form on lattice is quite
useful. In four dimensional space-time, original sites, original links, and original plaquettes
can be interpreted as dual hypercubes, dual cubes, and dual plaquettes on dual lattice by

R

the duality transformation. This is achieved by the Hodge dual “ * ” as shown in Fig. 5.1.
The monopole currents k,(s) correspond to 3-form variables defined by three-dimensional
cubes on the original lattice. Then we obtain x1-form variables in the dual description, which
can be defined on dual links. The direction of monopole currents are perpendicular to the
three-dimensional cubes on the original lattice. Notice that this is the place where the dual
gauge field is also defined. In the original lattice, the exterior derivative “ d ” express the
mapping from k-form to (k+ 1)-form, whereas the mapping from xk-form to *(k+ 1)-form on
the dual lattice due to the relation d = xé*. Here, “ § ” denotes codifferential corresponding
to the mapping from k-form to (k — 1)-form, satisfying a relation § = *dx. Then this also has
the meaning of mapping from xk-form to *(k — 1)-form. The breaking of the Abelian Bianchi

identity is understood as d * F' = k.
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Chapter 5. SU(2) gluodynamics and the DAH model on lattice

5.2 Monopole representation of the DAH model

In this section we derive the monopole representation of the DAH model with no external

sources® We start from the lattice partition function given by
o0 o0 o0
Zpan :/ DB/ DX/ Dx* exp {—Span[B, x, X*]} (5.2.1)
—o0 —0o0 —o0

where the form of the lattice action Spay is defined in (4.1.2). Once the kinetic term of the

monopole field is written as
VZ\X )X (s + )] :—’YZ )X(s+ 1) + hoc.) + 8F[x(s)*,  (5.2.2)

the lattice DAH action (4.1.2) has the form

Spau[B, x, X*] = ZlﬂDQAHZ*FQ 3> )x(s + fi) + h.c.)
+87x () + A (Ix(s)2 = 1) ] . (5.2.3)

Inserting the polar decomposition of the monopole field into modulus and phase

X(s) = ¢(s) exp(in(s)) (5.2.4)
into the action (5.2.3), we get

Spau|B, ¢,n] = Z[QD;HZW —2WZ¢ d(s + fi) cos(dn(s) + Bu(s))

s pu<v

+85¢%(s) + M2 (s) — 1)2], (5.2.5)

where dn,(s) =n(s+ 1) —n(s).
Let us now adopt the Villain approximation,

exp (a cosb) Z exp {a — —(b+2ml) } (5.2.6)
leZ

where the sum over [ goes over all integers which representing the periodicity of the cosine.

Then the partition function is given by

Zoan= [ o8 [ Dy / D S exp {—SpanlB, ¢ n; 1]} (5.2.7)
leZ
where the action has the form
Span(B, ¢, m;1] = Z[QDQAH ST (s) + 4D (8(s) — p(s + 1)?
S p<v 1

+’yz¢ d(s + 1) (dn.(s) + Bou(s) + 2m)? + M@2(s) — 1)?|(5.2.8)

*In this chapter, we shall omit the explicit hat “*” of fields which denote lattice variables.

60



5.2. Monopole representation of the DAH model

5.2.1 Integrating the dual gauge field B,(s) and the monopole phase 7(s)

In order to integrate out the dual gauge field B, (s) and the phase 7(s), we insert the identity

1 0 1
const. = {H \/4f~y¢(s)¢(s+/l)}/ooDHeXp{_z4’?¢(8)¢(8+ﬂ) [H,(s)

S)H SHH

~2036(s)0(s + 1) (dn, (s) + Bu(s) + mn?} (5.2.9)

into the partition function. Then, the action (5.2.8) becomes

2 S
Spau[B, ¢, n, H;l] = Z[ﬁDAH > F () 7D (6(s) = 6(s + 1)* + 4HM—()

S 2 n<v 12

—’LZH ) (dn,(s) + Bu(s) + 2ml) + M¢%(s) — 1)?|. (5.2.10)

By using the Poisson resummation formula

/ DH Y 2 D f(H) = 3 f(k (5.2.11)

e keZ

we get for the partition function

Zos= [ DB [ Dn[ D0 kZZexp{ SpanlB. ¢,m:k]} | (5.2.12)
where
Spau(B, ¢, m; k] = ZlﬁDQAH Z*Fﬁy(s)MZw(s)—¢(s+ﬂ)>2+2%
s p<v 1 7
—sz ) (dnu(s) + Bu(s)) + A(¢%(s) — 1)?] . (5.2.13)

Note that the measure of the monopole field modulus has changed as follows

4
D¢ x [[ &% =26D¢ x ¢~* = 2¢73D¢p = Dy (5.2.14)

p=—4

Here, the action related to the phase n(s) is extracted as
—sz s)dn,(s) = —i(k,dn) = —i(5k,n), (5.2.15)

where we have used the abbreviated notation of a differential form on lattice. Then the

phases 7(s) can be integrated out to give a J-constraint
/ D exp {i(k,n)} = 6(6k) . (5.2.16)
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Chapter 5. SU(2) gluodynamics and the DAH model on lattice

The current k,(s) is regarded as the monopole current, and this delta function expresses its
conservation. Moreover, adopting the Landau gauge 6 B = 0, the kinetic term of the dual

gauge field can be written in shorthand as

> *F.,(s) = (dB,dB) = (B,6dB) = (B, (dd + d6)B) = (B,AB). (5.2.17)
S,u<v

Then the action originating from the dual gauge field B, (s) in (5.2.13) is

ﬁDQAH Z *FQ sz

S,u<v
= ﬁDQAH(B,AB)—i(k,B)
Boan ' 1 -1 -1
- B- A"B)A(B — Ak + AR, (5218
2 ( 5DAH JA( BpAH ) 2/3DAH( ) ( )

where A™! represents the Coulomb propagator on lattice. Then, we can integrate out the

dual gauge field B,,(s) as a Gaussian integral for B’ = B —iA™'k/Bpan. The result is

Zoan= Y exp{-SEk]} / D62 exp { =SB [¢: k]} (5.2.19)
ke Z ,6k=0
where
SE" k] = 26;AH(k’A_1k)’ (5.2.20)
mon — = kQ( )
[¢; ]:7§(¢(8) o(s + 1)) +ZW+)‘Z (¢°(s) — 1)%(5.2.21)

5.2.2 Integrating the monopole field modulus ¢(s)

We evaluate now the ¢(s) integral. Let us rescale the variable as ¢(s) — ¢(s)/+/7, then the

action (5.2.21) becomes

SEM e k] =D (6(s) — +Z4¢ )+/\OZ(¢2(3)—&)2, (5.2.22)

SH

where

, vl =A. (5.2.23)

>
]

‘Ql\13| >,1

By introducing y(s) defined by y(s) = ¢2(s), we have

/ D2 exp {— SB[ k] / Dy exp { =SB [y: k]} (5.2.24)
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5.2. Monopole representation of the DAH model

where

SHEy k] = Z(\/yls S )

V(s + 1)
4o Z./ y(s + 2)k2(s) + Ao (ﬁ—vol)z. (5.2.25)

Let us put y(s) = vo + §(s), and change the integral region [;°Dy — [°° Dy. The

approximation up to 72(s) leads to

/ Dyexp{—S{E*"[y; k]}
= exp{—v—OHkHQ}/ D?JGXP{—L;;H?Q(S)—Z?(%L,&)HZ

ST 3 R0~ g X R+

S /“L*_4

32 Y Z k(s >——ZZ@2<s>+0@3<s>>}. (5.2.26)
Vo UO "

s pu=—4

Now we are in the position to evaluate the Gaussian integral over g(s). Using the convenient

definitions of variables

p(s) = Mifﬁ(s), (5.2.27)
As) = 2—§+%—32—20p(8), (5.2.28)
Bu(s) = —%Ug—i-ﬁki(s), (5.2.29)
C(s,t) = A(s)0ss + D(s,1), (5.2.30)
Dis,t) = %z et + BuDeis). (5.231)
£(s) = 1—6A*1(8)p(8), (5.2.32)

we obtain the monopole action in the form

Sk = ||kH2 2 ZA ?(s) + TrlnC(s t)
+3 Z E(5)D(s,0)E(t) = D> &(s) (u,w) D(w, 1)E(H). (5.2.33)
s p=1 s,t u,w

Here we assume that \g is large. Thus, we neglect the fourth and fifth term in (5.2.33), since

the fourth term yields the non-local interaction of order 1/A3 and the fifth term is of order
1/23.
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Inserting (5.2.28) into (5.2.33), the second term is evaluated as

1 _
—ﬁzés,tz‘l Hs)?(s) = [ Pre ] > p*(s) + O(1/X3). (5.2.34)
The trace term is evaluated as

1 1 1
5 TrnC(s,t) = §Tr1nA(s)6s7t+§Tr1nH(55,t+A_1(3)D(s,t)H

1 1 D(s,t)D(t, s)
- 528:1“14(5)_12 A(s)A()

st
3

= t
const + 25)\

] k)% + O(1/X3). (5.2.35)

Hence, up to O(1/Xg) the action is

U ’U4 4 ?
SE k] = <40 Bag )H 1> - 2830 s (Z kﬁ(s)) . (5.2.36)

p=—4

Finally, we obtain the monopole representation of the DAH model, which is expressed

exclusively in terms of monopole currents, as

ZDAH = Z eXp{—SDAH[k]}, (5.2.37)
keZ

where

1
2BpAn

Spanlk] =

4 2
—(k,A7'k) + <4 25A )H 1% — QSA Z(Z kﬁ@)) . (5.2.38)

s \u=—4

This form of action is adopted in a fit, using monopole current configurations extracted from
SU(2) lattice gluodynamics in the Abelian projection from the MA gauge. For this purpose
Swendsen’s inverse Monte Carlo method, extended from spin to current models by Shiba and
Suzuki [24, 55], is used. Once the couplings,

1

= , 5.2.39
9 2BpaH ( )
3
_ Yo Yo
=2 5.2.40
g2 A 25)\0 ) ( )
4
Yo
= 5.2.41
g3 28)\0 ’ ( )

are determined by this procedure, we can translate this information into our standard (field)
representation of the DAH model (4.1.2) by the definition (5.2.23). Note that couplings g1,
go2, and g3 describe the strength of the Coulomb, the 2-point, and the 4-point interaction of

the monopole current, respectively.
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5.3 Extended Swendsen method

We briefly explain the iterative method used to determine the monopole action corresponding
to Abelian-projected SU(2) lattice gluodynamics [24,55]. We start from the action written

as a sum of various terms,

S[k] = giSilk], (5.3.1)

where {S;[k]} is a set of independent operators depending on the monopole current, {g;} are
the corresponding coupling constants, which can be recovered by the following method from

an ensemble of configurations {k}.

We start from a general observation. Let us consider the expectation value of a certain

operator O[k],

(T 3272 9120 ) (TTs 00t 1, 900) Ol exp { = 32, 03 Si[k]}
(Mo 282 (9)=—o0) (TLs Boyk0) exp {— X2 giSil]}

(O[k]) = , (5.3.2)

where GL denotes a backward derivative and the Kronecker delta enforces monopole current

conservation. Here, we define S;[k] as a part of S;[k] which depends on the monopole current

oAl Al 7.

running around a particular plaquette (s, i/, 7'): l%u/(s’), ke (s + 1), ks (s'+7"), and ke (5).
Then, one finds that the partial (local) average of the operator O defined by

sz[mm{z%[m

Olk,{gi}] = ST Sy (5.3.3)
has the property
(O[k]) = (Ok]), (5.3.4)
i.e. it can be substituted instead of O[k] in the average. Here, the k run over
Fu(5) = k() + M (8B + OB — Ot — Ss8r),  (5.3.5)

where the limits m; and ms guarantee that no k exceeds the maximum value of monopole
charge. In the DGT monopole case, this is |k| < 2.

Let us define an operator O[k] = O[k, {§;}] using a guessed set of couplings {g;} in (5.3.3).
Then we can compare its average with the ensemble average of O[k]. For a correct guess,

g; = g; for all i, one must find

(O[k]) = (O[k]). (5.3.6)
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We apply this for the operators {S;[k|}. As long as g; # g; for an index i, we expand the
difference (S; — S;) up to the first order of (g; — g;) and get an algebraic equation:
(Si = Si) = D> (SiS; = SiSj)(g; — Fy)- (5.3.7)
J
We solve this equation iteratively for g; until the set of coupling constants is found, which
corresponds to the ensemble averages in the sense of Eq. (5.3.2). Note that in our case,

operators are given by

Silk] = (b, A7 k) =) 24: (s —t)kpu(t), (5.3.8)

S,

= kP =" Z k(s (5.3.9)
Ss[k] = ( > kﬁ(s)> . (5.3.10)

5.4 Input parameters of the DAH model

We already have the monopole action derived from the DAH model as given in (5.2.38).
Now, we can determine the couplings (5.2.39), (5.2.40), and (5.2.41) by using the extended
Swendsen method. Note that this is the place where the original non-Abelian dynamics enters
our specification of a proper infrared effective description.

We have generated several samples, each of 40 configurations of the SU(2) lattice gauge
field, representing the vacuum at gy () = 2.5115 equivalent to a scale agy(2) = 0.086 fm [48].
The lattice spacing agy(2) has been inferred from a comparison with the full non-Abelian
string tension assumed to be equal to gy gy = (0.440 GeV)2. These configurations have been
put into MA gauge by a standard over-relaxation gauge fixing procedure. After the Abelian
projection, we have localized the trajectories of elementary U(1) monopoles according to the
method of DeGrand and Toussaint [70]. No blocking to type I or type II Abelian monopoles
has been done, in order to have the same lattice spacing. Hence, the lattice spacing of the
DAH model apag is the same as agy(2)- In Fig. 5.2, we show one configuration of monopole
world line clusters on the 16 lattice (projected to a 162 lattice by contracting the Euclidean

time direction).

Then, by fitting the samples of monopole current configurations by means of the extended

Swendsen method, we have found the couplings ¢; (i = 1,2, 3) for Bsu(z) = 2.5115 as

g1 = 12.47 £ 0.20,
go = 0.4834 % 0.031,
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Figure 5.2: The monopole currents projected into R? in the SU(2) lattice gauge theory in the
MA gauge with 16 (Bsu(z) = 2.5115). There appears a global network of monopole world

lines.

g3 = 0.01563 £ 0.00305. (5.4.1)

The lattice size dependence of parameters is checked by using another lattice size, for instance

10* lattice. However, no strong size dependence is observed.

Solving the coupled algebraic equations (5.2.39), (5.2.40) and (5.2.41), we obtain Spam, vo
and Ag:

Bpan = 0.04007,
Ao = 5.488 = \/32,
vg = 2.165 = 71, (5.4.2)

Then, from (5.2.23), we find the coupling parameters of the original DAH model, 5 and .

The corresponding bare mass parameters are given from the relation (4.1.3) by

= 4.801,

g = —
\/ﬁDAH ﬂDAHvo

/A
Ty = 2\/7 =2,/2% =3.184. (5.4.3)

We emphasize that these masses have no resemblance to the renormalized masses. From the

analysis of the phase diagram of the DAH model, we find that this parameter set belongs to
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just the phase transition region between the Coulomb phase and the Higgs phase. The set of
parameter Gpam, 7, and X has been used to simulate the DAH model (4.1.2).

In the following two sections, we shall concentrate on how well the DAH model (4.1.2) is
able to reproduce the original SU(2) results, i.e., the profile of the color-electric flux tube,
which has been reported by Bali et al. [48], and the string tension. This will require two
different sets of lattice simulations, with color-electric Dirac strings inserted into the vacuum

and the measurement of 't Hooft loops in the vacuum.

5.5 Monte Carlo simulation of the DAH model

In this section, we study the profile of the color-electric flux tube and the string tension for

the obtained parameter set in the previous section.

5.5.1 Measuring the flux-tube profile in the DAH model

First, we study the profiles of the color-electric flux tube. The numerical techniques how to
measure the profiles are the same as explained in the chapter 4. The 't Hooft loop is inserted
from the beginning whenever the configuration of the dual gauge field and the monopole field
are generated in the DAH vacuum. Open boundary conditions are adopted for the spatial
directions of the dual lattice. The lattice size used is 24* and the ’t Hooft loop is placed at

z-t plane with the size 12 x 24. We concentrate on the middle of the z axis for measurements.

In Fig. 5.3, we show the results, where we have taken 48500 configurations for the average
at every 10 sweeps after a thermalization of 200 sweeps. Three-dimensional variables are
obtained after averaging the time slices. As discussed in the chapter 4, clearly, these profiles
are different from the classical ones, which is due to the presence of non-vanishing vortex
density, where the vortex density is about 50 % [See, Fig. 4.5].

We would like to compare these results with the original SU(2) ones which is shown in
Fig. 1.4. As explained, the lattice spacing of the DAH model apap is the same agy(z) = 0.086
fm. One may find that the behavior of the color-electric field seems to roughly coincide with
each other. However, since we could not get good profile for the magnetic supercurrent (only
tiny signal of circulation of current around the center is observed), we should consider that
this is accidental. Now, contrary to the original SU(2) gluodynamics, we have the monopole
field. One finds that the behavior of this field is completely different from the classical one.
No deviation of the modulus of monopole field around the center is found. It takes a constant
value around 0.6 (< 1) everywhere.

In Fig. 5.4, we show the profile of the color-electric from another point of view, where

we have assumed cylindrical symmetry around the center, taking the average appropriately.
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Figure 5.3: The profiles of the flux tube, (a) color-electric field, (b) modulus of the monopole
field, (c) color-magnetic monopole supercurrent, as a function of z, at y = 0 and z = 0,

corresponding to fsy(2) = 2.5115.

Since now we are using a finite size of the 't Hooft loop, this contains information of ends of
the color-electric Dirac string, that is, the Coulomb field. As discussed in the chapter 3 [See,
Fig. 3.3], we can decompose the contents of the color-electric field of the flux tube into two
parts, the induced field and the Coulombic field, respectively. An important point is that if

there is no induced color-electric field, we only have Coulombic field, which penetrates into
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Figure 5.4: The profile of the color-electric field as a function of radius corresponding to
Bsu(z) = 2.5115, where the lattice spacing is apap = 0.086 fm. The solid line represents a

contribution from the Coulombic color-electric field.

the whole vacuum. In this sense, the profile of the color-electric field of the flux tube should
have a different curve expected from the Coulombic behavior. Here, the solid line shown in
Fig. 5.4 corresponds to the Coulombic color-electric field, which can be calculated from the
explicit form of €y, in Eq. (3.2.9). One finds that lattice data show the deviation from the
Coulomb behavior. In this sense, the color-electric field, which is originating from the ¢-¢

system, is confined forming a tube structure.

5.5.2 Measuring the string tension

In the previous subsection we have described our study of the properties of the flux tube in the
quantum DAH model. However, we have found that it is difficult to extract the corresponding
classical parameters of the DAH model, since the form of the profiles are clearly different from
the classical one due to the existence of non-vanishing vortex density. Then, it is important to
measure another more direct quantity to compare with the original SU(2) result. Therefore,
in this subsection, we measure the string tension of the flux tube in terms of the expectation

value of the 't Hooft loop operator [49].

In order to know the free energy of this state with external sources, 7.e. in excess to the
vacuum, we need to know the partition function corresponding to the simulations of the last
section and then to calculate the ratio with the partition function without external sources.
Exactly, this ratio is defined by the expectation value of the 't Hooft loop operator. Within

the dual theory it serves as a substitute for the Wilson loop (in the case of the non-Abelian
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or Abelian projected theory), the starting point from which the quark-antiquark force can be

calculated.

It is well known that a Monte Carlo simulation does not provide the partition function
together with the vacuum expectation values, in our case of the dual field strength or the
monopole current. The ’t Hooft loop operator as ratio of partition functions can, however,
be obtained by a series of simulations with Gibbs measures interpolating between ZEV(S) =0
and EEV(S) = 1 on the subset of plaquettes which are dual to the area of the 't Hooft loop.
We introduced a parameter £ € [0, 1] continuously modifying EEV(S) — §EEV(S) in (4.1.4).

With this generalization, the partition function Zpan[2F] becomes a function of ¢ via
E [e.e] [e.e] o0 E
Zpanl¢XT] = / DB/ DX/ Dx"exp {—SDAH[3752 7X7X*]} ; (5.5.1)
— 0o — 0o —0o0
with the action Span[B, X%, x, x*] from eq. (4.1.2) now containing, instead of *F),,(s),
“Fuw[B,£57)(s) = Bu(s) + By(s + f1) — Byu(s + D) — By(s) + 2mE), (s). (5.5.2)

Then the logarithmic derivative of the partition function with respect to £ is simply

1 0Zpan[EXP]
ZpaH[EXE] 103

= —2nfpan <Z > *FulB, 52E](s)zﬁy(s)>
€

a% In Zpap[eXt] =

s u<v

_ <dsd%>|g’ (5.5.3)

where <>‘ ¢ indicates that the average is taken with respect to the interpolating Gibbs mea-
sure modified by & € [0,1].
Here, we find that the excess of free energy AF(R,T) can be computed from (5.5.3), by

integration over the £ parameter, as

1
AF(R,T) = 2rBpan / de < S *F,[B, ng](s)zgy(s)> , (5.5.4)
0 S, u<v ‘5
where this value is related with the expectation value of the 't Hooft loop operator as
Zpau[XF
(H) = Zoanl> ] (—AF(R,T)) ~ exp (—[|A]loa?) (5.5.5)
Zpanl0]

where ||A|| = R x T denotes the number of plaquettes contributing to the sum in (5.5.3).
Here, “~” expresses the expectation that if the 't Hooft loop satisfies the area law decay,
with || Al|a? just the area A of the minimal surface, we can extract the string tension o. More

precisely, the excess is expected to contain other terms besides of the area term, depending
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Figure 5.5: The value of (dSpan/d§) ¢ as a function of £ for various sizes of the 't Hooft loops
2% 10, 4 x 10, 6 x 10, 8 x 10, and 10 x 10.

10

0.0 | | | | |
6
R/a

Figure 5.6: The inter-quark potential as a function of ¢-g distance, where the lattice spacing

is aDAH — 0.086 fm.

only on the size of area ||A||. In any case, once the excess of free energy is calculated for
various sizes of the 't Hooft loops, at the set of couplings of the DAH model as determined
earlier, we can extract the inter-quark potential.

In Fig. 5.5, we show the value of (dSpan/d€)|e as a function of £ for various sizes of the 't
Hooft loops 2 x 10, 4 x 10, 6 x 10, 8 x 10, and 10 x 10. The solid line is a polynomial fit of
the data for each size of the 't Hooft loops. Then the excess of free energy is calculated by

integrating over £. Dividing this by the constant temporal length T of loops, we finally get
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the inter-quark potential as shown in Fig. 5.6. Clearly, this curve contains a linearly rising

part. Fitting this slope by using the ansatz

C
V(z)= A+ — +ola, (5.5.6)
x
we find the value
A = 0.4440.02, (5.5.7)
C = —0.25+0.03, (5.5.8)
ol = 0.027 +£0.002. (5.5.9)

The dimensionful string tension o = %/ a2D Ap is then calculated by restoring the lattice

spacing apan = agy(z2) = 0.086 fm, as
Vo =0.38+£0.02 GeV. (5.5.10)

Note that this value reproduces 0.38/0.44 = 86% of the SU(2) string tension ,/G5y(). This
result is very exciting for us, since this suggests that the most infrared property of the SU(2)

gluodynamics can be reproduced by the DAH model quantitatively well at the quantum level.

5.6 Summary and outlook

Finally, we would like to summarize this chapter. We have studied the quantitative rela-
tion between the Abelian-projected SU(2) gluodynamics and the dual Abelian Higgs (DAH)
model on the lattice, extending the comparison to the quantum level. The input bare pa-
rameters of the DAH model are obtained by making use of the extended Swendsen method,
where monopole currents from SU(2) lattice gauge theory in the maximally Abelian (MA)
gauge are fitted by a monopole action. The latter is then put into relation to the monopole
representation of the DAH model. The profile of the color-electric flux tube and the string
tension (from dual 't Hooft loops) are reproduced within the DAH model by means of Monte
Carlo simulations. We have specially paid attention to the case Sgy(2) = 2.5115. Our result
of the string tension shows that SU(2) lattice gauge theory in the MA gauge is quantitatively
well reproduced by quantized DAH model.

Our next task is to take the continuum limit of this study both the SU(2) gauge theory
and the DAH model. However, we consider that the matching should be performed at a
large scale where the monopole-current dynamics is sufficiently simple. Then, we can argue
the renormalized mass parameters of the DAH model. For this purpose, we need also to
reanalyze the flux-tube profile in SU(2) gluodynamics for another Bsy(g). If we could succeed

this procedure, the extension to the SU(3) gluodynamics is interesting.
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Chapter 6

Dual Ginzburg-Landau theory
derived from SU(3) gluodynamics

In this chapter, we construct the dual Ginzburg-Landau (DGL) theory as an infrared effec-
tive theory for SU(3) gluodynamics [10,11]. The maximal Abelian subgroup is extended to
U(1)xU(1) reflecting the SU(3) gauge symmetry. In contrast with the DAH model derived
from the SU(2) gluodynamics, the DGL theory has three types of color-electric charge and
color-magnetic charge, which are carried by the quark fields and the monopole fields, respec-
tively. The interaction between them is achieved by two independent dual gauge fields. This
feature provides an interesting property of the flux-tube solution, which enables us to discuss
not only the mesonic state given by the quark-antiquark system, but also the baryonic state

as a combination of three quarks.

6.1 SU(3) gluodynamics in the Abelian projection

In this section, we consider the Abelian-projected SU(3) gluodynamics. The SU(3) gluody-

namics is given by the Lagrangian density
1 N a 7a
Lsu(s) = 500G G + 1ALy (6.1.1)

where A, denotes the SU(3) non-Abelian gauge field A, = A7T*. The SU(3) generators
T% = X*/2 (a = 1,---,8) satisfy the commutation relations [T%, T = i 35 | T, where
[ are the so-called structure constants of the SU(3) Lie algebra, where \* (a = 1,---,8)

are the Gell-Mann matrices. The field strength tensor G, is written as

Gy = — { [[),L,[)V} - [éﬂ,a}} } (6.1.2)
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where éu denotes the covariant derivative
D, =8, +icA,. (6.1.3)
The SU(3) quark current is introduced as an external source J; = egvy,T"q, which couples

to the SU(3) gauge field Aj.

Here, we also perform the Abelian gauge fixing, which diagonalizes a certain gauge depen-
dent variable X (z) € su(3) as

C1(z) 0
X(z) — Qa) X (2)x)" = C2(x) = Xa(z), (6.1.4)
0 C3(x)
where resulting maximally Abelian subgroup is U(1)xU(1) group due to a suitable Abelian
gauge fixing function Q(x) € SU(3). The non-Abelian gauge field A, € su(3) is simultaneously

transformed as

1
Ay — AL = Q(x) (AM + %au) Qf (z). (6.1.5)
Accordingly, the field strength tensor is transformed as
1
G — Gty = 0u AT = 0, AL +ic [ AT, AD] - —0(9,,9,]01. (6.1.6)

When degeneracy points exist in the eigenvalues (;(x) (i = 1,2, 3), singularities arise from the
second term of (6.1.5) as monopoles. In this case, there are three cases for the appearance
of monopoles: (1(z) = (2(z), C2(x) = (3(x), and (3(x) = (1(x). Since two of these conditions
are essential, independent monopoles are occurring in two types. This number is related to
the residual Abelian gauge symmetry U(1)xU(1). Here, the order of three eigenvalues is
not essential. We can exchange these eigenvalues among each other in terms of the residual
symmetry, the so-called global Weyl symmetry. Such monopoles can be extracted by the
Abelian projection method similarly to the SU(2) case in chapter 2, which correspond to the
homotopy group m2(SU(3)/U(1)?) = m(Ss x Sp) = Z%,. Before the Abelian projection, we
decompose the gauge field into the diagonal gluon part and the off-diagonal gluon part by

the Cartan decomposition, which reads for the gauge field

A=A H + i(cf}iEj +CEEy), (6.1.7)
=1
where we have defined as
H=(T3,Ty), A= (AP AY), (6.1.8)
and
e = %(AL“ +iAD2) 2= %(Af}‘l —iAD), e = %(Af}‘i LA, (6.1.9)
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We have also used the step operators F;

Eil (T1 + ZTQ) Eig (T4 F ZT5) Eig (T6 + ZT7) (6.1.10)

\f \/—

where EJ — E_;. The redefined SU(3) generators H and E.; (i = 1,2, 3) satisfy the relation:

&‘

{ﬁ,Eﬂ} =+,  [Eii, Eij] = Z eijkBrr,  |Ei, E_j) =066 H,  (6.1.11)

1
§5ij7 tI‘[EZ‘E]‘] = tI‘[E_iE_j] = 0, (6112)

where €; (i = 1,2,3) are the root vectors of the SU(3) algebra, given by

(1 VB 1 V3
a7z )

€ = _— _—— € = 1 .1.1
a=(-3-%) a-t0 e
Here, the residual Abelian gauge symmetry is U(1)3 x U(1)g. In order to confirm the role

tI‘[E_iEj] = tI‘[EZ'E_j] =

of the gauge field in terms of the residual symmetry, let us consider the Abelian gauge

transformation given by a function d(z) € U(1); x U(1)g,

d(z) = d(z)? x d(z)® = 9@H . g2y = (03(x),08(x)). (6.1.14)
The gauge field (6.1.7) is then transformed as

1
A, — A~ g (A,S‘ + ;fm) d

= (A -0.0) - H+Y (e CYE + €05CH*B) . (6.1.15)
i=1

From this expression, we find that while the diagonal gluon part ffu behaves as the Abelian

gauge field, the off-diagonal gluon parts C}}i and C}}i* become charged matter fields in terms

of the residual Abelian gauge symmetry.

We extract the Abelian component by the Abelian projection method, which is based on
the Abelian dominance hypothesis for the low-energy properties of the gluodynamics. The
Abelian field strength tensor is then given by

—

F, = 2tr {ﬁGf}V}
2
= 0., — 0,4, — —tr [H9[0,,0,)01], (6.1.16)
where the Abelian gauge field fYM is defined by
. 4 4 1
A, =260 [HAT] = 2tr [HQ <Au + Ea“) QT] . (6.1.17)

7
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Analogously to the SU(2) case, the last term of the Abelian field strength tensor describes

the color-magnetic Dirac string between monopoles, which can be expressed by gf)%,:

2y [ﬁQ[aﬂ,ay]QT} = gxM (6.1.18)

ie pv?

where the Dirac quantization condition eg = 47 is taken into account. The direction of the
Dirac string depends on the choice of the Abelian gauge fixing function Q(z) € su(3). The

Abelian Bianchi identity is now broken as
O Fuw = g0, "N, = ky # 0, (6.1.19)

where EM is a two-component Abelian monopole current. The color-magnetic Dirac string

i;% also can be written in the following form by using the root vectors of SU(3) algebra €; as
. 3 3
=3 e =26 [ cwapdolls(@(€)5 — 7(6). (6.1.20)
i=1 i=1 5

Note that this is a realization of the manifest global-Weyl symmetry, which is an important
residual symmetry in the Abelian-projected SU(3) gluodynamics. The monopole current can

be also written in a Weyl symmetric form as
. 3 3
ky =9 €0, S, =g &k, (6.1.21)
i=1 i=1

where k;, = 8M*E%V. In this sense, the color-magnetic charge of the monopole is defined
by Q}VI = g€; as shown in Fig. 6.1. The labels ¢ = 1,2,3 correspond to the color-magnetic
charges, dual red (*R), dual blue (*B) and dual green (*G). Here, the star “* ” represents dual
quantity. In such expression, however, one always should remember that all color-magnetic
Dirac strings are not independent due to the relation 2:3:1 € = 0.

The resulting action of the SU(3) gluodynamics in the Abelian projection after the Abelian

gauge fixing has the form
P sM a1 7 M2 .p =
SAP*SU(B) [A/u.]’ Ey,u] = /d T Z ((8 A A)IJ«V + gz,u,l/) + /LAH “Ju (6122)

where jﬂ is the Abelian color-electric current, which has the form fu = e(jﬁ Yuq. Since the

quark field is regarded as a fundamental representation of SU(3) group as

q1
q= Q2 , (6.1.23)
q3
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6.1. SU(3) gluodynamics in the Abelian projection

Figure 6.1: The distribution of the color-electric charge C_jf = ew,; and the color-magnetic
charge Q}VI = g€;, which is defined on the the weight vectors and the root vectors of the SU(3)
algebra.

and the diagonal part of the SU(3) generators is expressed by

w00
H=(T5,T5)=| 0 @ 0 |, (6.1.24)
0 0 s

where w; (j = 1,2,3) are the weight vectors of the SU(3) algebra

Y e A 0 L P

we obtain a manifestly Weyl symmetric representation of the color-electric current,
3

Ju =€ W5 Gyud;- (6.1.26)
j=1

Hence, Q}E = ew; (j = 1,2,3) can be regarded as the Abelian color-electric charge as shown in
Fig. 6.1. The labels j = 1,2, 3 correspond to the three types of the color-electric charges red

(R), blue (B), and green (G). Note that due to the relation Z:;‘:1 w; = 0, the color-electric

E
Al

which leads to the dual version of the broken Abelian Bianchi identity e@u*EEV = j,. The

color-electric current also can be represented in the Weyl symmetric form by using the weight

charges are not all independent. It is useful to introduce the color-electric Dirac string )

vectors of the SU(3) algebra w; like the color-magnetic current (6.1.21) as

3 3
Ju =€ w0, 5], =€ Wijjy (6.1.27)
j=1 j=1
where j'jy = 6M*E§3W. The position of the color-electric Dirac string is explicitly parametrized

as

3
S, = 32 [, cpwandeal@ ()t — (). (61.28)
j=1 j
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6.2 Dual Ginzburg-Landau theory

In this section, based on the Abelian-projected SU(3) gluodynamics, we construct the DGL
theory as an infrared effective theory. Let us perform the path-integral duality transformation
for the partition function of the Abelian-projected SU(3) gluodynamics as in the SU(2) case

[59]. Then, we obtain its dual expression as
z = / DA,Dj, DN, exp { —Sap_su( [ s Sial |
= / Dyl DEM DB,
X exp [ /d4 { 3 A B)W + eigyf - ZE Bu + z—*EM EE H ,(6.2.1)

where the two-component dual gauge field éu is naturally introduced, which couples to the
two-component monopole current EM. Analogously to the SU(2) case, one finds that the
linking term appears in the partition function, which is explicitly can be written as

4 _.€9 M E .€g M
/d *E E = ZEA « *EWV ZU}] Juv
1=

= e e Jopn 3D [ o0 €) = )

i=17=1
= 27 Z Z mijLij, (622)

i=1j=1
where L;; denotes the linking number (integer) as already discussed in the SU(2) case. Here,
we have used an interesting relation of the root vectors and the weight vectors of the SU(3)

algebra, which is given by

N | —

- 1 1
G-wj=5| -1 0 1 |=3 > ik = 5 (6.2.3)
k=1

where m;; is an integer which takes 0 or £1. We have also used here the Dirac quantization
condition eg = 4 to get the factor 2. More precisely, this condition is written by ew); - g&; =
2mmj;. Clearly, the Dirac quantization condition is important to guarantee the harmlessness
of the linking term. It is interesting to note that the color-electric Dirac string and the color-
magnetic Dirac string labeled by the same foot, that is, ¢ = j, never couple since the linking
term always vanishes.

We assume that the monopole currents are clustering in the vacuum as in the SU(2) case.
Thus, we consider the grand canonical ensemble of monopole currents,

= gz & Z ]{ 5(x —x{™(s)). (6.2.4)

EIVI
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6.2. Dual Ginzburg-Landau theory

Here, :cl(-n)(s) parametrizes the world line of the n-th closed monopole trajectory carrying the
color-magnetic charge ge€; in four-dimensional space-time. In order to sum over monopole
currents, it is useful to pay attention to the Weyl symmetry of the monopole charges. Our
strategy is the following: We first consider a three-component dual gauge field instead of the

original two-component EM, given by
By =&-B, (i=1,2,3), (6.2.5)

where we need to take into account the constraint 33 _; B;, = 0 due to the relation Y7, & =
0. By this definition, the interaction between the dual gauge field and monopole currents
becomes manifestly Weyl symmetric, which is given by three similar terms. It means that
we can repeat the same summation technique as in the SU(2) case for each of three sets [cf.
Eq. (2.4.20)]. Thus, we get three types of complex-scalar monopole fields y; (i = 1,2,3). The
resulting action apparently has [U(1)]* dual gauge symmetry, which is realized by the set of

transformations
. . 1
Xi — €%xi, Xxi — e ¥ixi, Biy— Biy— —0upi (i=1,2,3). (6.2.6)
g

We find that in order to keep the summation of the redefined dual gauge field invariant as

3 B;,, = 0, the phases have to satisfy a constraint

3
> 9upi = 0. (6.2.7)
=1

That is to say, the sum of phases ¢; should be constant, which we take equal to zero. Thus,

we finally get the partition function of the dual Ginzburg-Landau (DGL) theory

3 3
Z = /DEEVDBH (H DXZ-DX;-k> 5(2 arg x;)
i=1

i=1

3
X exp [—/ d4x{i ((8 A g)uy + eigy)2+z U(@H + ig€; - B%)Xi

i=1

) (Ix? - 02)2] H

(6.2.8)

where the constraint for the phases of the monopole field 2?21 arg y; = 0 is expressed by a

d-functional.

To summarize, the DGL Lagrangian is obtained as*

3

(bl - 02)2} L (6.29)

*In the DGL theory, we do not use “"” for the parameters in order to distinguish from the DAH model.
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Chapter 6. Dual Ginzburg-Landau theory derived from SU(3) gluodynamics

where the dual field strength tensor has the form

*Fu(B,5¥) = 9,B, — 8,8, + ¢S5, (6.2.10)

In this Lagrangian, EM and x; denote the two-component dual gauge field and the three-
component complex scalar monopole field. The quark field is included in the color-electric
Dirac string term i;Ffu One finds that this Lagrangian has quite a similar form as the DAH
model discussed in previous chapters. Then, a similar scenario is expected to occur. It means
that the DGL vacuum is described as the dual superconductor, where the color-electric field is
excluded from the vacuum due to the dual Meissner effect caused by monopole condensation.

The typical scales of the DGL theory are exhibited by taking into account the dual Higgs
mechanism as the DAH model. By inserting y; = (v + ¢/ \/5) e (where ¢;,n; € R) into
the DGL Lagrangian (6.2.9), we get

3
Lpar = 4*F2 (B, 55,) + Z%[ (Oni) +mi¢ﬂ

3

+2

=1

9*(é - B),)? (quﬁz >+A<fv¢3 b )] (6.2.11)

where the phase of the monopole field 7; is absorbed into the definition of the dual gauge
field EL, as € - EL =6 - B% +0uni/g, and accordingly the dual gauge field and the monopole
field acquire masses, mp = V/3gv, my = 2v/\v, respectively. Since these inverse masses
correspond to the penetration depth of the color-electric field and the coherence length of the
monopole field, respectively, the Ginzburg-Landau (GL) parameter is defined:

mg'  V2h  2VA

K= = = . 6.2.12
mxl 9m \/gg ( )

As explained in the U(1) DAH model, kK = 1 is a case of special interest, the Bogomol'nyi
limit [72,32], which will be discussed in the following chapter. In general, the vacuum is
separated into two types by the Bogomol'nyi limit: x < 1 belongs to the type-I vacuum and
k > 1 is the type-1I vacuum.

6.3 Summary and outlook

In this chapter, we have derived the dual Ginzburg-Landau (DGL) theory as an infrared
effective theory of SU(3) gluodynamics (SU(3) QCD) based on the ’t Hooft Abelian projection
and the path-integral duality transformation. We have found that the resulting form has a
quite structure as the U(1) DAH model derived from SU(2) gluodynamics, describing the

dual superconductivity of the vacuum. However, the dual gauge symmetry is now extended
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6.3. Summary and outlook

to [U(1)]? reflecting the original SU(3) gauge symmetry, and there appear three types of color-
electric charge and color-magnetic charge. This fact will turn out to be important when we

discuss realistic hadrons observed in experiments in terms of the flux-tube solution.
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Chapter 7

Manifestly Weyl symmetric
formulation of the DGL theory

In the DGL theory, the color-electric charge of the quark is given by three components as R,
B and G, which is spanned by the weight vector of SU(3) algebra. On the other hands, the
color-magnetic charge of the monopole is defined by components as *R, *B and *G, which is
spanned by the root vector of SU(3) algebra. Now, we are interested in the color-singlet state
corresponding to the meson and the baryon, which should be invariant under the exchange of
the color charges. Hence, it is important to pay attention to the Weyl symmetry in the DGL
theory. However, since the dual gauge field gu which connects the color-electric charge and
the color-magnetic charge has only two components in the sense of the Cartan decomposition,
and accordingly the independent color-electric flux has two components, we cannot observe
the Weyl symmetric structure in the color-electric flux tube itself. This fact makes it difficult
to see the Weyl invariant structure of hadronic states. In order to expose the Weyl symmetric
structure of the flux tube in the DGL theory, it would be favorable to represent the dual gauge
field also in a Weyl symmetric way.

In this chapter, therefore, we reformulate the DGL theory to make its global Weyl sym-
metry manifest, which we call the manifestly Weyl invariant formulation. Then, we would
like to study the hadronic flux-tube solution corresponding to the mesonic and the baryonic

states using this Weyl symmetric framework.

7.1 Various representations of the dual gauge field

In this section, we write the DGL Lagrangian in various representations of the dual gauge field,
among which the Weyl symmetric representation of the dual gauge field is also discussed [50].

We first pay attention to the original Cartan representation of the dual gauge field with two
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components. Next, we will discuss other two possible representations of the dual gauge field,
the color-electric representation and the color-magnetic representation, which are achieved

by spanning the dual gauge field with the weight vector and the root vector, respectively.

7.1.1 Cartan 3-8 representation

The two-component dual gauge field Eu can be written as

B, =1 B, b (7.1.1)
h= \/§ . 1.
The factor v/3 is to make 3- and 8- components symmetric. The dual field strength tensor
becomes
= 1
*F;u/ = ; <8MB1:§ - aVBi + 27r(21£:uu Eg,uy)
1
% {8HB8 a BS =+ 271'(21 v + 22 v 223 P«V)}>
1 *FS
= - ("F,, ), 7.1.2

g, 52) s
where we use the Weyl symmetric form the color-electric Dirac string i;Ffu =>2  uk v The
Dirac quantization condition eg = 4 is also used here to get the factor 27 in front of Z;Z o

The DGL Lagrangian is written as

1 1
3-8
2
+ (@L—i—z BB+B8>) A(]Xllz—vz)
2 ) 9
+ <8u+z Bg)) +)\<|X2| —v2)
2
+ (4 +B2) Xg\ + A (hsl” = 0?) " (7.1.3)
Note that the Lagrangian (7.1.3) is invariant under the [U(1)]? dual gauge transformation,
Xi = Xieifi’ X;k - X;keizfl (Z = 17 2a 3)7
(B}, BY) — (B} = 0ufs, By — (Ouf1 — Ouf2)) (7.1.4)

where the phases f; fulfill the constraint 35, f; = 0 [10, 11].
The field equat1ons are given by

1
a9 *713 _ v * . *y _ —( N3 8 *
7 au P = +2(X18u><1 X19vx71) 2( B} +B) xixi
i
+§(X§5VX2 X25VX2)——( B) — Bff) X3X2
—i (X500 X3 — X30uX5) + 2B3x5x3, (7.1.5)
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1 i 1
520 Fl = —5 (00— xa0d) + 5 (=B + B xia
i * * 1 3 8 *
+5 (@02 = x200X3) — 5 (—By - By) X2X2 (7.1.6)
: 2
1
(% t3 (—Bfi + Bﬁ)) X1 = 2\ (x’{xl - v2) , (7.1.7)
; 2
4 *
<au +5 (—Bg - Bg)) Yo = 2)\ya (xm - v2) : (7.1.8)
2
(0 +iB3) x5 = 2xxs (xixs —v?) - (7.1.9)

From these field equations, we find the boundary conditions : If *ng and *FSU have a non-

E
J

the locus where the dual gauge field is singular, the monopole field is required to disappear. At

vanishing nonlocal term X the dual gauge field Bﬁ and Bﬁ also have the singular part. At
large distance from the singularity, the monopole field x; approaches the vacuum expectation
value v and the dual gauge field asymptotically vanishes, Bg = Bﬁ = (. These field equations
are to be solved by using the dual lattice formulation, and one will find that these boundary

conditions are realized.

7.1.2 Color-electric representation

The dual gauge field can be expressed by using the weight vector w;, where the label j = 1,2,3
corresponds to the color-electric charge, R, B and G. In this sense, we call this the color-

electric representation of the dual gauge field, which is defined by

, 2 N
By ==Y w;BS,, (7.1.10)
9 i
where
3 . —
9= 59 Bju= V20l By (7.1.11)

Note that now the dual gauge field is written as a three-component field, however all of them

are not independent since Z;-’Zl B}, = 0. The dual field strength tensor has the form

. 2 L .
*F,, = 2 lej (EJ?HB;’,, ~8,B5,, —2nst W) , (7.1.12)
]:
where eg = 47 is used. Then, we get the Lagrangian
: 18 2
lectri *
LR = 522 (Fiw)
j=1
3 13 2 . 2
20 ||| Ot ig DomigBs | xi A (bl =), (7113)
i=1 j=1
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where 5
“FY = 0,85, —0,B5 , + 2 <2E?W > m?kzgw> _ (7.1.14)
k=1
Here, we have used the relations
\/7 Zm” S (7.1.15)
%=
€ =wW; —wy (4,7, k : cyclic). (7.1.16)

Apparently, the Lagrangian (7.1.13) is invariant under the [U(1)]* dual gauge transformation,
which is defined by

Xi — xi€i,  x;— xre Vi,

3

where 4,5 = 1,2,3. However, this does not mean an increase of the gauge degrees of freedom
because of the constraint Z?’:l B, =0.
The field equations for j = 1,2,3 and ¢ = 1,2, 3 are given by

3

(X5 OuXi — XaOuX}) + 2> marBf xixi| »  (7.1.18)
k=1

g2 8V*FJeuv me

2
1
(8/i + Zg Z mijB]‘? H) Xi = _2>\Xi(X;‘kXi - ’02). (7119)
j=1

We find that each field equation has U(1) structure, apart from the matrix structure in the
labels ¢ and j. The boundary condition is given by a similar discussion as in the Cartan
representation of the dual gauge field. The main difference is that the dual gauge field
represented here experiences the color-electric Dirac string singularity in a Weyl symmetric

way. The dual lattice formulation will make this situation clear.

7.1.3 Color-magnetic representation

The dual gauge field can also be spanned by using the root vector €;, where the label ¢ = 1,2, 3
corresponds to the monopole charge, *R, *B and *G. In this sense, we call this the color-

magnetic representation of the dual gauge field [32], defined by

=,/ &B",. 7.1.20
gm; i ( )

2 . =
9, B?ME\/ggmei-Bu. (7.1.21)

where

)

B

Il
Do o
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Note that B, are not all independent since Z?Zl B}, = 0. One may remember that this
representation was already used when we have summed over monopole currents. The dual

field strength tensor is written as

* 0 / 2 ’ — m m 23 :
F,U'V = @ Ei (8/1"82 v - a,,BZ I + 271- mzjz?m,) 3 (7122)
m j—1 Jj=1

where we use eg = 4w. Hence, the Lagrangian in terms of the color-magnetic representation

of the dual gauge field is given by

e = 3| () + [0+ i) v

"1 (bl - vQﬂ . (7.1.23)

2
i=1 [ 49
where \
Fiw = 0B, — 0B, + 27 Z mijz?,ﬂ,. (7.1.24)
j=1

Here, we have used the relations
Wy = —5 (€ —€)  (i,4,k : cyclic). (7.1.25)

Since the Lagrangian (7.1.23) has a quite similar form as the U(1) DAH model, except for

the labels 7 and j, one finds that the dual gauge symmetry becomes very easy to observe,
Xi — Xieifi) X;k - X;ke_ifia BZIHM - BZHIM - a,ufz (Z = 1; 273)a (7126)

and accordingly the Lagrangian (7.1.23) has the extended dual gauge symmetry [U(1)]* with
a constraint Y5, BjY, = 0. This is the same as in the color-electric representation of the

dual gauge field.
The field equations for ¢ = 1,2, 3 have the form

1 ,
g_zaM*Fin/lw = —i (X;OvXi — XiOvX]) + 2B7,X; Xi» (7.1.27)
m
2
(8u + iBZmu) Xi = 22 (X xi — v2), (7.1.28)

which is exactly the same as the field equation in the U(1) DAH model, replicated with
respect to the index 7. In this sense, the boundary conditions can be taken similarly as in the
U(1) case. Therefore, the color-magnetic representation of the dual gauge field is particularly

convenient as compared with other representations.

7.2 Hadronic flux-tube solutions

In order to solve the field equation with various representations of the dual gauge field,

we adopt the dual lattice formulation as the DAH model, but extended to more degrees of
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freedom. In this subsection, we first investigate the mesonic flux tube, and next the baryonic
flux tube. We use the words “mesonic” or “baryonic” to distinguish the real color-singlet
hadron from the classical state that we deal with in this paper. For instance, if we want to

obtain real meson or baryon state, we need to consider the quantum state given by

1 _ _ _
|meson) = 7 (|RR) + |BB) + |GG)),
baryon) — —=([RBG)+ |BGR) +|GRB) — |RGB) — |GBR) — |BRG)),

V6

where RR denotes R-R flux tube, and so forth. In the classical solution, we can only treat
a piece of these states. However, even then it is necessary to pay attention to the Weyl
symmetry, since all states can be reduced to the same classical state for the meson and the

baryon, respectively.

7.2.1 Mesonic flux tube (¢-G system)

Since the three types of the color-electric charge are represented by non-vanishing plaquettes
i]‘?w(s), ﬁ)gw(s) and i]glw(s), the mesonic state corresponding to |RR), |BB) and |GG) are
given by some stacks of connected plaquettes of each color. For example, when we consider the
straight R-R flux-tube system, all we have to do is to put only one of the color-electric Dirac
string plaquette locally ZAIiEW(s) # 0 like in Fig. 4.1(a), whereas i]gw,(s) = i]gw,(s) =0
all over the three dimensional space. For the B-B flux-tube system, we set 25 W(s) #£0
and f]gw(s) = ZAIiEW(s) = 0, for the G-G flux-tube system, i]gw(s) # 0 and ZAIiEW(s) =
»E L(s) = 0.

In Figs. 7.1-7.6, we show the profiles of the color-electric field and corresponding monopole
current of R-R, B-B, and G-G flux-tube system for various representation of the dual gauge
field, the Cartan representation, the color-electric representation, and the color-magnetic
representation, respectively. We find that the last two representations enable us to see the
Weyl symmetric structure of the flux tube. The Dirac string structures in the dual gauge

field with various representations is summarized schematically in Table. 1.

The profile of the monopole field is shown in Fig. 7.7. One finds that this does not depend on
the choice of the representation of the dual gauge field, since the monopole field is defined on
the SU(3) root vector. That is the reason why this distribution is similar to the color-electric
field in the color-magnetic representation of the dual gauge field. The inter-quark potential
is shown in Fig. 7.8, which, of course, does not depend on the representation. The parameter
set used here is the same as in the U(1) case. We took fpar = 1/¢% = 1, /mp = 1, = 0.5.
This set is simply to see the behavior of the profiles and to compare the string tension of the

potential with the analytical value in the Bogomol'nyi limit, o = 47v? - ¢ = 4BpcLTm /3
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7.2. Hadronic flux-tube solutions

Table 7.1: The color-electric Dirac string structure in the dual gauge field in
the ¢-g system for various representations (for Figs. 7.1-7.7) is schematically
summarized. Here, T and | correspond to the one Dirac string singularity. If
we circulate around these singularities in counter-clockwise way, they lead to
the phase +27 and —2m, respectively. Notice that = 2x T and |= 2x |.

3-8 basis electric basis magnetic basis
3 8 e e e m m m
B B M B M 1p 2 p B3 2 1p 2 p B3 2
R-R o e Je T Te 0 Tm o Im
B-B 1. e Te e Te Im 0 Tm
GG 0 A Te Te e Tm  m 0

[72,32], which will be discussed in the next section. One finds that the analytical string
tension is reproduced by the numerical potential in Fig. 7.8. In order to get quantitatively
realistic results, we need more information about the parameter set of the DGL theory from
the SU(3) gluodynamics as done in the chapter 5.

It is worth noting that in the mesonic case, we can reduce the [U(1)]> DGL theory to
the U(1) DAH model. Let us see this in the R-R system with the Cartan representation
of the dual gauge field, as an example. Other systems and other representations can be
treated similarly. Here, we already know the profiles of the color-electric flux tube and the
contribution of the dual gauge field and the monopole field as shown in Figs. 7.1 and 7.7.
Thus, one can take Bﬁ = Bﬁ = B, and x1 = v, x2 = X", x3 = xX. The DGL Lagrangian
(7.1.3) is reduced to the form,

_ 1 2
i 57 (0.8, - 0,B, +27%F,,)
2
+2 [[(@L—i—z‘Bu)x\Q—i—)\(]x]Q —?) } (7.2.1)

The redefinitions of the couplings and the fields
2 5 A=24 L4, B,— B
=g, =2\, v=—%=0, — )
g V3 g V2 b G5

lead to the Lagrangian of the DAH model as is given in (3.1.1).

(7.2.2)

Lo X
\/57

7.2.2 Baryonic flux tube (¢-¢-¢ system)

We solve the field equations in the presence of three types of the color-electric charges. Since
these color-electric charges are defined in the weight vector diagram of SU(3) algebra, and

the color-electric Dirac strings which are attached to these charges carry the same quantity,
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respectively, these Dirac strings can join at a certain point to cancel each other (Z?Zl ew; =
0), which we call a junction. Here, we consider the simple case that the three types of
the color-electric charge are placed on the corners of a regular triangle. The non-vanishing
plaquettes 2F u(8)s »E v (8) and >E ,wv(8) are properly included so as to minimize the length
of the color-electric Dirac string, which corresponds to the energy minimization condition.
Then, the position of the junction is given by the Fermat point [73]. As a result, we get a

typical Y-shaped flux-tube object in the DGL theory, i.e. the baryonic flux tube.
In Figs. 7.9-7.11, we show the profiles of the color-electric field corresponding to the Cartan,

the color-electric, and the color-magnetic representations of the dual gauge field. The Weyl
symmetric structure can be observed in the last two representations. The monopole field does
not depend on the representation, for the same reason as in the discussion of the mesonic
flux tube, which is shown in Fig. 7.12. One finds that all of these profiles faithfully reflect
the structure of the color-electric Dirac string. The potential is obtained analogously to the
mesonic system, which is shown in Fig. 7.13. Here, parametrizing the potential of the linear

part as

3

V(azla T2, 333) ~ UL Z |ml —Zjj, (723)
=1

where x; and x; denote the position of the quarks and of the junction on the dual lattice,
respectively, we can extract the string tension o”. One finds that this is almost reproduced
by the analytical one, since o ~ 1.0 ~ 4ﬁDGmeQB /3. It is interesting to note that while each
profile of the color-electric field in the color-electric representation has a form similar to the 8-
flux in the Cartan representation, the color-electric field in the color-magnetic representation
provides the 3-flux type structure. It is, of course, possible to study the energy and the
field distribution corresponding to different shapes of the baryonic flux tube for a static

configuration. This will be addressed in future investigations.

7.3 Properties of the classical DGL vacuum

Since the dual gauge symmetry is now extended to [U(1)]? corresponding to SU(3) gluody-
namics, some interesting feature are expected to appear for the vacuum properties compared
with the U(1) DAH model. In this section, we discuss the vacuum properties of the DGL
theory by using a similar technique as in the U(1) DAH model. To do this, it is useful to pay
attention to the Bogomol'nyi limit, the border of type-I and type-II vacuum.
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7.3.1 Bogomol’nyi limit

Let us consider the ¢-G system given by the DGL theory with the color-magnetic representa-
tion of the dual gauge field. We first divide the dual gauge field into two parts: the regular
part and the singular part, where the role of each term are the same as in the U(1) DAH

model. Then, we write

BR, = BNI 4+ B (= 1,2,3), (7.3.1)
where the singular part is determined so as to define the color-electric charge density Cj .,
as | 5 5

(OAB™M8) 0 + 21y mii S5, =21 > miiCl . (7.3.2)
j=1 J=l1

Here, m;; is an integer given by m;; = S ijk = {—1,0,1} [See. Eq. (6.2.3)]. The meaning
of C 1, is the same as in the U(1) DAH model, it has the information about the position of the
ends of the color-electric Dirac string. Note that now there exist three types of color-electric
charge. The dual field strength tensor is rewritten as
3
*F; o = (a A B;n:reg);w + 27 Z mijCj - (7.3.3)
j=1
Let us consider an ideal system; infinitely long string with cylindrical symmetry. In this
case, the fields depend only on the radial coordinate r as

¢i — ¢i(7")7 Bm:reg — Bm:reg(r)ew = 17690, (7.3'4)

K3 K3

where ¢;(r) is the modulus of the monopole field x; = ¢; exp(in;), and ¢ denotes the azimuthal
angle. Note that the phase of the monopole field is now assumed to be regular [0, d,]n;, which

is absorbed into the regular part of the dual gauge field by the replacement B;""*® + 9,1; —

m:reg
Bi

(7.3.2) is easily found to be

. The contribution from the Coulomb term Cj ,, is neglected. Then, the solution of

ml-j

B;n:sing = — " €,. (735)
Then, the field equations are given by
~m: 2
d2¢‘ 1 d¢ Bm.reg s
dr; - drZ - %” ¢i — 20i(8F — v*) =0, (7.3.6)
d2Bm:reg 1 dBm:reg o
d;’2 T clir - 297, (BZ‘ e — mz‘j) 97 =0, (7.3.7)

The string tension can be computed as the energy of the flux-tube per unit length,

5 pmreg \ 2 2 Hm:re, 2
” L (LdB" dg; B —mii \" o 2 2\2
. 27Ti21/0 Tdr[ (F dr ) +< ar > + <+ SHA(9? — %) | (7.3.8)

2¢2,
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Chapter 7. Manifestly Weyl symmetric formulation of the DGL theory

To make energy of the system finite, we have to postulate the boundary conditions:

N 0 (i
B8 =0, (pi:{ (Z#]) as r—0,

v (i=j7)
B;meg =mij, ¢i="v as 1 — o0. (7.3.9)

Since now we have quite similar forms of the field equations and the string tension as in the
case of U(1) dual gauge symmetry, except only the labels of i and j which classify the kinds
of the monopole and the quark corresponding to [U(1)]3, dual gauge symmetry, we can use
the same strategy to find the Bogomol’'nyi limit as in the U(1) DAH model [cf. Egs. (7.3.6),
(7.3.7), and (3.2.16)]. Thus, we can write the string tension (7.3.8) exactly in the form,

3 3 oo
o = 27TZ|mZ'j|’L)2+27TZ/ rdrl
i=1 i=1"9

* <C§fj + (B —my) %)2 + % (22— g2) (7 - v2)2] : (7.3.10)

r

= m: 2
1 (1dB™™ 5 5 o

z + 2 _
202 ( g T om0 =07

From this expression we find the Bogomol’'nyi limit,
g2 =2\, or 3¢% =4\ (7.3.11)

In this limit the string tension is reduced to
3
o= 271'2 |m;|v? = dmo?, (7.3.12)
i=1

provided the profiles of the dual gauge field and the monopole field are determined by the

first-order differential equations,

do; Hm:reg ¢z .

A (B — my;) ~ =0, (7.3.13)
1dB™®

4+ g2 (7 — %) = 0. (7.3.14)
r dr

These field equations, of course, reproduce the second-order differential equations (7.3.6) and
(7.3.7) when the relation (7.3.11) is satisfied.

Here, to obtain the string tension of the form (7.3.10) and the saturated string tension
(7.3.12), we have paid attention to the boundary conditions of the fields (7.3.9) by taking
into account the relation (6.2.3). For instance, let us consider the R-R flux-tube, which is
given by the label j = 1. In this system, the monopole field ¢; which has the magnetic charge

gé1 is decoupled from the system, since ¢ does not feel any singularity of the flux-tube core,

and accordingly, the regular dual gauge field B""® is also decoupled. The behavior of the
other fields is interesting: ¢ and ¢3 behave as the same monopole field, and By " and
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7.3. Properties of the classical DGL vacuum

B3 provides the U(1);— flux tube and U(1);=3 anti flux tube due to the sign of the m;j,
which takes 1 and —1, respectively. Here, both dual gauge fields are related to each other
through the constraint 32, BI""*® = 0, and U(1),—3 anti flux tube can be regarded as the
U(1);=2 flux tube, or vise versa. As a result, these flux tubes provide the same string tension
2702, and finally, we get two times of this string tension, 2 x 2wv2. This is caused by the
[U(1)]?, dual gauge symmetry. We note that since this discussion is the Weyl symmetric, final
expression for the string tension (7.3.12) does not depend on what kind of the color-electric
charges C_jf sits at the ends. The profiles of the color-electric field can be obtained by solving
the first order equations (7.3.13) and (7.3.14) by taking into account the above discussion as
is discussed in Refs. [35, 36].

The meaning of (7.3.11) is the following. We know that in the DGL theory has two
characteristic scales expressed by combinations of three parameters, g, A and v. One is the
mass of the dual gauge field mp = v2¢gmv = v/3gv and the other is the mass of the monopole
field m, = 2v/\v. These masses have been extracted from the DGL Lagrangian by taking
into account the dual Higgs mechanism as shown in Eq. (6.2.11). Thus, the Bogomol'nyi
limit in the DGL theory (7.3.11) is the supersymmetry between the dual gauge field and the
monopole field mp = m,, or k = 1 [See. Eq. (6.2.12)]. This is an extension which is already
discussed in the U(1) DAH model.

7.3.2 Interaction of flux tubes

We would like to discuss the interaction of flux tubes. Now, we have three different types
of mesonic flux tubes, such as given by R-R, B-B, and G-G, depending on the color-electric
charge attached to both ends of the tube. For the interaction between two parallel flux tubes
of the “same type,” such as the system R-R and R-R, we can expect that U(1) DAH like
properties appear, since we know that such case the DGL theory can be reduced the U(1)
DAH model [See, subsection. 7.2.1]. It means that in the Bogomol’'nyi limit there seems to
be no interaction between them. Moreover, in the type-I or in the type-II vacuum, which is
away from the Bogomol'nyi limit, the flux-tube interaction manifestly appears. In the type-I
vacuum, an attractive force appears. On the other hand, in the type-II vacuum, flux tubes
repel each other.

It is interesting to investigate what happens if two parallel flux tubes of “different types”
are placed at a certain distance [74]. We find that now this system has a remarkable aspect
owing to the Weyl symmetry. For instance, let us consider the interaction between R-R and
B-B. We find that the interaction between them is attractive, since if we suppose that these
flux tubes are unified into one flux tube, it becomes G-G (See the relation (6.2.3)). It means

that the energy of the system after unification is reduced into a half of the initial one. The
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Chapter 7. Manifestly Weyl symmetric formulation of the DGL theory

same interaction property would be observed in the process, B-B + G-G — R-R and G-G
+ R-R — B-B. These investigations show that if we pay attention to the Weyl symmetry,

we can easily obtain qualitative information about the flux-tube interaction.

7.4 Summary and outlook

In this chapter, we have reformulated the DGL theory to make the global Weyl symmetry
among color charges manifest, and applied to the investigation of hadron structures corre-
sponding to meson and baryon states in terms of the open and Y-shaped flux-tube solutions
in the DGL theory. The baryonic state is one of the most interesting and important ap-
plication of the DGL theory, since this state can be treated only after taking into account
the [U(1)]? dual gauge symmetry originating from SU(3) gauge symmetry. We have found
that the manifestly Weyl symmetric approach, in particular, given by the color-magnetic
representation of the dual gauge field is the most convenient one for this subject, since the

resulting DGL theory can be dealt with in a quite similar way as in the U(1) DAH model.

In order to extract the quantitative information of hadronic states in terms of the flux tube,
we should determine the couplings of the DGL theory from SU(3) gluodynamics (SU(3) QCD)

as in the chapter 5, which is our next interest for further investigation.
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Figure 7.1: The profiles of the color-electric field in the Cartan representation for 3- (left) and

8- (right) components in the R-R (upper), the B-B (middle), and the G-G' (lower) systems

(0,0,—10)

in the z-z plane at y = 0. The quark and the antiquark are placed at (z,v, 2)

and (0,0, 10), respectively.
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Figure 7.2: The profiles of the monopole supercurrent in the Cartan representation for 3- (left)

and 8- (right) components in the R-R (upper), the B-B (middle), and the G-G (lower) systems

in the z-y plane at z = 0. The quark and the antiquark are placed at (z,y,z) = (0,0, —10)

and (0,0, 10), respectively.
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Figure 7.3: The profiles of the color-electric field in the color-electric representation, expressed

(center), and ws (right) in the R-R

, W2

on the weight vectors of the SU(3) algebra, @ (left)

(upper), the B-B (middle), and the G-G (lower) systems in the x-z plane at y = 0. The

quark and the antiquark are placed at (x,y, z) = (0,0,—10) and (0,0, 10), respectively.
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Figure 7.4: The profiles of the monopole supercurrent in the color-electric representation,

expressed on the weight vectors of the SU(3) algebra, w; (left), Wy (center), and ws (right) in

the R-R (upper), the B-B (middle), and the G-G (lower) systems in the z-y plane at z = 0.

The quark and the antiquark are placed at (z,y, z) = (0,0, —10) and (0,0, 10), respectively.
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Figure 7.5: The profiles of the color-electric field in the color-magnetic representation, ex-

pressed on the root vectors of the SU(3) algebra, € (left), € (center), and €3 (right) in the

R-R (upper), the B-B (middle), and the G-G (lower) systems in the z-z plane at y = 0. The

quark and the antiquark are placed at (x,y,z) = (0,0,—10) and (0,0, 10), respectively.
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NNS -
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Figure 7.6: The profiles of the monopole supercurrent in the color-magnetic representation,
expressed on the root vectors of the SU(3) algebra, €1 (left), € (center), and €3 (right) in the
R-R (upper), the B-B (middle), and the G-G (lower) systems in the z-y plane at z = 0. The
quark and the antiquark are placed at (x,y, z) = (0,0, —10) and (0,0, 10), respectively.
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Chapter 7. Manifestly Weyl symmetric formulation of the DGL theory

40 T T T T

35 1
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25 1
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10 1 1 1 1
0 5 10 15 20 25

R/a

Figure 7.8: The quark-antiquark potential in the DGL theory, where R/a denotes the ¢-q

distance. The parameter set is taken as fpgr, = 1, mp = m, = 0.5.
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Figure 7.9: The profiles of the color-electric field in the Cartan representation for 3- (upper)
and 8- (lower) components in the baryonic flux tube in the z-z plane at y = 0. The junction

and the quarks are located at (z,y,z) = (0,0,0), and R(0,0,9), B(9,0,-5), G(—9,0,—5),
respectively.
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Chapter 7. Manifestly Weyl symmetric formulation of the DGL theory

Figure 7.10: The profiles of the color-electric field in the color-electric representation, ex-
pressed on the weight vectors of the SU(3) algebra, w; (upper), Wy (middle), and w3 (lower)
in the baryonic flux tube in the z-z plane at y = 0. The junction and the quarks are located
at (x,y,2) = (0,0,0), and R(0,0,9), B(9,0,-5), G(—9,0,—5), respectively.
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7.4. Summary and outlook

Figure 7.11: The profiles of the color-electric field in the color-magnetic representation, ex-
pressed on the root vectors of the SU(3) algebra, € (upper), €2 (middle), and €3 (lower) in
the baryonic flux tube in the z-z plane at y = 0. The junction and the quarks are located at
(z,y,2) = (0,0,0), and R(0,0,9), B(9,0,-5), G(—9,0,—5), respectively.
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Figure 7.12: The profiles of the modulus of the monopole field of |x1| (upper), |x2| (mid-
dle), and |x3| (lower) in the baryonic flux tube in the z-z plane at y = 0. The junction
and the quarks are located at (x,y,z) = (0,0,0), and R(0,0,9), B(9,0,-5), G(-9,0,-5),

respectively.
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Figure 7.13: The three-quark potential of the baryonic flux tube in the DGL theory, where

R; = |x; — x;|. The parameter set is taken as fpgr, = 1, mp = 1, = 0.5.
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Chapter 8

Glueball as the flux-tube ring
solution in the DGL theory

The existence of glueball states is naively expected as results of the gluon self-coupling in
QCD [6]. Recent progress of lattice QCD simulations predicts the masses of glueballs M (01)
= 1.50 ~ 1.75 GeV, M(271) = 2.15 ~ 2.45 GeV [75-78]. Experimentally, there are some
candidates; fy(1500) and fp(1710) for the scalar glueball; f7(2220) (J = 2 or 4), f2(2300)
and f2(2340) for the tensor glueball [2]. However, the abundance of ¢g-g meson states in the
1 ~ 3 GeV region and the possibility of the quarkonium-glueball mixing states still make
it difficult to identify the glueball states [79]. To date, no glueball state has been firmly
discovered yet. More studies for the glueballs from many directions are necessary to specify
the glueball states.

In this chapter, as an application of the flux-tube picture for understanding the hadron
structure, we study the glueball state using the flux-tube ring solution in the dual Ginzburg-
Landau theory [51]. Our view point is the following: As shown in previous chapters, the
meson and the baryon states can be regarded as a flux tube with valence quarks at the ends.
Then, the glueball, which is constructed from gluons with no valence quarks, is identified
with the flux tube without ends, the flux-tube ring. We first describe the flux-tube ring as a
relativistic closed string with the effective string tension in terms of the string representation
of the DGL theory, which contains the Nambu-Goto action. The effective string tension is
classically calculated from the flux-tube ring solution as a function of its size. Combining
these two results, we write the Hamiltonian for the radius degree of freedom and discuss the
wave function of the flux-tube ring by solving the Schrodinger equation. Finally, we estimate

the mass spectrum and its size as the glueball state.
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Open Flux-Tube

%}

R |
Flux-Tube Ring

Figure 8.1: Flux-tube ring

8.1 Flux-tube ring as the closed effective string

In this section, we explain our strategy to study the glueball state starting from the flux-tube
solution of the DGL theory. We consider the simplest ring configuration obtained when the
ends of the flux tube meet each other to form a circle [See Fig. 8.1]. However, we know that
since the flux-tube solution is a static one which does not contain any kinetic energy, we
cannot get the classically stable flux-tube ring solution. This mechanism can be understood
as follows. A large flux-tube ring contains a large energy, since the energy is given by the
string tension times its length, where the string tension is considered to take a constant value
for a large ring. As decreasing the size of the ring, its energy becomes smaller. Therefore,
the flux-tube ring is unstable and prefers to shrink. It means that, we first need to formulate
a flux-tube solution including a kinetic term so as to be able to describe the dynamics of the
flux tube. Once the contribution from the kinetic term is taken into account, from a quantum
mechanical point of view, such a collapse is forbidden by the uncertainty principle. Let us
imagine the hydrogen atom, where the stable ground state is determined by the energy balance
between the kinetic term of the electron p?/2m, and the Coulomb potential term —e?/r with
the uncertainty relation p - > 1. The stable radius is known as the so-called Bohr radius,
rg = 1/(mee?), which leads to the minimal energy of the bound state Eg = —e?/(2rg). This
suggests that the kinetic term and the quantum effect are essential.

For this purpose, we pay attention to the so-called string representation of the DGL theory.
This representation can be analytically derived in the London limit m, — oo, where the
modulus of the monopole field is frozen taking the value of its condensate. The resulting

effective string action has the form

Spars = /d2€\/_+ —/d2§\/_g (Dat ) (O™, (8.1.1)
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8.1. Flux-tube ring as the closed effective string

One finds that this representation contains the kinetic energy of the string. It is interesting
to note that first term is known as the Nambu-Goto action with the string tension o. Since
this term is proportional to the area of string world surface, minimal area of the string world
surface is required for the classical string motion. The second term is the so-called rigidity
term, which is considered to be originating from the finite thickness effect of the color-electric
field of the flux tube. The coefficient of rigidity term 1/cayg is known to take a negative value,
which means that the string, described by this action, is stiff and hard to bend. In other word,
this term prevents the closed string from shrinking, since this term dislikes a large curvature.
One might expect that the closed string with rigidity has a stable size by a competition
between the Nambu-Goto term and the rigidity term. Unfortunately, however, it has been
reported that such a system is still unstable with respect to radial perturbations, and thus

does not have a classical ground state [80]*.

Some notations are summarized in the following: The string world surface swept over

the string motion, is parametrized by a# = z#(§), where £ = (£1,&2) is a two dimensional

1
—9(8) =y _§€ab66d9acgbda (8.1.2)

which is the determinant of the induced metric tensor of the surface

coordinate. Then, we have

gab = (Oa(8))(Bp"(£)), (8.1.3)

where 0, = 0/0¢* (a,b =1,2). Next, 0,t,, corresponds to the extrinsic curvature tensor of

the surface [43], where

tu(§) = e (Da(€)) (B (£)), (8.1.4)

—g(&)

which satisfies 2 () = 2.

Let us parametrize the effective string action (8.1.1) for the ring as a circle with the radius

R, considered as a function of &,

z'(€) = R(&1) cos &, 2%(€) = R(&) sino, (8.1.5)

and choose the chronological gauge z°(¢) = &;. This parametrization satisfies the orthogo-

nality condition 02’ - dsx’ = 0. The effective string action is reduced to the form

Spiis = [ dea 2o (R R RORYL- R |, (3.1.6)

“In terms of this point, recently, we have found that the second term of Eq. (13) in Ref. [80] does not

coincide with our form obtained in (8.1.7). This may give us a new feature of the closed string with rigidity.
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where we have defined the effective string tension oeg as

1 2RPR*+ (1- R?)?)
ap  R2(1— R?%)3

oef(R, R, R) =0 + (8.1.7)

We find that this effective string tension never exceed the o since the second term always
takes negative value. Here, 0 < 1 — R?<1 (R never exceed the light speed).

In this scheme, the flux-tube ring is regarded as the relativistic closed string with the
effective string tension. In our approach, however, we do not use oeg (R, R, R) from Eq. (8.1.7)
directly. Instead, regarding this effective string tension as the string tension of the classical
flux-tube ring solution in the original DGL theory, we compute this numerically as a function
of the ring radius R. We take the point of view that the instability problem of the closed

string will be solved by considering the quantum states.

8.2 Flux-tube ring solution

In this section, we investigate the classical flux-tube ring solution numerically for a flux tube
forming a torus with the radius R as shown in Fig. 8.2. The color-electric Dirac structure
inside the flux-tube ring is shown in Fig. 8.3(a). Now, the singular structure of the phase
of the monopole field is essential to get such solution as discussed in the chapter 3, since
now ify(x) = 0. Here, we can rely on the U(1) reduced form of the DGL theory, since in
this case, the system can be described only by one U(1) sector of the U(1)xU(1) dual gauge
symmetry. We can use the same framework as in the DAH model based on the derivation
given in Eqgs. (7.2.1) and (7.2.2). Note that if we consider a state like in Fig. 8.3(b), we need
the full dual symmetry.

The singularity of the phase of the monopole field is characterized by rotational invariance
about the z-axis,

V x Vn=2mnd(r — R) 6(z)ey, (8.2.1)

where n = n; —n; (1 # j), and n is the winding number of the flux-tube forming the ring.

The fields can be written as

B = B.(r,z)e, + B.(r,z)e,,
¢ = ¢(T,Z), (822>

and the phase is determined by Eq. (8.2.1) as n = —ntan™! (z/(r — R)). The minus sign
comes from the use of the cylindrical coordinate. The field equations are obtained by substi-

tuting these expressions into Eqs.(3.1.6) and (3.1.7),
9*B, 9’B,

0z0r 072

+24°Bl.¢? = 0, (8.2.3)
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Figure 8.2: The flux-tube ring system which has rotational invariance about the z-axis. R

denotes the ring radius. All the coordinates used in the text are defined in this figure.
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Figure 8.3: The structure of the color-electric Dirac string of the possible flux-tube excitations

without valence quarks, which are originating from the phase of the monopole field 7;.
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mﬂ‘ﬁﬂ‘;a_g (B'r' +Bz)¢_2)‘¢(¢ _U)_Ov (8‘2'5)

) +2§°B'¢* =0, (8.2.4)

with
on z
B =B -_-B_n__ 8.2.6
" or "r =R+ 22 (8.2.6)
an r—R
B = B,-— =8B, —_—. 8.2.7
i 0z +n(7’—R)2+22 ( )

The boundary conditions are given by

¢(r,z) =0 as (r,z) — (R,0),
Bl(r,z) =0, B.(r,z)=0 and ¢é(r,2z) =9 as /(r—R)?+ 22— c0.(8.2.8)

For r — 0, the color-electric field is required to disappear due to the rotational symmetry

around the z axis.
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Chapter 8. Glueball as the flux-tube ring solution in the DGL theory

In Figs. 8.4 and 8.5, we show the numerical solutions of the profiles of the color-electric
field and the monopole field as a function of the ring radius R. The parameter set used
here is determined* so as to reproduce the dual gauge mass mp=0.5 GeV [27], the monopole
mass m,=1.6 GeV, and the string tension 0=1.0 GeV/fm. The GL-parameter is found to
be k=3.2, which suggests that the vacuum belongs to the type-II. These profiles show the
tendencies of shrinking of the color-electric field and the monopole field as the ring radius R
is reduced. Accordingly, we also obtain the effective string tension oeg(R) as a function of

the ring radius as shown in Fig. 8.6. oeg(R) is defined by
E(R) = 2w Roes(R), (8.2.9)

where E(R) is the energy of the flux-tube ring,

E(R)=27r/0;odr dz[— (%BZ aiz)i(%)i(gf) P(B+ B+ A (9 @)21
(8.2.10)

We find the string tension is effectively reduced with decreasing the ring radius R, which

is considered to be caused by the reduction of the color-electric field. The energy E(R)

decreases as the ring radius R is reduced.

8.3 Closed effective string as the glueball state

In this section, we combine the results of previous two sections. Let us take for the effective
string tension in (8.1.6) as it is computed from the classical flux-tube ring solution. We
rewrite the action (8.1.6) as

SEame — / dé1L(R, R) (8.3.1)

where
L(R,R) = 2no.g(R)R\/ 1 — R2, (8.3.2)
can be regarded as the Lagrangian of the flux-tube ring. From this, we get canonical conjugate

momentum of the coordinate R, as

oL R
Pr=— =27mRo(R)

OR VI- R

Performing the Legendre transformation, we obtain the Hamiltonian of the flux-tube ring*

(8.3.3)

H(Pg, R) = \/P} + {2 Rour(R)}2. (8.3.4)
*For the determination of the couplings of the DGL theory from the SU(3) gluodynamics (QCD), we need

further investigation similar to what has begun in chapter 5.

*This seems to be a two-dimensional extension of the Hamiltonian of a relativistic particle with mass m,

H = +/p? + m2.
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8.3. Closed effective string as the glueball state

One finds that if we put Pr = 0 (R = 0), the hamiltonian provides the static energy (8.2.9).
Once the ring hamiltonian including the kinetic term is obtained, we can look for the
glueball states by solving the Schrédinger equation
2

—% +{27Roeq(R)}? | @m(R) = Mp? ®(R), (8.3.5)

with the boundary conditions,
¢, (R=0)=0, &,(R=0c)=0. (8.3.6)

The boundary condition ®,,(0)=0 is required in view of the ring structure of the flux-tube
since the wave function is considered to characterize the configuration of the color-electric

flux.

It is useful to consider first an ideal case where the effective string tension has a constant
value; oeg(R) ~ o (~ 1.0 GeV/fm). In this case, the ring Hamiltonian reduces into the
harmonic-oscillator in one dimension and we can easily obtain the analytic form of the wave

function and the mass spectrum,

®,,(R) o< Hy, (V2710 R) exp(—moR?), (8.3.7)
M, = \|4no (m + %), (8.3.8)

where H,,(x) is Hermite polynomials, Hy(z) = 1, Hi(x) = = and so on. One finds the state
m =1,3,5,- - satisfies the boundary condition ®,,(0)=0. Thus, we get

®1(R) = 27216%?Rexp(—mo R?), (8.3.9)
M; = Véro = 4.34\/5 = 1.93 GeV, (8.3.10)

for the lowest state of the flux-tube ring. The root mean square radius is obtained as

o0 1
V(R1?) E/O dR® 1 R*®y = ,/% = 0.489\/—5 = 0.23 fm. (8.3.11)

Let us now calculate the ground state of the m = 1 state for the k = m,/mp = 3.2 case.
In this case, we should resort to the variational method since the effective string tension is
not a constant value and is given as the numerical function of the radius R. We use the
trial function ®1(R,a) o< Rexp(—anoR?) where a is the variational parameter determined

by minimizing

_ [(®(R.a)| H(Pr. R, (R.a))
Ml(“)‘\/ (R (Roa) (8.3.12)

and we obtain Mj(a = 0.82) = 1.6 GeV as shown in Fig.8.7, which is regarded as the lowest
glueball mass Mg. As for the root mean square radius, a = 0.82 < 1 suggests that the
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Chapter 8. Glueball as the flux-tube ring solution in the DGL theory

ring radius becomes broad compared with \/3/47wc for the extreme type-II limit case by the
factor 1/y/a. Therefore, we estimate the ring radius as 0.25 fm and the size of the glueball
as Rg = 0.25 x 2 = 0.5 fm (the ring diameter). We find that this mass spectrum Mg=1.6
GeV is almost consistent with the scalar glueball mass that the lattice QCD predicts for the
lowest state [75-78].

It is interesting to note that the expression (8.3.10) is very similar to the following form[81],
M0+t = 3v2yo ~ 4.24\/5, (8.3.13)

which is naively derived by the procedure of the minimization of the energy of a bound state
of two massless gluons,

9
E=2p+or- % (8.3.14)

where p is the gluon momentum and « the strong coupling constant. The color factor 9/4
is given by the ratio of the SU(N,) Casimir operators of the adjoint representation N, and
the fundamental representation (N.2 — 1)/2N, for N.=3. The uncertainty relation p-r > 1
leads the energy minimum E = 3,/(2 — a)o ~ 3v/2y/0 at r = 2¢/2 — a/3/0 ~ 21/2/3\/0 =
0.943/y/0. One may find that this glueball size 0.943/,/c is also consistent with two times
of 0.489/4/c in Eq. (8.3.11). These similarities seem to suggest a close relation between the

flux-tube ring picture and the phenomenological potential picture of the glueball.

8.4 Summary and discussions

We have studied the flux-tube ring solution in the dual Ginzburg-Landau (DGL) theory
as the glueball excitation. The main idea of this study is the description of the flux-tube
ring solution in the DGL theory in terms of its string representation [39-42] as a relativistic
closed string with an effective string tension, which enables us to write the Hamiltonian of
the flux-tube ring. The effective string tension is closely related to the extrinsic curvature
dependence of the string, while we have computed this value in terms of the classical flux-
tube ring solution. Inserting this information into the Hamiltonian, we have discussed the
mass spectrum and the wave function of the glueball state, where the boundary condition
®(R = 0)=0 dictates the ring structure of the color-electric flux to the wave function.
Analyzing the Schrodinger equation H(Pg, R)?>®(R)=M?®(R) with the boundary condi-
tion ®(R = 0)=P(R = 00)=0, we have obtained the eigenvalue Mg=1.6 GeV for the ground
state, which is considered as the lowest glueball mass. The size of the glueball is estimated
as Rg =0.5 fm. The mass spectrum Mg =1.6 GeV is almost consistent with the scalar
glueball mass that the lattice QCD predicts for the lowest state. We have also found these

results are very similar to another approach based on the Regge phenomenology, where the
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8.4. Summary and discussions

color factor 9/4 in the linear potential between two gluons plays an important role for the
estimation of the glueball mass and the size. These similarities are quite interesting and the
phenomenological potential picture of the glueball in terms of valence gluons seems to have
a close relation with the flux-tube ring picture.

We should add few remarks about the relation between the glueball and the monopole.
One may find that the m,=1.6 GeV is very similar to the glueball mass which we have
obtained using above analysis. The monopole field corresponds to the complex scalar field
which originates from the off-diagonal gluon field in the maximally Abelian (MA) gauge in
QCD. Thus, the monopole field would also does present the scalar gluonic excitation in the
QCD vacuum such as the scalar glueball [82]. Therefore, this resemblance of masses seems to
be quite natural, in fact, the phase of the monopole field has played an essential role for the
flux-tube ring solution. It is interesting to note that once this identification is allowed, we
can determine the mass m, self-consistently. In such a case, the DGL theory which is now
including three-parameters can be rewritten to the two-parameters theory. However, whether
the both scalar glueballs presented by the flux-tube ring or the monopole field are the same
or not is another problem since the flux-tube ring depends not only on the GL-parameter

but also on the string tension.
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Figure 8.4: The profiles of the color-electric field Ey(r, z) in unit of 1/fm? of the flux-tube
ring system in the type-II (k = 3.2) vacuum. The left-hand side denotes the 3D plot and the
right-hand side is its contour plot. The unit of the radial coordinate r and the z-axis is fm.
The radius is taken from 2.0 fm (upper) to 0.5 fm (below) in step of 0.5 fm. The color-electric

field Ey decreases as the ring radius R is reduced.
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Figure 8.5: The profiles of the modulus of the monopole field ¢(r, z) in unit of 1/fm of the
flux-tube ring system in the type-II (k = 3.2) vacuum. The left-hand side denotes the 3D
plot and the right-hand side is its contour plot. The unit of the radial coordinate r and the
z-axis is fm. The radius is taken from 2.0 fm (upper) to 0.5 fm (below) in step of 0.5 fm. The

monopole field ¢ at the central region of the ring decreases as the ring radius R is reduced.
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Figure 8.6: The effective string tension oeg(R) in GeV/fm as a function of the ring radius R.

As the ring radius is reduced, the effective string tension decreases to zero.
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Figure 8.7: The energy expectation value Mj(a) of the flux-tube ring system as a function of
the variational parameter a, which relates to the size of the wave function. The dotted line
denotes the case of the constant string tension o = 1.0 GeV/fm (for type-II limit), where the
energy minimum shows 1.93 GeV at a = 1 as we have obtained in the analytical way. The
solid line is the main result by using the effective string tension oeg(R) (for £ = 3.2), which
shows the energy minimum 1.60 GeV at a = 0.82. The result a < 1 suggests that the wave

function is broad compared with the type-II limit case.
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Chapter 9

Summary and concluding remarks

In order to get deeper theoretical insights into the hadron properties in terms of quarks and
gluons, we have worked out several new aspects of the dual superconducting picture of the

QCD vacuum. This picture is quite interesting in the following sense:

1. Confinement and the string-like properties of hadrons observed in experiments can be

understood in terms of the flux-tube formation.

2. It is numerically supported by Monte Carlo simulations based on lattice QCD, using
the maximally Abelian (MA) gauge and Abelian projection, when infrared Abelian
dominance and monopole condensation emerge.

Abelian dominance means irrelevance of the off-diagonal gluons. Monopoles, as topo-
logical defects, appear after the Abelian projection in the MA gauge, which correspond
to the nontrivial homotopy group mo(SU(N)/U(1)N-1) = ZzN-1,

3. Based on these simulation results, one can construct the dual Ginzburg-Landau (DGL)
theory as an the infrared effective theory of QCD. The flux-tube statics and dynamics
are described within the DGL theory as perturbation of dual superconductivity by

external charges.

4. The DGL theory possesses a string representation, which means that QCD can be

reduced to an effective string theory in the large distance region.

5. It is tempting to ask how many properties of infrared QCD can be reproduced com-
plementarily by using the new framework both by lattice simulation and analytical

calculation.

Based on these idea, first, we have reviewed the derivation of the U(1) dual Abelian Higgs
(DAH) model corresponding to the infrared effective model of SU(2) QCD (SU(2) gluody-
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Chapter 9. Summary and concluding remarks

namics). The ideas of Abelian gauge fixing, Abelian projection, leading to the appearance of
monopoles, have been described. We have found that the path-integral duality transforma-
tion enables us naturally introduce the dual gauge field, which couples to monopole current.
In contrast to the Zwanziger formalism, although the resulting Lagrangian does not have the
manifest duality between the color-electric and the color-magnetic sector, this structure is

immediately useful to discuss the flux tube and dual superconductivity of the vacuum.

Next, we have illuminated the structure of the DAH model by solving the classical field
equations and discussed how one gets the topologically stable solution related to the ¢-¢
system, the flux-tube solution. Analytical evaluation of the string tension of the flux tube in
the Bogomol’'nyi limit, the border of the type-I and the type-II vacuum, has been shown to
be possible.

We have also studied the quantum properties of the DAH model by means of the Monte
Carlo simulation on the U(1) dual lattice. For this purpose, we have introduced the dual
lattice formulation of the DAH model, where the monopole field, the dual gauge field, and
the dual field strength tensor is defined on dual sites, dual links, and dual plaquettes, re-
spectively. By using this formulation, first, we have shown that we can obtain the flux-tube
solution numerically in a more elegant way, since the shape of the flux tube is determined
by placement of the color-electric Dirac string singularity treated as a connected stack of
plaquettes. Second, we have performed the Monte Carlo simulation and sketched the phase
diagram of the DAH model by paying attention to some observables, plaquette energy den-
sity, modified hopping term, and vortex density. In the simulation, there appear vortex loops,
the excitation of a flux-tube ring, in the vacuum. We have found that the density of vortex
loop plays an important role to determine the phase of the quantized DAH vacuum. By in-
troducing the ‘t Hooft loop, the four-dimensional extension of the color-electric Dirac string
on the dual lattice, we have measured the profile of the flux tube in the DAH vacuum in the
presence of non-vanishing vortex density. We have found that the modulus of the monopole
field has a quite different structure compared with the classical profile obtained by solving
the field equations. Also the monopole supercurrent is hidden when the density of vortex loos
is not small. From this analysis we conclude that dual superconductivity and string structure
crucially depend on the density of vortex loops.

We have investigated the possibility to obtain the parameters of the DAH model as an
infrared effective theory of SU(2) gluodynamics, linking them both at the quantum level.
Both the SU(2) gluodynamics and the DAH model have been treated on the lattice and the
dual lattice. The input bare parameters of the DAH model are obtained, making use of
the extended Swendsen method, where monopole current configurations from SU(2) lattice

gauge theory in the MA gauge are used to reconstruct the monopole action. The latter
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is then put into relation to the monopole representation of the DAH model. The profile
of the color-electric flux tube and the string tension (from ’t Hooft loops) should then be
reproduced within the DAH model by means of Monte Carlo simulations. In this study
we have specially paid attention to the case fsy) = 2.5115, at the same time fixing the
lattice spacing of both lattices agy) = apan = 0.086 fm. We have measured the profile
and the string tension of the flux tube for the corresponding DAH parameter set. We have
obtained a similar structure with the SU(2) gluodynamics for the profile of the color-electric
field. However, unfortunately, we could not see the clear signal of the monopole supercurrent
due to the presence of large non-vanishing vortex density. We have found that our result
of the string tension shows that SU(2) lattice gauge theory is quantitatively reproduced
by quantized DAH model. This investigation seems to suggest that it was correct to pay
attention to the monopole degrees of freedom on this relatively fine lattice in order to extract
the needed quantitative information of the infrared properties of gluodynamics. Our next
task is to systematically study the quantitative relation for other Sgy(). Then, we could
find the renormalized masses corresponding to the DAH model, which will be addressed in
further work. The application of this method to the SU(3) case is, of course, then the next
interesting step.

We have derived the dual Ginzburg-Landau theory corresponding to the infrared effective
theory of QCD (SU(3) gluodynamics) by using the same techniques used in a derivation of
the U(1) DAH model. Reflecting the SU(3) gauge symmetry of original QCD, the resulting
framework has the [U(1)]?> dual gauge symmetry, and there appear three types of the color
charges both in the electric and the magnetic sector, satisfying the Dirac quantization con-
dition. These charges are distributed on the weight vector and the root vector diagram of
the SU(3) algebra, respectively. Then, they possesses the global Weyl symmetry among the
permutation of the color labels.

We have reformulated the DGL theory to make the global Weyl symmetry manifest, and
applied this to the systematic investigation of hadron structures, such as meson, baryon,
and glueball states in terms of the open string, Y-shaped string and closed string flux-tube
solutions in the DGL theory. We have found that all these states can be classified in terms of
the color-electric Dirac string structure. The baryonic state is one of the most interesting and
important application of the DGL theory, since this state can be treated only after taking
into account the [U(1)]? dual gauge symmetry originating from SU(3) gauge symmetry. We
have found that the manifestly Weyl symmetric approach, in particular, given by the color-
magnetic representation of the dual gauge field is the most convenient one for this subject,
since the resulting DGL theory can be dealt with in a quite similar way as in the U(1) DAH
model. Formally, the manifestly Weyl symmetric representation of the DGL theory has the
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form of a sum of three U(1) DAH models coupled to each other by a constraint. This means
that the investigation of the U(1) DAH model is also relevance to understand the DGL theory.

In the glueball study, we have investigated the flux-tube ring solution, representing a flux
tube without ends, without valence quarks. Contrary to other hadrons containing valence
quarks (meson, baryon) where the motion of quarks helps to stabilize the states, when we
study this state we first need to consider how such flux-tube ring can be stabilized in terms
of the flux-tube motion itself. In other words, it became indispensable to take the kinetic
contribution of the flux-tube action into account. Thus, for this purpose we have applied the
result of the string representation of the DGL theory, and described the flux-tube ring as an
relativistic closed string with an effective string tension. This description enabled us to write
down the Hamiltonian of the flux-tube ring. Analyzing the Schrodinger equation, we have
discussed the mass spectrum and the wave function of the glueball. The lowest glueball state
is found to have a mass Mg ~ 1.6 GeV and a size Rg ~ 0.5 fm. The parameter set used in
this analysis was determined to fit the lowest glueball mass, the string tension and the size
of normal hadrons. The DGL parameter derived from QCD is still not available. However,
the lesson of this study is that the DGL theory can provide a useful method for the study
of the glueball, when topological stability and quantization of collective degrees of freedom
are combined. Once the couplings of the DGL theory have a deeper quantitative relation to
SU(3) QCD, one should come back to this interesting system.
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Appendix A

Monte Carlo method for the DAH

model

We summarize the Monte Carlo algorithm for the DAH model used in the simulation described
in chapters 4 and 5. We want to sample the dual gauge field Bu(s) and the complex valued

monopole field x(s) according to a probability measure

P(B, x) x exp (—Spau[B, x]) ,

where the lattice action of the DAH model is given by

A LA 2 ~
Spa = 3 | 2o 2 Fi )+ 3 2[00 = PO+ ]+ X (o) - 1)
S n<v 12

~ 2 ~ 52 52
Here, the couplings are defined by Bpan = 1/§%, 7 = ﬁDAgmB, and \ = %. The

dimensionless masses are given by mp = mp-a and 7, = m, -a. The sampling is done by a

Markov process with alternating updates of the dual gauge and monopole fields. In distinction
to the pure Metropolis algorithm, a heat bath proposal according to the quadratic part of
the action is used. This is corrected stochastically by a Metropolis acceptance check with

respect to the rest of the action.

A.1 Update of the dual gauge field

The update is made in a vectorized program in checkerboard fashion (odd/even lattice parts

alternately).
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Kinetic term :  The part of the action which depends on the dual gauge field Ep(s’ ) (one
link) is spelled,

So(B) = AR S~ g

2 S,u<v

-~ foan Z{(ép<s'> B + ) = Byl +9) = Buls) + 2785,())

= = T + const., (A.1.1)
v/ 66pAH
where
pl = By(s' + p) — By(s' +0) — B,(s') + 2735, (), (A.1.2)

1
p2=—B,(s+p—1)—B,(s — )+ B,(s — ) — 27rﬁ)l};jy(s' — D). (A.1.3)

we have used 3_,,, = 3. One finds that this form is gaussian, so that one gets the candidate
of new Bp(s’ ) by using a normally distributed gaussian random numbers according to the
Box-Muller Method: If z is distributed as f(z),

1 (2 —mean?
—— | — Al4
oo (3 (). (A1)
then zx is given by
T = mean + width x gaussian. (A.1.5)

Here, “gaussian” is a random number R off variance (R?) = 1 which is distributed as

f(R) x exp (—%RQ) . (A.1.6)

Such random numbers are obtained by using the Box Muller method: First, we prepare
two flat random numbers, U; and U, : [0,1). Then, we obtain two independent normally

distributed gaussian random numbers R; and Rs by using the relation

Ry = /—2log(1l —Uy)cos(2nUs), (A.1.7)

Ry = /—2log(1l — Uy)sin(27Us). (A.1.8)

By comparing (A.1.1) and (A.1.4), we set

1

mean = — Z(pl + p2), (A.1.9)
v#£p
1

width = ——— (A.1.10)

V6Bpan’
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and obtain the new B,(s') as

. 1
B;leW( _ __ Z pl +p2) + . Rl- (Alll)

6.2 V60pan

Note that we also have an interaction term between the dual gauge field and the monopole
field. The new Bp(s’ ) should be determined so as to correspond to the full weight. Next we

spell out the interaction term.

Interaction term : We extract Ep(s’ ) in the interaction term (kinetic term of the

monopole field) as

2
Si(B) = vz\x — B3 (s + i)

2

= 7|4 = PO 1 p)
~ ~ / ~ / A > / N / A\ e > / 2

= v{(m(s)—m(s + p) 008 By(s') + X1(s' + ) sin By (s))

+ (%1(s') = Xa(s' + p) cos By(s') = Xn(s' + p)sin Bp(s'))Z}. (A.1.12)

According to the Metropolis acceptance check, the sampling of the dual gauge fields is
achieved by a probability

Pyecepr = min {1, Ratio}
T Bold’Bnew
min < 1, M exp(—AS) 5, (A.1.13)
T(Bnew Bold)
pp
where AS = S (Egew) -8 (Bgld) and T(E;‘e“’, Egld) is a transition probability from Egld to
Egew. Then, the Ratio is explicitly written as

e*SO(BZZd) 750(32611))751(3;1611))

(&
o So(Bpew)  —So(Bgld)—S1(Bgld)

Ratio =

e_Sl (B;LG’UJ)

6_51 (led)

exp {7 [() = €535 + )

= — 5 } , (A.1.14)
exp {7 [() - 550+ )}

where B:}ew(s’ ) is a candidate of the dual gauge field obtained by the Box-Muller method,

and Bgld(s’ ) is previous one. We define

afznew,old = )A(R(S, + [)) COS Egew,old(sl) o )A(I(S/ + /3) sin Enew,old(sl)’ (A115)
ag:new,old = )A(I(S, + ﬁ) cos B;’Lew,old(sl) + )A(R(Sl + )sm Bnew old(sl)’ (Allﬁ)
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where

(al}){:new,old)Z + (all):new,old)2 — X%(S/ + [)) + X%(S/ + /3) (A117)

Then, we have
275 R:new N I:new
exp {27 (Xr(s)a, " + x1(s')a,
exp {27 (XR(S Jafold xf(s')agrold)}
Here, we again prepare an flat random number U and compare it with the Ratio. If Ratio > U,

we replace the old BOld( ") by the new B”ew(s’ ). However if Ratio < U, we keep the old
BOld( "). The heat bath proposal followed by Metropolis decision is the algorithm to obtain

Ratio =

(A.1.18)

the thermalized configuration of the dual gauge field.

A.2 Update of the monopole field

The update is made in checkerboard fashion (odd/even lattice parts alternately), too.

Kinetic term : From the action, we extract the terms containing the monopole field

Xr,1(s") (at site s'):

B, (s 2 ~ iB,(s'— NE
- 3 @$>@+uﬂ+xwv i - |
n
2
- 3 (fsim b))
- 9 1
2 165
2
INEUCORS DONCACORRACH
+5 il T a a ) + const., (A.2.1)
165
where af!(s") comes from forward link and b/ (s') from backward link, defined by

aff(s") = Xr(s' + f1) cos Bu(s') — xu(s' + 1) sin B,(s'), (A.2.2)
aﬁ(s’) = (s + f1) cos Bu(s') + Xr(s’ + 1) sin B,(s), (A.2.3)
bR (s') = Rr(s' — 1) cos Bu(s' — 1) + 1(s' — i) sin By (s’ — i), (A.2.4)
bl (s") = Ru(s' — 1) cos By (s’ — i) — Rr(s’ — f1) sin B,(s' — 1) (A.2.5)



A.2. Update of the monopole field

We have used Zﬁ:l = 4. Hence, by using the similar technique with finding candidates of
the dual gauge field, the real part of the monopole field can be produced by setting

mean = —Z( +bR )) (A.2.6)

width = (A.2.7)
16+

E !

The imaginary part of the monopole field is,

mean = é Z (aﬁ(s') + bﬁ(s')) , (A.2.8)
m
) 1

Here, the two normal random numbers with gaussian distribution are supplied by the Box-
Muller method.

Interaction term :  Next, we consider the self-interaction term of the monopole field. Let

us extract the Yg 1(s'),
- 2 2
A (RGP =1)" = A (%) + %3 — 1) (A.2.10)

Now, we consider the ratio

3 e . 2
exp { —A (X" (s)? + (X7 (s)* — 1
Ratio = { ~( — — i } (A.2.11)
exp {7 (RH)? + R§4())7 — 1)°)
where the X7 (s') are candidates of the monopole field, and )A(%d[( ") the previous one. The

Metropolis decision is the same as in the case of the dual gauge field: If Ratio > U, we
replace the old )zoRldI( ') with the new Y%/(s). However, if Ratio < U, we still continue to
keep the old )zoRldI(s ). This is the algorithm to obtain the thermalized configuration of the

complex valued monopole field.
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