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(10) f'&) =2 @-Nw) - (p+1E, t20



MY LD, LUTFT, Cp I% Poincaré PAREX, ||ull. < Col|Vull2 for
Vu € H)\(Q), KRB ERKET 5.
ME41 Ve>0 kLT, £(t) < max{f(0), zf 1
fEBA (8) & Poincaré DARER LY,

C2E,}.

£16) 2 Ep 210wl + B S0 - 0+ DEs, 20

p+1

22T, gt) = £(t) ~ ET OBy B L,

p+3 + 3
g'(t) >

T, 3 >0st gt) >0, 0(t) >0 ELIRETDE, VE> ¢ ITH
L, g(t) >g(t). & & FE3(G) PIERALFERRICLT, FEVELS.
EoT, Mt>01ZLT,g(t) <0 FEkiZgk) <0 Zhndb, BAHDF
iz 5. O
WE42 V2 0IHLT, |F(O) < max{]/(0)], 2 Pt IC’OEO}

iF88 Poincaré D REXL D,

-1
o low@lE + Fe®), t20.

£ O] < lu@)l2l8e®lls < Coll Va(®)lalldau(®)]: < Cow(t).
e (10) &Y,
() p;llf'(t)l —(p+1)E, t3>0.

p+1

22, gt) = (1) - EXCoBy W< 2, g()>TLCZ0_1g(t). co,
I, > 0s.t. g(t) >0 c‘:{}iETZ)E: t— o0 DEZE g(t) » 0. Thh
Bt oo DEE f(t) oo &2V, BELLICHFETS. £oT, W20
s, fe) < P p+ICOE0 LB,

ot iz, h(t) = () -
) < —2(;—1h(t). CbB, V> 0 Kkt L, A(E) gma.x{h( .0, ko
0

T, Vt > 0ZxfL, —f/(t) < max{—f'(0), i+ -

CoEo}. O



t+1
4.3 sup/ w(s)ds < .
) t

t>0

fEBR  (10), MRE4.2 LV, vVt >0 LT
t+1
(p-1) / w(s) ds
t

t+1
< (p+ 1B+ / f(s)ds = (p+ 1)Eo + f/(t +1) — £(2)
t
pt1
p—1
XoT, #E43DBY . O

FH 4.4 B4, 42, 43 T, RS —BHICEETS L, =
XNF—%ERK (4), (5) & Poincaré DFRER L vE- TV 2V, HiZ,
H{(Q) > LPQ) RN =2DLE p<5 LWVIEEIES TV W,
EH4DEHR —FAF—RER (4) LV,

< (p+ 1)E + 2max{| f'(0)], CoEp}.

1 +1
w(®) = Eo-+ —lu@)IgH.

RE (A2) &9, HY(Q) — L[*(Q) T

1) W'(t) = /Q [u(®) P~ u(t)Bpu(t) dz < ||u(t)l[5,l18cut)]l..

PAF, KT N B LTHRESITLTEZS.
N >3 DFh: ZOHAIE, 1<p< N/(N-2)<37Ehb,

[ullf, < ClIVullf < CO+ [[Vul3) | Vull-

XoT, (11) &b,
w'(t) < C1{1 + w(t) }w(t).

ZZ T, Gronwall DARERXLY , ¢ >1,t—-1<7<tIIFLT

t

t—

w(t) < w(r) exp (cl ax w(s)}ds) .



hzreft-1,t] THERTL,

wit) < ( /tjlw(r) df) exp (o1 /t;{l +w(s)}ds> .

KoT, fE43 XY, supy; w(t) < oo. BT, sup,sew(t) < oo.
N=20DB8: p<3DLEIIN>3DHALERIFEATEZNnD,
p >3 &3 3. Gagliardo-Nirenberg DRER L Y

1)/2 —1}/2
lulls, < Cllull 2| Vull D72,

REND, p< 5 b, (11) &Y,

w(t) < C{1+ [lu(®) 511 + IVut) 3 }w(t).
TIT, = RAX—REFR (4) £V,

1+ [[u@)pt: + IVu@)ll; < C{1 +w(t)}-

LoT, w'(t) < Ci{l +w@®)}w(®). Thab, N >3 OHELRARIZL
T, Supow(t) < 00 /5.

N=10%6: N=2DHELRKRENLL, EHT 5. O
EE45 ZOXDRERIT, MOBERERD LEIHLAEBEDN
% (Merle and Zaag [7]).

EEA46 N=20Dr%E p<5 LWVIHREVDLENE I NXKBRTH
5 (RE G HBROTL). BEA4THRARZB, N=2,p>5DLEIC
b, (1)-(3) DEBOKIEME u(t) X, #E4.1, 4.2, 4.3 DFHliR 729 %
7=, (10) & #ERE4.2 &V, lim.inft_,Oo lE®)% <2(p+1)Ey/(p—1) AT
3. % L grow up solution FFFE L7 &3 % &, limsup,_,, ||@(t)||% = oo
b, EOTRNF— VA |lut)|x 1kt 200 ELEEE, WMLIE
BT AZ L0 h (HE43HLBROI L), £D7®, grow up solution
DEEETRTI L, RECELWHETHALES.
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§5. KIMOARE (HE) ZOHETIL, #F#H Klein-Gordon HFEX
(12) Ou—Au+mu=|uf 'y, zeRY, t>0,

X B SEMERIE O KR OE RISV TELS. 22T, m > 0,
p>1¢L, N>3DLEiEp<1+4/(N-2) ZIRETD. ZDL Xk,
- (12) T S AIAMERIREIY, T RAX—ZM X = HY(RY) x LA(RN) T
RRBATICES TH B ([4)). 27, [ully = [ullpemm),

1, )% = V0l + mllull; + ||v||§,

1
J(w) = 5[ Vull; + —II I3~ -——II [ees
K(u) = [|Vullz + mu; - IIUIIﬁi}

LEEXERIE, = RAVXF—REA (4) RUER (5) RV LD, Q=RY
D & &L, Poincaré DAREX, |lulz < C||Vul|; for Vu € HY(RN), iZALY
MIERODT, m >0 RAENRRETHD. N>3,p>N/(N-2) D
L& #BDiAZ HYRY) — LP(RN) 1R Y S22 0T, EE 4 OIEHA
IE X722, Merle and Zaag [7] IC K 5@REAVDI L, N>2,p<
1+4/(N-1) DL X, (12) ORBBOFFMEELRTENTES. N =2
DEE1+4/(N-1)=5 N=3 DL & 1+4/(N-1)= N/(N-2) =3,
N>40k& N/(N-2)<1+4/(N—1) ICEET 3.
EE5 N>2,1<p<l+4/(N-1) ¢T3, 2Dk & ideC([0,00),X)
A (12) OKRIGHR B IF, sup,s, [|E(E)] x < oo.
FE5.1 FHEHAOMHALFRICLT N=2,3DLEit, p=1+4/(N-
D)2 LTY, EE5 ORRBER IO EBSS. Zhhb, N > 4,
p=1+4/(N-1) DL &b, FESOBRPRY IO EBHFEIND
A, BEEATIIRBETHS. 7, 1+4/(N-1)<p<1+4/(N-2) D
BA, £ RBRTHD (EE 46 bBRBOZL).

1



TEE5DIEE WE41,43LFARICLT,1<p<1+4/(N-2)DLE
t41
(13) Swwwm«nsw/ l(s)I1% ds < o0
>0 >0 J¢
MWD o, Ehe, TRALF—RER (4) & (13) OH 2RI Y

t+1
(14) C,:= sup/ llu(s)||EE} ds < o0
t>0 Jt
DAY 3L, LAF, Merle and Zaag [7] (Z9€ 5.
Step 1. 7= (p+3)/2 IZX LT, supy [|u(t)|l, < oo 38V 3L,

EBE, (14) L PHEOFER LY, V> 0 128 LT 37(t) € [t,t+1] s.t.

t+1
wmwmﬂa[|wmﬁmsa.

2<r<p+17Ehs, EXE (13) DB IRLY, supy, [|u(r(t))llr < oo
2, VE> 01X LT
t d

@7 = llutr@liz = [ —luls)llz ds
()

t+1
< C/ / lu(s, z)|""|0su(s, z)| dz ds
t RN

t+1
sc[(ww%3+mwmm&

ZZTCr=(p+3)/2 £V 2(r—1)=p+1 7P 5, sup,; |lult)|lr < oo.
Step 2. Gagliardo-Nirenberg DARER LV,

lu(®llp+1 < Cllu@® Iz V@3-

ZZT
1 1 1 1-6
i G WS

THY, p<1+4/(N—1) DLE (p+1)0 < 2 Ehb, Step 1 & 9,
dCy > 0 s.t.

2 1 1.
mllu(t)llﬂl < Cot 5| Vu®)l}, >0,

12



SDIZ, 2 AT —RER] (4) LV, Vt>0IZXLT

)| = 2B(a0) + - )21}
< 2B(#(0)) + Cy + —nw I

X 2T, sup,s [|E(t)||x < 0o B3ERY LD, 0O
IE52 m=0DHEIT, ZNETO m >0 DHE LREPAEHIC
Bi23d. m=0 DA, (12) D grow up solution DTETE & IEFEFEICD
WTHREZ &b, mAVEBETIERVWRHERS
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8 A9 BHOtwv a3 ilE

FER « A HIEA
(BRK ATFTAT Ry U= F—)

1 BLTORE/FNRIZLBINGTRRE

IOy aryDAY—H—28IZ, TEVRED BOLREIEMOAICLEREEF>THLLA
BES5I1Z) LEEBLTWAEFREIZAELE.

Bz, ENEA_SAREBRZIAORK T, MEAER, & VIEROREHZHALNMC L T4
F=L& YL 2ENLEOFRALBMEICEDLD L S TMMRICR>TVELE. HFDORRHME FIC
I, EEBAD technical REH LV L, EO L) RMBEEBRNERICH D), ELLEDI SRR =) —T
SEHAMBRBBINDD, BEEDLIRRA P—U—ZRoTNEh, EWIEEOLFBHAIHTLL D,

7o, FERERIADPRBEIAL, EFMAFOEVFAECNRAORVREOREE, BLHIT
EERAVTHNMYVPTIBRBAT DL O ICBD T L5 TF. £, FlL 23 0FOBEOREL KR
BIcELdDONTWEEZ AL, MEFORKEF IWEERBNET.

2 F#% OHPvs FAYI Y 4—

ZDE v arTid, FE XD OHP, PDF X PowerPoint (PPT) TR L=EER L, WANAR
FHEEAVERRERD /ML LN TEE L. BERBEFOMEERTY, OHP iEhh TR, 7u
Tl A ERAVERER LIEILERZITIONDLIICR>THET. L2 L, EEEBEROKRMET, £
%7 OHP 2 AAVW=FRERERTY. LT TH, ThEROFEDOFFOAY vy FETFAY v MZo0
T, ARERICELDTVET BERRNERNTY). UH00HFEEANVDICLTYH, £E0AY v b
BRRBICENL, TAYV y @O LRI RETHZLVEELEVET.

OHP FaT=0 %
1) BVEATH? 1) REEFREAN
(2) FERAALTEDDOTHBANRRLT W, F (2) T=A—varCEOWNEZPYRT
R CREAAEIC. & LB TS H <BBTE S (FiC PPT)
FEEDHTHETE S (3) F—Fxat— EETSI L TERO
(3) BED~— U E AR RES = L AT BERANES
(4) OHP LSt DMBHTRE (4) BEICRE LV
1) BEOEVET L, R oEBBRRE | (1) PCEORBIARE A CEXRV
CFBEEE-TRENED (2) V7 FBIEEOR— Dk —EICRERD
FAY b | (2) ERBEILY LAT Y FBBENERK e RAHRICRIE SR TV
Q. BEOEEFIEAOKEMAHS | (3) BEANDOIEMABIHS
s, M0 (4) BXALBEELL
3 EELEM

(BB VFAEDS 4 13) 2B ROFORRIEY EL 3 5. %AONLIELRBBRIT L,
FOVLABOADEFERTLE) &, KA TLE-TEMNLIZK K2V 7. BRNMTHITN]
THHE, PABDOEZTF— @J:D&ﬁ.ﬁ&!lﬁ'@ﬁf‘]‘éé‘i’f EFEEIT—IEMAEORNETE
MEEDHRTTHD, EMICBVLBLLHYFERA. bro b THRIZR-D, PAREHTHR
BIZLELE Y. ERE BITREREF) b, KYL>E 5 TRENKRM L%L\#ﬁiﬂiot]ﬁh‘é L,
EEEIT-DETETHERRLOIIRD LBORET.
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kR e T RO #EIC DN T

=)A= FALKRFRFBEE R FF D2

MR AL OHESBESF BRT S HFERUCOVTER LY. Z0 L) RFERTVL 20Hbh
TWBR, =2 TIHEID, FakickVRBIhb0E, £IhbIRE LAEZRTONTRENS HTERO
RIS OV TR L. FEAOHENRERS, MHICOVTE B #B8Blcshlcn. £, Th
SO FEAOMIZ, FIREMEE & D Hysteresis $1R%, HMIEAVTR LEFEANEA, RIFFHELEC
LB sh, FEAEDLRTVS. ZORA»LOMELHEFICRKEVEETHS.

EPUVL OBORE, ROZMEMATS. u, 13y EHICOVTO u ORI, it f O Fourier K#ER
. RBERRUQG) KHLT, TU)f = [ U(t—s)f(s)ds L& . £ Qr:=[0,T]xQ, St := [0, T|x9Q.

o LP it p RAS 72 Lebesgue 22/, L5.X := LP(0,T; X) THIZ LT, , .= LL.LE,
o Wk ik BES585Y % Cp RAIBS2 Sobolev 281, H* := Wf, W(Qr) := Nock<iW5 (0, T w25 (q)).

e B}, L Bj, = [LP,Wil,/;q CEBEND, Besov M, 21U [X, Y]y, 2 X &Y OERMZM
&T5%.

1 1-D Model without viscosity (Falk’s model)
ROVIPEREZEZD.

Ut + Uggzr = (fl(uz)a + fZ(uz)):z» (t’ 1:) € R* x [0’ 1]
Oy — Oz = fl(ua:)ouzt,
u(t,0) = u(t, 1) = ugs(t,0) = Uga(t, 1) = 62(2,0) = 0:(¢,1) =0,
u(0,z) = up(z), u(0,2) =ui(x), 0(0,z) = 6bo(x).
CHRBRERSED Falk EFLERTIN S FEARTHY, £E 1 OBRERESMUOHEDNEDZ
ERLTEY, uwiZSBOEL, I XBERTRLTVS. FRRADIIVF—I FATORERDD L
i1, BOBMERE CONEED AL LRI LIRS, ZOoFBRRARIZOVWTOMDL

NTVWARREHET S, (1] IV THIRME (uo, u1,60) € H3 x H x H! DIREDH & T, RHEKIEMROF
L —BERTHINTWS., ZIZTO f1, fH DREFRDOLIRLDTHS. -

(1F)

f1, f2 € C*(R) and Fp(r) > —C for r € R. (A)

(772U F} = f)
UTF A EOERRE RS,

%8 1.1 (Local existence and uniqueness). fi, fo 53%f# (A) &Wi=$LT5. £l ee(0,1/6) ik
ﬁ‘:ﬁ:"g‘é :0)3#, EED ('U,o,’ul,eo) € H? x L2 xL! ‘:*‘T LT, T= T(H“O“H’a ||u1 “Lz, ”90”[}) >0
DBEELT, UTEEET (IF) ORBRIMR (u,0) B¥E—2>FET 5.

u € C([0,T]; H?) N L*(0, T; W3),
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6 € C([0,T); L*) N L3+<(0, T; Wi,
B 1.2 (Global existence). §; > 0 £9°5. ZD, T 1 ORFMRITARIIFRRIEREE CERTE 3.

1.1 Outline of Proof.

R OBM RS, FELWIER, RUFHEICOWTIL 9] 2BRENIV. BHOED F = fi(u)0 +
folug) L EL. FO) Bz iTROANVI LIZEBLT, e:=u, KOWTHER (IF) 2 FXET L, KOH
BRLE3.

et + Exaze = (F — B(0))aay  (t,2) €RT x [0, 1]

(LF) 0; — 022 = f1(€)0es,
€2(t,0) = £5(t,1) = 402 (t, 0) = £aga(t, 1) = 05(t,0) = 6,(t,1) =0,
e(0,z) = Ozup(z), &€(0,2) = dzui(z), 6(0,z) = Gp(z).

ERR A% /A <= RiETE _EMSERR, T42bb

A=08;, where D(A)={fe H? f(0) = f.(1) = 0}. e
TERTD. (1F) Offide = ), (k) cos2nke LRBATE 5 Z LIZHETD. £/, £EOD f < f(0)=0
ERHETLOROWT, ADHFEARIIRTERTE B,

2rkx
A-lg . _ N\ 008 .
€ ; Gk cF)

TDEIBRARBANTEIZ, e:=vEi=ctid g LB E, FEAIX

v+ +i620+ = i(F - F(0), (t,z) €R* x [0,1]
v =820 = —i(F — F(0)),

(LF") 8, — 0,0 = fi(e)bes,

vE(t,0) = vi(t,1) = 6,(t,0) = 0,(t,1) =0,
kv*(O,:z:) =eo(z) £id e, 6(0,z) = Gp(z),

LEBEMZIOND. ZZITLOERT, c=vF +v™ BV IODT (1F) OB/ LND Z L 3ARDOZ
&, e =AWt —v7) ERBTEDHDBIBAOHBHRIZFEND ¢ ZFFMEL T BIZHHRICEDZ LIZ
BELEW. RICZOEHIZAWSFmERBNT .

#8 1.3 (Strichartz estimate). Vi(t) :=e*®4 1Zx LT, ROFEMARY D,

|Veg : Lt .|| < Cllg; L2],
IT(Vi) f; L o | + IT(Vie) £ LR L2 < |5 L33

ORI, ZERB2—7 Uy FERIZBT 2FHMEIT Strichartz 12 & D BB/ Oz BREA -5 R
D3%E 1 Bourgain D iEEZANWTH LN S ([2]). o

MM 1.4 (Maximal regularity and LP-L? estimates). U(t) := et I2% LT, KROFERRY L,

1020 W) 3 L .|| < Clif5 L7,
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for any p € (1,00), and
C
) lgs L2,

-_ j 1(1 1
i+i(5-3

83U (t)g; LENl < :
foranyl<g<p<Looandj=012,....

BIEOFEIX, HL<ADMONTWAEET, HIAIEH [6) 2BREINV. BEDCHMIAqIZ1Z2L
NAZLICRELEY. TRt CEESEE AV CHRRERERL, FMiT5 L THROND.

% & 13 Duhamel DEF AR THFEE LEFBRAUIH LT, ThbOFELXANTTRAF—T T RTB
i BRRRFRROEELTT. BHBRRDS T AN 4/3 + ¢ RAHEHFZEM & 2> TV % Dl Strichartz #Hfi
IRAWAEEN 4 RTROERICR>TWAED, TORMERTHD 4/3 RABIVELSTHL0LT
#3. el Hardy-Littlewood-Sobolev D RERABM A TIIMRET D7DV LABE L DDITHLEERD.

I THRLNEMILEDIZ (6,0) BRED. IIUDIE—FHERXDLD F O Fourier FRFZ51VTWND
Db —EHIC (u,0) bBLNDZ LICEE L.

BRI ABMEBA DI, L<ANTVAEEI T IVE—RFANHLERE L TWITELWOK
B, T TETHLECRIOPEAMEFE (6 >072561X0(t) >0ae) 8, ZHI+EODREELH
BIEEICH L CORRLEMUT A2 & THOLND. HBICOV TR [9] IZFE R,

2 3-D Model with small viscosity
OB TRROZRTEET N EEZTNL,

U + QQu — vQuy = V- F(€,0), (t,z) €RT xQ

0; — AG = 0F 9. (¢,0) + v(Aet) : &,

u=Qu=V8-n=0 on Rt x 81,

u(0,x) = ug(x), u(0,z) =ui(z), 6(0,z) =6p(x) >0 in Q.

(3FV)

7L, u:R3 > R3, 6:R3 R, niioQ 0smEBAERSS ML, QX CZEAERFOARER, e =
(€i5) = S(uizj+ujs), A= (Aijrr) = Mo +u(dindjt+0adji), Qu = V-(Ae(u)) = pAu+(A+p)V(V-u).
7 BBTRAE— F(e,0) = Fy(c,0) + Fa(e) RROHDOHDEER 5.

Q) Fi(e,8) & Fa(e) € C* >8> 6 (6 = ) kLT,

|F1/EE| < Cerlelq_l, IF2/£E| < C|6|6—1’

|Fi/e0] < CO™ e, |Fi /60| < CO™2|el?*,
/ /

|F1/5| < Cerls‘q7 1F2/5| < Cle‘ﬁ,

cle|™! = C < Fy(e).
EO&ENSL, FIRROZMGZHT.
|Fi(e,0)| < C +COlel™™,  |Fy(e)] < C+Clel™,
cle|T*! - C < Fa(e).
(i) F1 % [0,6;) T 02\ THE.

LoFBRX (3FV) i, (1F) % 3 Rufb LR (B v O -oT12R) 2207, 3 &ﬁ(:isﬂé*ﬁﬁ
& OFBREEESEFERATHS. BiEE DT3¢ E—FERNIHEBILENZ =D+ ERLBELh
BOFENLFL 5.
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I CRUTOREDT, FRIKEMOFE L — Bl EHT 3,

V>0, 0<r<%, 1<g<5 and 1<q$@+né—w) )

—RRIZBRTDOBRE, VARV 7 OEDALDEENEL 2D b—KRIEDBELVHENIZ B
LML TN, 20 L, BREBSSHFERIZBVWTIRARTI XL —b, —KRTOR (r=1,9q=1,
§=5) ICHANTHBRAEOBRNED (r=1,¢=3,7="5) ¥ & LEMNH S Z & % Falk-Konopka [5) IZ &
DS T\ 5. Pawlow-Zochowski [7] iX, =IO & FRRICOVWTRHERNEBO—BEFEL
FEA LA, ZZTike > 200MEK), 1 < §<5/2 DRGRLETH 1. MtEZ+o/hENI ENER
ThHH, D&MD Falk-Konopka & =5 &, NRD/PEINEDTEBREITRES ENDZENEE LW,
L LEREAR Z LIT4H (1) b Falk-Konopka D&M= X720,

LIZATr#£1Lenl, —RIIBGFEAOTHBIERIVIZ/R B D72, Pawlow-Zochowski & FRIZ Zh % ¥
WL EL TR E R 7. EOT-OMENIZAERLEXONDTRAF— VA ((u,u,0) € H2xL2x L)
FRFLRVD, BEIICOWTHEAREFEEHEREE2HT FIZONT, ZThbD/ VAEZAZLBI E
BTED., ZOEDILBEICRBRES, 0<r<i, 1<qg<(@+1)E —r) ThHY, qiotT B EEITL
BLLARWI LIZEETS.

M 21.0<r<3,1<g< @+ -r) 2EETS. O, HBX GF) O+/BLNRARITHL
T, ROFMEHARY 3T, |

lw@) a2 + lur(@)llzz + 16(@)]|r < C(T, lluoll a2, [lur ll 22, 160l £1), for0<t<T.

1HICBIT D 1 RITOT RN —RERXZE FELRALC L IZT R, ZOBIZIXIRTBERITHIE
LHo T NBRNDT, HBEORE L Gronwall DFREX 2B VWA I LITL > THME LS.

FEBA7EA8, Pawlow-Zochowski id Schauder D RBILAER % VW TIERA LTV 5. LA L I Z Tid Banach
DABRERTIHEAZIT). TOZEIZEST, EHDRBELBDERT L, ELEVBILTELZLED
3. UTHRZoHioFEHRTHS.

EE 2.2. &1 (1) #ET 5. p> 2 ¥ERCEETS. 0, EED (u,u,0) € Up) = Bop? x
Byp® x By ¢ WXLT, B (3FV) ORBASIRT (c,6) € Vioe(p) = Wi, x WEL, . 25 b 0nHe—
OFET 5.
COEBIBCHIMELE By, x Byp? x By f 1< & T8 TARRMIC p = 2108 B & H2x LA x Ly
%, TRIBRSRNE—EIIL TRV ARVBTRIAX—2 5 R ZEMTHS. TORKTLIE
BT — KT DR THDEELD. LMD T T ARBMOFREANRE D R\, BREER
TWBHZEIZRBA, HIZERLIEVWDIE, BAOREZHEOREK (p/2) BEMDEN (p) D¥esr Ligo> TV
5ZLTHD. INHBEITRINVE—OWERD LFEEICHBRRIRETHS. —J) Pawlow-Zochowski #
RERITHEE LW, P x Wy PP x WP ROy SAZ W x W2 & p>5 %L 5L 5R+5
BEPRBOIOVTELTNS. ZHICHIET BRR LRI LTALNS.

F 23 (1)RRETS. EBZp> 3 Lp > 32 2ROFGEHT LD ICES,

ﬂe(%ﬂgﬁ] if p € (5/2,5), (2)
pelgo)  ipeloo)

= DB, FEED (uo,u1,00) € U(p,pf) 1= Bap® x Bog? x By & WK LT, FIlE (3FV) ORMIASAR (u, 0)
T (1,0) € Vioe(p, p') := W2 x W2l  R3bornM—ofETS.

p,loc ploc’
Besov ZRMDE WAL (W] — B] , for p > 2) BV IIODT, HiZp=p L2 DL, ZORRIX
Pawlow-Zochowski DFERZEZZATNB Z EHRbh35.
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2.1 Outline of Proof.
SEAOEME RS, ELWEH, RUOHEIZOWTIR ] 2#8BEnV. ETROFEZRT.
W 2.4. ROBEFBRAORE u IZH LT,

ug —vQus + QQu =V - f, in Qr,
u(0,z) = uo(x), u:(0,2) =w(z), nQ,
u=Qu=0, on Sr,

ROFEIMERE D p € (1,00) IZDOVWTHEY AL,

lusell Lr(@r) HQuell Lo (@ry + 1QQUll Lr(@r) <

Clluoll o3 + Il 1)+ CIV - Fluscan @)

Thita:=%+14/1- "Tz Em E, ROZHDFHFEKX

u —aQu=w, inQr, wy —aQuw =V-f, in Qr,
u(0,z) = up(z), inQ, and w(0,z) = u1(z) — aQuo(z), in £, (4)
u=0, on St, w=0, on St,

IZ%f LT®, Maximal Regularity
luellze + |QullLs < Cllwllzs + Clltoll -z,
np
llwellze + 1Qullzs < CIV - flize + Cllur — Quoll 2-2,
PP

AELRITEV. = OFERRY LoD DO+IRBECONTERS. ROMREHEFEX (BHROH
THEI 01 L B) R ELX B,

us(t) + Au(t) = f(t), t>0,

u(0) =0,
727 L, X % (-convex Banach ZEf (LP(Q) Z2R1i% ¢-convex Banach ZHTH3), A & X DI TR
VEFIRCRE R BB D(A) 2o b0 L5, X bk, fiRY X LT, Maximal Regularity

[wllw: @+ x) + lAulLo@e;x) < CllfllLemeix)

BERY LT b DLEF 4y EMHE A B RS(X) £S5 7 FRITEBL, 70 R-angle NROFRM ¢F < 7/2
BRI L ThAIERMBRATVS, EHREITOVTI 4] 8B EhV. BREFER (4) LR
4. Dirichlet EREMMN % oQ R aQ kv >0 THBMRY, D7 7 A (KBILVRNI TR) IR
LTWBZEZRTERTES., 20 ehb (3)BEBLNS.

B R S TR D IEEIC DV TR AR ~7/-38 Y, Banach ORBIATEEZ A\ 5. T72b b Duhamel A
2L AR FRANOERSNDBHEBR/NERITR-TVBZ L 2B 24 EAVTRT.

Btk 1 SEBEERAIC SV T~ . Trace Space ~DEiiA%H W21(Qr) — C(0,T); Byp™/?) EET 5
L, 2 2 TRBNERMBIRE RIRIICER T B DI lelwz gr) & I8llwas qp PHIX DRALIEL
Vo kbns. HEO%, FREEOE EEERL CGHELZ TS, T2DD un—Qu+QQu =V Fy
IZOWTE RS, Gagliardo-Nirenberg DARER & = X V¥ —FHl (M 2.1) ZHVS &,

lelizsn@n < CIVEl 2l Qellhign < COIQEILrgr),
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BELND. Zhe §<5DEREZRNBZLIZEST,
| 1)l < CTIQeNL
Maximal Regularity & Young D FREXEH 3 L,
lellyas < Cllo, 1, 80)luy + CDels
< C1l(uo, w1, 80) o) + C(T) + 3 lellzs

EORELEDICBET D & ||e||W:,1 DORBH2FMBZ 6N, BHFRAICH L THRERICT D LKL
WEEERELNS. £ER23IIOVTHEKICT S.

BE

(1] T. Aiki, Weak solutions for Falk’s model of shape memory alloys. Math. Meth. Appl. Sci. 2000;
23:299-319.

(2] Bourgain J. Fourier transform restriction phenomena for certain lattice subsets and applications to
nonlinear evolution equations. I, II. Geom. Funct. Anal. 1993; 3:107-156, 209-262.

(3] M. Brokate and J. Sprekels, Hysteresis and phase transitions., Appl. Math. Sci., Springer; Berlin,
1996: Vol. 121.

(4] R. Denk, M. Hieber and J. Priiss, R-boundedness, Fourier multipliers and problems of elliptic and
parabolic type. Mem. AMS. 166(2003)Num. 788.

[5] F. Falk and P. Konopka, Three-dimensional Landau theory describing the martensitic phase trans-
formation of shape memory alloys. J. Phys.: Condensed Matter 2(1990),61-77.

6] 0. Ladyzenskaja, V. Solonnikov, N. Ural’ceva, Linear and quasi-linear equations of parabolic type.
Trans. Math. Monographs. AMS: Providence, Rhode Island; 1968:vol. 23.

(7] 1. Pawlow and A. Zochowski, Ezxistence and uniqueness of solutions for a three-dimensional ther-
moelastic system Dissert. Math., 406(2002), 1-46.

[8] S. Yoshikawa Unique global existence for a three dimensional thermoelastic system of shape memory

alloys with small viscosity. in preperation.

(9] S. Yoshikawa. Weak solutions for the Falk model system of shape memory alloys in energy class.
Preprint.
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¥4 Y BR—SBEREAEXOBROIAFERCDONT
ERERFETEE B &

kino@otani.phys.waseda.ac. jp

1 [FLCHIC

QRTTHE RERIC BT B IHEERED~ A 7 o R— 7 BREFA (magneto-micropolar
fAuid) FRNCELTHEET N7 72 —BHFETDHILE2RT. BT 775 —
DEROFHEIIBEE TIHEL R OB TS, T TX[6] L& 2R
ERALEREERAS.

2 HE{F
2.1 A4 O0R—SBEKEOAFEX

BLEDREREFO2RTOMEERELREAMES Q2 5D~/ 7aR—-F&
BREOFERRXRIIROIL I 2HDOTH S

@—(u+x)Au+(u-V)u—(b-V)b+V(p+b-b)=f+2x€7xw,k(l)

ot

%c;i—aAw+4xw+(u-V)w=g+2XV><11, (2)
%t13+u§x(be)-—§x(u§b)=0, (3)
V-u=0, V:-b=0, (4)

L, TIIHASERE Vx, Vx 2HTNC M X BKROXHICERS
na:

ov?  Ov!

V XV = a—x; —_ a—a:z fOl’ a-ll vV = (v1($1,$2)7v2(x1)x2))’
~ Op Op

= | = == fi =
V x (6x2’ aﬁ) or all ¢ = p(z1, x3),

axb = ajbs — asb; for all a = (a1, a2), b = (b1, b2).

REABEEKIE, TENZ MLy, BNEEEER w, BEX PV bBITEAp
ThD. ANEfgEALNEbDOL L, BEIKELRVWEFRHETH D LIRE
T5. WEARER u,x, o,V IFEDETHD.

roFRARICMZ, ROBEREFHLZHET

ulsn =0, wlegn=0, b-nlsgg=0, V xblsge=0, (5)
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2L, ni3ERICBIT RN REBAERSY PLERT.

ZIT, ZOHFBRROMOBEEIIRHRIR SO ET HHEEZ V< ORI
L TH<. Lukaszewicz [7] IZBEFDOEHEB RV A 7 2R —F ik (BHERE L HIR
IN5) O22RITTERERCEIT B HFBRNBED B HERIZEBV T global attractor
MEET B L &R L. F£7z, Lukaszewicz and Sadowski [8] iXFEH REHIK (7=
2L, NRERD LI IZ—FRIZIIERTH D L5 RER) DHEOA 7/ nR—
S BRERED FRRNED D HFERIZE VT uniform attractor NEET DI & %
R~LUT=.

Navier-Stokes FRBRUZBI L CTid Eden & 4] IZX > THEET b5 7 ¥ —DFEHN
RERTWA. <A 7 uR—FBREREDOFBRARD b OFERAEIL Navier-Stokes
FRAXELRLTHLINDL, FROBREBOND LHFEINS. £OTFRMSIEL
WIZ L ERTORERDOENTHS.

2.2 PIBEMEERFEDERTE

BERHiE (MHD) OEBHLRRYFVESEICL, UTOL S REKERE L
CERRERET .

FF, C0(Q) = {ue CP(Q); V-u=0} LB%, [2(Q) BECHL(Q) 22he
R C2(Q) © L2(Q) whid 388, HY(Q) Kt 3MaL 5. %7 || BLE(,)
< LX(Q) KB B AL EREERT. H2(Q) = HX(Q) NHL(Q), H(Q) = {b €
H!(Q); V-b =0, b-nlsg = 0} & L, H2(2) = {b € HA(Q)NHL(Q); V xb|og = 0}
LB E<MBRATVAL I, be HY(Q) R L, |V x b| i@%o HY(Q)
VAL ERIETHD (9 BHR) . FEXE (1)-(5) MY & 5 Hilbert ZZM H %
H=L3Q)x L*(Q) xL2(Q) L%, HONME (-, )g EROEIIZEHETD : £
B U, = (w,wi,b;) € H (i=1,2) XL,

(U1, U2) g = (ug,u2) + (w1,w2) 2 + (b1, ba).

HODOINVEE |- |g=(, )4 LEDD. &b, V =HL(Q) x HY(Q) x HL(Q)
LBE, ZO/NVLEUTOEIIZEDD : '

1Ully = (Vul + [|Vwlf2 + [V x blZ2)"/2,

’s-vc‘\
— N

=Y /

1,7=1

o’

2
oz, dz for v = (v',v?) € H(Q).

KT, LA(Q) 75 L2(Q) ~DEHEE P TEL, 3 0MEAK 4, A, BEK
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D(4;) = H2(Q) x H2(Q),
Aju=—(u+ x)PAu forallue D(A,),
D(As) = H* () N Hy (%),
Ayw = —aAw for all w € D(A,),
Asu=vV x (V xb) for all b € D(4s).

I<EBRTVA LS, ThbiifTHEHEP BRERLRHEARTH
D, KOL S REMERRY Lo (9] BLK[10] ZBH) :

lullgz < C|A1v] for all u € D(4,),
w2 < C||Asw]| 2 for all w € D(Ay),
lullaz < C|Asb| for all b € D(A3),

ARBEEIZDEY, CiXQ, px,a BEC v COHMEFTIEEERY. £,
|- |z CEAZER E O/ VA ERT.

UTTIRING3ODERAREZ—FEDICLTERVED. 207D, EAK A
& .

D(A) = D(Al) X D(Az) X D(A3),
AU = (Aju, Asw, A3b) for all U = (u,w,b) € D(A)

LEETDH. Al H LOBEHREP SBRERLBUIERARTHS.

2.3 HBRBERAEXLLTOEHXE
JEEMEREOBHE OB H L FRIZ, AEE V(p+b-b) 2HETSD,
ENE P 2F5EK (1) ICER&ES. ZOLETHEARERDO L 572 H LOH
SBRBIEX (E) AT
dU :
() — B+ AU@® +BUE)=F n[0,T),
U(0) = U,
ZIZTU= (u,w,b), Uo = (uo,wO,bo) —C&)D, B(U), Fix
B(U) = (P(=2xV x w+ (u- V)u — (b- V)b),
4xw + (u- V)w — 2xV x u, ~V x (uXb)),
F =(f,g,0)
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Thb. |
REB, 7 MEFOARIZEY, —V x (uxb) iX P(u-V)b— (b V)u)) &
FFrzreERLTHL.

2.4 PRERBEOROFEER

2 Rt Navier-Stokes FEADEB L FARICL T, KO K 572 (E) OHHMERE
D—BEWRREERSBOFELTFES. MEAOHEMITERTS. [10) kE23R
LTWeZ&izv.

AR TIIMEDLD, S5 F Bt CBIEFELRVERRERD ZLi2T 5.

1 EROEDEK T BEXWMEBDHNS F € H, 91 Uy € H iZxtL,
KDL (E) O—FBMR U BFETS :U € C([0,T); H) N C((0,T}; V) »o
VtdU/dt, VtAU, v/tB(U) € L*(0,T; H).

ZOFERRICL Y, BEAE (S(t))mo BEV (B) \AHHET 5 H%% (S(¢), H)
EEDBHILENTE B,

3 WH7ESV3—DHBK

3.1 BT FS3V5—DEE

9, [4), [6] BICHVERT T2 F—DEHFEERD. 2R % EREZER L
L7=FOERL ARETSA, KERIZIZMEZEREIX Banach BRI TH A Z L BL VDT,
Z Z Ti3t8ZM % Banach ZEIZ L THL.

X % Banach ZZR] & L, Z 2ZOHFEELTSH. Z I3 X OEMNLFERS
NIRRT BEEEER L D, X ECEATAERE (S L B<.
ERZNt>01IRL, Sit) DB Z 2ENBHRIZETLRETS.

ZDEIBRREDTT, a7 MEAE M C Z BHEFR ((S(2))io, Z2) DIEK
T2 5—ThHBHLIZ, MBUTORGEBZTZLEVD 1 M 1T (S))so
DTFTERETHD ; T20H SGM C M BETD t IZOVWTHYILH, M
D7 Z 7 INKRTIIFERTHY, M it Z 2HEEEEMNIZSIXMiT5 ; Thbb
HHEEC>0BIW o >0 BEELT disty(S(t)Z, M) < Ce™ BFRTD
t >0 M LTHKY LS. ZTIZ disty(Wh, Wa) = sup,, ew, infu,ew, ||w1 — we||n
XX O20oDEBER Wi, We IZH L TEREENS Hausdorff DEEEHETH 5.

ZOERICKL, W OPEBEZRRTEL. 7, 4 TRIDOLI B MD
Z & % inertial set EFEATWA, L LBETIIEBET VS 77— L REFH—
BEOTHD. £/, FEZTHEMBRBET V737 ¥ —%2ELZ LZE B LTS
B, bLKRT FT 7 ¥ —DBEETELRIIC M IKEEh5. $7= (6] T
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X OEBEOERESTEEBEIZSIXMITHIEVIBELFERL NS, £fF
TIX RICBT-EBEERTHZLIZTS.
DEoERESBEEZ, SEHELN-BRIIUTOL I IZRbN5 .

TE 1 H OBETRVEBHES W T, (SO®)mo CELTERETHY, HER
((S(2))i0, W) BSHEHT N5 7 57— 5> bDOBIFET 5.

3.2 EBE7FSV2—OWEE

BT + T 7 ¥ —OEROFEMIL Eden, Foias, Nicolaenko & Temam D& [4]
THLMZENTZ. ZDOAETIE, Kuramoto-Sivashinsky 7R Navier-Stokes 77
B, FLTREE ORI ERke R FRAUCH L THRET F o7 57—
AHER S, BTSN TV, %2 TIIBI%ZEM & L Tid Hilbert ZRO AL
nNTEY, BT N5 7 F—BEET DD+ L LT squeezing property
BEFONRTWE. £, HEBOa L7 MERLELTE720, FEFRER
2B B RUSTEHCRICRT L CIIESREA T 5 Z L 1XTE 2. THICH L, Babin
& Nicolaenko [1] 12 & - CHARFERICE T 2 RIGHEBRICEA TE DE~LHL
&N, £/ Eden & [3] b a-contraction & W IBEEANT /7 MED
GMEBEDDH LI LTS, LML IRV squeezing property D
FRILZRIRE L TR Y, Hilbert ZHEORE COAHBRAARLERICE EE->TH
%. #®—J5C Banach ZE~DILROBRAZ bR SN TE . Dung & Nicolaenko
2] 1 X B BMHDBMENE/R L 2R VERICHIETE D X REERAR
B ITERT T Y — R TR DT L AR L. —F, Efendiev b [6] 1A
VERFICRT 28845 FTEetE 2 D8 Y IZ, smoothing property & FEIZN 2K %
BELTHEET Fo 774 —%2BR L. HOOBREOFIRIIRDL4OTHS
Banach ZRIOBRETHEATE 5 ; RWLFETEASA TN, KEMENT
WRRTES  LWI 7 FNVKRTEOFMEEE XD ; FRIERARICHI TR ZR
ShWEODEBRSGENIEV. 728, Hilbert 22233V Tid smoothing property %>
% squeezing property 23 A5 Z L A bAro TS ([5]).

FRETIX (6] T X AEBEAVCTEET M7 7 4 —DFEELTT. TOR, BE
Bz EDE ) REEFTERTHINDPERLRD.

3.3 R OEHE

BETONLALIC, HBEZ T >0IHL S, =85T) &B%, k 2#AD
B L LUTHRAER (S H) 282, TRICHTIHEET I 77— b LT,
HEDHERDIEET N7 4 —%BRTDLEVIFIRIZD- LS.

[6] DR ELTROGEEERD. ZTHIIBYREFBACERRERTHD.

B2 X, Y #2250 BanachZREIE L, Y I X IZar "7 MIEDIAENT
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WHe9s. Z% X OMARKEELL, BT X - X # Z #ZThBHIE
FTLRETSD. ZDLE, b L T A smoothing property: 5 k>0 BTFELT,
EEE@ 21, 29 € Z L:*‘TL

IT21 — Tzlly < &llz1 — 22f|x
B Lo, RWETRLE, (T,2) KT 157 5 — ko,
COMBOFRELTEBICKREBS

W3 X, Y, ZE2LLAKRETD. X EO¥EE (T(t))mo VROEHEEET
LRET D HBREK L, >0 BLOEK Ly, Ly >0, m,7 >0 BEEL, T()
B ZE2ZENBHIZEL, DO EED uy,v € Z BLWs,t€[0,t,] ITHL

1S (t)uo — S(ts)volly < Lillug — vollx, ’ (6)
IT(s)uo — T(t)vollx < La(ls — t|" + [luo — vo|| ¥ (7)
N5 A RVASS

ZDEE, HER (TH)0, Z) HISKT +5 7 7 — 55,

ET, (S(t))0 % (B) CE->TEEDNERLTE. QBERTHEZEND
VIZ HIZa /7 MIEDRAERLTWS. £ZTH,V 2683128173 XY
EHRRT. BERDII Z ZEDOLSICRHETY, THho, EEYLT - 7V A
VEHEIZ LY H DBEREA %5 &iAte, V THERRRINES B, OHEESRTZ
EHBHKD. 2T, 7 & B, BEEFORINER L L,

W =[JS@#B.,
t>T

EBLE, ZOW BREID Z OMEEBITZLATES. Z0k5ICLT
BT N7 ¥ —DEENTINS.

BE W

[1] A. Babin and B. Nicolaenko, Exponential attractors of reaction-diffusion sys-
tems in an unbounded domain, J. Dynam. Differential Equations 7 (1995),
567-590.

2] L. Dung and B. Nicolaenko, Exponential attractors in Banach spaces, J. Dy-
nam. Differential Equations 13 (2001), no. 4, 791-806.

(3] A. Eden, C. Foias and V. Kalantarov, A remark on two constructions of ex-
ponential attractors for a-contractions, J. Dynam. Differential Equations 10
(1998), no. 1, 37-45.
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A doubly nonlinear quasi-variational
evolution inequality

YRR (FRAEAEHR LAHEHRH)

e-mail : masayasu.aso@graduate.chiba-u.jp

BE AT, RHBEEITKT LET 2EE T RERMEEOELMY 2S5t —EHER
HREFRRXOFBEICOVTERT S, AL, AATHOHRLELRIGTER, =
DHBRERBERFBAFBEINDI L RS, ZORRIL, RIFESE (TEXREHFTR
) L DERFRIZL o TELNELDTH B,

1. WA

H #%Hilbert ZH & L, TORAWEL / VA EEZNEN (), | |g &T5. ZDL X,
R D Cauchy HIEE (CP;u) %82 %:

{ U(t) + O¢uin (' (1)) + I (u(t)) + G(u(?)) 3 f(¢) in H, ae.t€(0,T)
(CP;uo (0) =

TIT, U i u DREEMS, ¢, 13%F u e D) IZ2WT H LOBEE T ¥EmMBEEK, ¢
i H BT 58 IE T ¥R, 0o, & Oy IXENER HIZBITS ¢, & v DL
2RL,Gix H»b H~O—lERR, f 3520 u 13 HIZBWTELDS
NeOESE $5. EORBRFBRIIEFFRERTR L L &, EMIERFE 04, HiFRA
B u ICIRTF LEIET 2 Z &b, (REES A% (quasi-variational inequality) & FRIE
n3.

¢u & Y IX H BT HEETEERMBERDOT, E0HMW3IE H 2 H ~DEX
HRMEARL LD (ZhIZ O W TIFI XL, 8] 28R). Lizh- T, LO_EIBUER
F8NiT A L BEBREREARL L X, UToROFERRICHEENS:

AW (t)) + B(u(t)) 3 f(t) in H, ae. te (0,T).

LIT, BBEREREVSODBNTS. 1A A L B ILHIEERRVEEIZONT
(X, T. Arai [2], V. Barbu [7], P. Colli [9], P. Colli and A. Visintin [10] £ DR H 5.
A=A, DFEY, EAR A BRRKE LELT BB OV T, T. Senba [15] iI2& ¥
BRINTND. EBIL, A=A B= B OX5ICHAAFOIERRERERIKELENT S
HEIZDOVTIL, G. Akagi and M. Otani [1] DFERAH 3. M. Aso, M. Frémond and N.
Kenmochi [4] TiX, A= A,, 2F 9, 1EAF A PERABEITEKEL TELTIEEIZD
WTEBRBINTND. BT, [4] KBWTI, Ay T ZHOWT—RICERRIERETHS
LWV REDT TROFEDRENTVS. AR T, 1EAK A, Th2bb, 8¢, BT
LYARTRWES FAERDER) 2EBET 3. ZIZ TR, (CPu) DFEMEERIET
D ¢y KT D u DIRTFDWI T REFGFERETHILBEETH 5.
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2. IHR

i =T, AR THVLNR TR N OPDRFIZAOVWTHATS. ¢ & HIZBIT D
BWETRERMEEE L, 0p 22D HIZBT2%MPLT5. D(p) & D(0p) XEH
Fhp L dp DEHFEBLIFINHEET,

D(p) :={z € H;p(2) < +o0}, D(0p) = {z € H;0p(z) # 0}
CEVEEIND. £e>012o0WT, J? = (I +e0p)™t TEBRENDIERARIT 0p D
resolvent & FEIZN 3. 12721, I iX H BT 21ESEAFRTHS. ¢ O Moreau-Yosida
L o, & X DL Op. (FIUT TERIND:

z—Jf=z

— 3 1 ml2 ——
0e(2) -—ngf{{églz lew(v)}, op1) =K% vien

RIS T DT OV T DEARESCHEIC OV T, B 21E, [6],(8],[11],[14] 72
CIZHELVBARDS. '

RE (CP;up) #EX BB, LUTD (A1) 6 (A4) Z{RET 5.
(Al) H o8} 5EE T BN ¢ k&1
o Oy X H »b H ~DO— B IERR.
o EED r> 0127V T, £8 {ve H;v@) <r} i HIZBWTa T b,

e Y(0)=0 T, SLIKEELK Cy BFEELTUT 2T
P(v) > Colvly, Vv € H.

(A2) u B85 A—F—tT5% H EOWE FTHELLBEOEK {¢u(-);u € D)} FRD
& (M) ZW7-7:

(M) B L {u,)} 25w i HIZBOWTRIRL, 52 {¢(un)} BERTHII,
| B%F {4, )} 3B ¢, I H I8V T Mosco DERTIHET 5.

(A3) D(¥) 75 H ~® Lipschitz #Eiti2fEAR p BEEL TUT &MY
o ¢, (I +€d) (u—p(v)) +p(v)) < ¢o(u), Yu€ H, Vv € D(y), Ve > 0.
o |0%(p)ly < C1(10¥()|a +1), Vv e D(3Y).

o ¢,(p(v)) < C,, Vv e D).
ZIT,C ¢ G IEEEK.

(A4) G 12 D(@) »* & H ~ Lipschitz ERE2IEAR L T2. 2F Y, EEH L B FE
LCUTORER LT

IG(UI) — G(U2)|H < Lg|u1 - ’U,2|H, Yu,,ug € D(’(/})
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EE1E (A3) 12813 3 2OFRERIT, BBOAHROBmRE T DRI, BRORERIC
T BHRRMEL B L DK ELRD. HFILEL1ORERIZBNT, p=0 DL &I, ¢,
D v DERFEZBRTIE ¢ (I +e0¢)u) < pu) &2V, K<AMLNTAREXL 2D,

AE2 % ue C([0,T); H) \&o\T, L0, T; H) EOMB%K ,()

Bu(v) : / b W(D)dt, Vv € LX(0,T; H)
TEME. DL X, KE (A2) D&M (M) KL VKDDL BEXS:

b U {un} 28w ic G0, T); H) B WCHRIE L, {(ua)} 25 0,T] £ T—HEIH R
2 5iE, B%S {@un} (XB3%k @, 12 L2(0,T; H) iZ3BV T Mosco DEKRTIIRT 5.

X 3 Mosco INERIZOWT, AR TIIBICROPNKRERDBFRATH 5:

( {v,} D3 v T L¥0,T; H) \ZHBVTHPR,
{us} 3w IZ C([0,T); H) \ZB\THIR,
{¢(un)} 3 [0,T) i b\f—ﬁ?ﬁﬁ
J & € 00, (v,) BT {€.} 7 L2(0,T; H) IZBWT £ IZHTIUR,
Ho, hmsup/ (&n(t), vn(t)) pdt </ (£(t),v(t)) gdt BTET=EN 572 51F,

n—-+00

| L2(0, T H) \2BT € € 80, (v) DR Y 3.
Mosco IXSRIC DV C DEAR RS RIS 21T, FIR I, [6)[11),[13] 2 ZicaELL
Bk b 5.

ER]1 ERICERONTHIMME uo LBAE fIZ L, % v e C(0,T]; H) BEUTOZ
DO (C1), (C2) ZiMil=T & & (CP;ug) DBETHD E VD!

(C1) u € W'2(0,T; H), u(0) = uo 2> d(u) € L*(0, T; H).
(C2) Bi%k € € L2(0, T; H) HFE7E LT F &7
£(t) € Bduy(W/(t)) in H for ae. t € (0,T),
U(t) + () + OP(ult) + G(u(t)) = f(t) in H for ae. t € (0,T).

EE1 (ROFEE) (A1) »5 (A4) 2RETSE. ZOLEEBICEXONTIHME w €
D(0y) LB%k f € WY2(0,T; H) i3t L, (CP;up) 1307 L b 120 u 287D, R u
X Oy(u) € L=(0,T; H) h> () € L(0,T) &= 7.

3. EEEAODBIRE

SELRE EEOERIC SV TIERY 4] TP TV AR AV, £F, BHEEL A
WT f % [0,2T] EORIZL, BT OELIRE (CP; 4o). 2 E%5:

31




{ W(t) + 06 19,0 (W (1)) + Be(u(t) + G(IPu(t) 3 f(t) in H, ae.te(a,a+T),

u(a) = dy.
772 L, e €(0,1],a €[0,T] T, dp. iX 8¢ O Moreau-Yosida 3, J¥ i3 ¢ O resolvent
5. 2T, P(up) < My ZWIETEER My &, +0/hE&N T >0%2¢9,a€(0,T),
e € (0,1] I L TROEE X: (Mo, My) 252 %:

(T < M, =12 < M
Xom, (Mo, My) = {ﬁ € Wh*a,a + Tp; H) ve(@(e) < Mo, [0 100 < My, }

Iawe(ﬂ)|%2(a,a+To;H) =1

TIT, M i3 My DRITERFTIEERETHS. VWE, € (0,1] 2ERICEX, BET
5. Z0k& BExbhi ae XS (M, My) iIZx L, HER

(x) /() + 6¢J;pa(t)(u’(t)) + 0 (u(t)) + G(JY4(t)) > f(t) in H, ae.t€ (a,a+Tp)
EEZD. WX [4) LFROBRICL Y, BE X5 (Mo, My) 1 C([a, a + Tol; Hy) PHLAR
T, 2 ThwWwhar s MERLRD. ZIT, Hy X H OFBMBIZ K > THNHEDOEE ~72

BIAARZEE TH B, SDIT, (x) DR u it T B+ e & B ue X, (Mo, My)
LRBILEBTRENBDT, 0% () DR u KHIESEIEHR S 2EX D LNTE S:

S XS,TO(MO’ Ml) SU—uE Xi,To(MO’ Ml)
ZDBH SITONWT, RO ERRENS:
S(XS,TO(M()?Ml)) C X;TO(MO,MI)’ S ‘j: C’([a,a + To],Hw) @ﬁﬂ‘ﬁ’f‘i@ﬁ

L7 oT, L EDEEH S, Schauder-Tychonoff DABIRERIZL > T, 5§ S IZxL,
TBE u, Thbb, Su. =u, L7125 XEp (Mo, My) DIT ue BFEET S, Lo T u i
(CP;iig). PIRTHBHZ ENbMD. b, TRAF—FREAL Zon DRMEZ RV TH
DERDOERE L, BB ¢ DIUHR, T72bbiltBONRO#ERE L TREANTET T 5.
EEBRDIURIZ OV T, & 3 TR~ GGREENELE 2> TS, BLVERICOL
TIXRX 3] 5.

4. EEROIHA
RIGHEER DT ORGSR 2 TR T 2 RSy FRARICOVWTELS:

8, — AG + k(0,w) = h(t,z) inQ:=(0,T) x

w; + Olg(w;) — Aw + £(6,w) 3 q(t,z) in Q,
00 Ow
on  on

6(0,-) =6, w(0,:)=wp in$,
IIT,QIRELHIRERT /O R OFAEE, T 13 BESNICEDRE, 6, & w,
RENER 6 & w OREREIMSY, A IXZERZERK o (X % Laplace fEAIRK, & 13 T ki

=0 onX:=(0,T)xT,
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HOAEERFTADOWIERT. kL LIZREICBOVTEZXONTE b & qiXQ KB
WTEX LN, 6 & wo IZENEN 0 & w DTHETH S, I, 1ZXM [9(6), +0)
DITEET, 0l X R KBTS I, DLW ERT, 12721, g iX R KBV THAND
BERTHRO»EKRE TS

. _ 0, if z<g(8)
Lizp=4 & HeO<z 5y ) (Co00), if 2= g(8)
_ +oo, if z < g(8), {0}, i g(6) < z

R 2 DR FRRCERTDH L, 0(w,) PEICEY, EiZ0< g(0) <w, & f:é z
Enb, ZORMTFBRRRIIARTEODREZTORIGTEBREEZDZ & 75%*-3 3.
DRSS FERRE (P h,q,00,w) EEL ZEIZT 5.

R5E (P;h,q,00, wo) #EZBBE k, 0, g, h, q, 0, wo ICAWTUTEEETS:

o k & £iZR? 75 R~ Lipschitz EEZ2EHTHY, g 1T C? r‘f&@ R 75 R~
DHARBEKT, ¢d L ¢d" IR ETCHERTHB LT 5,

o h,q € WY2(0,T; L%(S)).
o bo,wo € HY(Q) THY, H3(T) i\ T o = 880 — o 377

RO, LX(Q) IZBITDNBE / VAEZNTN (), | |12 TRT. ¥, Ay
(¥, homogeneous 7% Neumann R &% > Laplace tERE 2 H T H D & T5.

T 2 ERICEZ b EOREEMIT b, q, o, wo (K L, BHKOM {6, w) 2
(P;h,q,600,wo) DRETH S LIZLLTD (1) 526 (4) $TERBAETE XITES:

(1) 6,w € W20, T; L*(Q)) N L(0, T; H'(2)) N L*(0, T; HX(R)).
(2) 0'(t) — AnO(t) + E(0(t), w(t)) = h(t) in L2(Q) for a.e. t € (0,T).
(3) £ € OIy(w') ae. on Q &72% L2(0,T; L*(Q)) B¥k ¢ BEFEEL T, K&
W) + () — Ayw(t) + £6(), w(t)) = qt) in LA(Q) for ae. t € (0,T).
(4) 6(0) = 6o in L*(2) 5> w(0) = wyp in L*(Q).
TE2 (ROFHE) LOEEDT, (P;h, q,00,w0) EH7R< &b 1 SOM (6,0} 85,
6, w XA T &M=
 buwe W1’2(0, T, Hl(ﬂ)) N L®(0, T; H(Q)).

L, ;’i’ﬂ2 %E%?éﬁ?ﬁ%ﬂ‘f\é 7, HH%E Lioh‘Z)%Hﬂbert’“Faﬁ Hz% L2( )
L LAQ) OEMZEME LTEX S:

L*(Q)
H := X
L3(Q).
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H ZBIT32REILUTTEZONS:

(v,v)m = (6,61) + (w,w1), Vv := (Z) € H, Vv, := (le) €H.
ZDE %, (Pih,q,00,w) X H EOFBAREL RS LUTORTRENS:
31 03) * Conturn) * (o) + Clotorwin) * (o)

ZZTC H LMK Y & ¢, EROLDIZERT D:

1 / 2 1 2 Lo L o H (@)
. = [ |V6 dx+—/|Vw| dz + =|0\72 +—|w|L29,iffu:=( )E X

P) =< 2 Jq 2 Jo g " IEA) T g ITILA®) w H(Q)

00, otherwise,

: 6 61 .
Iy (w)dz, if v:= € H, u:= € H with u € D(v),
1
Q w wn

du(v) ==
| 400, otherwise.

SO, EREG LB F 22 ERUTTERS:

G(v) = (f((f, ’,,f))__ Z) = (Z) €D 1= (Zég)

WEL o=, v=(0) &5 ZoLE HIBNT v €0Y(v) LRDTDDLE

w

+4y i, L2(Q) 2B T
0" = —An0+6 DD w' =-Dyw+w
LRBZLETHD.
WE2 u= ("), 0=, v=(0) T2 Z0OLE HIZBT v €0du(v) L7275

w1 w

T DVEBESEMET, L2(Q) T8N T
6* =0 22> w* € Ol (w)
ERBHTLTHD.
W, by, G B RE (A1),(A2),(Ad) W7 LIXBBITHENLDOND. P & ¢ B
(A3) &W7=T 2L &TED. u= (1) € D@) THLT p(u) := (gg))) EBL, EBK

D (A3) DE3DOFRERXBWENDZLAbS. EbIT, Q IRoPLREREHO R
DA REEIRTH 555, Gagliardo-Nirenberg DHEAREX L g IZOWVWTOREN D

|ANg(0) |22y < CI1ANGIT20) +1) (C: IEEE)

BERLN, ZOREREAVIUE, (A3) 0% 2 OREXPEIND. (A3) OF 1 OFREX
X, EED e >0 X LT,v>0 &7%5 L3(Q) OBS v B ([ —eAy) v >0 2T
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TEMBREND. LEENoT, ML LHE2 XY (P h,q,0p,wo) 1E H IZBWTRD
BICEBEBRZDIENTED:

W (8) + 0 (w'(8)) + 09 (u(t)) + G(u(t)) > f(2).

ZIZT u:= (3}) ThbH. 520N~ FHE 6 & wy ICHLT, yy := (Z%) BT
uo € D(OY) T D7D, HBEE (CP;u) PROTEEE (FR1) 2BV E, u %
VIHE L 35 EOFBRAD Cauchy RIS L b 12D u= () &/, Lo
T (Pih, q,00,w0) AR &b 1 DD {0, w) 285, FH2 NEH S -,
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MR EFT S REEF OMMB AEX(COLT!
BBk (BARTERFETEH

1 Preliminaries and results
CREESRMICEE T ROESHFEAOCHEMELZE 2 5.
{ (07 — a(t)®?A) u(t,z) =0, (t,7) € [0,00) x R™,
u(0,7) = ¢(z), (0pu)(0,z) = 9Y(z), = € R™,
ZZ T, a(t) € C*([0,00)) 232 a(t) > 3ag >0, £7= (1) PO XA X — IR TEEINS:
Bt = Btw = [ (j0uta)f + 0 Vault,2)P) e
2 ]Rn
CBEERER (a/(t) = 0) ORE, TIVE—EFR E(t) = E(0) B Y s1o8, BEEEN ¢ iz

Lo TEETIHEIIT, BRIV F—REEINT, TOWAET, B3804 T
—RRIZIT B TR, EEE,

1)

20d'®)|

“alt) E(2)

E'(t) = a(t)a(t) / Vault, x)|2d <

LD, FBDOt>01ZxLT

E(t) < E(0) exp ( / t 2'“2‘?‘ ds) | @)

LD, ZZTA(t) DERE {12, d(t)>0(te [t2] 1t25]), a'(t) <0 (t € [ty t2541]) & T
D&, ROFHEEF/S:

Bleaw) < EO)oxp ([ 226N 45 = ] ( o )

a(s) e a(tj-1)

ZOFHiliA 5 E(t) O—RAFEDPB LN D DI, —RIT “a(t) DIRBIERAFRTHD - L7,
H DI “a(t) DIRIBHHE/NT D7 Z ENBRINS.

—7,d'(t) S02BIE, E'(t) <0XY E@) BSHEMLARNZ L23bns s, EOFETIIE DR
RPELE/ENRV. ZOL I RERBLT XX —ETIE, REK at) DIESHTZ LD RET
MZH LT, RBOBL O/ OND I TONRERY HTZ LN TEP, RAIZEFICHEN
FHE LB LNV ATEEMR D 5.

T, BRI a(t) 2ERERE L, 2> OBIBSEA L, BI2iT a(t) = cost+2 D & 5 7248
B, RELT (1) OBOTRINF—IERICELEBZON, FRLELEBLTLEI>DOL. Z0k
S RREIC LT, SE/LNIZDIIRD L S RERTHS.

Theorem 1. a(t) BAER, 1>

@) <Ct+1)7" Ja" ()| < C(t+1)72 (3)

2oiX, EQt) iZ—8RiIZERTH B,
BN RIRBFEREF IS EREOREGR L ¥ — B LK, 20048 9 A

2F-mail: hirosawa@nit.ac.jp

37



RE (3) iZ, a(t) PIRBBICANTI2HIBOMMBTHLEEXONS. RE, FAE w(t) €
C2([0,00)), W'(t) > 0 X LT, a(t) =2+ cosw(t) EEXD L |a(t)] < WI(t) L72DH, TD%K
&, | (t)) DA —F—%HIBRT HEHD [0,t] (BT DHED w(t) 1, at) DRBEEKOF—F—
EFEZTWBZ EBb,s, Thbh, HIZa(t) BZDO LS RIRHEZLTWEEE, (3) &, B4l
t=T(>1) LB ETCORBMBDOF—F—4 logT BRETHHLMRTED. —RIC, RBIED
WMATHIE, TRAX—DRENEFBLRDON D FTHEESET Z LA TR EN 5D, Theorem 1 (28
i3 LROERTOEHROFHIR (3) 2, TXVF—FREDT-OORATHD Z &8, KOER
Xy ohbd.

Theorem 2. a(t) = cos((log(1+1))") +2 (y > 0) &3 2. £ED v> 1T LT E(t) »—#%
BRLBRDIRNE D RGT — 5 BIFET 5.

Z ZC, Theorem 2 THEX b= a(t) 1%, EED v > 11T LT (3) 232w, Tbb,
T RN —H FHEIZE TS Theorem 1 DHERIIFETH D Z LMD 5.

L Z AT, a(t) = cost + 2 iX Theorem 2 IZHIT 5 v =00 DHELEZ LI, YUK (3) b
LTV, 20X 57 a(t) ICBLTH, Theorem 2 75 DEHEDIFE TId2W A, REROFIEIZ
EoT, —BICTZINF—DBHARTHDZ LHHEHASIND.

2 Sketch of the proof of Theorem 1

2.1 Basic idea of the proof

Theorem 1 DIEADEARM R FE#HT, BRFEFNRT 7o —FIL X - T, FIHHERE (1) O
(0 Fourier #t) % EEMICRBR L, EBCEOTIAF—&FHET LV bOTHD. (1) O
FRASZEBERIC L - T Fourier B# L, 4(¢,t) = v(t,§) £ T2 &, ROFEXOHHERMEIZ
BxEzbN%:

3 2 (4)
v(0,€) = #(§), v:(0,€) =(¢), z€R™

Z Dk %, (4) ® microenergy £(t,€) X o T, BOTIXAXF—ZRTREEND Z LICEET %:

{ (6% + a(t)?[¢[?) v(t, &) =0, (t,€) € [0,00) x R™,

_ [ 1 2 2
B) = [ e9de = [ 5 (aPeP (e O + (s 0)) de.
GBS ER (a(t) = ag) DHE, (4) ODBIRD L S ICREAIND:

_ [V () v1(§) iag vo(§) _ v1(§) —iag
v(t:8) ‘( ER 2z‘:zol§|)e o (T 2ia0|§|)e i

LA L, CREENERTRVWEE, —RIZZDXS REBRFELNAR. Z ¢, Introduction T
#EA Ltz = R A-F—ik & 13, microenergy £(t, &) (x5 5 7

i\ 20a’(t) t2la(s)] o\
ate(t,o—a(t)a(t>|§|2|v(t,e)12sWﬁ(t,ﬁ)ﬂﬂt,&)55(0198"1’(/0 a(s) ds)
IZHY T 508, Z ORI (4) DiEE
o (0® 1)  ac w(® _ v i
6.0 = (5 + i) <%+ (% - sy ®
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D TGER L2 Z LY T 5. a(t) BEBEOFEIZIE, Z0 u(t, &) iLEEITIER <, % ERIC
EZBLDLRBNB, —BOBEITIX d(t) # 0 ORBIZLDBENBEND. BT a(t) BIRET S
BRI, t — 0o KBWT, TORBRENRER TERLRDIHEENRH 5. Theorem 1 DFEADEAH]
RTAT AT, TOXIBETFNMIH LT, REOEELERICANL, X VBEOEVEL#EE
WATDHIL ThDH. BEHITIE, ELHE (5) D phase MAVEREOHE LR L £ [ ia(s)|¢| ds
ThokDIRLT, [} (:I:ia(s)\f] + ﬁ%) ds % phase 120 L 5 ELMEL BATHZ L T
H5.

2.2 Construction of the solution in Pseudo-differential zone

(5) THEZLNBMDELIL, (¢,£) ZRTRIZEZONDLDTHo 1, EREROLE, 5
ElDFEH THEREEORLMRIL, 20X IC—BRBTREAVBELY. I T, RO R
B OMRVPIENLRDEC L, EERENLEBZTIHE60RRAL 2D (t,§) Lo@ihm
El(1+t) =M (M Z+5REVEEK) #8002,

Zy :={(t,€); lEI(1+1) < M}

% Pseudo-differential zone,
Zp ={(t,£); KIQ+¢) > M}

% Hyperbolic zone & LT, ENENDFEKICSE I DL LW B4 DREDERZEZX DT LI2T 5.
T, Zy, Zy ZENEN Hyperbolic zone, Pseudo-differential zone & FEAS DL, phase & L
T @(t) == [ a(s)ds &EZTHE, e?® 28 (¢,€) Z2M LT pseudo-differential operator ? symbol
EEZDNDIDEN, EVDETANLRTND. EE RE 3) I2L D, p(t, &) 1T Zy TIIAER
72 pseudo-differential operator & 725> TV 5,
RO BEHERBREE 2572012, T (4) %, LTOX 572 1FED system ICEXE T

(6t - Ao(t‘, E) - BO(t’f) - Co(t,f)) VO(tvE) =0, ‘ (6)

(f
(Y
3

ia(t, €)[€[v(t, €) — v (t, €) 1

_ @t (11 _i(a(®)? - a(t,€)?) 01
B8 = 2a(t,€) ( 11 ) Colt,€) = 2(t, €) ( -1 0 )

7z a(t,8) IS TRERXEROEE (BTEALND) LT3, ZZT,

Yot ) = ( ia(t, €) €[v(t,€) + vi(t, €) ) Aoft.€) = ialt, ) ( Lo ) |

CilE1 i a(s,8) ds 0

A1(t,€) = Oo(t, €)(Bo(t, &) + Co(t, £))Oo(t, £) !
ETBL, (6) RROL I ICEEHEENS:

(05 — A1(t, ) Vi(¢, ) = 0. ' (7)
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ZZTC, (7)) OFEIHERICRDO L D ICRASIND:
0 to t1 i
W(t,§)=V1(0,€)Z/O Al(tl,é)/o Al(t2,§)"'/0 Ay (te41,8) dbgyr - - dir.
k=0

o T, Vi(t,&) et LTROFHES /LN S:
[Va(t, )| < [Vi(0,8)| eJo 141(s.8)l1 ds < V1 (0, §)|eCfé(lét(s,ﬁ)I+|é(8)—a(8)ll£l)ds

eC Jo(l+s) ™ ds < C(1+1t)°¢ (@=a),
eclao_sups{a(s)}llflt S eC|€|(1+t) (a = ao),

<Ii(0,8)] x {

ZIZT| - BATHI VA THD. BLEX Y, Zy iIZBWTE, At €) = a0 LEBL &, ViG] H—
BICERIIRS., —F, Zy BV T a(t,€) = ap THRAMERBLNRY. 72, a(t) =a(t) &
LT Zy CORREIBOLRLRD. #oT, Zy KBWTUIROBRPLELRD.

2.3 Construction of the solution in'Hyperbolic zone

Vi(t, &) DERBIZBVTIEL, (3) © a'(t) AT HRERIAEL o1, KR, Vi(t,€) DERLY, #
0 phase #8531 Fiaglé[t TH Y, THNIFARMIC (5) L L 2B EAT-Z L IE LW, ZO%
&, AR OBRIZE Y, Zy TOBREILRENED, Zy TH V(6| 3FA 14+t DA —F—T
ERbEEEnB L Lbhbiy. (Z0OBFER, EEEEROBSICT RN —FREICER
B RIETTEERHBOME, |€)(1+¢t) BREVEFTHHZEBDNPS. ) £IT, (3) D d'(t)
DIREEANVBZ LI - TELND, Zy KBTI RMORIAFTEEZEXTHS.

1 1 ip(t,€) _ o)
E(t;6) = 1 — p(t,£)? ( —ip(t, ) 1 ) » Plhd) = 4[¢|a(t)?

LFA. oL E, Zy WBWTIE p(t,¢)| < CM™! XY, +aRER M IR LTI E(¢€),
E(t, &) BICHFETHZ BB, TIT, Vo(t,§) =E(t,E)Vo(t,§) LT DL, (6) T

(at - A2(t’£) - BZ(tag)) ‘/Z(t,g) =0 (8)
LEEXEEINS. EL

Aa(t,€) = ( i'£|“(t)0+ 5o | )

~iléla(t) + 53¢
ThH. Ee (3) LY
I1B2(t, Ol < Clel™ (WO +1a"(9)) < Clel ™+
ERBZEbDND. B

o (iltla(s)+ o) ds 0
©.1(t,€) = & (ielato)+ 263 ds
0 e te nsla 2a(s
X LT Wa(t,€) = O, §)Va(t,§) &3 DL, Va(t,€) 1X
(at - B3(ta€)) ‘/?»(t’f) =0 (9)
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DRRIS2B. T2 T (8) £V Zy BOTBs(t, &)l < ClEI" (1 +)2 LB L Bbhd. =
T, (9) DEEE Vi(t,§) OHE ERKRICERICRAL, ThE2eHiT 5 &, KB LhD:
V(€)1 < Valt, )] 7K1 T
ZZT tﬁ X |§|(1 +t§) =M ODRTHA.
BEIZ, |p(z,€)| BAELLRBZ LIERTB L, |Valt, &) ~ |[Vi(t,8)|, 72 ap < alt) &
a(t) DEREL Y Vi, 02 ~ERE) THDHZ LICEET D L, E(t) @ﬁiﬁé@ﬁﬁﬂt Tf;:bt) t
ICEBEBR AR EER C BFEEL,

<me0mlmf

E(t) < CE(0) ()
WREND. O

3 Remarks

Theorem 1 X, TR EE, HLWERTIIH D, RiL, BUARERERICL - T, “—H TS
BEPEDSBANL DR 2 R0 B 23K regularity loss OFIE” IZRESHB LN TE, ZOBOKE
R LTIE (L], 6] R ENLIHEEL L DHEREBHON TN, FlXIT a(t) BBt =T THS
ARETRVES, #lxi (3) %

@I <CT -7, [d"®I<OT -1 (¢<T) (11)

EEZ2BLTH. ZoLE Theorem 1 LI1FE A YREDIERIZL Y, zone 2471 2BliE %
T-0)A+[) =M LEETDL, o"(t) CRHTHEEEZFEDRVBEEOTINF—tEE Az
B8, Zy CBOWTIAREBROND R, Zy BV TR

[Vi(t,€)] < e T=7 |3 (2, £)| < (T ~ )| Va(te, )] < C1 +1€)C|Valte, ©)

WD X5 RFHE, TROBEMRIRD regularity loss ZFHFTHMLABBEZ N TERY, 22T
te 12 (T —te)(1+|€]) =M OFETHSD. ZDHA S, Theorem 1 DIEEFADHBE & A, Zy &
BT a"(t) HTHREGANWHEORBEEITY Z LI12X Y, regularity loss 23V IR, 372
HH L? well-posedness BREND Z EBbhD. bLRAZ, |a/(t)) < C(T —t)~! DIREDRIZ &
DAMRD regularity loss ([ZBIT DRER L LTI, [2], 72, RE |o(t)] < C(T —1)"2 %8+ =
12X % L? well-posedness (2B BRERE LTI [3] 8% 5. £7=, Theorem 2 22+ 252
L LTI 4], [5] 72 E0H 5.
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ﬁ%Z(SEJZE%E%f T 2|3E§q:mrtﬁ7$/a:/%%ﬁ§
 HER (EEREHE LR

.ﬁﬁiﬁﬁ#ﬁEﬁo#ﬁ%ﬁﬁ&ﬁﬁﬁwwﬁﬁﬁﬁ(ﬁﬁﬁﬁ& M XK)
ERBE IR EZ BB L = L —F 4 U —FERA L EBAEOETF2RRT 5
Ny UYL —/NFFBRRICOWT, MIEREL EE L TV 72, %I Kenig-Ponce-Vega
@ﬁ%v%ﬁk&ofwt?—ﬂwméé%ﬁb%wtt:%ﬁtwwzﬂxyF?&
6 COBREII LT, REREFTROFERBIEZ T — % OB#R» LRETEBINE
WS HEBEELNT. ﬁ@ﬁ&&#%;o&ﬁ%&@f _wﬁﬁkﬂ¢6@KL
ﬁﬁ%b%?f%é '

o ﬁﬁ!? 73 /7/%Eﬁﬁﬁiﬂ) L» ﬂﬂﬁl-’)l,\'c (#ﬁgﬁ. jl.mjc)
REIBEAICXE SN HEBBRRER O F> T e, £ RZT Bhéfﬁﬂiﬁu
( = Fick DA 13 BIFORE) « Vu(t,z) THBH, , _UDE%?ﬁ’Ui '

CRLF DY) o A1yt x)

TEZ2 LN D &5 REFIEBEAN Edwtﬁﬁf%ﬂ—74—”ﬁﬂp@<nwﬁﬁ
HTEELTWD. ZORRIZOVTUTOL S REMRSH- 7.

(1) ARBEH CRCABELE X CMOBEL L 5 2552 (RSB OESI- S\ D
BTEOHFRVBREND 5L 55)

ZOEMIZEZDTDIZIE, ARBEIRTO HP (p< 1) ZRIOEZEEXELDZ L1 biaD
DIETRVESTHB.

¢ The Cauchy Problem for the Klein-Gordon Equation with Cubic Convolution
Nonlinearity (fRKEHFK * £ X)

# Klein- Gordon FRERMOBMBIMEFIAL, 20 RV a—a L 2L 7OER
HEZFOF BRI OV THRBIKIRBOFETERA B IN TS, BREOERT BE
Klein-Gordon 2= MM “Strichartz #¥ ” ZFIH I, b 54 LB e St T RIS
KIBREDOHEEHBHRD DTIIRVN? ] LW REXB LN, £, R Schrédinger
HFEATIE, :/f):—Va/mimy>&%E§if?#otﬁﬁfﬁ@ﬁﬂéﬁ
BF/ELN TV D DT, R Klein-Gordon FBATHRBEDEENELN S L HN
720N, :@ﬁﬁﬁil“ﬂ‘f@gfﬁf“, FE#RTE Dirac RN Tid Strichartz B OIEME T/ & 72
7% O T RO ASNTFED XL OB RIN TV DD TRBEORE RS HE 3
DTIIZRZNDE NI DR H 77,

o Schrédinger FRADHEILROBOIMELEBICDOULVT (PHEAR - BEX)
H™" OFM%E L 0IEP 8200 2 ERIRICEOISAD STV B BE I IEAEZ 5
THOD, BEDRESA THRWETIIELE Y. BETBASA TV Er—2oF Y

i0u + O2u = 0,
i0pv + 02v = |ul?u
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IZOWTiE, MOBHRRBAEZNITTSND LI, v DOWHTLZEBY DB Schrodinger
2% U< 1% phase ICEEZ ANTRAIE S Z L 2HFTHORLIICRENTS
5. '

e Maxwell-Schrédinger FEADEERBROFEICOVT (FHithshBAK - BiEX)

HHAGRR T GEENNSWVWETF) LESMHEER L CEERBETSEZLEER
EAGICRER LTV 5. Z 2 CEER & I3RFMNICBRNICELLT MO L THD. I
PbDHEMEE LT

(1) B A BA-> TE BB EERIIFETH0?

(2) MAHEBRM T (EENAXVETARY) LERBL ONEEAEEL L
o, EEERIEET B2

(3) u, ® DWRICOVTEEMARFEREFIEHTI L. B, u IXZERI A RIS
BIMAICBE L TWVEANENRY)

(4) ERYCHT 3 EIEERORTE - REEMORYT

BEREZONED. ZORE~DER L LT, EHENREECETIRBE LUERE
ERE OB T AEERICETH b OB H .
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MOEMEERZROEREIBEFEXOMRERE

Wy w2
JUIN R Z R E BRI E RS

1 Introduction
UTD LS e aRMmEER %%O#ﬁﬁ?%ﬁ@ﬁﬁiﬁ@@%ﬁlﬁ%L’_ob\’C%kZ).

(NLS) i0u + 02u = N (u, 4, Oyu, 0,7), t, z€ R,
u(0,z) = uo(z), z € R,
(BO) Oyu + Hy02u + ubpu = 0, t, z €R,
U(O, .’L‘) = U'O(w)’ T € R’

IIZTuid (he) € RxR POERKCELZLIBETHY, u i3 v OERERERT.
N(u,, O0pu, 0,1) IFIRD L D IZERIND.

N(u, %,q,9) = Z Cp1,p2,p3,p4uplﬁp2qp3qp4,
pr+p2+p3+ps>p
Cpipapoms € C. F72 Hy 13 Hilbert £, T420H H, = F17EF L LTERSRS.

F#R (NLS) 12 N = id8;(Jul?u), A € R OFIXT 7 X~vHEZIZB T 5ET /N (derivative
nonlinear Schrédinger equation), H&3 (BO) I1RVVKEHE D8 % %K $ €7 /L (Benjamin-Ono
equation) & L THNI 5.

AR TIIHIERRE (NLS), (BO) @ Sobolev 22/ H*(R) 2B} 5 RATEEHE, +2bb,
REFRETAROFAE, — BB X UM EER KRN (MHE L ERaic B S ¥ & &I b &k
BINCELT DT &) I2onTikR%. BAMIZIIOHERE (NLS) (5 ik (BO)) B H}(R)
THHBFEN THD LITKRD L IICERINS.

Definition. #IH#fERIE (NLS) (or (BO)) 7% H*(R) TRRBIRFTEY TH 5.
2T >0 BFEL, BEKXM [-T,T] T (NLS) (or (BO)) =7 u(t) N—BIZHFEETS. &
HIZ u(t) IROEEZ W7

(i) ve C([-T,T}; H*(R))NYr = Xr,
(ii) data-solution flow-map H*(R) — X7 (up — u(t)) IXEHETH D, ThbbH

Vug € H*(R), Ve > 036> 0;  |uo — dollgs <= |lu —illxy <e,
5=5(€, M), “'U’O”Hs SM’

2, 3EIEHMEE 4o &35 (NLS) (or (BO)) DOfE.

D AR E RS (W RERE ULFER) L OXFRRRIZL B
2 supported by JSPS Fellowships
3 HEIIHIE R FERERREM AR EFREZ L e-mail segata@math. tohoku.ac.jp
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LoEHIT H(R) #EH D% Sobolev 22 H**(R) KEX THRAKICEETES. Z ik
H**(R) = {f € S'(R); ||Ifllgse = [(z)*(Da)*fllzz < 00}, & 5. 2FL (2)* = (1 + 22)2/2,
(Dg)® = F~HE)F.

CDLELUTORRER/DILNBTED.
Theorem 1 [6] [7].

X = H¥NONH® s> 81401 >2, 51>3/2, a1 >1/2 (p=2DL %),
o H0, s>2 (p=3DL %),

L¥h. moLx (NLS) it X° CHERFENTHS.

Theorem 2 [8]. Y* = H¥ONH®™ s> +a1>1, s1>1/2, a1 >1/2 ¢T3, ZDLE
(BO) i3 Y° THERFEVITHS.

o OFERTEZ M < B, =R —IECRIELRE S NI 28/ 54 DOJFE (Banach
DARE ﬁ”ﬂ:’ﬁ) EWV ol TFa—FE L BN, TRIAXF—HEOEHE, RNBK v PEREETHS
Te iz Rem # 0 DFEIVL derivative loss & XN S lﬁ%’i’ibé ROETIXET (NLS)
IZBWT N =420,1, N = |u|?6,u & Lﬁ_%A%ﬂﬁFWJLXbU’T derivative loss (Z- 2V TFRBAT
5. ZITN =u?0,u DFIT Regllss = 0, N = [ul?0,u D& Eix Regfls £0 L 2B LT
EET5.

¥ 7= Benjamin-Ono FIUZEI L T, KRB u % EEERIRK & K72 L7358 13 derivative loss
HEILRVOTEEOIRINF KL VBOFELRTIENTE S, ZHIZE L TiX Ponce
[13], Koch-Tzvetkov [11], Kenig-Koenig [3], Tao [16] ¥8 8. Theorem 2 TITRHBEE v iTHFK
BETHLRWZ LIZERTS.

bbbt LD Theoreml XU Theorem 2 ZFEHTL72HIZ (NLS) X (BO) & RELRES
FRAIHNT 28 NEROFELAV DY, ZOGALERFEICE TN I2My OLNESHIEL 72
3. ZOWREEE BT S 70122 2 Tid#H Schrodinger HEX, ML 27~ Benjamin-Ono 7
BROBORORFTERIEFE (5 5V ik Kato’s smoothing effect ) V5. KT FR{EIE L
o b ORBAFTBRAOBBIIT — F IR TARGER ERZLVI L THD. D%
REAVDIZ LTI VESHTEREZN L TR/ EFROFEIZLY T O DHBRAEMS Z LM T
% % (Kenig-Ponce-Vega (4] [5] 384 ). L LAanb, ZOHETIREBFRBROFELRTE
T THEMT —F I smallness S 2T L7 b2V (FA3C [4] [5] TIXFIMIT —# IZ smallness

BRERINTND).
3ETIIREHHT —Z 12 smallness & VI FHEZBREIRTNITNITRVDNE NS Z LD
WL, 48T (6], [7], (8] IZTEVZ @ smallness DFRFEDIET LHFIZOWTHHAT S (Lo

Theorem 1, 2 (ZB W CHIHIT — % |2 smallness BRI TWRNZ EIZEER).

2 Derivative loss & [X?-Energy %I12& %7 7O0—F-
Z Z Tl derivative loss ZEBAT 272 DIZKRD 2 2OHI % 2T 5.

10u + Bgu + 4?8, =0, (1)
iOu + 2u+ [ul?dpu =0, (2)

4 [5] Tit (BO) Ti72< generalized Benjamin-Ono 5 ((BO) BT udzu % w*du (k = 2,3,4,---) i
R27bD) 2H/oTVDHH [4] DFELEZEDENEE O DFEIL (BO) (CHHEATES.
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IZOWTik Ref,z—j 0, (2) 2Tk Re S F0 ERDHIECERETD. (1),

=zT ()
%L (|0mut)| e & ERAET B

(2)
2.1 b+ O%u +u’d,mw =0 DPS.
FEEX Q) Zzico0T mEMIL, 0Mu 20itdE
10,0 AT + O 2T + O (u20,m) 0™ = 0.
FOEBEEY, 2 IZOWVWT R ST E
; dtuam Ol / (0 (u20,7)0™T — (T 0,u) T u}dx =
Leibniz rule {Z & ¥
||¢9m (t )“Lz + = 5 / w20 g0 udx ——/ w2O™ M udMudz + Ry (t) = 0, (3)

| 2 dt
ZZIZ Ryi(t) IRAKET

m— m—1
Rut) = — Z / ol (u)o o ude — = 3 / o (a2) 8t ud M uda.
2 et 21 = /R

amHaomT = 18,(0mw)2, At udmu = 16,(0mu)? ICHEE LT (3) OEUS 2 HE B 3HL RS
ﬁ%#ék

5 dtuam B2 - / uBpu(0%)2udx + ~ / w0, u(0™u)2dz + Ri(t) = 0. @)

X 5T (4) i2iF Gronwall DREXNEATE |0mu(t)| DEEMEEBS = LR T,

2.2 iQu+ O%u+ |ul*Ou =0 DIRE.
(1) ERHRIC (2) & z IZOWVWT m B L o T B E
18, 8MuB™T + O 2udT + O™ (|ul20,u)0T = 0.
ZFOREELED, 2 ITHOVWT R EFESTBE
S HIOru@IE; + 5 [ 107 (uPorar — O (ul?0,m)0p whds =
Leibniz rule iZ X ¥
| 5 dtnam O3 + 5 / 2O udadT — ~ / 420 w8 udz + Ry(t) = 0, 5)

2 IIT Re(t) BRIRET
Ra(t) = / o™ (Jul )BH‘luamudx— = / 8™ (juf2) ok aa ude.
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(5) IKOWTIHEHAERLTH u @ m+ 1 BHMIBEND DT Gronwall DREXPEH TE R
V., TOE S ICEAESIC LV EEROMS BERRRIZB T LA TERNWI L% derivative
loss &9,

—f%1Z Energy (2 @AY 5% E (NLS) 2BV T

Re—ag.jfu) = 0 = derivative loss D EZ LRV

Regz%':[—u) # 0 = derivative loss BEZ Y 5%

Z &% M. Tsutsumi-Fukuda [17] [18], Klainerman [9], Kla inerman-Ponce [10], Shatah [14] %
EVEmbLRATWS, XoTIDEE THE—MKRIZ ( NLS) i Energy 2@ TE 20,

3 HoAFBRRICKS7IO—F

MHFBAEN LT (VLS) R (BO) 2M< HE bIFRHHEDOMS O loss B TR L2 T HITHE
INEBOFBEEAT 52 LB TERY. ZIAX—EOHA (NLS) 128V T Rezfils =0 72
5IZFEBILEDMRS D loss £ MHAENIZEVRRT D2 LN TE 20, MALFBRAOHAIIUT
D X D B FRROMOBE SR ERILEIRIZL Y derivative loss Z[E#T L Z LB TE S,

Haz / t =% (¢!
0

< C\|\FlltR.L2(R))-
LP(R,LE(R)) 1123 m,20m))

l D, / (= 0adE ()
0

II 8, =L, Dy = Fl¢|F. K enig-Ponce-Vega [4] [5] iZZ OFHERE AN THoRkE R s,
81 >0 HL y € H® N H! ¢ “uo”Hansl,l i N s VNI O g = (NLS) & (BO) VX R R A
BEICHAZLERLE. 2 THETREILN 2095, 1 DIIHFERBRICETIHRTH
5. TRAX—EOFE (NLS) KBV THBHEN Replyls = 0 &Mk SR EEAT S Z
LS TE RN, WHYHBRIC LD Hk (Kenig-Ponce-Vega DF i) I Regiss = 0 &1
SRS THLBATEBRLWVWIATHS. LMo THEBBEICHNT HIAEITHREOF R, b
5 1 ST — Z 25T 5 smallness &V 5 RETHS. BOHFBRRIC LD FEIIFERBEIZ
T BLBHERENE WS RRIEH BN, BRIRAFMOGEELRTETTHLHHAT —F 24T 5
smallness & V9 &EERFNTL B, THEUTO X 5 REHIZLD.

< C|F|lr1Rr L2(R)-
LP(R,LE(R)) lzsm,L2R))

-2 52 b
®(u) = =y — z/ ettt )agN(u, U, Ozu, 0;w) (¢ )dt/,
0
EBRE LOFREHIREAVTHOZIHMET S &
Ie@ll < Clluollgeongesr + ful?

(I | PRI Z TIEBT D) &) EIICHESND. 22T lulp Ofiic T2 (8> 0)
RENRN-D IR RTEEE R THEIC LT —F O smallness &5 REFEEZRI 2T
niFe o,

Z = T Kenig-Ponce-Vega [4] [5] DRERIZBW\THIMT —F D s mallness £ LB TE
BH? LD BREERI2AE U 558 Kenig-Ponce-Vega [4] [5] D714, Hayashi [1] 12X % gauge
E#, Ozawa jteQ O FIEZMABLEDZLIZL Y ZOMWEEENICHMRTH LB TE D,
ROBTINBIZOWTHRHATS.
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4 Gauge Eif
4.1 (NLS) OB&
ETRINC (NLS) OHEA (6] [7]) KoV Th~2 BHEOEDLUTOFBALEL 3.

10 + agu + iulzu = 0.
N
worst

¢ € CP(R), p ~ugin X° LR ZBEEZHALHERHHERO L HIZ 22102175 (X° OEHR
{22V Tk Theorem 1 B).

i0pu + 02u + i(u — 9)dzu + ipdyu = 0. (6)
e e Vo
negligeable worst

B & ug RIT— 200 FATHFEOOTHEASLE VB> TV RTE e & ut) b+
SRV, THDL, u(t) — o RNSWERRTZERTES. #oT (6) 0P IEIRAEL BT
TENTED. MF, T—F u COVWTRKENWT—FHLEZXTNWADT (6) DE4H ICEHND
¢ ERTBEZERTERY. LERST (6) OF 4 ROLENERAOERE RS, 22 Chhb
Ai¥ Hayashi [1], Hayashi-Ozawa [2] DF#E% FAWTU T D & 5 725 # (gauge £#) % HER (6)
CHTZ LIk Y (6) O 4 BERARELERT 5. EB, u(t,2) = exp (§ [, 0(v)dy) u(t, 7)

LR EHBR (6) 1 exp (§ 2 0(y)dy) #HIT BT EILY v(t,z) AT OHBREWIT.

] 1 .
. iat'U + 33’1] — iazSO’U + Z(p2v _ i‘pezax I‘P/zazu
—  ——

2
worst
. 1 1 o
+ i(u—p)fv +§<pu'v - §<p2v + ipeids “P/?azu =0. (M)
negligeable worst

ZIZT(6) DE2H (BEER) B (7) OF2HEMPLESHAERIN (6) DFEATEN (7) ODE 9H
~ERIND. DL ERBEPERENTEHNTE = (7) D% 5 A worst term TH D (7) D
BIOHEDL L D EFHF LRV INOLDEPHEZEIND. ERINLOEN I < BEIND LD
IZ u(t,z) D exp DEPDOEWEBAT (exp DIEDBWHDBOHIZOVTIL [2] BFELWY). Z
DEBIZ LV IFBRERITTRTER L RRTI LB TE o(t,z) HUTOFBX LT

\ ) 1 1
0 + 02v + i(u — ) + (-—%am(p - Z‘Pz + §<pu) v=0.

oV
lower

Z OHBRREMS HERICE L Kenig-Ponce-Veag D F ik 2 BA T IO T — Z 1Ic k& SO
REMT = LR< (NLS) ORHERFBOFELTRTI LN TE 5. —BROIEFRBIIZ LTI
T Tif~% Benjamin-Ono HFEAD X 52 (NLS) % m odify LE® modify L7z FERIZON
TEDEHIZLT gauge BHRZHET .

Remark. LD % — R OFERFEIIH U CEAT 5, IEREEIZ 0,5 ZSTEIZIZIAP LT
RKBMBELRS., FIRFAIT E TR FEE N = ulu OBEICEA LSS, ) KM
B OZE#EZ LT worst term ZHET ZEMTERVNSLTHD. ZOREELEETH-HDICEH
BRXEVRTHMEL, EDOVRT L EXALT D, FEMIZOWTIX 6] [7] BR.

-
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4.2 (BO) OBE
Z (BO) DHBA ([8]) T2\ Tk~ 5. (BO) LA TD X I IZ modify 5.

Buy + Hyp0%uy + 027y * uy = 0,
BO), z
(50) { 0,(0,2) = uo(@),
ZZiZ g (x) = vin(z/v), n € Cg°,/n(a:)d:c =1, ve(0,1]. (NLS) DBELAERIZLT p €
CP(R), ¢ ~ugin HXONHZ LWV BB 2 EATS. = D% BT (BO), IZUTFO LS
WWEBXETZENTES.

Oru, + ’Hzagu,, + @Oz * Uy + (Uy — )0z * u, = 0.

ZZCER v, (t ) = K, (z,0;)u,(t,x) ZHE3 4 Benjamin-O no HRERIIMMEIT Hilbert K
mﬁfaifﬁ_bké LIrHREEZA LS. FO-DICELICTRBLELRD 22T K, (z,0;) &
symbol %

Ko(@9) = e (T 0= 000100 [ o) dy)
ETDOROEMAERARLBS. T2

1, €l <1
Y(€) = { smooth, 1 < |¢] < 2,
0, €] > 2.

<#7%. Hilbert ZHROREAILZ D symbol —ig/|¢] 25 £ =0 T C™W KRRV ETHB.
FDRD £ IZONT C° JBER SN HHEMIEAR LAENEY. £ORBEIZERT LD
wbhbiiz Lo X 572 cut-off function %ﬁ)\ L7z. (BO), {3 ERAR K, (z,0,) Z1ER &
Bt

at'Uu + Hzagvu + Ku(uu - <P)77u * Oy + Ru(‘p) uu) =0, (8)

Z 242 Ru(p,u) = (Kyon, % 8, + (K, Hz02))u. EBREDEREB/D-DIZIIRMIERROE
%, B4&MIZ12 Kohn-Nirenberg calculus (121X [15, p. 237) B) BLELRDH DT T THEEH
MITEIRYD.

b LTz OELSER (BO), PHEOEE {u,} R0, {v,} OFfEiZHAVT {u,} @ a priori
FfaRDD. FHIOWVWTIT 8] BRIV

Remark. £ Til~_7z gauge B#IZBEE L T, Burger's 7N
atu—agu+uazu=0, t>0,r €R.

22t LT v(t,z) = exp (—— [ u(y)dy) u (Hopf -Cole £#t) L EMT 5 LMBARFHBEIZI VI
FERRX G — 020 =0 CRBZERMOLN TS, gauge B#kid Hopf-Cole ERDO—fL L b R
RTZENTED, '
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SBMSTS5L7 URRERED [P FEIZDONT
o EE (FUNKERFBRHEZER M2)

1 Introduction
ROZERT 757 v e ¥EREmil FRXN0MEMEELZE X 5,

{&u +(—A)tu= F(u,0,u), z€R"t>0, 1)

u(0, z) = up(x).

ZIT u(r) BEXON-HBEK., RNTA—F 0130< 6 <2 L¥TD, FHRFE
F(u,8u) DREHNL. |Jul*2udpu (k= 1,2, n) REDOREHEETHD, FEX (1.1)
X ROEREBSFBAO—RILLEZ OIS,
[ _ — a—1 n
Ou— Au = |u|*u, z€R"t>0, (1.2)
u(0, z) = wo(z).
FERX (1.2) o3t LTk, BREXEBOFE. BOBRBOXFOBRINL, %< DH
LRFELNATWT, BEI1 +% < a DR, yg € LYR™) I3t L THIRMED /D S i hidie

FASMATEEL, 1<a< 1+ O, IHHEOXNCBEDST, EMHHHIRMHR

muﬁ%faceﬁﬂanrwaoLtﬁora=1+%ziﬁﬁ%ﬁt&zwﬁm%ﬁ
LR TS [1]),

—F. (1.2) DFBRIC, (—A)7 OEEME EROFERIZONT, ﬁim"&k—ﬁﬁ
5 No [ 12 £ TRER TS,

{ Ou — Au+ (— A)gu = [u/*u, ze€R™t>0, (1.3)

u(0, z) = uo(x).

Nmuimumww:1+9<a<1+ DR, 53/ S RERMEICH LT (1.3) OF
RIRSERATETES B = L 27 Lz,

T b ORI, BEEL A EAEMICEEL B L ELbND, FROSTO
SR FOEAEME LI(RY & LTVD, bLEYEX 5EMEMO (LI(RY) & B
7275) EETER B0, BEOBRIAED S THEMND B, ATFETHEOEREK
L HAZER & OBTEMEE BB 7 D10, (11) OFER4E Hardy 221 HP (p < 1) THX 5.

<IN BFEBER (W KFERFR BEBEMIER/ RALRFERFR BEHIER) & Ot
R 5E
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FDO-ODHEPDOERPEL LT, BRB/ERARD Hardy =/ 123175 LP — L BIBEREI %
B 2R TAZEE2BEELT S,

LMo TARTIXLLT O, FIHERE (1.1) ORBALRBEOAEZH 5,

{Otu+(—A)%u=0, z€R"t>0

u(0,z) = ug(x)

Hardy ZERIZDWT
$(z) €S\ fend(@)dz =121, ¢p=2"¢ (;) Y8<, 0<p<oo KHLT

sup |¢x * f| € L?
A>0

ThHDHE, fIiX Hardy ZR HP ICB T2 L0 ),

R< & bhiz Hardy-Littlewood DHEABE¥ D Lr A RMEEHE & Hausdorff-Young OF
LA D, 1<p<oo DL &, Hardy ZEMH HP LB D Lebesgue 25/ LP BR—ETE

HZLiTEboh TS, ¥ feHP 0<p<1) O, EEOZEEK |8 < n(% - 1)
WX LT
/ P f(z)dz =0
BRSO EBHOLATVS,
Hardy ZZRIC 31T B REBIEAROFMIZ OV T, Miyakawa [3] [4] i%. Naveir-Stokes
BROVHERIREZ Hardy ZRITE X 37012, TORBES T D Stokes FBEIZHT
% LP-L° B % Hardy ZZEHICTH A 72, FIMEMEDE S, Stokes 2 L BFEAD

EZ 2RBREARIA—HTEZIOT, Zhix ~A OERT DB (4} ITT 55
fliizfhre & 7220,

2 Main Result
OIHERIRE (1.4) OREIL. (—A)% I Lo TEREN S EE 21 AT,

-]
u(t) = et %y,

LETB, ZORBIIHONT, KROFEMEBERY Lo,
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Theorem 2.1 0 <0 <2 ¢35, ZOF, HDHEHK C =C(n,p) BFEELT, £ED

27 <p<L oo lKRHLT,

—t(—A)9/2
le™ A" fllne < Cllf -

F#Theorem 2.1 225 {e~-2""*} 50 12DV, Hardy %F’aﬁh_:l'oﬁé LP-L BUGHE 23 15
BB EBRFETE B,

3 Preliminary

= 2 Tl¥. Theorem2.1 DFBHICBWTEHEL 2B 2 0B HIZHOWVWTERRS, 1
DT HP-atom FBEBRIZONT, ELTH I 12308 WS 7527 U REIERARE S
2 BB DOREL KFMmIZ OV TTH B,

EFFIIUHIZ, HP-atom IZOWTERT B,

Definnition p <1 £33, a € H? IZIRDOFEMEHE-TE, HP-atom THD &5,

e supp(a) C Bgr(z,),

o la(z)| < |Bg|7'2,
o / z%a(z)dz = 0. (lof <1—- l)
Br(za) p
772U, Bp(z,) iX¥& R> 0. .l z, DKL T3,

feH (p< 1) IKBILT, KD atom SHEEARY 35T & 8841 R TS (Stein [5]).

Lemma 3.1 (atom &) f£ED fe HP(p < 1) IKH LT, 5 HP-atom DF {ax}x
E{}ClP BFEELT,
f(@) =) Mar(a)
k=1

IHIZ, HDHEK C =C(n,p) BHFEELT,
S I < ClfIEe
k .

OTHMERIE (1.4) ORE. THbB u(t) = eV 11, Moy

Ki(z) = F et
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ZRWT,

]
—t(-A)2
et 82y = Ky + u,

LEG D, T OMHE K,(z) KoV T, KOS REIMERRIT 5.

Lemma 3.2 H5EH C BELEL T,
o

IVKl(JJ)I < ¢

- <$>"+9+1 .

|Ki(z)| <

%z,

Ccr
L —
Ki@)] < frome:

CT—-(n-H)

VK (z)| < (T—x)m

4 Proof of Theorem 2.1

Lemma 4.1 a iX HP-atom TH B & L. supp(a) C Bgr(z,) £ 75, £/2¢p € S T,
¢3(:c)=s_”¢(§) LFB, ZOBE, G, = ¢, xalt. ROMKEER-T,

1
/ i) =0, forall|f| <n(; 1), 5>0, (4.5)
. CNS—(n+1)
< > 0. .
|a3($)l — (1+8_1|-’L'—5L'a|)N fOTN—O (46)

¢ DRFBIL LT, BE G,(z) = (dnz)-Fe-% BbiFbNS,

Lemma 4.2 ;2 <p<1&¢¥5, ZOR, H5EHK C=Cn,p) BHEELT,
£B D HP-atom a;, IZX LT )
et A2 ay|lne < C.

T ZTiX. Lemma 4.2 DFEBRDERE 2R~ 5,

Proof of Lemma 4.2. q; % 1 DEE L. supp(ar) C Br(z,) £ 75, £/, 77X S
¥ b.(z) BBIZ G,(z) = (4ns)"Fe~ B LT3,
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|z — z,) < 3R DFE, g, DFEMEL Lemma 3.2 ZHNT,
|Ke % ds(z)] < | A Ky(z — y)as(y)dy|

<C | |Ki(z—y)|dy
Rﬂ
< O|{z)~ "9,
L7=8- T,
IKt *as(y)| < C

|z — 4| > 3R DFE, (4.5) £V,

[Kixas| = | Kilz—y)as(y)dy — | Kz —za)as(y)dy
/Bp (za) /cma)th z —y) — Kilz — z4)l|as(y)ldy
= L(z) + L(z),

EEL. p= 'i"z—”" L%,

.Il(x) IZONWTIE, FEDEE. Lemma 3.2 8L (4.6) ZAWT,

p{Za
/Bp (xa)
/ /B;p(ma) Tn+1

1

d .
dTKt(w — 2y — (Y — z,))dr| |@s(y)|dy

1 — — —
/ y n:lra VK, (w To —T(y za)) dr
T T

VKl( ~ e _:(y—w“)> |as(y)|dydr

|as(y)|dy

DI

<C / / " Dly ~ 2l N-aar
T Jo JBwa L+ Tz =20 — 7(y — o))" (1 4 V5 Hy = za|)V

e N »’”—T%:n Ll y‘Tw“:z CEBERTHIEICLY,

—(n+1)
Vs 121 dzdr.

1
1
Ii(x §C’/ / —
) o By © (L4 |n = rz))m+0+1 (1 4 /57 7|2|)V
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2 € By (0) DBE, [n—r2| >yl —rlz| > W THBNH,
—(n+1)
C / ( Vs 2,

Il(.’E) S g
(14 yn+o+1 14+ /5 17|2|)V
Cr—(+) |/]
< dz
= @+ ) fg T DY
Cr < C
Lo T,
L(z) < Clz — )", (4.8)
=% L(z) COWTHEZAREREAVDZ LItk b,
Iy(z) < / |Ki(z — y)llds(y)ldy + / | Ki(x — 4)||ds (y)|dy.
Bﬁ(ma) Bﬁ(za)
ENENDOE%Z Lemma 3.2 & (4.6) #HWTEHMTHZ LITL- T,
I(z) < Clz — o)~ (4.9)
L T&5%, (4.7). (4.8). (4.9) £V
|K; * ds(z)| < Clz — z5)~ "D
LTEB, p> — LLTWBDT,
n+1
] 9
€72 ayllpe = || sup |5 * €72 2 gy ||
= || sup |K; * &s(z)||l, < C.
s>0
a

Proof of Theorem 2.1. f e HP(p<1) £ ¥ %, ZODKF, Lemma 3.1 &Y
$% HP-atom DF {ar}he & {M} C PP BEEL T, -

f(@) =Y Max(a).
k
ZT,p<1 DB |-|lne BEEAFERBRY SRS, |- |2, &THERD I
LIZEETD L,

[ [
le™ D flm < D Il lle™ % a2,
k

L7=23>7T, Lemma 3.1 & Lemma 4.2 7%
]
e A £IE, < Cllf |2
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GLOBAL EXISTENCE FOR THE KLEIN-GORDON EQUATION
WITH CUBIC CONVOLUTION NONLINEARITY

T2 REE (bl XFREFRREFAM)

2L ®Hiz

AXiTFER16FE8H1 OBIIREFBAEFEIFTICTRRIHTVEEWN
ERRIZONWTOREETH Y T, AERTHNIEZOBREBIIRREOERRS
EWRADET, LV BRBLIEABRVBREINDIZEBZEEFLVOTHY MR, HiZR
ABRNRL, TOHELEXMEFL T eb <Ry L1,

LWIHDYL, BEMNLBL BTFHE., ARRLEZTERIT., BRICHEREh TW
BRI (0], [7] OFEEZ AT ERICREN 22 EAHBANE L EL 1, B
ROXBLRBICARENFEETHY . KEEBPATEY £,

FITERRICE, A, BEOERE (Blo7 7 e —FTHRHDTHD) W)
T—wTHRATHEETREENEZEZTEY 1,

1. INTRODUCTION

This paper is concerned with the Cauchy problem for the Klein-Gordon equation
with cubic convolution nonlinearity:

O?u — Au+u = Fy(u) in (0,00) x R™, (1.1)
(U(O), atu(o)) = (fa g) in Rn, '
where u is a real-valued unknown function, F,(u) = —(Vy * u?)u and
Vy(z) < clz| 7. (1.2)

Here, 0 < ¥ < n and * denotes the convolution in the space variables. We call the
nonlinear term F,(u) cubic convolution, or Hartree-type. The term is an approxi-
mative expression of the nonlocal interaction of specific elementary particles. The
functions V., and u represent a potential and the wave function, respectively. For the
Klein-Gordon equation with cubic convolution, Motai proved in [8] that if 0 < v < n
and V,(z) = |z|~7, then there exists a unique global solution. Mochizuki proved
in [6] that there exists the scattering operator for small initial data if 2 < y < n.
On the other hand, Menzala and Strauss proved in [5] that there exists a blow-up
solution for large data if n > 3, 0 < 4 < 3, ¥ < n and V,(z) is a negative even
function. :

Qur concern is to find the infimum of v such that
(a) The problem (1.1) has a unique global solution for small initial data.
and
(b) The global solution converges to a free solution in La-sense as t — oo.

In this paper, we use the classical L, — Ly estimates for the homogeneous Klein-
Gordon equation to show the global existence and uniqueness of a solution and its
asymptotic behavior in Ly-sense for small initial data for 3/2 < v < n.
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- For the wave equation with cubic convolution, see Mochizuki [6], Hidano {2] and
Tsutaya [11]. '

In order to state our result, we give notation which will be used in this paper. For
Banach spaces X and Y, we denote by || - |X|| and ||T|X — Y| the norm in X and
the norm of a bounded operator from X into Y, respectively. Let Hy = Hj(R")
with s € R and 1 < p < oo be the Sobolev spaces which are the completion of
C2°(R™) with the norm

lulHpll = 1F 7 ((6)° Fu)lLpl| = lw ul Ly,
where F denotes the Fourier transform on 8, (£) denotes (1+¢[2)1/2, w = (1-A)1/2,
S is the set of all tempered distributions and C3°(R™) is the set of all C*°-functions

whose support is compact. The space Hj will be simply denoted by H*.
We shall treat the following integral equation instead of (1.1):

u(t) = costwf + Sil;twg + /Ot sin(t‘: uC Fy(u(T))dr . (1.3)

‘We are now ready to state our main result.

Theorem 1.1. Supposen > 2, 3/2<y<2s+1andy <n. Ifs > 1, then there
exist some positive constants &g, ¢, and sufficiently small number € > 0 depending
only on n, s and v and such that if

IFLHC ||+ gl B+ (| FIHF24) + g Hy /24| < &o

then there uniquely exists u = u(t, x) with the following properties:

u € C([0, 00); H*(R™)) N C*([0, c0); H*H(R™)), (1.4)
o
u(t) = uo(t) +/ -S-El—(tw—T)MF.,(u(T))dT in [0, 00), (1.5)
0
lw@)H®|| + |0eu®)| H*|| < cydo, (1.6)
lu(@)|H;™/27¢) = 0(t™*) (¢t — o), (L.7)
wherea=n/2-n/q, 1/p=1/2+1/(2n)+¢/n, 1/g=1~1/p and
uo(t) = costwf + su;tw
Moreover, there uniquely exist (f,§) € H® x H*~! such that
Jim (Jlu(t) — do (&) H*|| + [18su(t) — detio(t)| H*~"}) = 0, (1.8)
where
sintw _

tio(t) = costwf +

Remark 1.2. The same results hold even if the condition (1.2) is replaced by
V, € L™" with v = min(2s + 1, n).

Our plan in the present paper is the following: In section 2, we derive three
estimates for the nonlinearity and the L, — L, estimate for the homogeneous Kiein-
Gordon equation. By the first estimate for the nonlineartiy, we give the local
existence. In section 3, Using the other estimates, we show a priori estimate,
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by which we easily obtain the global existence. We finally prove the asymptotic
behavior.

2. ESTIMATES OF NONLINEARITY

In this section, we give some estimates for the nonlinearity and the L, — L,
estimate for the homogeneous Klein-Gordon equation to show the local existence.
We first prepare several facts.

Lemma 2.1. (1)([9], The Generalized Holder inequality). If 1 < p < co and s > 0,
then for all ¢;, r; € (1, 00), 1 = 1,2 satisfying
1 1 1 1 1

P q_l ™ g2 T2
there exists some constant ¢ = ¢(n, s,p,qi, ;) >0 (i =1,2) such that

N folHpll < c(llf1Hg, Hg|Le, )| + | f1Lg, lllg1HE, ) - (2.1)
(2)(The Hardy-Littlewood-Sobolev inequality). If 1 < p < 00, 0 <y < n and
1 1
1+-=242,
q n p
then there exists some constant ¢ = ¢(n, p,v) > 0. such that
- 177 * fILgll < cll fLpll - (2.2)

In order to estimate the nonlinearity, we give the following lemma:

Lemma 2.2. Ifn>1,5820,1<p<qr<o,2<q,2<r and
1+%=%+%+%
then there exists some constant ¢ = ¢(n, s,v,p,q) > 0 such that
1(Vsy * wauz)us|Hp || < c(||u1|Hyllluz| Lr ||| us|Lr |l
+llwa | Lr | w2l H [ lus| Lo |l + flua|Lrlllluz| Ll lus| Hgll) . (2.3)
Proof. With the help of (2.1) and (2.2), we have
1(Vy * wauo)ug|Hp|| <c(||Vy * wiva|H, /i1 /g11/r—1)-1 (| 1us| Ly
+ IVy * wave| Ly jnijrs1/r—1y-2 lus Hgll)
<c([lw® (Vs * w1u2)| Liy/ms1/q+1/0-1)-2 ual L |
+ IV * wave|Liyjns1/r+1/7-1)-1 || lus| Hgll)
<c(||Vy * w®(au2)| Ly /nt1/g+1/r—1)-1 | 1ua| Lr |
+ |V * urva| Ly a1 fra1/r—1y-2 [l lus| Hgll)
Selllurual Hy jgy1/my-1|lllus] Lell
+ llurue| L jria/my-1 llluslHgl)
<c(|lua| Hll w2l Lrilws| Lrll + llua| Le|llluzl H | [us| L- |l
+ llur | Lr | |lw2] Le ||| us| Hgll) -

Hence the proof is complete. O
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By the above estimate, we get three main estimates for the nonlinearity.

Lemma 2.3. (1)Forn >1,58>1,0< v <2s+1 and v < n there exists some
constant ¢; = ¢1(n, s,7v) > 0 such that

3
(Vs * wruz)us| Ho M| < oo T llual 57 - (2.4)
i=1
(2)Forn >2,8>1,3/2<~<2s+1 and v < n, there exist ¢, ¢ is sufficiently
small, and some positive constants ¢y, c3 depending only on n, s, v and € such that

(Vo % u®)u| H* Y| < eol|ul HO|||[u|HZ /2|2 (2.5)
and
(Vo % w?Yul Hy7H24€ || < cal|ul HO||||ul HEZ 222 (2.6)
where
1 1 1 + € and 1 1 1 €
Py 2 2n ' n & 2 2n n’

Proof. It suffices to show (2.6) since the proof of the others is analogous. For n > 2,
§>1,3/2<vy<2s+1and vy <n, we put

1 1 y-3/2-3 1/2-¢ 1 1 ~y-3/2-3 s—-1/2-¢

3 2 25-1/2—-3¢ n ' 73 ¢, 25—1/2-3¢ n
Then
1<p,<2<73<00), (2.7)
%Z%Z%—lf:e,%Z;%Z%—s_lnzhe, (2.8)
1+ E2=2+3+2. (2.9)

By (2.7) and (2.9), (2.3) holds with p = p,, ¢ = 2 and r = 73, that is,
(Ve » w?Yul Hp V244 < cllulH M2 ul Ly |2

By (2.8),
H® — H.:a_l/2+€ and Hg:l/Z—e PN L'r'3 ,

thus (2.6) holds. Hence the proof is complete. O

Remark 2.4. In part (2) of Lemma 2.3, if we show only the estimates (2.5), we
can weaken the asumption 3/2 <y<2s+1tol1<y<2s+1.

The following lemma is a preparation for the proof of a priori estimates:

Lemma 2.5. (L, — L, estimates for the homogeneous Klein-Gordon equation).
There exists some constant ¢ = c(n,p) > 0 such that
[| costw|HS? — Ly|| < (1 +1¢)"#+3% (2.10)

and
sin tw

[H»™! = Lo|| < c(1+)7 347, (2.11)
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wheren>2,1/p+1/g=1,1<p<2 and
n(2 —
S, = ( - p)
Proof. The following inequality is well-known (see [1]):
[ exp(itw){H,(,"+2)/2‘("+2)/" — Ly|| < ct—/2tn/q
On the other hand, by the Sobolev inequality, we have
Il exp(itw) f|Lq|| < el| exp(itw) flH™ P/ P
< | f|H™M3-P)/(2P))
< cl|fIHz|
Hence
[ exp(itw)|H5” — Lg <e.
Since S, = n(2—p)/p > (n+2)/2—(n+2)/q with n > 2, the proof is complete. O

The following proposition is the local existence theorem for (1.3).

Lemma 2.6. Forn >1,s8>1,3/2< v <2s+1 and v < n, there exist some
T > 0 and some §; = 61(n, s,7,T) > 0 such that if

IFIH=| + llglH* M| < 61,

then there exists uniquely u = u(t, z) with following properties:

u € C([0,T); H)nCY([0,T}; H* 1) , (2.12)
w)=w@+ [ PV p e 0<i<T), @19
0
sup (Ju(o)|H*] + [au(e)| ) < 36, (214)
t€[0,T]

Proof. The lemma follows immediately from (2.4). Hence, we omit the details. O

3. PROOF OF THEOREM

In this section, assume that u = u(t, z) satisfies (2.12), (2.13) and (2.14). Sup-
posen>2,8>1,3/2<y<2s+1landy<n.Put '

1_1+1+eand1_1 1 €
p 2 2n n g 2 2n n’
where ¢ is sufficiently small number which satisfies Lemma 2.3,(2). We set —a =

-n/2+n/qg=—(e+1/2) and
M(T) = sup (L+)*|lu(@®)|H Y2 (0<T<T). (3.1)
te[0,T)

Then M(T) is continuous with respect to T since H® — Hy */?7¢

small ¢.

for sufficiently

To show the global existence, we give three propositions.
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Proposition 3.1. There exists some ¢4 = c4(n, s,7,8) > 0 such that
lu(@) | H®|| + (| Bpu(t) H=~ |
<ca(IfIH) + lglH* ")) exp(caM*(T)) (0<t<T). (3.2)
Proof. By the proof of Lemma 2.6 and (2.5), we have
lw(@) H ||+ 8u() H |

t
< 2| FIH° | + gl H*~H) + 2 /0 | Fy(u(r) [~ dr

< 2(If1H° || + lglH*"") + 2/0 ()| B u(r) | Hg /2 =<) dr .

Since a > 1/2, by using Gronwall’s inequality,
llu(®)| H® ||+ Bpu(t) | H* 1|

< el 18" + ol D exp{e [ ) ar

t
< c(IfIE°I + HyIH”‘III)exp{cMz(T)/O (1+8)dr}

< ca(IIH°)| + g1~ ) exp (caM?(D)) .
The proof is complete. a

Proposition 3.2. There exist some n = n(n,s,v) > 0 and
L = L(n,s,~,n) > 0 such that if

IFIE® )+ gl T | + IFIH P24 + gl Hp V24 <
then
M(T)<L 0<t<T), (3.3)
where L is independent of T .
Proof. By (2.10), (2.11) and (2.6), we have

lu()| g2 o
<oty 2 + [ 1S b o
<c(L+ )7 (IFIHS /240 + gl Hy Y2+
+oes /ot(l +t =) T (|u(r) HE|| + | Bpu(r) H* ) |u(r) | HE /26| 2dr .

From (3.2),
(lu()H® | + [[Beu(m) ) lu(r) | Hy /2|2
< ca(llfIH )+ llglE* ) exp (caM®(D)) (1 + 1) "2 M*(T) .

On the other hand,

t
/ (L+t—7)(1l+7)2dr <c(l+8)°,
0
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thus
M(T) < esn+ esnM?(T) exp (cst(T)) .

Put ¢(z) = cs5n(1 + z2? exp(csz?)) — x, then there exists a positive number L such
that (L) = 0. We remark that M(0) < L for some sufficiently large number cs.
Since M is continuous with respect to T', M(T) can not be greater than L. Hence
the proof is complete. ]

Lemma 3.3. (A priori estimate). There exists some n = n(n,s,vy) > 0 such that

if
IFVECI + gl H M + (L FIHZY2 | + gl Hy /24| < m,
then there exists some co = co(n, s,7,n) > 0 such that
lu@)H®|| + Bu®)|H* Y| < con (0t <T), (3.4)
where cg is independent of T .
Proof. In view of (3.2) and (3.3),
(@1 + 18eu(@)|H* < caClFIH® || +llg1 B>~ 1) exp(caM*(T))
< canexp(csL?)
<com .

The proof is complete. O

Proof of Theorem. Using Lemma 2.6 and Proposition 3.3, we can easily prove
the global existence.

There remains the proof of the asymptotic behavior. By (2.5), (1.6), and (3.3),
we have

I Fyu(r)[H*™| < cllu(r)|Ho|lu(r)|Hy /2|12
< ceydo(1 +7) 720 L2

Since —2a < —1, Fyu(r) is Bochner-integrable over (0, c0). Thus
| pwmar e e
0 w
(o o)
/ cos(—T)wF, (u(t))dr € H*"' .
0

On the other hand,

sin tw

costw [ D R uimpar + 2 [ cos(-ror (ulrhar

_ /'°° cos tw sin(—7)w + sin tw cos(—T)w
0 W

F (u(r))dr

[T sin(t —T)w
- /0 BT E ur))ar
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Thus if we put . ,
f=7f +/ -S-m(—;T)ﬂFq(u(T))dT and
0

g=g+ /0'00 cos(—T)wF,(u(7))dr ,

then

sin{t — 7)

) - dot Y <1 [ ” “ P (u(r))dr|H|

w
‘ o0
< c..,doch/ (147)"2%dr -0 (t— o).
t

Similarly,
18w (t) — Beaio(t)| H*~H|| — 0 (t — o).

With the help of the energy equality of the homogeneous Klein-Gordon equation,
it is easy to show the uniqueness. We have thus proved the theorem.
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Schrodinger FRRXOEILRDOBOIAERIZ DT
RATREA (REAKRE)
1. INTRODUCTION

AR TIE, ROEBEL =2 VT 4 0 —FRADE ST R DR AR
BOFEL FTOWHIHEBEL T2 3.

i0pu + -;—821; = Fi(u,v) ,

(CNLS) :

0 + —08% = Fy(u,v) ,
2m

ZIZT(tz) € RXR, u,v iTRHMOBERELMHERIEK, 6, =0/0t,0=0, =
0/0z, mIZIEDEK THD. E7-IMRBEIL u, 4, v, v IZEAT B IKRD
EMrLRBPEZEEATHY, BEMIZIIRTEZONS:
Fj(u,uz) = gj(ur, ug)u; + Nj(ug, uz),
ZZT
g5 (ur, uz) =pjaur|® + pjz|usl?
—+ 61,,,,,([1,]"3(’11,1’!762 + ’1_1-41U2) + iuj,4(u1ﬁ2 - ﬂlu2)),
Ni(ui,up) = Z Aj,a Uy 8T uy UG,
aslal=3,(1.1),(1.3)
N2(u1; U2) = Z )‘j,au?la?2u33ﬁg4’
o;lal=3,(1.2),(1.3)

Thd. j=1,2,k=1,234, ZEER o = (01,0, 3, 4) € Z 1250
LT Hik € R, /\j,a €C. 27 L a BROEBZ2T-T:

(1.1) (a1 — ag) + (a3 — ag)m # 1,
(1.2) (1 — ag) + (a3 — ag)m # m,
(1.3) (0 — a2) + (03 — ag)m # 0.

Elep=qRbidd,=1,p#qR2biT,=0ThHd. EILHHRE
Vab T 4 H—HBRK (CNLS) X7 7 A N—H =T 2200
ET— FOBEEME L, HI5HHIRIERFEHIIN L CHIELAES TH D
ERHON TS ([3, 6] % BR). SERA 1E X BMOMEEE D
FRE IR LR & BRIl L T\ 5. BELRIE & 13 ERKICER
WTIBEDD /) VADEWRTEZONEZEHR Y 2 LT 4 U H—RK
DIRURT BB & 2 LT 4 o H—FRAOMEBRT2E (K
ERIE), H25WIIEZ DN TFEIC Y L THRET 2B & HEX
OEBRTHEBRY 2 VT 1V —HBROBOFEELZTTE (911

RRIT FHEIER (FBBAE), FIRIIBE (B AKXE) & 0XFAMRICES<.
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{EREE) TH 2. AR TIIEEMBEEZIYVES. 1 RFECBVTIKD
HRPEE FOBMD Y 2 LT 4 v —FBA (SNLS) 123 L TIZRD
LI RBRBPAMON TV S, EBRBENR T — VRERLZ TG OB/E, T
HHIERE F 3 F(2e?) = F(2)e?,0 € R, 223 5% 81X (SNLS)
LB BIZR bW, T4bb B BRICIUIRY 5 (SNLS) ORRIIHFE
LBRWERHMLNTWVWS (1, 8] BR). Z0FSIIREMEILERIC X
VEEEMERAREZBRTIEF0WETH S (5] BH). Zhizx LI
REED S — O AREME B RWIBESIEHLE BN FET S (48
B). FRERBERS —CRERDOHHELERWVWELEORMTRINT
WBHEE, BERF—OREMDH B HRBEDHMEIEL TR E D
EVIEELHMBNTWNS ([2, 7| BR). SER4 ITEIFRFE L = L
FAVH—FBRAEEZD. 777V TV ORBBRLRDIBE, F'—
REMEZFOFHERFEED N OHCx L THHA B SRR T 5 F
EIEAT 5.

EBERRDIIH0, FREMEZEATS. 1<p<oo,mseR
Wt L TEMPE YR U7 EBRZUTOL D IZERT 5!

H™P = {f € S'R) | |fllsmp = lI{x)™(i0)° f||» < o0},
Ho™ = Ho™2 VB | fllgem = (| fllam.2,
H* = H*2, 7 V5| fllas = [Iflls02s
H* ={f € S®R) | Ifllg = I(=2) % f]lz2 < o0},

ZITE =(1+2)2ThB. EXKET =[0,T] L TAF v 22
X 2% & 2B 0EM % C(I; X), L™ B#oZEmM% L™ (Ir, X)
LT OB VAT

1/r
nf||uu,x>=(/1 ||f(t,->||;dt)  1<r<oo,

| fllzoor,x) = esssup,e,ll £ (2, <)l x
ThD. RIBEY 2 LT v H—FEXOEAREEAT S, Uy(t) =
exp (itd?/k), k #0, LB &

G(01(@) = (o)t [ exnl= =220 p()ay
= (M () Di(t)F Mi(t) f) (=),

LECZENH¥KRSD. ZZT

_(k
Y

69



(Fy)(z) = (2m) /2 / exp(—izy)$(y)dy,
T, k=1 OBBITUL(H) = U(t) DRSBTS 5. L, = id, + (1/2k)0%,
k40, L3 L, ROHBRASR D ST:

(1.4) LoMi(£)Dy(t) = Mi(£) Dy(t) (s + %532),

TIZTEkI1#0 EEEEZRRS.

Theorem . Let uy, v, € H*> N H™®, where 1/2 < b < 3/2, and
lutllmoz + llutllg-s + llvllgez + llvellg-o be sufficiently small. In
addition, assume pj3 = pja = 0 for j = 1,2 or pyp = pox for k =
1,2,3,4 for g;(u1,us) when m = 1. Then the system (CNLS) has a
unique solution (u,v) satisfying :

(u,v) € C([0,00); L) & C([0, 00); L?),
sup (2 (u(8), (t)) — (ta(®): )5+ () = () s osyom) < o0
where

Ualt,2) = ()24 (F)e TS0,

va(t,3) = ()20, (T )e B i1 TE),

S1(t,€) = g1(4.(8), 04 (m¢)) log

52(4,8) = 9a(i (), 04(6)) ot
Furthermore the modified wave operator

Wy : (usrs) = (u(0), v(0))

is well-defined.
A similar result holds for negative time.

FE . BAOFETEIm OEIE LT (BE ) KOEARSER TE
BROWIEREENFET 2.
oem=17%51F Fi|ufvEfizar? B, FRERIC|vf?u e
TP BEENDHE.
oem=270iF FLELRIRICW0ERT v BEENDRE
em=1/27206iE F, FLX RZICu? Tl o’ BEENDE.
em=3401F FiCa?v B, X KHIZW®E BEENDE
em=1/37%61F, RIZV¥D, TET K ICu? BEENDHE
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2. BB DIEH

B4 1% (CNLS) & FHERR AL, ZDOLERDORIMBN
TWOHEZERTS. MERAR G k#0, ERTERT :

(Grf)() = / “Ui(t—5)f(s)ds, teR.

Lemma 1 ([9]). Assume that the components (q,r) and (§,7') satisfy-
ing0<2/r=n(1/2-1/g) <1 and1 <2/ =1+n(1/2-1/F) <2,
respectively. Then for any (possibly unbounded) interval I, we have

|Gk fllzraizey < CUFll o 1,0y
with a constant C independent of I.

WAL S — O ARERD D 3 IR EICEE T 5 8,
ua(t) = M(t)D(t)(are ),
va(t) = Mm(t)Dm(t)(ﬁ+e_iS2(t"))

LRTENHEZDOT, (1.4) ICEET S L ROBENRITS.

Lemma 2. Let € = ||uy||go2 + [|ut||g-» + |[v4]lmoz + ||v4]g-s. Then
for some constant C > 0 andt > 1, we have

ua(®)llzz + [va(®)lz2 < Ce,
[4a(®)llze + llva(®) |z < Ce(1 +1)72,
|G R1(ta, 'Ua)(t)”L';’ + ”GRl(ua,va)“L4([t,oo);L°°)
+ G Rty ) (®) 22 + 1 Grm Rty )5 e opzey < Ce(1+8)7%
where 1/4 < d < 1, Ry(ug,Vs) = Lug — 91(Uq, Va)Us and Ro(ug,v,) =
Lyva — g2(Ua, Va)Va-

T UREEDIRNERFEN,, j = 1,2%3ET 5. N;Ic&Fh
LRIZETROBOBFILREL FOFCEET .

Rt 2) =5[] 65 (H2))

(2.1) i
wr? . wx
X exp(—é—t——— - 2V(T) 10g t),

IlTw=(og—a)+(azs—ag)m T, N IZEEND N, izxtL<
tw # 0,1, IEERE N, CHLTiEw # 0,m TH5H. i
{u+,ﬂ+,v+,1‘)+} =] "pj € H0’2 nH_b’ .7 = 172’ 3, -—6’ V(x) Es ﬁ‘+a ﬁ+1 '0+a
by BT B 2ROEN SR B BERT, hOERER RS, V(we/t) =

vl



Ty s (ks /t), Yo, 95 € HO? N H, LBV THET I+ THS
HIZEET 5.

Lemma 3. Let k > 0, w € R such that w # 0 and w # k, k; > 0 for
j=1,...,5 and 1/2 < 6 < 3/2. Asuume that ¢; € H** N H for
j=1,...,5. Let N, be defined by (2.1). Then there exists a constant
C > 0 such that fort > 1,

5
IGNL(®)llz2 + |Gk Nt toizzmy < CE2 Y I0ill5g02n4-s-

i=1

EEBAODMERE . (2.1) LY RBEBOLND:

Rt 2) = FOLODLO (@), f(o) =[]

_J
w

LoT

(GxNL)(2) /N(‘Td’T-—-—-/ U(t—s) / 82N,

/N )dr + £ G, ()

/Ut—s / P(T)dT)ds

k t U(t - s)(/:o T‘(T)dT)dS,
Thbb

(GeN, =——/ N( d7'+——/ Ut—s)/ P(T)dT)ds
k_w/t U(t—s)(/ r(r)dr)ds,

s

ZZT
1~ 1~ wT
P@) = 2.0 + N0V (5),
r(t) = 55 Mu() Du()(8%(e™ %1 ).
Lo THELLY

I /t N, (r)dr| 1z, | / No(r)dr|| aeoopise)
t
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FEETAIETITHD. BAMATLY, ROFELELND:

(2.2)
/ N,(s)ds ‘
{

_| [T f (WY —iviwass)iogs 1 iwlaf2/20
Vt anf () T~ Galalfjas) o ) ds
c wT 1

< | == — :

<|anf (F) 1= (iw|x|2/2t)|

Z o E_f (WEY g-iviws/s)logs 1 iwlal?/2s
/t ‘93(33/2f ()¢ = Gwlafzs) )% ®
<CiBi(t) + CaBa(t),

ZZT

+

Bi(t) = a7z lf( )‘ 1+(|w1||$|2/t)

5.0~ [ Grrrmrm (%)

+ 8 Jon ()] + 52 |1 (5) v (55) oss

A EVED + I ey )

TC,C, >0 3ERTHS. f@ﬁ:’%&ﬁﬁu\ék 1/2<é6<2i2bif

t>1IZx LT
NS L A\ . w
(W) v (kT) v ( >‘/’( ) 1(f<|aTnmI;|/t>

3
SCt—s/z H ”%‘ ”?{o,zng—a-

j=1

RIERIZL T, t > 1L T

1B (t)llzg =Ct~/2-*

L2

3
|| B1(8) || 24 ((t,00);150) < CE212 H 19511550.205-6

i=1

IB2(®)llz2, 1| Ba(®)llzaqceoopiery < Ct ‘”2II 195130200175

. j=1
B"/ELNDS.
INHOMEEXAWT, EEBZIERTS. .
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TEHOIADMESE . (CNLS) IRDOLIIERTE 5!
(23) { L(u — ug) =F(u,v) — Fi(uq, vs) + N1(uq, V) — Ra,
Lm(v —v,) =F5(u,v) — Fa(tq, Va) + Na(tg, Vo) — R,
T TR & RIIME2 TERINZLDTHD. w=u—1u,, 2 =0-1,
r B L (23) IROFES HFRANEREICRD:
w(t) = iG(F1(w + uq, 2 + Vg) — Fi(tq,Vs) + N1(tq,vs) — R1)(2),
{ 2(t) = iGm(Fa(w + Ug, 2 + Vg) — Fo(tg, V) + N1(ta, Vs) — R1)(2).
LI CROBBEMZEATS:
X7 = {(w, 2) € C([0,00); L*) & C([0,00); L*) [|(w, 2)]|xr < 00},
Br(p) = {(w, 2) € X1; ||(w,2)llx, < o},
7=
(0,2l = sup(1 + (08, 022 + 0,2 ooz

ZIZTT>0,p>0021/4<d<1Th5. F;,j=12, BV 7y
VEGETHIEL LOISOFELY,
®(w](t) =tG(F1(w + ug, 2 + va) — F1(tq,a)
+ Nl(’ll,a, ’Ua) — Rl)(t),
U2](t) =iGp (Fa(w + Ug, 2 + Vg) — Fa(tg, o)

+ Ni(tg,va) — Ry)(t)
TEHINIESERR (Q,0)1X, +H5/h&Vp>0,d=1b/2,1/2<
b<3/21txt LT, By(p) LORENER LIRS, LTehioT(2.4) X Bo(p)
PIZ—BOREA (w,2) 282, 20 (w,2) 3 Xy TETHLIFILE
BIORTEREKD. ThbbI0 (w,2) 3RD% (CNLS) DEETHS.

(2.4)
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Maxwell-Schrodinger 7 22\ D EEIEZ AR D
FEEIZDOWT

E SMUEINT FALRFR AR PR 7EF

1 Introduction
RDOIEFRARAR HFRRUZ OV TEZS.

(SP) —%Au +edu — |uff~2u+wu=0, inRS3,
—Ad = 4mweu?, in RS

ZZT, u,:RP-R, A me>0weR 2<p<6LTsb.

Z Ui Maxwell-Schrodinger FBRDOEHMBETH 5.

BEIZ,Coclite[5] DFRERIZL > T, 4 < p < 6 DRIEED e,w > 01TH L
T (SP) DB BARERMNFEN H x DV IZB W TEREFET 2 EL M
bHTW3,

22, D =010 | pie = ([ |V - 2dz)} THB.

AR T, 2< p < 4 DEED, (SP) DREDTE, FEEICOVWTERT S,
SENIROEREH/T-.

Theorem 1.1. IRASEL Y SLD.

(1)2<p< 6D Hde, w >0 BFEEL, (SP) iZERMFAE
(u, ®) € H' x D'? BEETS.

(2)2<p<3 DR, bde +HRBPFELe > e ROIL, (SP) 133
HEAZRRE R 720,

2 Variational Principal

MEDED, h=m=1%&773.
(SP) 3EHBEEFS. XD,
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/ |Vu|2dx——/ |Vo|*dz + = / edu® + wudx
R3

|u|Pdz.
P R3
LEHET DL, F e C\(H x D'2,R) Th Y, (u,d) 5 (SP) DIETH HE
i, (u,®) NFOBRARTHHELFETHS.
Fiut ¢ #EH L $THIEETH 543, Poisson 77‘*5';_?2 —A® = 4reu?
WWEBTHZLIZEY, FRunAhEEKLETIRBEKICERTS.

Lemma 2.1. Fu € H IZH L, —A® = 4neu® OB —BRIZHEEL,
g O fu] LES L, O Ju] RKREMET.

(2.1)

(1) ®.u] >0
(2) ®.[tu] = t2®,[u] forteR.
(3) infyeprz {} fga [VO|Pdr —4me [ro u’ddz} = § [oo |VOe[u][?dz —4rme [y u?®,[u]dz.

R, Jelu] :=F(u, P [u]) T B L,
Jo[u] = l/ |Vu|2dx—i/ Ve [u]lzdz-l--l—/ ed [u]u2+wu2dx—1/ |u|Pdz
€ 4 R3 167 R3 ¢ 2 R3 € D Jrs )
O [u] I1E —AD = dreu® DRI DT,
Jelu) = l/ IVulzdx—l/ e<1>e[u]u2da:+l/ e<I>e[u]u2+wu2dx——l/ |ulPdz.
4 R3 4 R3 2 R3 p R3

L2,

1 1
Jelu] = %/ma |Vu|2d:c+z/IRa e@e[u]u2+% /1113 u2d:c—5 /R3 |ujPdz. (2.2)

EI2D.TDL, ROBHRY L.

Lemma 2.2. IRD (a), (b) IXFMEL 72 5.
(a) (u, ®) € H! x D'2 23 F DB A,
(b)ue H'  J DERR, 50 ® = o.[u].
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Proof. J DERE @ Ju] 1T —AD = 4dneu® D—FHIRAR2D T,

(b) © Fi(u,¢) + Fi(u, )®.[u] = 0,522 ¢ = &, [u].
& Fy(u,¢) =0, Fy(u,4) =0 (a).

O

Lemma 2.2 & 0 ,(SP) DEDOFEEZTTIZIE, J DEFRREZRDONIT X
V. EHIZROEIRRY (L.

Lemma 2.3. J|g DEBOERARue H} T, JOBEBRRL2D.

4 < p < 6 DFEIL J| g \Z8F 25 Palais-Smale FIBHRFITH D Z & 43
BHIRNPD.
EBR, {un} Z J|g I8 % Palais-Smale 51, 2% 9,

|J(up)] < M (M >0), J'(u,) > 04n H™Y,
ET5L,

PM + [jun|l 2 pJ(un) — (J'(un), un)
_(p_1 245 + (P - 2
= <4 2) . |Vu,|*dz + (2 1) w/R3 lun|*dz

| p o 24
(4 1> 6/]Ra e[ n” n| .
LIRBDT, 4 <p<6 DRI,

Je>0, pM + |[un|| > c|lun]]® for alln € N. (2.3)

(2.3) 5 {u,} BERFITH D Z £ 435359, Benci & Fortunato[3] & A
BROBRIZE Y, J 23 Palais-Smale £ 2772 L, genus ZAWVHZ & T
(SP) DR EIREAES 5 ERH7 5. LU, 2 < p < 4 DRI, (2.3)
DEIBRFER LB LIFIIR#ETHS. £ Z T, Berestycki & Lions[4] D
TATTE#RAWVWHZEIZLY, (SP) DBOFEE T

3 Proof of Theorem 1.1

proof of theorem 1.1(1).

T(w) := %/IVdez—l—/ lezdz—}—/q)[w]lwlzdx, V(w) = %/|w|pdx,
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ERE,

I :=inf{T(w);w € H, V(w) = 1},

ETBL, I>0ThHAS.
{u.} CH* % [IZHT 2B/MEBIL 5. DF Y,

lim T(u,) =1, V(us)=1.

ul & u, OXNHEOBFEDT LTS L,

up € Hy, V(u) =1, I<T(u;) < T(un),

ERBOT, {u} b IiTxT BB/MEFIIZ AR B,
{ur} #2EHT, {u,} £ EL.
[>05Y {un} C H EHERIITHBH5,

Juo € Hy st up —up in H' |lugllm <liminf |lup|m:.

%7, H! — L9 compact for 2 < ¢ < 6 2D T,

il = s [ @lunlfunl’dz = [ Sluclfuol?

Bo35%. Ko T,

T(uw) < liminf T'(u,) = I, V(ug) = 1.

L0 IDEENPD T(u) = 1.

| 36 € R: Lagrange multiplier s.t. T'(up) = 0V’ (up).
Rz, 0 =035, (T'(uo), up) = 055>, ug = 0in H L7219,

XoT,0#0.0<0LT2D&L, V(w) #0L9,

Jwp € CPR3), st. (V'(ug), wp) > 0.

5L, e>0 B+mH/MebiE,

(3.1) &9,

V(UO + ewo) = V(UO) + E(V’(UO), ’U)o),
T (ug + ewo) = T(ug) + €(T" (ug), wo).

T (uo + ewp) = T(up) + €0(V' (), wp)-

19
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= ug + ew & BT, (3.2),(3.3),(34) &V,

V(v) > V(ug) =1, T(vo) < T(uo) =1. (3.5)
Uy = oy, 0 > 0 EBITIE,

Jog € (0,1), s.t. V(ug,) =1, T(uq,) < 1. (3.6)

IRHNIXTDOEBRIZFE. - T,0>0.
ug(z) := uo(x/V0) EBTIL, HD wo, €0 > 0 BFEL T, ug ITRZEMT
7T,

1
—§Au + wot + eo®[u] — [uffPu=0 inR® (3.7)
O
proof of throrem 1.1(2). Wb\:l >0 forall neN %ZFEIX

AN
EEE 2 < p < 3 DR,

dJ(u(n ,
—(1;—()‘2)‘)'|A=1 = (J'(u),u)
_1 |Vu|2dx+w/ |u|2dm+e/ ®.[u]|u|*dx
2 R3 R3 R3

|u|Pdz
R3

/ |Vu|2d:v+w/ |u|®dz

- — ¢€D12{ / |Vo|2dz — 4me /3 uledz}} — /R3 lulPdz.
= [u] ZERATD &,

El&;(;””_))h:lz (__—) / |Vu|2dac+w / e / P dz— / |u|”dac

= 2T, Holder DARZERNH

Lemma2.1(3) &9

lullgs < lull ™l

Young DFREXD L, EED§ > 0 X LT,

1
pcollie el oo L pl L o
|lul?, < & —* + " where - P (3.9)
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(3.8),(3.9) £ ¥

S0 > G- [ Vultde+(w-2) [ s

w—ES0LRBEIES0EFINE L, e— S S 0Lk25LD
2, e >0 2 +ayk e g, e, 5
p=3 DRI LT, LU, 5, o Is
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&5 EmEREMNEFRRICKT 2 EEBRBROLEMHIZ OV T o
HIDEKAZU ASAKAWA and HIROKAZU OHYA |

1. PROBLEMS AND RESULTS

In this paper we are concerned with following semilinear elliptic equation;
—div(a(z)Vu(z)) = dm(z)u(z)? + K(z)u(z)? in RV, (1.1)

u > 0,u # 0, [~ a(z)|Vu(z)?dz < +oo, ’
where N >3and 0 < ¢ <1 < p < (N+2)/(N—2). Here a(z) € C2, (RY) is a positive function,
c(z), K(z) are non-negative and non-trivial functions with ¢(z), K () € LL ., (RN) and A e R is

a positive parameter. We will denote by H'(a) the completion of C°°(RN ) with respect to the
norm given by

Il = ( [, a@Vu(@)Paz) ",

which is a weighted Sobolev space. Our aim is to look for multiple non-negative weak solutlons
of (1.1). Here u(# 0) is called a non-negative weak solution of (1.1) if it satisfies

/ a(z)Vu(z) - Vé(z)dz = / (Mm(z)u(z)? + K (z)u(z)?)p(x)dz (1.2)
RN RN

for every ¢ € H'(a).
To construct a weak solution of (1.2), we set a functional I : H(a) — R as follows;

1 ) A 1
= - d _— —— Q+1d bt —/ p+l . .
I(u) 5 /RN a|Vul“dz ) /RN m(uy ) dx P71 Jan K(uy)P dx (1.3)
It is easily seen that if u; € H(a) is a critical point of I(u), then u; satisfies (1.2).
_First we consider the case p < (N + 2)/(N — 2). We assume that a(z) satisfies

SN : . 2a(z)Aa(z) — [Va(z)|?
The above functional is well defined for every u € H'(a) when c(z) and K () fulfill the following
condition;

> 0.

(A2) there exist o, 8 > 0 and vy > 0 satisfying a + 8+ v =1,
g ¢+1=2a+2"8and a~@t)2mQ-o e LY7(RN),
(A3) there exist o/, 3 > 0 and 4/ > 0 satisfying o/ + 8/ ++' =1,
p+1=2d+2*F and a—<p+1>/2KQ—a e LV (RN).

Theorem 1.1. (Asakawa-Ohya [4]) Let0 < g <1< p< (N+2)/(N—2). Assume (A1)-(A3).
Then there exists \g > 0 such that (1.1) has at least two non-negative solutions u,, Uy € H'(a)
satisfying I(uy) < 0 and I(@y) > 0 for every A € (0, o). :

E-mail:asakawa@cc.gifu-u.ac.jp
E-mail:ooya@fuji.waseda.jp
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Next we will focus on the special case p = (N + 2)/(IN — 2). Note that 2* is a usual critical
Sobolev exponent with 2* = 2N/(N — 2) and ¢o = 2*/{2* — (¢ + 1)}. We will impose some
additional conditions on m(z) and K(z) as follows. (Here Bg(z) is an open ball with center
z € RY and radius R > 0).

V(z) := a(z)~?/2K(z) € L®(RN) N Cjoe(RY) fulfills
(A4) V(@) 2 |Vl o) — Cvlz = 2ol in Bry(wo)
with some Cy > 0,29 € RY, 7> 0 and Ry > 0,

(A5) Q(z) < Cglz — zo|" in Bg,(xo) with some Cg > 0 and & > 0,

(A6) | 4 ho(e) := K(2)"@*V/%'m(z) € L®(RY),

(A7) m(x) = a(z) "D/ 2m(x) satisfies h(x) > mo|z — 20| ~® in Br,(zo)
and m(z) < meo|z|™® in RN\ Bg, (z0).

The functional I(u) is also well defined under (A2) and (A4).

{ there exist mg, Moo > 0, s >0 and R; > 0 s.t.

Theorem 1.2. (Asakawa-Ohya [4]) Let N >4,0<g< 1 andp = (N +2)/(N —2). Assume
(A1), (A2) and (A4)-(A7). If N, q, s, & and 7 satisfy g(N —2) >2— s and {2(N —s) — (g +
1)(N —2)}/4 < min{l + k/2,7/2}, then there exists Aj > 0 such that (1.1) admits at least two
non-negative weak solutions u., u* € H'(a) with I(us) < 0 and I(u*) > 0 for every A € (0,\}).

Elliptic equations with concave and convex nonlinearity have been studied by many authors
in this decades. The typical one is a pioneer work due to Ambrosetti-Brezis-Cerami [2]. They
studied (1.1) for a special case a = m = K = 1 in a bounded domain Q ¢ R" with homogeneous
Dirichlet boundary condition on the boundary 82 C RY. They have shown the existence and
multiplicity of positive solutions for A € (0, :\) and non-existence of positive solutions for all
A € (A, 00) for some A > 0. After their study, Ouyang and Shi [15] have shown the exact number
of positive radial solutions when  C R¥ is a unit ball. (We also refer to Garcia Azorero-Peral
Alonso-Manfredi [10]. Their work is an extension of {2] as —Au to p-Laplacian —Aju.)

Putting u(z) = a~'/2(z)w(z) in (1.1), we can rewrite (1.1) as follows;

{ —Aw(z) + Q(x)w(z) = h(z)w(z)? + K(z)w(z)? in RN, (14)
w > 0,w #0, [gv Quidz < +oo, : ’
where h(z) = Aa(z)~@*1)/2m(z) and K(z) = a(z)"P+Y/2K(z). Many authors have studied
(1.4) with h(z) € L*(R") and K(z) = 1. Goncalves-Miyagaki [11] have shown the multiplicity
of non-negative solutions of (1.4) for p < (N + 2)/(N — 2) provided that ||h||Lw is sufficiently
small. (For the case p = (N +2)/(N — 2), e.g., see Alves-Goncalves-Miyagaki [1].) From their
work, we can see that the smallness of h(z) allows the multiplicity of non-negative solutions.
By using the embedding given in Lemmas 2.1 and 2.2, we can somewhat relax the conditions
on m(z) and K(z) if the exponent p is subcritical.

Now we will prepare some notations. For 1 < p < oo, let |- ||, denotes the norm corresponding
to the usual Lebesque space LP(RY). Denote by DV2(RY) the completion of C§°(RY) with
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respect to norm |[u||p1.2(gny = || Vull2. Being related to this space, define Sp as a best constant
as Sp := inf{||Vuli2 ; u € DM?(RY), ||lu|lg« = 1}. Talenti [16] has shown that Sy is attained by

1

ve(x) = PR P (D (1.5)
for any € and any z9 € RV
Finally, throughout this paper, let g € C°(R”) be a cut-off function satisfying
[ 1if zeB(0,1/2),
Pl@) = { 0 if z¢B(0,1). (16)

We also write $,.(z) = @(z/¢e) for any € > 0.

2. WEIGHTED SOBOLEV SPACES AND THEIR PROPERTIES

Let 2 C RV be an open set with Cl-boundary. For every non-negative function ¥(-) €
L},.(Q), we define

103y ) = /Q Vo|2dz + /Q O |v|2dz.

Let X(¥,9) be the completion of C3(€2) by norm || - || x4 (q)- It is clear that Xy () is a Hilbert
space and its inner product is given by (u,w)y,q := fQ Vv - Vwdzx + fQ Uywdz. It is easily
seen ||v[l2x < C|[Vullz < Clv|xyq) for all v € Xg(Q) (v € CA()) with some C > 0 (this
constant C can be replaced by (Sp)~!). For any non-negative function K(-) € L}, (), we define
a semi-norm | - |p41,K,0 as [v|£ii, kq = JoKlv[Pt'dz for p > 0. Being related to the above
norm, we set LP*1(K,Q) := {v, |v|p4+1,k,0 < 00} as a semi-norm space. If @ = R¥, we simply
write | - [p+1,k = | [p41,k RV

Lemma 2.1. Let N > 3 and o,3,7 > 0. Assume a+B8+~v=1andp+1=2a+2*8. If
KU~ € LY7(Q) (K¥~* € L®(Q) for v = 0), then the embedding X¢(Q) < LPTY(K, Q) is
continuous. Moreover, if v > 0, then the above embedding is compact.

Let ¢ € C1(Q)NHE, () be a positive function satisfying the following linear elliptic equation,;
Agd(z) — U(x)p(z) =0 in Q. - (2.1)

Define u as u := v/¢ for any v € Xg(2). A direct computation yields that v € Ci(Q) is
equivalent to u € C3(2). According to (2.1), we can conclude that

J 49+ wofyiz = [ $1vutis

Q Q

for all v € C§(£2). Now we introduce a norm ||| - |||42,0 as
nw&ﬁ=4wwwm.

Let Z(¢?,Q) be the completion of C§(f2) in the norm ||| - |||52 0. It is also clear that Z(¢?,9)
is a Hilbert space with inner product defined by (v,w)42q = [q ¢*Vv - Vwdz. Note that
Jo KlvPtldz = [, $PP1K|uPtldz for all u € Z(¢%,Q) with u = v/¢.
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Lemma 2.2. Let N > 3 and o, 3,7 > 0. Assumea+f+vy=1andp+1=2a+2*5. If
K¥— € LY7(Q), then the embedding Z(¢?, Q) C LPY1(¢PF1K,Q) is continuous. Moreover, if
~ > 0, then the above embedding is compact.

3. PrROOFS OF THEOREMS.

3.1. Sketch of the proof of Theorem 1.1. We will derive the multiple existence of non-
negative solutions of (1.1) by applying usual variational methods. To construct weak solutions
of (1.1), we have to check the Palais Smale condition for I(u) defined in (1.3). We simply write
llull := llullg1(a) = (Jp alVul?dz)'/2.

Lemma 3.1. Let N >3,0<¢<1<p< (N+2)/(N—2) and assume (A1)-(A3). Then any
sequence {u,} C H'(a) satisfying

I (Un) — Cp,
Lt mer@yr (31
contains a convergent subsequence in H'(a) for all cp € R.

From the idea of Drébek-Huang (8], we can easily prove the following Lemma.

Lemma 3.2. Assume (A2) and (A3). Let {u,} be a non-negative sequence which converges to
ug weakly in H'(a). Then there exists a subsequence {uy} C {un}, still denoted by {u.}, such
that [ gulgdr — [ gul¢dz and [ Kubgdr — [ Kul¢dz as n — oo for any ¢ € CP(RN).

Proof of Lemma 3.1. Let {u,} C H'(a) be a sequence satisfying (3.1). From (A2) and (A3),
one can easily prove that {u,} is bounded in H!(a). Consequently, we can choose a subsequence
{un'} C {un} (still denoted by {u,}) and a function ug € H'(a) such that u, — ug weakly in
H'(a) and up > 0. Since [|I'(un)||(g1(q))» — 0 @8 m — oo, we get

/ aVug - Vodz = / (Amug? + KugP)gdz
RN RV

for any ¢ € C°(RY) from Lemma 3.2. Thus I(uo) = 0. Finally, by using the embedding
compactness of H(a) < L9t(m,RN) and H!(a) — LPT(K,RY), it is easily seen that {u,} C
H'(a) satisfies the Palais-Smale condition. 0O

Lemma 3.3. There exists Ao such that for every A € (0, Ao)
I(uw) > for all u € H'(a) satisfying |u| = po
with some r > 0 and py > 0.

Proof of Theorem 1.1. We choose w; € H'(a) with w; > 0 and ||w1||mq+1 = 1. It is easy to see
that I(twy) < ||w1||*2/2 — M7 /(g +1). So we can get I(tw;) < 0 for sufficiently small ¢ > 0.
That is,
inf I(u) >r and — oo < inf I(u) <0
uedB ucB
where B = B,(0) C H'(a). Letting

0<e< inf I(u)— inf I(u),
u€dB ueB
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we can apply Ekeland’s Variational Principle to I: B — R. So there exists an element u¢ € B
such that I(u;) < inf{I(w),w € B} +¢ and I(uc) < I(u) + €lju — ue|| (u # ue) fore > 0. As a
matter of fact, I(ue) < inf{I(u),u € 8B}. That is, ue € B. Letting F'(u) := I(u) + &llu — u¢/|,
it is easily seen that u, is strict local minimum of F: B — R. It follows from these facts that
I’ (ue)ll (#1(a)+ < €- Consequently, the minimizing sequence {u.} C B with

I(up) — inf I(u), I'(up)— 0 in (H'(a))*
ueB

has a convergent subsequence from Lemma 3.1.

On the other hand, if we choose we € H(a) with wy > 0 and |lw2|p+1,k = 1, then I(tws) <
t2||we||2/2 — tP*1/(p + 1). So we also obtain I(tws) < 0 for sufficiently large ¢ > 0. Applying
the Mountain Pass Theorem yields the existence of mini-max point of I(u) as

I(u*) := inf I(v(t)) (:=c"),

(u") = inf max (v(@®) (=¢")
where I is a set of continuous paths in H!(a) connecting from 0 to ep := tws. Hence the sequence
{un} € H'(a) with I(up) — c* and I'(u,) — 0 in (H'(a))* also has a convergent subsequence
from Lemma 3.1. Consequently we can show at least two non-negative weak solutions of (1.1)
Uy, u* € H'(a) with I(u,) < 0 and I(u*) > 0. This completes the proof. O

3.2. Sketch of the proof of Theorem 1.2.
Lemma 3.4. Let 0 < ¢ <1 and p = (N +2)/(N — 2). Assume (Al), (A2), (A4) and (A6).
Then any sequence {u,} C H(a) satisfying

I{un) — o
{ I'(up) = 0 in (Hl(a))* (3.2)

contains a convergent subsequence in H'(a) if ¢} satisfies
1 n
¢ < =CA® + S (S VI (=) (33)
with some C1 > 0.

We can also show Lemmas 3.2 and 3.3 even if p = (N + 2)/(N — 2) in the same manner.
So if we get the multiple non-negative weak solutions of (1.1), we only have to show Lemma
3.4. To show Lemma 3.4, we have to prepare some notation about concentration-compactness
Principle to the sequence {u,} C H(a). The notion of concentration has been first introduced
by P.L. Lions [12, 13]. After his work, the local concentration and concentration at infinity in
various setting, have been studied by many authors; Ben-Naoum,Troestler,Willem [5], Bianchi,
Chabrowski, Szulkin [6] and others.

Proposition 3.1. ([14]) Let {u,} be a sequence which converges to ug weakly in H'(a) such
that pn = a|Vuy|?dr — u and v, := Klu,|* dz — v in the weak*-sense of measures with
a=2"2K € L®(RY). Then there erist at most countable index set J, a family {z;,j € J} of
distinct points in RN and a family v, uj;j € J} of positive numbers such that

7 = Klug|¥ da + Z Vjbg;, V2> a|Vuo|?dz + Zujézj.
jeJ jeJ

In particular, So(||V||72v;)%% < p; for every j € J.
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Proposition 3.2. ([14]) Let {u,} C H'(a) satisfy the conditions of Proposition 3.1. Define

Voo := lim lim Klun|2 dz, pieo := lim Tim aqun|2d.’E.
R—00 M—00 {|=|>R} R—00 m—00 {|z|>R}

Then
lim/ K|u,,|2*dx=/ dv + v, lim /aqun|2da:=/ dp + poo
N RN m—oo RN

m—0o0 R

and satisfy So(||V ||z o) ** < Hoo

Proof of Lemma 3.4. Let {u,} C H'(a) be a sequence which satisfies (3.2). From the proof of
Lemma 3.1, one can see that we only have to prove u, — ug strongly in L¥ (K,R") with some
up € H'(a). From (A2) and (A4), {u,} is bounded in H'(a). Thus we can obtain u, — ug
weakly in H'(a). So we can apply Propositions 3.1 and 3.2.

First we will estimate oo and veo. From (3.2) and the boundedness of {u,} in H!(a), we get
I'(up)un(l — Pg) — 0 as m — oo for any R > 0. That is,

/ a|Vug|2(1 —ZﬁR)d:c—/ aVu, - Vpgupdzx
N RN

. (3.4)
= . ()\m|'un|'”'1 + K|un|2 (1 —Pg)dx + o(1).

Taking limsup,,,_,,, and R — 0 in (3.4), we can obtain pe < Veo. And due to Proposition 3.2,
we can get Voo > (S0)V/2||V |loo (N=2)/2 . Similarly, we get v; > (So)M2||V ]l (N=2/2 for all JjeJ.
On the other hand, it follows from (A4) that [ KuZ ~l¢dz — [K u2 ~lodx as n — oo for
any ¢ € C°(RY). So it is easily seen that I'(ug) = 0 from (A2) and (A4).
Suppose that there is a concentration either at a local point or at infinity. For any o > 0, we
get

cg+o > / K|u0|2*dm—+—)\(——%)/ m|ug|Ttldz

A ) - ()

from Propositions 3.1 and 3.2. Note that ||u0||gﬂ m < Hh0||qo||u0||g;H from (A6). From an easy
calculation, one can derive that

1
) = 7t + (g~ 757) ollaot®™™, £> 0

has its global minimum with {(t¢) = min>o ((t) = —C1A® with some C; > 0. Then we can
conclude that ¢} + o > ¢, and this contradicts our assumption. Thus there are no concentration

either at local points or at infinity. From the uniform convexity of L (K, RN ), we have u, — ug
strongly in L?" (K,RY). d

From Lemma 3.3, we see that {u,} satisfies Palais-Smale condition if the energy level is less
than some special value.

Let Pp,(z) := P((x — zo)/Ro) be a cut-off function given in (1.6) and define we(z) :=
a~1/2(z)ve ()@, (z) where v, is a special function defined by (1.5). We observe that we € H'(a)
for all ¢ > 0. :
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Lemma 3.5. Let N > 4 and assume (A4), (A5) and (A7). Ifq, N,k, s and T satisfy g(N —2) >
2—s and {2(N - s) — (g +1)(N —2)}/4 < min{1 + /2, 7/2}, then there exists € > 0 such that
supyzo I(twe) < (1/N)(So)M/?|V "~

We can show Lemma 3.5 by using the technique of Brezis-Nirenberg [7] and Alves-Goncalves-
Miyagaki [1]. (We also refer to Escobedo-Kavian (9] and Ohya [14].)

Lemma 3.6. Assume (A4) and (A6). For every A > 0, there exist r* > 0 and pj > 0 such that
I(u) > r* for all u € H'(a) satisfying |lu|| = pg-

Proof of Theorem 1.2. Letting B* = B,x(0) C H(a), it is easily seen from Lemmas 3.4 and 3.6
that the minimizing sequence {u,} C B* with

I(up) — inf I(uw) <0< @&, I'(up)— 0in (H'(a))*
ueB*

has a convergent subsequence by using the similar argument given in section 3.1.
If we set

I(w") = inf, max I(v(t) (=7,

where ™ is a set of continuous paths in H!(a) connecting from 0 to e; satisfying I(e1) < 0, then
it is easily seen from Lemma 3.5 that 0 < " < & provided that X is sufficiently small. That is,
there exists A > 0 such that the sequence {u,} C H}(a) with I(u,) — ¢* and I'(u,) — 0 in
(H'(a))* has a convergent subsequence if A < A from Lemma 3.4. Consequently, there exists
A4 > 0 such that (1.1) admits at least two non-negative weak solutions Uy, u* € H(a) with
I(u,) < 0 and I(u*) > 0 if X € (0,23). This completes the proof. O
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LP — L1 estimate of the Stokes semigroup in a perturbed

half-space*

EMEXERERETEMEND 2 AR BE

1 Introduction

n>2&¢35. QCR® 2+451E 00285 00 % b > perturbed half-space £ 3% : 2%V, BES Qi
O\Bg = R?\Bg 7= 3L 572 R> 0 BSFETHEHET 5. Q x (0,00) IZBWTKRDIHEHR Stokes 77
BRXOMYPEREEZE X5 : "

Ou—Au+Vp=0, V-u=0 in Qx(0,00),
uw(z,t) =0 “on 8% x (0,00), (1.1)

u(z,0) = a(z) in Q,
Z 2T, u(x, t) AFER, p(z,t) HEHERL, a(z) Z5A DN MEE LTS,
HREBRRBE0NC, AL B L THEDPN % notation /1 5.

H=R} ={z=(,2,) eR%z, >0}, ' =(21,...,2n_1)
BR={.’L‘GRn; l.’L‘l(R}, Qpr =QNBpg, B;=HQBR
Ch ={z € H;|2'| <R. |z,| <R}, Dt ={zx € H;R-1<|z| <R},

¥z, EEF &R B 70 LB Fourier ZREEET S : F(€), F IF(©))@), F(€,2n) #FNER f(2)
@ Fourier £#, ¥ Fourier £, 2’ {Zf7 288 Fourier EHEZRTHOL L, RTEHET S :

O = [ e=ti@an 71000 = (52) [ etr@d e = [ e 16 e

BRI OV TR R b DEED ¢
LP(Q)™ = {u = (u1,...,un); uj € LP(Q),j =1,---n},
L ()" = {u € LP(Q)™; u(x) =0 for |z| > R},
JP(Q) = the completion in LP(2)™ of the set {u € C§°(R); V-u =0in N},
G*(Q) = {Vp € L Q)" pe LE, ().

loc

%7, Banach ZM X, Y (2R LT, X 75 Y ~OERR@MEAROEME L(X,Y) TEL, Y =X Ok
Hizit, £(X) = L(X, X) LRTZ LoD,

&z, perturbed half-space Q IZBWVWTHOLNTWAHEELXIR~S. 1994 €2 R. Farwig & H. Sohr
[4] ¥, 1 < p < oo iZ% LT Banach 2/ LP(Q)" ' Helmholtz 3R TEX B Z L AR LTV 3: je.
LPQ)" = JP(Q) @ GP(Q) (@ BERERT) . £f=, P& LP(Q)" 1rb JP(Q) ~DOEMARE T35, 20
& % Stokes fEFIFE A A= —PA TEZEIN, ZOEHRIT D(A) = {u € JP(QNW2P(Q)"; ulsg = 0}
ThHd. ZDLE, —AiX JP(Q) THRITAER e~ 4 2ARTHZ LB TRENRTVS (R. Farwig & H. Sohr
[4p .

* AR RITEHRL AL (REEKE) LoXREFRICLS.
1 taraco@toki.waseda.jp
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2 Main results

perturbed half-space IZ3 VT, ROFFHFERE (Theorem 2.1) #/HI LN TE, TOERICENT
LP — L9 {fi (Theorem 2.2) #HB5Z LN TEI.

Theorem 2.1 (BFBERE). 1 <p<oo, m #HABKLTS. £, R> 0% Q\Br = H\Bg &k
TEEETE. COLE EBDOL>1, fe LB(Q" KALT, REMETEEK Cpm,r PHFETS :

n41
10" et APF|| Lo@myn < Comrt™F ™| fllLo(cyn- (2.1)

Theorem 2.2 (L? — L9 #{f). n > 2, Q % perturbed half-space £ L, ¢t >0, f € JP(Q) £F 5.

1. 8% p,gB 1<p<g<ocolp# oo, ¢# 1) BT LE, RBRILT S :

n

le* fllLaayn < Coat™ FE 9| fllLo(ayn- 22)
2 M p,q 1 <p<q<oo BT LR, RBKITS :

- —_pel_1y_1
IVe™ A fll Loyn < Crat™ ¥~ 7F (| fllLoa)n- (2:3)

Remark 2.3. Ve~ tAf OFMHICE T, SABERICBIT 5 q ORBELRRD ZLICERTSH. R, SHRH
T BV T, g oW THIBR g < n BUBETHS. (see [3] and [6] ).

3 Theorem 2.1 DEADT I 54 >
RFTEEE®R (Theorem 2.1) DIEHIL, RD 2 OO RBRITALD ¢

1. RZef H 12815 )\ =0 DL TO resolvent EH
2. A =0 DL TO (R(N),II(N)) Dkt

3.1 HIZHITE A =0D:8< T resolvent FRBA

A =0 DL TD resolvent BEZEBS7-HIZ, H IZ381F 5 Stokes resolvent X E X 5 :

{(/\—A)u—}-Vp:f, V-u=0 in H,

u=20 on z, = 0. (3.1)

RONf, O f & RN f =u, I\ f =p TEHEINE 3.1) OMEEXLMEARLTE. Z0LE, RO
EBEEBD (see [8]) .

Theorem 3.1 (H {2115 ) =0 DiE< TD resolvent BM). n>2, O0<e<7w/2,¥T5.r>01
HLT U, U, :={\ € C;|A| <rfarg) <7 —e} &L. B:=L(LR(H)", W2P(Bg)" x W'P(Bg)) &
T5. ZoLE, (R(A),IN) X € Uyp\(—o00,0] KBBLTROREMEZ b !

GIA + G\ log A + G3(A) n is even,

n—1 n . (3.2)
GIA™T log A+ Ga(MAT +G3(A) n is odd,

(R(X),II(A)) = {

2T, Gy € B, Ga()) 1 Uy TO BAEERIBI, G3() 1XUyjp TO BEARBEETHS.

Remark 3.2. resolvent BRICE VT, HETRE Z LIMEHOEN AT THY, LZMOHE LY b 1/2
EFRL 2o TW5 (see [6] and [9]). Zhid. REIC L > CEEMOMEY LM OMBEICRE S & 5B
—BBVESERACHIB D THS.
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[Outline of the proof]
resolvent B & /5= HITIX, H2E/ H 123815 Stokes resolvent BEDRORBRABMLETHS. FRER
EBBEDIC, BABRTOBAA f = (fiy. .. ) & F = (f8.n0, foy, f2) CHEETB. 2T, f(),
fo(x) X ENEIIBILIE (the even extension), #FHL3E (the odd extension) ¥ & L, KCEHINS :

fe(:l:) — {f(:l,‘".’lln) z, >0, fo(x) _ {f(l",.’l)n) 2, >0,

fx',—zn) zn <0, —f{z',—zn) T, <0,
wiz, (U, 0) 2B LIS N F CRIET 2 R2EMOBE T3, ThbL, (U,¥) BROFEAOEE TS :
A-AWU+V¥=F, V-U=0in R™ (3.3)
Fourier E#ICE - T, (3.3) HKRD L H LRSI S :
A+ EDT(E) +i6T(¢) = Fg)  for R™ (34)

(33) "B AU =V .-F Lbh3DT, (34) ILoTKERS :

V() = 7 [— % kFP@] (@), Ue) = 7 lﬁmz (ﬁ @~ isf;(g))

(z), (3.5)

T TU;(¢,0) #3ET . I TER

(=]

G0 = 5 [ =T,

—o0

+oo
= %/ Uj(glagn)d&n,

Tyn=0 —o0

DEMTHZLICEELT, B EEY (3.5) 2 @ATIIIKRESED :

oo [T R e (VTR e
U;(¢',0) = A _\/)\=+——|§_'|Tfj(£ 1 Zn) + § by ( VA IEP T

B iﬁjfn(fl,wn) (e—mz" _ e-|¢'|z,.) de, for j=1,--,n~1, (3.6)
Un(¢,0) = 0. (3.7)

%Iz, Riemann B (v,0) 2HRT5. 20D, u=U+v, 1 =3+60 LB & (v,0) TEXREMT:

(A-Ayw+VE=0, V.-v=0 in H,
vi(2’,0) = —U;(«’,0) for j=1,---,n—1, (3.8)
v (z,0) = 0.

(3.8) DR (v,0) HKTEZ BB -
e~V A€ Pzn _ e_lfllzn __E_J_

(€, @n) = —Uy (€, 0)e™VAIHETen AT U'(¢,0), (3.9
e~ VAHEPTn _ o—l€lzn

Un(€,2n) = - TP €] i€ - U'(¢,0), (3.10)

0(¢,zn) = ——-——V’\Jrléwe-tf"wg' U'(¢,0), (3.11)

zzTe U(e,0) = Y0 &U;(¢,0) & L.
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Wiz, #R (u,p) DRBAIIR L RS for j=1,2,--- ,n—1,

* gltnén £( Eike 7 13
GE o) =5 [ rEn [f ©- wak“) |£,|2fn(6)} dén
1 e~ VAHIE Pen _ o—(€ien 5]£k~

_\/'\_‘HWGMU 0
€0~ ; \/A+|£'|'-’—|£'| TeT

Uk(€,0), (3.12)

it _ 1 ®  ginén €nbi _ e~ VAFRPen _ o= l¢'len (e 0
wE ) =5 | iR [f,.(s) Z T e - 15’12 (s)] dén sz_) TR &U(¢',0),
(3.13)
ey ol -1 * lznn VA+ £I|2+|£| - Ty = T ¢!
P(f,xn)=2 / ¢ [ |§;|2 |£/|2 (5) dén + ||£, e ZlﬁkUk(Evo)-
(3.14)

IA| RSN EE, (u,p) DRBERE €| <1 DOHFE L €] > 1 DFEIC cut-off technique S Z ik
THIBUERDY . || <2 DBAEMFTTHEHICHE, & bIL VHLORBEARBLEICR S,

~ o at 1 e“VA+|E'|2|zn—ynl —\/A-Hf'lz(:c"-i-yn) p
(€, ZTn) = 2 A \/)\_*_ e - \/)\+ e fJ(E Yn)dyn
n-—1 _ 12 _ Y _
Gk [ [ (e VTR wal  omlEllznual ) o 4
+; 2A {/0 ( \/’\+l§'|2 1€ Je(€  yn)dyn

. ) e-\/A+|e'|’(z,.+y..) e~ €'l (@ntyn)
+ / -
0 VAFIE €'l
oo [ =2+ Pyn ~1€yn \
—2e_V’\+'E'|2’”"/ (e o et )fk(&’,yn)dyn} .

) Fu(€  yn)dyn

VAT IE 1€'|
+ 5% {/w sgn(zn — yn) (e‘V AHE Pl —nl _ e""“”"'”') Fa(€ yn)dyn
0
_ /oo (e_m(”"‘“’") — e_lfll(z"ﬂl")) }:(E,» Yn)dyn
[ _
+2e™ VA P /oo (e‘\/m”" - e""""‘) }:(E’,yn)dyn}
0

YN e~ VAHEPan _ o—l€'len  foo o=V MHIEPyn _
TLET ATRE-RT b arEE e
"z: EklE | e VIHER _ g=l¢'len /°° (e‘\/"ﬂf’l"yn Ll
e VAHIER -1l Jo \ VA+IEP ']

ZE |£ | e_\/)\+|€'|2zn — —|€ |Zn /00 (e_ /X‘Hfllzy'_l _ e"fll!ln) ’f;'(gl,yn)dyn’ (3‘15)
A VAHIEP -1 Jo
e~V A+€)2|zn _!lnl —\/ X+|€’|2(zn+yn)
TP TP

i o Y wer a1\ =
+ 3 % {/0 sen(@n ~ yo) (e VAPl —ynl _ g~ I€'lIzn m) Fol€ un )
A G e R L) F AR
V]
B L {/oo ( '——A+ |€,|2e-\/A+IE'|2I:n—an _ lglle_lelnzn—y,J) ?;(gl,yn)dyn
)]

- ( XFIETe VAPt g€ et ) (e, yu)ayn |

nTl VA€ Pen _ p—l€len o0 o= \/AFIE Pyn _
- ik — e—,sz(ﬁl,yn)dyn
k=1 VA - (€] o VA+E]

) f;c (511 yn)dy‘"

Tl zn) = 3 0 ( )fn(€ Yn)dyn
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e e e VIHE Pen _ i€ len /co (e-\/A+I€’I’un e—i€'lun
0

'Z; A VA+HIER - ¢ ATER €]

g e VAP _ emlElen /°° (e-\/mfyn - e—lc’lyn) Fal€,yn)dyn, (3.16)
A VALIER-El Jo

) Fx(€,yn)dyn

5(5/7-”7") z 2E {/ ( —1&"llzn~yn| +e-|€ l(¢n+yn)) fk(f yn)dyn}

i o 1 Nz =y | 5 00 - —~
— 5 {A sgn(:z:n ___yn)e 1€ 1zn ynlfn(&’,y‘n)dyn _A e 1€7|( "+yn)fﬂ(€lyyn)dyn}

it AT+ D e [ VS =
+Z |£I o \/A—:W fk(g »yﬂ)dyﬂ

k€' (v + €T+ 161D _1¢'ten VAR €l
Z /; \/)\ + |§1l2 [EII fk(€ ,yn)dyn
4+ WA+ |E'|2 +IEDIET e |==,./0 (e_myu _ e—!e’ly,.) € v om

(3.15)-(3.17) PEIHIZ Maclaurin B ZHER S 2T, resolvent R (3.2) 218 5.

32 A =0mELTH (R(N),II()) Dkt

A =0 DEL TOMERFE (R(N),II(N)) OERMELZTT Z L AHKS. Theorem 3.3 i Fourier multiplier
theorem <° resolvent BB (3.2) > Z LItk o TREND.

Theorem 3.3. 1 < p <00, 0 < e < 7w/2 &L, R\, I(\) 2ZNFh sect 8.1 TEHZRSIWIIERAR
E¥3. Tk E. ={\€C; |lagh < 7m—¢€} £€TB. u= RO, p=10)f £BTI, (u,p) €
WEP(H)™ x WLP(H) TH Y, (u,p) HKRD 3 DDO&MEEHT:

loc

1. Bxbhi f e L(H)" LT, (u,p) BROFBRERET :
—Au+Vp=f, V-u=0, inH,  u@,0)=0,
2. A€ B WA LT, ROFEAREIT S :
IROVS = RO fllnsagyn + TN =IO fllynogagy < C (W + AT logA) 1 Flzaqane

IIT,CRf, N CEBRREERTHS.
8. |z| > 2vV2R ThBH z € HIZRHLT, (u,p) RROFHBETT:

u(@)l, [Vu(z)l, Ip(@)| < Clal™ "Vl fll ey,

TIT, CHf, N ICEBRREERTHD.

33 BFREXETEEOIH
ETFRAEDFE 6] L FRKICERTHZ LB TE D, ROEEEREHTHITH
Theorem 3.4. n>2, 1 <p < co. HEED f € LH()™ X LT, KWL TEER C, BHEETS :

le 4P flLoany < Cot ™ F || fllsy  t21 (3.18)
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Proof. § < 8o <d<m 0<e<Ao(o i+ Theorem 3.1 LRILER) &5, FHIIRDL I ICRES:

-1 -1
tA ~tA —tA -1
e Pf = = /F1 e “AU(A)PfdX + o Jr, e "(A+ X)) PfdA. (3.19)

2ZT, T ={AeC;0< |\ <¢, argh =26}, T2={A€C;|A| >¢, argh =16} £ T 5.
HEoHEIEATHIDOTESICTEETE, B 1 HZ OV THRO Gamma B F(o) 122V TD Lemma 2
FEIZLIZE o TEMETE S

Lemma 3.5. A% n >0,t> 0¥ LT, WAL :

—1‘ e—tzzn—ldz — _Sin nmw P(n)eiwnt—n’

2mi Jp T
- d [si )
— [ ez log zdz = —— SLIT P (0)eim t=n-l
2mi Jr do o=ntl

4 Theorem 2.2 DFEBADT O LS54 >

FHEEE L RGO K (5] ©, BAEFER (Theorem 2.1) IC &> T LP — L #FEATH T L BHKD. =
DETIL, SARERLE BRDRICOVWTHRNERLERADOT U A 2R <5.

#1912, perturbed half-space 2B VTR T HEEEENT S, £07d, g=e4f € D(AN) (f €
JP(Q), NeN) £BL. ZDEE, |glwenvsyn < Cnpliflie@)n BT 5. R > Ro % Q\Bgr, = H\Bg,
BT EOIE B, k72, Yr € C®(R;[0,1]) ZRD X 5 72 cut-off function &5 5 :

Yr(z) =1 for Q\Bgr41, Yr(z) =0 for Qr. (4.1)

Z =T, h = Yrg — B[(Vyr) - g](B % BogoskiifE %) &< &, h € D(A) THHZLBDMD. WRIIK
OBERERIZT L IR u(t), n(t) BEET D :

v(t) € C([0,00); JP(H)) N C°([0,00); D(4)), Vn(t) € C°((0,00); LP(H)"),
THY,

{Btv(t) — Av(t)+ Va(t) =0, V-v(t)=0, in H x (0,00), 42)

’U(O) =h, len=0 =0, sz W(t,z)dx =0.

F72, Ve, =0 =0 THBZ ERXEETIIZ, v(t,z) = :“ Onv(t, @ yn)dyn £12D DT, u(t), 7(t) RO
EWT I bRT LA HES:

llv(t, ')“Lp(c;)n < R|Vu(t, ‘)||Lp(c;)n2~ (4.3)
lo(®)llwzecty + 180 M ioegyn + 17 Nwiniory S CA+TE 2| flze@e (44)

%7 (4.3) & Theorem 2.1 252 L0 XY, REHB5:
le"* A fllwrr@myn < Ct 27| fllLogyn, f € JP(Q), t>2 (4.5)

Remark 4.1. (4.5) 2BV T, SAREROBE D t DKL -2 TH5S. SV t DFFTOWT, perturbed
half-space DB BRIABEROBA LY b L KRB RoTND I ENTH5.
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2FEBIZ, ROFEZRTZ LAHKS ¢
IVe™ fil Lagynr < Cougt 2F~873| fllLoyn, 1<p<g<oo,t>1
B R>Ro+24L,g=eAfc D(AN)(N e N) LB, u(t) = etAg = e~t+DAF L 35¢
z(t) = Yr-1u(t) — B((Vir-1) - u(t)], 2(t) = ¥r-1p(t),
LB (Yros: (A1) BE). I T, (u(t), pt) HEKDFBR AL 5

Siu(t) — Au(t) + Vp(t) =0, V-u(t) =0 in Q x (0, c0),
ulsn =0, ult=0 =g, fD; p(t,z)dz = 0.

EDLE, (2(t), B(t)) PREWI=TZ L HbD0 S :

Orz(t) — Az(t) + V®(t) = L(t), V-2=0 in Q x (0,00)
2Zlza=0 =0 2(0) = Ypr_19 — B[(Vr_1) - 9] =: 20,

(R
[
A

(4.6)

(4.7)

(4.8)
(4.9)

L(t) = —=2Vyr_1 : Vu(t) — (Ayr-1)u(t) + (8: — A)B[(VYr-1) - u] + Vir-1p(t). (4.10)

£ LTz 2(t) € CY([0,00); JP(H)) NCO([0, 00); D(Ax)) (Ag 1t H T Stokes #AIK) Tha7b, 2(t) i

ROLHICEERZOND :

z(t) = E(t)zp — /ot E(t — 8)PL(s)ds =: z; + 22, (4.11)

ZIT, E(t) 3¥EM H TOMERRL TS, 2 13¥EMICRITD LP - LI T2 AN TEHETE 20T,

22 ZFHET X5, £, PL(t) 23T+ 5.
1(VYr-1)pt)l|rzry» < C(L+ )" 52| £l Locayns

THHZEIERTIE, 1<r<plZ#LT,

IPL#)|| @) < CAIL@®)lIzr@yn < CprlL{t) Loy < Cpr(1+ t)_;_’_%”f”LP(Q)"s (4.12)

BERILTS. ¢ 1< ¢ <min(n/2,p) i &AL,

”v /0 “E(t - s)PL(s)ds

Lr(H)m
t—1

t
< / IVEG - 9PLG) aneds + [ 9B~ )PLO)sr(nnds
- 0
t A t—1 .
<c / (=) L&) 1o annds + C / (t — )3 3G\ L(8) | o (aryr s
- 0
1 t
<O E M flpn | s+ Ol [ @ +1-8) 3 G D049 hds
0 . 0
=hL+1

LFMETE, B2 R L #FET IS5 -

1 1 1

t
12=/ (1+t—s) F 3G (14 5)"H s
0

t/2 n n t/2 n n
=/ (1+t~s)-%-v(%—%>(1+s)—rr%ds+/ 1+ 3" 2G=8)(1 4+t —5)"H~ids,
0 0
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0<s St/2 DEE,1+t—85>21+sTHBHZ LIZEERTHIE, (1+3)—1 > (1+t—3)"1 BRITBOT,
1 /2 nrl 2 . 1 2 t/2 w1 '
L<21+t/2)72 ﬂ+wﬂrﬂwvw=urum“/.u+wwv@
0 0
#IZ, 1 < ¢ < min(n/2,p) <X LT,

< Ct73| |l Logayn (4.13)
Lr(H)"?

Hv /0 t E(t — s)PK(s)ds

BT 5. Hiz .
V2o (arynz S Cpt 2| flle@n 1<p<oo.

85, || > RIZXLT, 2(t) = e A f THZHDT, (4.5) EERIZALNIEL,
IVe ™ fll Loy < Cot ™ 2| floyr ¢ 1.
2B5. M, 1<p<g<ooiZHLT,

e~tA2f < th_%(%_%)_%“f“m(n)n t>1

- _1
Ve tAf”Lq(n)n? < Cgt™2

La()n

B35 0<t<1iZ®LTHt>1 ¢RI IICHMTHI LN TEB, #IZ, Theorem 2.2 2715 5.

5 Application to the Navier-Stokes equation in a perturbed half-space

Z DOETiL, Navier-Stokes FRA~DIEAEBNAT 5. MBEELEOFE [7) LRABRIZL T, LP — L Ffi &
WINEBROEBRLY, ROBELZB/DIZLNTES :

Theorem 5.1. n > 2 ¢35, KOMEEWETEEE S = 6(Qn) BEFEET S HE a € JH(Q) #
lall oy < 6 EWAEE, B HER

u(t) = e t4a — / t e~ =24 P(y(s) - Vu(s))ds (5.1)
0

iX (0,00) EC—BEDWM u(t) bH, IHIT, t >0 DL,

| u(t)| Ly = ot~ 33, for n<r<oo, (5.2)
Vu(®)]l - @ynz = o(t71F3x), for n<r<oo, (5.3)

BRILT 5.
&I, OB &M o € LY(Q) 2 TMIhIE, RERT LB TS,

Theorem 5.2. n>2 ¢ ¥5. KOUWEEZHTEECK n=n(Q,n) < S BFEETS : PiliEa € L'NJ™(Q)
2 lall iy < 0 BWIAEE, B HER (5.1) i (0,00) LC—BOBMu(t) £ bb, St - o DEE,

lu@)llr @)~ = O(t’%"'?_"r), for 1<r<oo, (5.4)
Vu(t)| ;a2 = O(t_%’L;_r_%). for 1<r<oo, (5.5)
L™ ()

DALY B.
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Navier-Stokes F2:XDSEFEDIERITE &
FEADERICONT

AR Kz
RAERFRFBEE A TER

1 F

3 WRICEEIR Q (21T B IEEREHEREME R O EBh i X Navier-Stokes FREERUC L ik 5.

(
%%_Au-}-u-vu-;-Vp:O in Q x (0,T)

divu=0 in Q x (0,T)
u=0 on 9Q x (0,T)

L u|t=0 = Ug in Q

(N-S) <

Z T, u=u(x, t) = (ui(z, ), ua(x, t), us(z, t)) I EENZ M, p=p(z,t) BEAZRL
TW3. ug F52ONTETHRETHS.
Serrin[9], Sohr[10] 72 &2 &LV

(1.1) uw€ L0, T;L7(R)), 2/s+3/r<1,3<r<Loo

ThiuT, BN Qx (0,T) LBOEMTHIEWVIRKERBB/BLATND.
¥ 7=, Serrin[8], Takahashi[11] IZ2& ¥ Q x (0,T) OEZBFR Q = D x (a,b) AL T,

(1.2) u€ La,b;L7(D)), 2/s+3/r<1,3<r<oo

L TOWIE, DICEENE 200 MEAETROLDPTHD Z ERENT VD,
B, &4 (1.1) OREDO T T (N-S) OFIHERFEME LS 2 RO ERIMET, KK
HIERE & PRITN S, —F, BEITHIER Q = D x (a,b) T (N-S) DE—ALFE X2
T EBRMRICR L TR (1.2) OIRED T TEAMAR LTV A7, NEERIME L FEITH T
[AYN
ZIZT, 7R (11) RRAT—NVEBRICBE L TRERZERTH S.
RIZEDICHT 5 EEO T TOEAMEEE 2 5. KIRAERHIZE L T Berselli-Galdi[l]
RROBRER/T.

(1.3) pe L30,T;L"(R?), 2/s+3/r=2 3/2<r<o0

72 HITHMIE R3 x (0,T) TRONTH S, Eh, HDIL 9/4 <r <3 L THRAFEK Q
KBV TRBEORERE2B TS, 22T, (1.1) LEKICZ 7R (1.3) ER T —NAARERZEM
ThHb.

ABFEO HEIL, FEAECHT RGO T CHRERMMERXIERATLIZLTHS. Db,
Q x (0,T) DEBIHEL D X (a,b) IZBNT

(1.4) p€ L?(a,b;L" (D)), 2/s+3/r=2,
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RO, B u BRODITRDIPLENVIZETHD. ZIT, r OREERDBZ L LEE
Thd.

Navier-Stokes HFRRAUZI VT, u,p IZX LT (1.2) R (1.4) 72 & ORI RIS &4 %
RELTY, NEERINEE/S Z LIZBBATRY. ZThiL, HELEAOBRICHS. (N-S)
DFE—RIZ div 2T & Ap = —div(u- Vu) &R B2, Z D Poisson HRRIL p lcwtd 58
HRERREOT TR LR TE S, KR, R® TiiRiess B# R, = 2 (-A)712 £/
Tp= Z?’Fl RiRjuju; LEFES ZEBTED. #-T, Riesz BHD LI HERMIZ LY

(1.5) Ipllome) < CllulZzageyy 1< g < o0

DER Y 3D,

Berselli-Galdi[l] i28W\T (1.5) BV MO Z L RAEMCEETHS. —F, HFREBIC
BNT p DRERRUERET DI LBTTETHVENFBRAEML Z LN TERVDT,
(1.5) DERRFEEZ —RICHARFT B LB TE 2.

AR TIZZ DR ZMRT D 72012, cut-off BIMEZ AW Z LIt & W R ADEREIZ
p DEZRAMLT D HELHA LT, B, p & R3 OERE S CIHEMICY 0 Th 5% &
B L, EROEAFBRICHIET D HBREML . OB, cut-of BlxAVE - iz k
D ENSRREDONEZ XK S5 A Caffarelli-Kohn-Nirenberg[3] Dt RN EE 2
BZBWT 5. #5132 suitable weak solution &5 FBMOEA L EA L, T OBRROKE
REE D 1 KT Hausdorff WEH PRIz B Z L &R LE. 22T, —BOBME OKH K
ERBOERBALS N INF—REREZBEZLTNBEE NI L ThHE, ZOKELH
WHE, BRROHDEHET u PAERICRIFERERD Z LA TE, ZOEBCRIQEIC L
DAETOIRMESZEMT D LNTE 3.

2 FEH

2:=0gMe, g, =CElln oo = (e Cpidive = 0) &4 5.
E# 2.1. u 2 (N-S) OBETHD &L, KeEFETLTHS.
(i) we€ L®(0,T;L2) N L*(0, T; H(}’a),
(ii) ¢(,T) =0THD &> 2EED$ € C1([0,T}; H},) XL T,

T

(2.1) /0 {~(w,88) + (Vu, V) + (u- Vi, 8)} dt = (uo, $(0))
N A/ ASS

WIZHE 2 D34k 5 suitable weak solution % €% 7 3.

E¥ 2.2. (u,p) 2 suitable weak solution ThH 3 L1k, KEEET L THA.
(i) u I35 TH B, |
(i) p € L%4(Q x (0,T)),
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(iii) (RS ez xNX—TEX) HED ¢ € CP(Q % (0,T)), ¢ >0 IZRLT,

T T a¢ ’
2 2(9¥ : 2 “
2/0 /Q|Vu| ¢dxdt§/0 /Q{lul (8t + A¢) + (|uf? + 2p)u ng} dxdt
DY 3L,
¥ 2.3. FERAES S(u) %,
S(u) = {(z0,t0); EBD r > 012X LT u ¢ L* (Br(wo,t0))}

WCEDEBETS. 22T, Bezo, to) = {(z,t); |z —zo| + [t —to| <7} THS. S(u) ITRY
B A (zo,t) BHEALEDR, S(u) BRIV (20,t0) ZIEAIRLFES.

EM 2.4. u BREZBTH, MRV X—REREH-TL 0T,
BLALEDLIAD >0 & to <ty BHTNTD ¢ LT

t1
(2.2) lu(t)l2q) + 2 /t IVu(r)l3 200 @7 < llu(to)llz2(g)
NS ATASR
Bx I IROEREHT-.

EH 2.1. Q=D x (a,b) & O x (0,T) OHIBRE T S. (u,p) & Q L suitable weak
solution Th ¥ u ITAMT RN F—ARER (2.2) 2WTLTD. ZOH,

(2.3) p € L%(a,b;L"(D))2/s+3/r =2 %79 3/2<r<3,2<s<x
2561E, D x (a,b) CEXZEENBZEBD LRI MER K x [o, V] T LT

u € CO([d,¥'];C™(K)), VmeN, 0<Vr<1/2
BRIETH. 22T, CO% X k R Holder EHEEAKEZ R T

3 1. Necas-Neustupa[6] 1 (z,,t,) DERIRIZRDHDEMEL LTKREZERTL. 5
p>0,r>0BHFELT

ue L* (g = 12/t L(B, (@) \ Bep(@0))) , 2/a+3/8=1,3<B<9,

p_ € L® (ty — 2/ p%, tg; L™ (B (z0))), 2/s+3/r=2,3/2<1<9/2
0 ®

72 (zo,t0) RERIRTHS. BL, &(t) := VT — 1 (t < to), p_(z) := min{0,p(z)} &
T3, 2, B (z,ty) PEHET p OFERSY p- 377X (2.3) KRLTWT, TO/MA
OHBEBICBNT uBZ7 X (1.2) KBLTWA LN LRHETHS. RADEHRTIE, Z
D u T BRGEBRTLERRVI LICER SV,
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3

#18 3.1. (Caffarelli-Kohn-Nirenberg(3])
(i) HDEE o > 0 BF7E L T, suitable weak solution (u,p) 3

1
limsup — // |Vu|? dzdt < &
5-0 0 Qj (xo,to)

BT 72061, (zo,to) XIERIRTH B,

BL, Q3(zo,to) = {(z,t);lx — 20| < 8,80 — 262 <t <to+ 0%} LT 3.

(ii) suitable weak solution (u,p) DHRREE S(u) 2t LT, HY(S(u)) = 0.
fB.L, H! 131 KT Hausdorf HIETH 5.

A8 3.2. (F.H.Lin[5]) % E¥ o > 0 HB{E7E L T suitable weak solution (u,p) %

. 1
111;1sup 2 // (lul® + [p|*/?) dzdt < o
—0 Q&(m(),to)

EETROE, (o, to) IEERIA ThB.
BL, Qs(zo, to) = {(z,t);|z —zo] <8 tg— 2 <t <ty} &T 5.

Leray 3R OBRREGICEAL T, BEEBRLTNIHEREZH NS,

M 3.3. (Leray[4)) Q 2R O1REREHOFRELE T 5. v 28 QA% (0,T) LOBKET
HY,BTRNX—FEX (2.2) 27T 5ITKRBEY L.

(O’ T) = U (G"Yab’Y) UG

~yerl’

TIZT, T BIR4AIHESR, (ay,by) BREWIRDLLEW, u it Q x (ay,b,) EIBDD,
HYG) = 0 TH5B. {(ay,by)}rer RERIADERT, G RBRRDELSTHS. ¥
iZ, G IBAEATHB.

Ltk B 5720 BRY (u,p) % suitable weak solution T ¥ = RN ¥ —FRERX L1
LTWseL9%.Q2Q =D x(d,V) L23Q 21 BVEETHLME33ICLY
(@,0) = Uyer(al, () UG EREND. ZZ TG CG ThB. Utk (z0,t0) € Q' 2HE
KT, 55 yeT IZHLTty=b, BRYVILoTWNB LT 3.

WIZ, MR 3.1(11) 1T L D (g, 2y) KHL S(u) ERDOLRVEIRERSD Z LN TE 3B,

Al 3.4. (Neustupa-Penel(7)) W&~ F 7> 0,0 < e < &3 BEET 5.
i) O0<7<by—a,=to—a,,

(i)  Be,(xo) X [to — T, t0] C @',

(i) {(Beal@o) \ Bey(20))  lto — 7,t0] } N S(w) =,

(iv) Vkue L™ ( (m \ B., (a:o)) x [to — T, to]) Vk €N,

(v) Vkou,V*p e Lo(tg — 7,t0; L°(Be, \ B:,)) VkeN,1<Va<2.
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ZZ T, cut-off Bi¥k n 2MHDEN B, \ B, KE2LXEETND LIRS, —KIT,
div (nu) = 0 & 1372 b 724 %% Bogovski D EHE (Borchers-Sohr[2)) iIC £ ¥ divU =Vp-u &
RAHEUBBETS. o Cw=nqu-U &8 L, divw=0 i3,

ZZT(N-S) KDL I ICEBEET.

%—f—Aw+w-Vw+V(np)=f in R3 x (¢ — 7,10)
(N-8)' 4 divw =0 in R3 x (tg — 7,t0)

w!t=t0_7- = ’l]u(to — T) - U(to - T) in R3

BL,f=-8U-U-V(nu)—(nu) - VU +U - VU + (nu - Vn)u
—n(l=n)u-Vu—2Vn-Vu—uln+ AU + pVn.

Bogovski DEE L 5 DEVCHIZL D supp f(t) C (B, \ Be,) THY

VEf e L%(to — 7, t0; L°(B:, \ Bs,))

3. i, witu LRICERMEEZFE>TWS.
(N-S) % R® TEXTWABDT (1.5) DRAIFESR Y Lo L P TE 5. 22 CUETE
FIERIZ, (N-S) IZ div 22L& A(np) = —div (w-Vw — f) &5, Zhid

np = (—=A) " Mdiv (w- Vw — f)
3 3
= D RiBjwiw; =) (-A)?Rif  nR®
i,j=1 i=1

LiRITD. P6- T, Riesz B#D L1 itk L Hardy-Littlewood-Sobolev D RERIZ L

(3.1) ”TIP“L«:(Rs) <C ||w]{%2q(R3) +C “f”[,r(w) , l/g=1/r—1/3,3/2<qg< o0

4 TEEORAOHE

O<o<T &RBoE—OBMYVEETS. te(tog—T,to—0) WY (N-S) DELAIZ w]w]|
DT TR LS TSH. ZOR, fil3312XY w(t) € CPR?) THEhHLTTITS
BIIEREF>TWVD. £, w=w(,t) L&EL.

2
L2(R3)

d 3 2 3/2
@y Gl + [ eliVelde+ Vil

gC'/ f-wlw|dz +c/ np||w|/2|VIw|*/?| dz.
R3 R3

(a) 3/2 <71 <9/4 DK,
(4.1) DARAFE X

I/ f-wlw|dz
R3

< C||w||iw(32\§1)“f“LO_O(Bz\B_x)‘ ’

/ [ rwl|w|dz
B2\B;
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LEMmEND.
(4.1) D40 i Holder DT, Young DRER & (3.1) i0k Y,

1/2
/Rg Inpllw|*?|V |w*2|dz < ||npl| Lo/ags) ”w”L/9(]R3) V}wl*2 L2(R?)
4/3
= 85 3/2
<C ”np“Lr(R3) ”"lp”L9/2(R3) Vlw| L2(]R3)
4/3
2 1 2 3/2
< C’||p||2r(2p) (=A) div w - V'w“zgfz(ka) Viwl* J.
4/3
" - L 3/2
+ClIPIET, [[(-A)div f||zg,2(R3) Viwl )| g
29 4r 3/2
o9—2r 2:,- 9 2r
< C|lpl|Lr(D “ ‘Vl | Lz(Ra)
2r 3/2 1
+ClplZET, +cuf||/9/5w) + g o] .
525 32| 57
< o '
= C“p“[,r(D) ‘VI | LZ(RS)
2r 3/2
+C||p||zr(13) +C||f”L<3/5 D) HV|w|3/2 L?(R3)
123 3/2
<C IIpllLr(D) +3 “Vl | L2(R3)
525 3/2
+Cllpll 7y + C I osspy + 3 HV' . L2(RY)

E->T, REES.

d

Gl + [ lollVoldo + i,
= 3/2

< C 1l o35 1012 + C RIS, +C £ty -

W% (tg —T,tg —0) LT D&

to—0o
futto =Ny + [ [ wulvuitdeds+ [
to—7 JR3 to—T7

b _2r
< lwtto = Dliae + C [ 9l 35y e
a

'V' ‘3/2
L2(R3)

to
2 3/2
+ OWl e rponmy | W lieqonimny e+ C / 1122y

&35, ZOROEDIMRE (2.3) LV EFREICRY, 0 KEKELTHWRVWOT ¢ — 0
LT DL Vw? € LAty — 7,t0; LA(R®)) %278 %. Sobolev DEDIAHLEHIZLY w €
L3(tg — 7,t0; L°(R3)) £ 723, n DERITLY

u < L3(to — 7, %0; Lg(B3))

8 52 / / [uPdedt < im ullza g2 to;10 (B @) = O
Qs(zo,t0)

3/2
i 5 / / pI**dzdt < Jim ClIpIy, 2,051 (By(ao) = ©
Qs(zo,to) e
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ChHBEND, BEI212L Y (z0,t0) IFERA ThB, #-T, uid D x (V) KHEAE
B2,

EiZ, D x (a,b) THRHRBEZLERNWI LBDNS. EBR, D x (a,b) DR (xg,t) I3
LTEDEEEH, Ao D x (a,b) CEIEENS D' x (d,V) £L BT LBMED. 2=
T, AR DOHERETITE (zg,t) VERRTHZZ &85, Serrin ONMIEAIMEEE
Blizk Y DizEENB a7 MERLTHOLMTRD. £72,9/4<r <3 DHE LRk
Thb. |

SEXR

(1] Berselli, L.C, Galdi, G.P., Regularity criteria involving the pressure for the weak
solutions to the Navier-Stokes equations. Proc. American Math. Soc. 130, 3585-3595
(2002)

[2] Borchers, W., Sohr, H., On the equations rot v =g and div a = f with zero boundary
conditions. Hokkaido Math. J. 19, 67-87 (1990) |

[3] Caffarelli, L., Kohn, R., Nirenberg, L., Partial regularity of suitable weak solutions of
the Navier-Stokes equations. Comm. Pure Appl. Math. 35, 771-831 (1982)

[4] Leray, J., Sur le mouvement d’un liquide visqueuz emplissant l’espace. Acta Math.
63, 193-248 (1934).

[5] Lin, F.H., A new proof of the Caffarelli-Kohn-Nirenberg theorem. Comm. Pure Appl.
Math. 51, 241-257 (1998)

[6] Necss, J., Neustupa, J., New condition for local regularity of a suitable weak solution
to the Navier-Stokes equation. J. Math. Fluid Mech. 4, 237-256 (2002)

[7] Neustupa, J., Penel, P., Anisotropic and geometric criteria for interior regularity of
weak solutions to the 3D Navier-Stokes equations. Adv. Math. Fluid Mech., 237-265,
Birkhauser, Basel, 2001

[8] Serrin, J., On the interior regularity of weak solutions of the Navier-Stokes equations.
Arch. Rational Mech. Anal. 9, 187-195 (1962)

[9] Serrin, J., The initial value problem for the Navier-Stokes equations. Nonlinear

Problems, R. E. Langer ed., Madison: University of Wisconsin Press, 69-98 (1963).

[10] Sohr, H., Zur regularititstheorie der instantiondren Gleichungen von Navier-Stokes.
Math. Z. 184, 359-375 (1983)

[11] Takahashi, S., On interior regularity criteria for weak solutions of the Navier-Stokes
equations. Manuscripta Math. 69, 237-254 (1990)

105




ZMREET 1 REKT SOMBICHT S
FTIT4L - R =Y RABRADTRRE

BHEWHL (OKIHIRO SAWADA) , B XK#T

ABSTRACT. The local-in-time mild solutions to the Navier-Stokes equations with the initial
velocity Up of the form Up(x) = —Mz + uo(z) is constructed, where M is an n x n constant
matrix with trM = 0 and wo € L5(R"). Key method is to establish Ornstein-Uhlenbeck
semigroup and studying its property, for example, to establish the LP — L9 estimates. The
solution is smooth in z, but no differentiable in t. Moreover, if ||e!™]| < 1 for all ¢ > 0, then
this mild solution is even analytic in z.

This paper is essentially based on the results in [10] with Matthias Hieber (in Technische
Universitdt Darmstadt, Germany).

1. INTRODUCTION.

We consider the Navier-Stokes equations in the whole space R (n > 2):
UG- AU+ (U, VY U+VP=0, V-U=0 in R® x (0,7,
U|t=0 =Up with V-Uy=0 in R™.
Here, U = (U'(z,1t),...,U™(z,t)) and P(z,t) denote unknown velocity and unknown pressure of
the viscous fluid at z € R" and ¢t > 0; Up = (U} (), ...,U§(x)) is given initial velocity.
Our purpose of this paper is to construct the mild solution of (NS), when the initial velocity
may grow linearly at space infinity. So, we select the initial velocity is of the form

(1.1) Uo(z) = —Mz + up(z), z€R",

(NS)

where M is a real valued n x n constant matrix with tr M = 0, and uo € LE(R"). Here, we
denote LP(R™) by the usual Lebesgue space, and LE(R™) by its solenoidal subspace; Hy(R™) :=
(I — A)~#/2LP(R™) stands for Sobolov space, and H*(R") := H3(R") for simplicity. Throughout
of this paper we do not distinguish the vector valued functions and scalar as well as function
spaces. Also, we sometimes omit (R™) as L? := LP(R™), if no confusion occurs likely.

On the other hand, we consider the substitution

u:=U-U and P:=P-DP,

where U := —Mgz, P := (llz,z), 1 := 5((M*¥™)2 + (M**¥™)?) and M*¥™ := }(M + MT) and
Mev™ .= L(M — MT). Here MT denotes the transposed matrix of M. At that time we notice
that the pair (U, P) satisfies (NS) in classical sense if and only if (u, P) solves

ug — Au+ (u, V)u — (Mz,V)u — Mu+ VP =0,

(NS2) V-u=0 in R™x (0,T),
U|t=0 = Ug in R”,

The author is a JSPS Research Fellow.
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Laok at that (U, P) is a solution of not only (NS) but also the stationary Euler equations; this
fact was firstly shown by Majda in [16]. Then (u, P) can be regarded as a perturbation between
the solution to (NS) and Majda’s stationary solution. One of our motivations is to observe the
stability and uniqueness of Majda’s solution.

A typical example of M is M = R+ J, where

0 —a 0 b0 0
R=]la 0 O and J= 0 -b 0
0 0 0 0 0 2

for a,b € R. Note that R corresponds to pure rotation, and describes the Coriolis force.  As
we mentioned before, in the case of M = R, the problem (NS2) was investigated by Hishida
(11, 12, 13] and by Babin, Mahalov and Nicolaenko [1, 2]. Indeed, Hishida considered (NS2) with
M = R in an exterior domain  C R® and constructed a local-in-time mild solution, when the
initial data ug belongs to H*(f2) for s > 1/2. Babin, Mahalov and Nicolaenko also showed that
(NS) with Up(z) = — Rz + up(z) has a unique classical solution, provided that ug is m L2(R™)
or up is a smooth periodic function. In [19], the author of this paper proved the existence of a
unique classical solution, still for M = R, provided that uy belongs to the Besov space 1'320,1.
Note that 1'320,1 C L, and contains some almost periodic functions. In addition, the advantage
of using Bgo,l is the boundedness of the Riesz transform in Bgo‘l. The definitions and properties
of the homogeneous Besov spaces are found in e.g. [21]. In particular, Bgo,l is investigdted in
[19, 20], more precise. ‘

On the other hand, according to Majda in [16], M = J illustrates the jet flows of the fluid. In
fact, Jz corresponds to the drain along to x, and z.-axises and to the outgoing to infinity along
to z3-axis. Giga and Kambe [6] also investigated the axisymmetric irrotational flow and studied
the stability of the vortex, when the velocity field of the fluid U is expressed as U=Jc+V,
where V is a two-dimensional velocity field V = (V1,V2,0).

In the back groud of this works, the author consideres the following problem:

What is the boarder case between the well-posed and ill-posed of (NS)?

Here the (time-local) well-posed means that one can construct a local-in-time unique classical
solution to (NS) with value continious up to initial time. The author guesses that the boarder is
just when the initial velocity grows linear order at space infinity. To consider the 1-dimensional
Burgers equaiton U; ~ Uz +UU; = 0, U(0) = Uy, which seems to be a model case of 1-dimensional
Navier-Stokes. equation, we know the answer: let |Up(z)| ~ |z|* as = - 00, '

(1) if s <1, then time—global well—posed,

(2) if s =1, then time—local well —posed,

(3) if s> 1, then ill—posed for any time.
Using the Cole-Hopf transform, we apply the classical results by Tychonoff [22] to know above.
On the multi-dimensional Burgers-like equation, similar results were also obtained by Giga and

Yamada [9, 23]. Maybe, the structure of Burgers equation is far form that of Navier-Stokes, but
the author still believes to obtain similar results on (NS).
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This paper is organized as follows. In section 2 we shall state the main results on this paper,
and refer to related results. In section 3 we prepare the tools. In particular, we establish several
estimates for the semigroup.

2. MAIN RESULTS.
Before mentioning the main results on this paper, we now define the operator A by
Au:= —-Au— (Mz,V)u+ Mu

in LE(R™) for p € [1,00] with domain D(A) := {u € H2 N L%;(Mz,V)u € LP}. We may prove
that —A generates a Co-semigroup e 4 on L2 for p € [1,00); see e.g. [17, 18]. Remark that the

semigroup e~*4 is not analytic, see [11]. Applying the projection P to (NS2), formally, we have
the abstract equation:
(ABS) us + Au+ P(u, V)u — 2PMu =0, u(0) = ug.

We now deal with the whole space problem, the projection PP can be written explicitly by P :=
(0i5+RiR;)1<i,j<n, Where d;; denotes the Kronecker’s delta, and R; is the Riesz transform defined
by R; := 8;(—A)~'/2. Note that A and P commute, since V - Au = 0 if V- u = 0. Then, it is
straightforward to get the integral equation:
t t

(INT) u(t) = ety —'/ e (=) APy(s) . Vu(s)ds + 2/ e~ ¢~ IAPMu(s)ds

0 0
for t € (0,T) with u(0) = wuo, integrating (ABS) in time. For T' > 0 we call a function u €
C([0,T); LE(R™)) a mild solution, if u satisfies (INT). We are now in position to state the local-
in-time existence and uniqueness results for mild solutions in L? spaces.

2.1. Theorem. Letn > 2, p € [n,00) and g € [p,00]. Let M be a real valued n x n constant
matriz with tr M = 0, and assume that up € LE(R™). Then there ezist To > 0 and a unique mild
solution u such that

(2.1) t3G~9u e C((0, v); LLR™),
(2.2) t3G-D+ivy e C([0, Tp); LI(R™)).

2.2. Remark. (i) The functions defined in (2.1) and (2.2) are continuous in t up to initial time,
moreover, they vanish at t = 0 provided q # p in (2.1).

(ii) The case p = oo. It seems to be di cult to obtain the solvability in L™ or BUC. This
di culty comes form unboundedness of the Riesz transform onto L. Therefore, if we choose the
initial data ug in Bgo,l, we can show the local existence of mild solution in C([0,Tp); Bgo,l).

In order to prove Theorem 2.1 we derive the benefit estimates (for example, L? — L7 estimates)
for the semigroup e~*4 as well as heat semigroup. Nevertheless the semigroup e—t4 is not analytic,
thanks to the explicit formula of the semigroup, we can derive them by direct calculations of the
kernel; see Lemma 3.2. To construct the mild solution we use a standard iteration scheme. We
mimic the proof of [15] directly, so we shall skip the details in this paper.

From similar argument of the proof of Theorem 2.1 we are able to derive uniform bounds for

V*u(t) for any k € N, if t < T} for some T ~ k~*. This implies evidently that u(t) € C°(R")
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as long as mild solution exists. Conversely, we cannot control the time-differentiation of u, even
if the initial data belongs to D(A), in general. Because, it cannot be expected that the solution
is in D(A).

The estimates for the semigroup show that the linear term of (INT) grows at ¢ — oo exponen-
tially, in general. Furthermore, the linear remainders, which is the last term of (INT), prevents
Kato’s argument in [15] (time-global well-posedness for small data). Hence, it seems to be difficult
to obtain results on global existence of mild solutions, even if we solve it in scaling invariant space
(e.g. L™(R™)).

In 2-dimensional case, we can apply the maximum principle for the vorticity, at least when
M =0, see e.g. [4]. Once we obtain the uniform bound for vorticity, we can get global solution,
see [7]. However, in our situation we need some new idea. Indeed, taking rot into (NS2), for
general M we have the vorticity equation on the scalar function w := rot u:

(VOR) wi — Aw — (Mz,V)w + tr Mw + (4, V)w =0

with w(0) = wp := rotug; under our assumption we suppose tr M = 0. At least we may not
apply the maximum principle for (VOR) directly, so it is not known how to get the estimate like
lw®)|lq < llwollq for ¢t > 0 with some g. In [19, Lemma 3.3] we have the following estimates:

2 t
(®llsg, < Cllollzg, exp{CS [ IV*u(s)lgy ,ds}.
k=0

But this is very far from what we desire, this does not help us.

It is a natural question to consider the exterior domains 2, instead of R". This initial-boundary
value problem leads us to interesting applications such as spin-coating of fluids. This will be
the content of a forthcoming publication; in the future we will prove that —A generates a Co-
_ semigroup on L2(Q) for 1 < p < oo.

We are forced to derive the estimates Tj independent of k under some condition on M. In
fact, if we select M so that ||etM|| < 1 for all t < 0, then we take Tx uniformly in k; involving
the iteration scheme, we can control |V¥u(t)||, for all k, simultaneously. It is easy to verify
that M = R should satisfy ||e!®| = 1. Once we obtain it, the analyticity in z of u(t) can be
shown. Actually, spatial-analyticity is deduced form the following estimates of regularizing rates
for higher order derivatives of u:

2.3. Theorem. Let n > 2, ug € L*(R"). Assume that ||e*M| < 1 for allt > 0. Let u be the
local-in-time mild solution obtained by Theorem 2.1 in the class of

u € C([0, T}; L3(R™)) n C((0, T}; L (R™))
for some r € (n,00] and T > 0. Assume further that there erist positive constants M1, Mz such
that

sup flu®)|n <M;  and sup TG P||u(t)l, < Ma.
0<t<T 0<t<T
Then there ezist constants K1 and K2 (depending only on n, M, r, T, My, M) such that
(2.3) V™ u(t)ly < Ki(Kom)y™t~3-3G-3)

~ for allt € (0,T], q € [n,00] and m € No. Here No := NU {0}.
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It is easy to see that from Theorem 2.3 the mild solution u(t) is spatial-analytic. More precisely,
we get the estimate for size of radius of convergence of Taylor expansion (=: p(t)) from below:

m -1/m
p(t) > limsup (M> > Cvt

m—s oo m!
for t € (0,T]. This estimate comes from Cauchy’s criterion and Stirling’s formula.
To get (2.3) we prove an equivalent estimate

n

”agu(t)”q < Kl(K21a|)|a|—5t—|—%‘l—7(;_E)

for all t € (0,7, q € [n,0] and o € N} with some § € (1/2,1]. Here the constant K; and K,
may depend on 4, but independent of o and t. We differentiate the both hand sides of (INT) and
take L-norm. We notice that e=*4 and V do not commute, in general, we actually obtain that

(2.4) Ve tAf = tMe—tAyy,

(The meaning of the assumption on M is for the uniform bound of shifting the derivatives over
semigroup as well as we like.) We divide the integral fot into two parts as o(l_e)t + f(tl_s)t in
order to distribute the singularity, and apply the Gronwall type inequality (see [8, Lemma 2.4)).
Finally, ¢ is taken small enough such that ¢ ~ 1/|o| with induction on |a| to get (2.3). This is
essentially same strategy in [8], they also prove the analyticity in z for the mild solution in the
case M = 0. In this paper we do not give the proof of Theorem 2.3 precisely, making this paper
short.

The author does not know whether one can still show (2.3), when we relax the assumption
on M, for example, |e*™|| < C, with some C, > 1. In our proof we need C, = 1 to choose the
constants K; and K independently in m. We only obtain the spatial-analyticity, since the time-
analyticity of u does not follow from our method directly. Probably, the mild solution should not
be analytic in time! The author also guesses that this method is not applicable for the boundary
value problem, since we need suitable commutativity between the semigroup and differential.

3. ESTIMATES FOR THE SEMIGROUP e~ %4,

In this section we establish the semigroup theory and research its properties. In the next section
we use these tools for proofs of main theorems.

Let M be an n X n matrix of real valued constants; it is not necessary to impose tr M = 0
troughout this section. We now introduce the operator A by

Au = —Au — (Mz,V)u + Mu,
where u := (uy,...,u,) € LP(R™) for p € [1,00] and A is an n x n matrix operator. Observe that
by simple calculation
V- {—(Mz,V)u+ Mu} =0, provided V-u=0.

We thus define A as the realization of A in LP(R™)

Au = A
(3.1) {D(Ag = {uue HYNLE; (Mg, V)u € LP}.

By standard perturbation theory it follows that
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3.1. Lemma. The operator —A generates a Cop-semigroup on LE(R™) for p € [1,00). The
semiroup {e"*4}i>0 has an explicit formula by

e—tM

(3.2) (e tAu)(z) := (@)% (detQ,) /2

/ w(etMz — y)e~ ¥ @ vv)gy,
R

where Q; := fot esMesM™ gg.

Notice that in the case M = 0 the semigroup e~*4 coincides with the heat semigroup, since
t~1Q, = Id. The proof of Lemma 3.1 was shown by e.g. Metafune and his collaborators (17, 18].
Note that the semigroup e~*4 is not analytic, In fact, if we intend to show that e~*4 is analytic
semigroup, we may construct the counter example by using (M, V) term; see (11]. The operator
—A also generates a semigroup on LP(R™). But, as same as heat semigroup, there is a lack of
strong continuity at ¢ =0 in L*°.

We now turn to L? — L? smoothing properties as well as gradient estimates for e~t4. Due to
the non analyticity of e~t4, gradient estimates do not follow from the general theory of analytic
semigroups.

3.2. Lemma. Letn > 1 and 1 < p < g < . Then there exist constants Co > 0 and wo > 0 such
that

(3.3) lewt4sll, < Cot™ 3G et fl,,  t>0,
(3.4) IVe~t4fl, < Cot™e*|flp, >0
Moreover, for p < q and f € LP(R™) we have

(3.5) t3G-|e tAfl, — 0 as t—0,
(3.6) t5||Ve tf|l, — 0 as t—0.

We can prove (3.3) and (3.4) by direct calculations of the kernel of explicit formula and Young’s
inequality. In the proofs of (3.5) and (3.6) we use triangle inequality, (3.3), (3.4) and the density
Cs° C LP for p < co. We skip the proof of Lemma 3.2 in this paper, because one can find it in
[10]. Note also that if M satisfies [e~*M|| < C for all ¢ > 0 with some constant C, we may take
wp = 0. In the special case M = Id, LP — LY estimates for e~*4 were obtained by Gallay and
Wayne (3].

To next we estimate for higher order derivatives of semigroup, i.e., for Vme~tAf which are
very useful to consider smoothing properties of mild solutions. The main difficulty is that the
semigroup e~*4 and tdifferential V do not commute, in general. Nevertheless, we obtain following
estimates similar to those of the heat semigroup.

3.3. Lemma. Let n > 1 and 1 < p < g < 0. Then there exist constants 5’1,6‘2,63 > 0,
w1, wa, w3, ws > 0 (depending only on n, p, ¢ and M) such that

(3.7) [V™me=tAf|ly < Crelortermt=2G=3)|ym g,
fort >0, meN and f € H*(R"), and
(3.8) [V™etAf||, < Ca(Cam)™/2elsteamiy=#5-0=F | f|,

fort >0, m €N and f € LP(R").
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It is evident to get (3.7) by (2.4) m-th times. So, it is clear to see that the assertion (3.7) holds
true with wy = 0, provided that ||e!™|| < 1 for all ¢ > 0. To obtain (3.8), we split e 4 into m +1
parts, and use (2.4) m-th times. Then we have

Vet llg < CO™ (Ve e )me w4 fi],
with some constants C and C. For each terms we apply (3.3) and (3.4), and sum up with them

to show (3.8). In (3.8) the top order of dependence of m is m™/2
that this order is same as that of heat semigroup.

, which is natural in the sense
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3RFTHEREICE T HHAREAERXRD
KigBROHFEE L IEERICONT
LR fafn (RARE KRB T )

norikazu@gm.math.waseda.ac.jp

1. BMEETHER
KROBIFAEFBAROMGIE - EREMELE X 5:

(v, —Av+(v-V)v+Vr+BxculB=0 in £ x(0,00),
B;+curlcurlB+ (v-V)B—(B-V)v=0 in £ x(0,00),

{ dive=0, divB=0 in £ x (0,00), (MHD)
v=0, culBxv=0, v-B=0 on 91 x (0,00),
L v(z,0) =a, B(z,0)=0b in 2

I QMRS A RBEES O C R ICHT DAMBEI, Tttibf) N=R\OTHEZBILD
BiRE L, TOER N IEHHCBRONTHD LT 5; v = (v},0%0%) THEOEES, 7 EAN,
B = (B!, B?, B%) BRp & R TRMBEY v = (v1,1%,0%) i35 F 00 23T B HALAMER; a,b
BENEREES, BREICHLTEX N7 —%. (MHD) iMn¥tk 2 A4 2 IEEMRIEME
A DEB) & BB B 2 2T ATH Y, Navier-Stokes HERR, Maxwell DF 2K, Ohm DR,
MHD EEIC & D MH SN D. HESBERETH D Z LD ERREL L TUIRERSE BR
Fo=0) 2EL,BBICHEL CHERSEICST HEENREREH THHELNEE BIF L
curlBxv =0, v-B=0) %#%7. #LVHEEDNHRIT Landau-Lifschitz (6] %% SH Shic.

(MHD) izt L Cid il 2 B 2ZM0A REROEEGRBBLMREHD 0, B DOBEE L2 E
R oML CRIBEAH S 2 TV 5. L2 TOH X Navier-Stokes HERRFRIZIIT 5 Fujita-Kato (1]
DEER L R RARDTEE 2R T B ILAME I X L TR O 1O RN L E L 25 (RBRIC
Fujita-Kato IRATHGEEC vo € D(AY ") #BLTWE) . EIAMHECHL TREEOMDR
D 1235\ T Kozono [5] I & ) SRR energy decay BT MRS RENTNLDHTHD. zh
¥ ¢ (MHD) (23 L TIIBIROF 5 - FAERMEEZEDT, FiC L2 ZROBEREIT DY FV
MNETH Y, SAERIREICE LT3k EREFRREICH ST

—%, Na.v1er-Stokes FERAFRIH L TiX Giga-Miyakawa (2], Kato [4] L XD YIHEE a A5 LT
(n > 2 1HKIT) OBEKRTHIT/NEVHEICE LRRMIRA A R ST 5. Kato 2y
1T Stokes Y-8 (2ZMOHBIBER L L2E D) OO LP /) V2 EFHETDHZE b
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SN TUV B, 5T Stokes ¥EEIZ AT 5 LP-LI B ORI Kato D FEIZ BT 5 REH RS Th
%. Kato DFfE R, B4 REFRICBVWTREOT e —FRRAAL L. AAMEEICEL TiX
Iwashita [3] I & ¥ Stokes B Xt 5 LP-L9 FAHA T S 1, BRIKIRAEDERT Shiz, &
5 @ Navier-Stokes HRIARITH T 2BEFORROBAN O (MHD) #ZE 4T, M7 —%
23t BRI DR Z AT ERHEK S L HIFFTE 5. EBRIZ 2 BERDOEA X Yoshida-Giga
13| IZ L » THEMIIHBR I TN D,

Kato D#BRA 6 (MHD) & 2 512i%, £ 7 (MHD) OBALBREIZ OV TE X 2L Tk b
V. (MHD) ORFALRIREITZFEEH Stokes HRRXFR & ROERMEBER M T IZB I 2 BBEREHN D
25

B; +curlcuriB=0, divB=0 in £ x(0,00),
crlBxv=0, v-B=0 on 02 x (0,00), (1.1)
B(z,0)=b in
FETEH Stokes HEARITEY L TILBEIZ Iwashita [3], Maremonti-Solonnikov [7] H {2 & ¥ BEIZLE
REEARB LR TS S, EIT (11) KoV THEBEF L L,

FHERE IR~ 5 %2 Helmholtz 7EERBNTSH. 1 <p < oo &T5. ZDL & Banach 25/

LP(£2)3 I3 Helmholtz 53 fi#

PP =IP(R) o GP(R), o: M (1.2)
FHFRTHIETESHONTNS, ZZTHWEERIN B+HSIZBONTHDZ &b

I2(2) ={v e LP(2)}| divo =0in 2, v-v = 0 on 682},
GP(2) ={Vr|me L} (2)}.

loc
LRI OB, P =P, % (1.2) LXHRT 5 LP(02)3 2B LE(2) ~DEiER 55 (Helmholtz 5
®)LT5H PERVWTHRIBERARF A=A M=M, 2RDLIIZEDS:
D(A) = L5(2) n\W2P(2)* n Wy (12)?,
Av = —PAv for v € D(A),
DM) =LE(2)N{B € W2P(22)3| curl B x v = 0 on 802},
MB = curlcurl B for B € D(M).

YERI# A 1L Stokes FAX L /EiTHh 5.

— AL L5(02) TR W THATHIERE {e o0 AT B Z EBHON TS, e —MIZBEL
TH LE(02) IO THATH R (e~ M)y50 B4R T 5 Z L 4% Miyakawa [8], Shibata- Yamaguchi
9] TRENTWS. 72 T Duhamel DFE L Y (MHD) iR OBEH HFBRXR~RE SN 3.

v(t) = e Ha - / e”(t_s)AP[('u(s) -V)v(s) — (B(s) - V)B(s)] ds,
0 (INT)

B(t) = e"Mp — /O e~ M(y(5) . V)B(s) - (B(s) - V)v(s)] ds.
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= =Ty MRS OAR B x curl B = —(B - V)B + V(|B|2/2) V= (BEIZ PIKE~T
M2 B LICEER).

BEY%ERT 351213 (INT) Z2BREELEIC &> TRITIEL . FOHIZRD LP-11 %R
L.

R 1 (e M IZxtT D LP-LI 7).
() 1<p<q<o0,p#oo,q#Al &T5. ZDLE pgllkETIEERCpg > 0BFELT

1

le™* M Fll L) < Cp,qt_%(p ) | flizo), t>0

2 BIHENERD f € LB(2) o3 LTRIT 5.

() 1<p<q<3LTBH. ZDLEpqEETHEER Cpq > 0BHFELT
IVe M flzagay < Cpat 268 B fliaey, £>0

72 B EMESERD f € LH(2) T LTHRALY 5.

Stokes 842 B L T i Iwashita [3], Maremonti-Solonnikov [7] IZ& Y KBHMHN TN S.
TE 2 (e~t41Zxtd B LP-L 5 (3, 7).

(1) 1<p<qg<oo,p#o0,q#1&T5. ZNOLEqritKFTIEERKCpy>0 BFELT

3({1_1

e A S lzaca) < Crat G D Sy, >0
72 B EMMEED f € LB(R) 1t LTRILT B,
(i) 1<p<qg<3&¥d. ZDLEp g EKFTHEERKCpg>0 BEFELT
Ve ™ fliLay < Cp,qt-%(%—%)_%”.f”LP(.Q), t>0
2 AEMERMEED £ € LH(02) Izt LTRILY 5.
wH 1 BLIUER 2 LY ROKEMBOFER L UWEEHICET S EERZED

%8 3. (a,b) € L3(Q) x [3(Q) k¥5. ZDLE, KeHlT e = (2) > 0 BHET 5
(@, b)l|zsay < € 72 B (v(t), B(2) € BO([0,00); L3(2)?) BAFEEL, t — o0 THEHIT

(0(), BE)) o) = ot 37%), 3<p< o0, (1.3)
IV (v(t), B®))l|zs(a) = o(t™3). (1.4)

S 4. BEBFROTEL RTRICZINT— 7 O/ S SELERV. TROLEED (a,b) €
L3(Q)? ikt LT, B RATARI AR R 5 .
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2. EEEAODHEIRE

AETIIERROEHAOBEIZONTHRARS. FEFAOFEMICONTIE(9, 11, 12) BB L T4
LV,

2.1. EHE 1 OIEBADREE

EE1OHAIZOI<t<1DHR L, t > 1 OBRICHITTITY. 0 <t <1 DBAIIMBITRIYRE
OHREEEMAMIC I VB BEICGEAI RS, KENR2OIt>1DHATHS. t > 1 DBAD
EE 1 DEHORIIROBEH= AN T —BRIZEATIERTH 5.

EHE 5 (RFr=RN¥ -8Bl (9, 12]). 1<p<oo &F5. Ro>0% O C Bg,(0) &725¥L
L,R>Ry &95. ZOLEHDHEERCor > 0 BHFELT

le™ M Flwr(onao) < Cort 1 flzege), t21
2 BFHEMSMEZD £ € LE(2) N {f € LP(2)?| supp f C Br(0)} 2%t LTHRILT 5.

EHE 5 L REMICBT 2B Z cut-of DFIEIZ L > THARSDESZ L TER 1 %155,
IO DHEIILEVERETH DB, T TIREFETS. FLIE(1, 12) 28B LT L.

2.2. B I RV —RE TS BA D R
EHE 5 ZR-TAIC(1.1) EXSTH LAy NERE:
{ AMu—-—Au=f in £,

(2.1)
curlu xv=0, v-u=0 on 012

BT D. ZZTAEZ ={z€ C\{0}]||argz| <7 —¢€},0<e<m/2RBNRTA=F FfliZ
BZ6NEN7 PUVETHS. —R (21) & (1.1) BPRGERIZH D L 5 ITiA RV, (2.1) 12
BLTIE, bL felf() R0, 20 uwiZBEMCu e LE(R) L2232 Bbhy, &bz
N7 SN DA Au = Vdivu — curl curl w \IZHEE T (2.1) 23 (1.1) EHSBRICH B L &
N5, (21)CEL, B A\ BHFDEVREICMERARB ACEL TS L) BB S D)
ERNDIENER S 2R TRORL 2D, MEARO N CETIERBIIZZ/» L 0EE % B
WTHRRS D, EFDOBRICRO—EMEICEE T 2 478 Fredholm DR EHRDBENDAEN L 125,

B 6 1<p<oolT5. uecW2P(02)3H

loc

—Au=0 in £,
curlu xv =0, v-u=0 on 042,

DEETH Y, EOIHFEE u(z) = O(z|™Y), Vu(z) = O(|jz|2) AT e T5. 2L & NI
B Tu=0.
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EE 7. HEOERICITERRAE OB D von Wahl (2 K2 Vu DFFHil (10, Theorem 3.2] &
Ans. 0%, FIRICHEEE2ET 5.

2.3. EE 3 OIIADBEE

5y HERR (INT) 2 BUGEEHE CTRL ICIFRBROFME S FAEN TH 5. 2 Mkd s
iz,

Flo(t), B(t)] = /0 e~ (=94P(v(s) - V)v(s) — (B(s) - V)B(s)] ds,
Glv(t), B(t)] = /0 e~ =M [(v(s) - V) B(s) — (B(s) - V)v(s)]ds

& 1< . Holder D%, Helmholtz §#5 P, © LP A4k, EH 1, EH 2 LY K2/ D.
#HHE 8 6c(0,) EAETS. p2>3ITHLT

|Flv(t), B(t)], Glo(t), B(t)]lls/s < C/Ot(t — 8)7%||(v(s), B(s)) 135V (v(s), B(s))|l3 ds,
1F[v(t), B(t)), Glv(t), Bt)lllp < Cp /Ot(t — 5)”F4 5| (u(s), B(5))llayslIV (v(s), B(5))lla ds,
[V (F[v(t), B(t)], Glv(t), B(t))lla < C/Ot(t — 5)7F||(0(s), B(5))ll3/l|V (v(s), B(s)) |3 ds.
Btk o WHERSE (1.3), (1.4) 27T, ZOARICE TN ER (a,b) € L3(2)2 1T LT
lim [[(0(8), B®)ls =0 (22

LB ETRT. ETROBEEZTY.

W 9. (a,b) € CX, ()2 L L, [(a,b)]3 < e T 5. (v(t), B(t)) % (a,b) k5T B FRAR
(INT) DR &5 & & (2.2) BRI 5.

. 7€ (0,1/2) %52 T,pe(3/2,3) & y=-1/2+3/2p 2D LOTLD. ZDLEE
B, EE2XY

I(v(t), B())lls < Ct7||(a, b)llp + C/O (t - 8)73[|(v(s), B(s)) sl V(v(s), B(s))lla ds
<Gt {Il(a, bllp + CB(1/2,1/2 = 7)l(a;b)ls sup s7||(v(s), B(s))||3}

#BHOT, T —F &+ S <KBRYERIE

Sup, s7||(v(s), B(s))ll < Cli(a, b)ll»

LHED. 2h& 0 +IER (a,b) € CX(2)2 1K L (2.2) 2135 =
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KIZHES FRAOMOBEFREKEEL AV (a,b) € L3(2)2 T3 L, (2.2) 2185, (2.2) &%
IZ (1.3) & p # oo DFAIZARZ ). Riesz-Thorin DFMAZEARZ A VX

B w(0), BO)l» < (0(, BO)IS (1), Bt)loo)
< Gyll(a, B)I~*l(w@), BO)IS

285, ZZTl/p=260/3. EOBRRAIZENT (22) 2EETIIL3<p <ooiZHLTYH (1.3)
2R, BBIZ(13) KBTS p=00 DHEL, (14) ZRI DI

1(@(®), BE))lloo + IV (0(2), Bt))ll3 = o(t™7) (2.3)

BRED. TOBICHSHFEAR (INT) %

v(t) = e Ho(t/2) ~ /t P e~ =MP((v(s) - V)v(s) — (B(s) - V) B(s)] ds,

B(t) = e MB(t/2) - /t /: e~ (E=M[(y(s) . V)B(s) — (B(s) - V)v(s)] ds.

LEEET. EH 1 LER2ZAVT
(), B®)lloo + [V (v(2), B))lls < Ct2 || (v(t/2), B(¢/2))l5

-i-C/3 (t = 5)72[|(v(s), B(s)) 6V (v(s), B(s))lla ds

/D WXt >0/ LT

2 (| (w(8), B®)lloo + [V (v(8), BE)3)
< Clw(t/2), Bt/D)la + Cli@,b)ls sup_ sl|(v(s). B&)lo

285, 65T (22) & (13) Tp=6 & LEHGAORKEREAWVT, (2.3) 215%5.
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Vitk - BEFRAOBRSMARERMER(L) DER SN DEL—RGTEROMIE
SRR (RAHTRI)
RED (BEEHTREME CREST)
EEENFBTBUTO200RBEEL D,

Et A OEB BT ORE

—a—‘ / pvdVy = tdS, + / pgdVy (1)
Ot|x Jv. Sa Ve
N et N i e !

RHEH RS LSy
EREORBRIFORE

om 0
B ™ Bl o, P @

EROKXEER L TITL &, LAFD & H 72 Navier-Stokes D725 (LLF N-S X)) RCEREOXE
BHZLENTED, AFETIEIN-S FRARVERORX L ARERIEIC L BEIL L - BT —RAEX
EAGEIZRS HFIERE XD,

FEEMEPED Newton FARIZR 35 N-S DF#EX (ALE F77) RUEKOR (MEMEZRE « ALE £R)

Ov 1 dp 1
p—é?x+pc-(Vm®v)——Vmp+2uVm~D+pg §b?x+§c-(v¢p)+vm-v_o (3)

fE L. ALE i Arbitrary Lagrangian Eulerian OB$TH Y, FiEHEHMLBEORITFIETH S M,
ERICEOZHOOREZFRERETHRILT L, UTOL IR~ M) 7 2AFBRANRGELND,

ALE N-S D5 #RD= kY 7 R 58BN L MEMME ALE @O0~ F ) 7 25BA

M- V+A-V+K, V-G-P=F MF.P+A? . P+GT.-V =0 (4)

2L, RBBE* IIRAEROS BRI EEK %‘ EBRLL-bDETS. X, EEMELRET
X

NWTEGEORDOE—RE, BRAIZE RS, £, SEMBILICAV-ERIILLTO 8-1d L FHTh
56 HEERTHD, T 1 BERIIOZ 8 OOWMFEHANFEAILH Y, EHFHRBEROPRIZE
BEahzboThs,

© Velocity node
© Pressure node

inf-sup condition
FAIL

X 1: ANk 8-1d BF

ZD2o0D< M) 7 AHFENIT, MEOERMERTHRILLI-NI Mo 2EBATHZ LT,
EHICEELDHT1I2O I 7 ZAFBRBATRTLNTE S,

AT OFRER~ FY 7 2 HFER
M;-¢+C;-¢=F; (5)
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TITHETAE~Y NI 7R LT MR, TORY Thsb.

MP AP T
M, = , Cf= ¢ (6)
M -G A+K,
P 0
- , F;= 7
¥ V] f [F] (7)

b, EREhD~ FY 7 2AOHEHRRIILUTORBY THS.

MP M : EH, EECSNCORE~ Y 22
AP A EH, BECOVWTOBK Y 7R

F AL (RESEEEA) ~7 v (8)
K, : Ht#Egk<b) 7R
G : B rY IR

Wiz, BFEELE (Secant method) 2 k- TBIRGL BRI 2D 5, 5 ORIt ORIt + At
* COEHTRIL, UTDL TS,

M7 Ay 10T Apf = ARl _tQf (9)

=L, tMS el i1Bst OB~ FY v 7 XL L, AR 3B ¢ + At TOHAHRY AT
B3, i, tQF Bt TOWRBONHNZ ML THS.

\Qf =M G 40T (10)

R (9) TiX Ap*f & Apf BREBITR-> TS, Tk Newmark-8 BEAVWT—EEK (RHET
it Ap*f IT#E—) ITRL B L, BKEMICUTHAMS REET—RFBRL 2B,

(3 %)(0)-(%)

TORE Ax =b ¢RTILIZT B, —FTHIZN-S FERRX, ZiTHEREORICHIET D, 2, &
FEORIZHEERM L EETIIZ C IIZITHNIC2 5, BT I gradient. B i3 divergence iIZHIET 5, A X
BWIER ERFEET B D ERIZIIENHLHOFEMR (ENEFHELACEAEIRL>TVD) TH
%, L L. Newmark-g % iV 5 LB - MtEBOR - RBIAISHEY 5% b Y 7 2 tCT iz L 85
B, ZOEHEBMRT v ZHR+FINSFHITRE~ MY 72 2 M BXEBIZR 5,

UbhD, BETHOBRNLREBREELITIBRICIIUTORRERE L,

A : symmetric and positive. B : ker(BT) =0 C : symmetric and non-negative (C~0)

., AFFETIIEEERS bk L FROBRZ AV THEBILZ1ToTRY, FFEORXBEHEN S,
R (11) DEST—RFBR LML - DICAFETIHREAE FEM A ILU #iA#Ef+ GMRES i M 288 L
T3, RTLE L IIMREITIICH O LHH B1TFI M 200 REEICE > TR LLTWVTIICE#R
#7255 ETHD, ILU (Incomplete LU) AiLERIZ, RRE2IZLUMEETIHIILY M 2 #KT 5
FETH D,

2B, BEOYHEZEOLELEMT CIIREITIIZ 10 FX 10 FREDKE X THY ., FHEFMTIL 800
FREBRETHD, EL—KRFEREMS FIEIEUTO 2BV OFERH D,

BW7EIT ILU 3BT GMRES i & W 5 REEEZ AW T Z OEN—RFBREBNTWD, ZOHE
72 L EOE 1 B OMITIC R B REORRBS LMD,
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F 1. EEERUCREEOHARE & 4E

Fik FERRE By E35) A FAY >k
E#EE skyline & ENRE | Z<OBBICERCZ 5 HREEM DS
R@E®%E | ILU FTAEST GMRES & | 30 PREE HAREBRBITEN BECLICTFa—©c=C 7RDLE

FEREA Y Va2 FIZMN< L2100 FEHBEOELERTOEFBIZA->TNWD, BEDOHIER L
1 BDORTCHRr AREORBAEIHDLEZOND, MAT, 100 FEREDT —F [I—xD/ Y o
YTHRAEY EXRVEILRWED, 1807k y b CiHELTIDIZEANIIRATEE, 0D
FUELZ AW A Y- RT7 v B0 ELR S,

WHHET D LB B D DIXITHIAEREITHIRMES (LU ATLE L GMRES &) @ 2 & Th 5, 175
AREOUINLIIBEREE Ty b —ZHEI L., FHIERT L ICBEOTIIERZ— FEAWS,
GMRES QW FULIZNT AN, <7 MTFIBOYFIHLICEN SN D, THIEBRS B~ T
EHONRBT—2#ANTE oty CHELZITV., TORBETIELIV., Lo THFHLORE
FILRLBEBIZEN INE LE->THLHRY,

ILU R OWEFULIE T 2t v F I FEERBSRKE L FETA-OT O EWFULERIT S L X
BHETEEEEOERICRYV BNy NU—7 TOEBIZE LV B, KBTI ILU fiAR s R EE
AN HHIET D & S ML E TV, B o+ ERL WHLEER L=, Zhic kv BIEEEKS 72
< RELES T VXTI ARITIRBIMOLSL 2 ER Lz, UBIZZOREEITI, EFEHE
REASREEZUTOL I IZEET S,

X 1.1 (ENHRE8E&H) 2ARFEE QL L, FORMERL O LT3, oLk, £EOESN
HiR Qo € U ITH LT Qq 0BT RTOFESAN O KEENDR LT TQ; HEHHARS S
HERHEZT LI Z izt 5.

X )
~e
>
~e

e
©e

PO P1 PO

X 2: EAMREEEEERTH (£) LEESRVE (B)

TLTET oy PR YT LRI ERLEHBAAEREER-T L5 CHEIL, FHIEETHE
ANCHTREZITRIE (FE2) . ENHRAERERLERVERSERTENREZITY (FHE1) &
DONEMEN RS 2D Z L EFRE, FIXIEUTOL S REENTE,

BH 1.2 (5.7 OBAEORBOFM) £HOEEPENHEOSLMEEH LT LE, T OBFED
R OFMIZR L TIXLA FORAAL Y 320,

1+ 5;
Bi

< ) (12)

Im(}) < i@+&
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ZIZT, LT A LEURITITCH D, ThIFE2ZAVNLEERECEREIMA OIS L&A
T, —Ri. BHFESERFE LETHOL, ¥R 1 OMICA> TONERBEEONRMESE V2 & 2350

L TWVD,

10 1 T v T

8r /

6 ) e
Y R o L

4r / oot

2+ H ‘.

0 k A e e 0 oot e B e e

2t ,;*" TR : § \ . /

4t T 9 "'.‘ P Y /

X . 05 | : P e :

6 % ; ‘ : 1 ) M /

-8 i v . ‘ 1 \ /

-10 n i L i s -1 i . 1 i i L

0 0.5 1 1.5 2 25 3 0 0.5 1 1.5 2 25 3 3.5

3: R 1 2 AVRRTFIOBEES A (£) LFE22AVERRTIIOBFESM (B)

Yo TZOERBIZL D, WHFHLICAWAEESERAEHBRAELMEWH T L O ThIIL2n
BAHICHRTEAEESFAKES L., EERA LT3 AREENIDITTH S,

. FE2VOA—N—F v TE—BROFEEXZFES LT3, FREICRITHHERERK S EHE
MEROKBIIR 4D LS IR TVD, ZOKENLFE2 & 3FAVNEHIRUFIULEERTE

The number of iterations (ILL) Speed up rates ALU)

—+—Mothodi - & - Method? Method¥overlap!) MethodXoverla?) \ rap!)
§ 0
§ 0 -
5 B0
§ 200 &
5 150
g 100
— B0 P

0 &
CPUs o 2 4 6 8 10 12 14 16

M 4: #FEFAVEEBOREEROLE () L&EER EROLE

TWB5E\W2 3, ¥, 570y H BT IELEOHFEGNIIES DL 5245,
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SHBFROt Y arDEiE
AB G (RREEAEET$E)

AR (2004 EE) O TREFBAEFEIT—] X, £58A9RLVI12AETHE
FEA (BEK (FlH) ) CCHEEShELE, 22T, #FOMREERE
(T2 K) OEETRIZESNT, I —0 I3EBFRIOE Y v a v ORIE] kR~
SECEXEY, FOEMECIXERIEC, BFESE X (BX). EBEY K (BX).
AAFKTF K (BRA), REBE K X)), Bk K (LK), E&#_ K (BR
K) D6&DF 2B, 2006 LLIXI0mO—KEEEINE LT,

BT, REREOBRFLEREZEDIETHEWVWEEZEOFENRBBEZERREL X I,
WKL, HEEREMSFERAN BBEM LFHIh32EVEB TIMICELLT S
BELHOILEHESNT, BEOMERRIILL LV, BBELBENDI AT =XL%
ST BREN TV EOBHREN, BLOMEFEFOBME Lol
Lbhh, BECEIIFEZBIRTIIEEERRLOThHo7, ERKIL, 2ZERICET
AIERBIBEBFRRICOVT, BESNEAERERAN CIREIT 2 X 5 REOMR S
BN AN, BRI OEERERICEKSTHERRTHY 2030, HEEZ<BIY AN
Fro— FERAWERR T, BERRET LIRS RB CEAIEE THo, KEK
i%. Liénard f% —#¥{L LB EMO FRROBRORERICE L TH-RHERGL
BEINE, 7l 2 —ERAVWEHERZ. SRV T U MBHBROTH Y FEAS#
FHRLICKEDNIRLTVEHIREZ b o, RIBRILZ., HIERVEEMS HFTRXNOBBE
ROBRICET AHERE LB ST, BIERT —<IIRPROBEFK LEVDS, FERE
FHEEBRAIRRY, BIAOERERZLBRNTE 281X, ZORFLETBMEIC
Lo TIEIKREREY RABTH-T5 ), REBROBRIIVOBERICEN., £EHER
SETCELOEN, AEGLEFEIFT—5 LVTRREREZECE TN, BEARRKIE.
Timoshenko & DBALFIE DRI T 2 WMEIMME A BN Sz, EFIX. Timoshenko
RIZEL T2 DRATH- 7208, EEADOTHNZ TEICAER L THEWBHT T, RE
I T, BRED—BMEN, MRT~OILROFERHELTRIND Y, BES
BLREEERE ChH-o-LES, AR, BEEBEERERICHL O IHERBEWRD S
BANBBRBOGEEICIOWVWTHEIN, Tulx 7 ¥—DHEHLAT U M3, KB
MO L BOBRBEDOBRZFARICHROIT 2D Th o7, BEFEOHE L D&%
BREICEBEBINT-ODDRTWVEE THo o), MARNICERISEIIER Th o7,

SRIZIT. AR OE L LVEBROER T, Hx LVWAMREORBSB IR L
BoEd, BoE), BEPHECENBERMANVTWEDR, ¥ty va v OMEE
2, KR¥ERETREN 34, BLREN3ILE [HFF) EIF—ICHELWHAETHo
onEBRbnET, E, BECRLTEERIHF CTRER~DEFRPELI LH
LTWADIZAHDBEY T, £IWVoRIIEH-> T, BRI T —OREEOESE
(L2t - LITERRENRZOTLE Y, TOBRRFENICRHLTHL S Z R, &
THBEEZESDLVEL OREN —BERICHEL LS LBX2L52TEXL.
EFEIF—IRBELBETOIRELEBZIET,
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HEIVRERFBRICHT SBBMOR/M V2R OBOREMN !
BREXE X2k BIPHEH

MteRB2F
BE ER
1 F
BNRBIEDIRTG A —F ¢ 2 ETRIGILBTRR
ut = e2uzy + flz,u), O0<z<1,t>0,
uz(0,t) = ug(1,8) =0, ¢ >0, (1.1)

u(z,t) = uo(z), 0<z<1
[ZOoWTEZXD, 22T, KE f i

flz,uw) = u(l — u)(u — a(x)) (1.2)

THEZONDZEMAKRRBEETHY, B o HROEGZRE =T C2-ROBEETH S :
(Al) O<a{z)<l, O<z<l1,

(A2) Z:={ze€(0,1);a(z)=1/2}#2 22, d(z) #0(z € %),

(A.3) A:={ze€(0,1);d(z) =0} ITHMESR,

(Ad)  @(0) = a/(1) = 0.

(L) OEIRZBNTe=0L, L=EHRFERITu=0a(z),1 25 3O0OMEE
D.IDI2Hbu=0,1D22OBKETHDI LD, (1.2) TEX ONIERBELNLE
RIF L RS,

(1.1) DEF A

(1.3)

el + f(xr,u) =0, 0<z<]1,
v'(0)=4/(1)=0

i3, FBREHDOEMAE—RMEB UL ERDORE LT, B RREELHT S,
i, BBE L FRITR D ERIMICER /NS ORBINT, 20EBSBIMICET 3B e &%
DR, AN EFHIND DL D BIERE LIRS 2 MOGER L MbLT
WD, ZEIVOEBBERANA I EROMOFTH, BEROBBERLR A 7 NEHEIC
bIWVERSTLICHEEL THASIHRLEZS. ThODBEL CHRAIEBRED
A 7 ERBTEN D BBECA N 7 2 KHI LT, A TiZELEh % multi-layer,
multi-spike, single-layer, single-spike ® & % {ZFE 5.

ABTIE, £, TNOOMOFELWEBRIZOVWTEHRT . 20%, BOREEOTR
EZDOREMDBERIZONVTEET .

LABFRI, PRERSE RRBERE), ILBEEEE (RRAKXE) & OXRAMERICES<.

%e-mail : michio uQakane.waseda. jp
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2 BBECANAYZEZHOROER

(1.3) DIETEBBRB RN 7 O %E u. L T5.
ue D& D RIRENT DREERITT D72 0I21F, u. L a DRRUICTHEBE T2 LEBAEB L. R

E:={z € (0,1); ue(z) = a(z)}

5L, e I ENRGIE, HIEERCBEELT, [ul(6)|>Cle(€€E) LD
TEERTIENTED. Lo T, BEERSANRA 7 OBNIMENL, ZICETHHAD
BN AILE TREAMASITOND.

EXBTAROEFETEBECR NS IPERENDI—FT, £IWVorzmbhblih
BT T, ue(x) BOELIFTLITENETWEL THENE WS ERL £, BBELR A
I DNBEBET DD, EFCHED ERERS.

2 2.1 ([7)). £1,62(6 < &) X EDHIASRE L, ¢ € (61, 6) BT u, BHK L
BB, AL, K% d,, dy &

dl(l‘) =T — fl (III (S I1 = [ﬁ]_,‘C]), dg((v) = €2 - T (:L' € I2 = [C, 62])

LEDD. DL X, di(¢)/e — +oo(e — 0) BolE, +a/h&80e> 0 LT, HAIERE
#C&,Cg,'r‘,R(Cl < Cy, 1T <R) BEELT

Ci exp (—M> <1—u(z) < Coexp (—szsﬁ) (zel) (i=1,2). (2.1)

[
BRI 5.
EH 2.1 12 ¢ € (£, &) B ue DEBRE 5% 5 ATHBPE, u(z) RENEY 1 ITWIE

THEPERLTVARE, I By OBNEELDRTHEIRAEITD, u(r) D0 ~DOH
HOEAWERT, (2.1) LEROFRER

Ci exp (_i;((_)_) < ue(z) < Coexp (—ﬂs(x)) (zel) (i=1,2). (2.2)
MAILT B.
INHDORER (2.1), (2.2) TAWT, BBERLANA JOBRNSNBELZRETE 3. 5,

ATAT, RE

Tt={reX;d(x)>0}, T ={zeX;d(z) <0}

AT :={z € A;a(x)<1/2,a"(x) <0},AT :={z € A; a(z) > 1/2,a"(x) > 0}
REATDHL, BBERCANA 7 OBNSMBIIROERICIIRINS :
TR 2.2 ([7]). (1) BBESBENDGEHIL, T OROEFEIZ, R340 7 BBENADHTL, A
DROFFIROND.
(ii) 0 2% 1 (resp. 1 25 0) ~® multi-layer DHN B FATIL, Tt (resp. ™) DR DEFE
ZROND.
(iii) O (resp. 1) & L& L ¥ 5 & 5 72 multi-spike DENDF AL, AT (resp. A™) DRDE
FROND.
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multi-layer single-layer
fromOtol from 1 to 0

multi-spike

single-spike
based &

on 0

1/2[

AT >+ DD Yo

3 EBEZEOBRORENR

AHITIE, (1.3) D u, T, ER 221K VRBEIND L) REBBLHF OMOEEMIC
DNTHEMT D, £D1=, (1.3) DR u = u. IZBIT HRPCEHHERE

—2u" — fu(z,u)w=dw 0<z<lI, (3.1)
w'(0) = w'(1) = 0.
EZD.
(3.1) X Sturm-Liouville MO BHERIETH Y, RD 2 >OGEBEAN TH B,
@i 3.1 (Sturm DLLEFE). (3.1) iz LT
—0 <A <A< <A <--r o000 ask — oo (3.2)

BRI TEARE (A} BIEEL, & M\ (xS 5 BEAEKE, (0, 1) KB L x5 & (k—1)
BoOELSERD.

@iff 3.2 (Courant DRE). 3.1) DE L EHMEE A\, LT HEE, M\ TR X 5 IHH
DiFEns:
H(w)

Al = 1. o2
weH(0,1)\{0} ||w||%2(0,1)

H(w
A = sup inf —2(—)
V1,1 €L2(0,1) WEX W1, k1] [[W|7 200

[
(v

1
)= [ {#@F - fula, ula)w() s,

X1, 1] = {w € H(0, 1)\ {0}; (w,¥5)12001) =0, (i =1,2,--- ,k—1)}.
ThD.
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—BRIZ, M >0 THDHEE, u IWELETHD. —HT, (32) THEAONLEFED
55, ATH Db DDOEEE Morse 1B & FEW, Z D Morse f§ IO REEMEDE S
ERTHRELRS.

KB CHIEORD, 55 2€ S EF4/AEV6>0CHLTE=EN(z—46,2+06) T
HABPEEEZD. TE, ue DAL 7 2FERNZ L, BE Wy, OFOBBREH T
Tz DFHNEVEFBICENE Z L 2BWKT 5. Z 2 T, multi-layer 127K EOBBE D
LRHEZEBHMONTNDHNDT,

E=EN(z—-06,2+0)={&,&,...,&am-1}, (meN,m>1) (3.3)
ETBHIENTES.

& 3.3 (multi-layer #FOMOREN). (3.3) ZIRETD. ZDL &, u IFRETH
D, u. D MorseFEEIIm A EE RS,

$BA. zeXt DEAEEXD. ZOLE, 2O multi-layer iIX 0225 1 222Xk H72b
DTHD. EBIT, u, OHFTHEAOEENDL, u, DERZ

Q<& <G <& < <fm-1<Gm-1

P TEIOIBREIENTES.
IO, RIEMSLRBEOM {we}, T

H(wg) <0, k=1,2,...,m (3.4)
LRALOOFEEL TR ME 32 oEmEED.
k=1,2,...,miZXLT

ug(z) in (Cok—2, Cak—1)
w = 3.5
) {0 in (0,1) \ (¢2k—2, C2k—-1) (35)

LEHETD. 20X uw BEDD L, FNEFNEBLEEL TWDLOTHRIEMITHS.
UUTF, & w25 (3.4) 2772 L &2RT. (13)DERXE o THAITHILIZLDY,

2w (z) + fu(®, ue())wi = — fo (2, ue(z)) = @' (T)ue(2) (1 — ue(2))

285, Bx(—wy) 25T, (0,1) Lz iz > THEST 5L

Cok—1
H(wy) = —/ a'(z)ue(z)(1 — ue(z))ul(z)dz (3.6)

Ck—2

L5,

UIE(.'II) >0 in (C?k—2a €2k—1)’ k=1,2,...,m
BERIMT D, —H,d IE

al(x) >0 in (C2k—2a C?k—l)’ k=23,...,m-1
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B, Thbb, k=1, k= m ST BEM (Cor (1), (Gmes, Gom1) ETH, o OBE
BT LHELIIBROLARN. BLINLORBTY, d(z) > 02561, (3.6) bbbz
FERARTET 5.

£ 2T, (o, (1) R (Com—2, Com—1) ICBWT o ODHFEVREILT HHE, i (€0, 1) B
Tad DHESHEMTEELEE, w B (34) EWTILERED. £D7=HI

¢ <y :=max{z < z; d'(y*) =0}

ERETS. EN(Y*+8,20—0) =0 RDT, & —y* > LRDILIZEETH L, (2.2)
"o, HEEKC, iz LT

wty) < Conp (<O <y (2) o

N AIVASS

¢
H@@=—4 &/ (2)ue()(1 — ue(a)).(z)dz
* Cl
= —/ a'(z)ue(2)(1 = ue(z))uc(z)dr — / a'(z)ue(z) (1 — ue(z))ug(z)dz
¢o *

Y

=:141I
(3.8)
B[
EP IICONTELS.
0 M [ w1 - wlouie)de (M = max{la(o)] € oy
<M | ue(z)u(a)de = %(ue(y*)2 — u¢(¢0)?)
= 5 (ely™) + (G0 (el") ~ e(G0)) < M(uely”) —ue()) < Mua(y”)
ROT, (3.7) 76 ‘
I = O(exp(—1/g)) (3.9)

21%5. :
RIZNEEBZD. T30S0 >0%BEETH L

G
ws-m [  w@(~w@hi@)ds (m=minfa(@);z €y +7,0)) >0)
y*+n

ue(Cl)
= ——m/ s(1 — s)ds
ue (y*+n)

ER%.ZZT, B8N0, D K> 0220 T

us((l)
/ s(1-s)ds>K
ue(y*+n)
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MBERIMT D, Lo T

I < —mK (3.10)
%185,
Bk, (3.8), (3.9), (3.10) 55, k=1KX LT (3.4) BREND. k=m OFE S, HE
72 B IEFMRIC LT (3.4) 2 RT 2 LB TE 5. O
BE R
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reaction-diffusion equation, preprint.

131



Sign changing multi-bump solutions for some singular perturbation problem
PRS-, B Fik ELfil KB TR 5ot

1.Introduction
ROFEREABARFRAOBOFEL ZEHEICOWVWTEZ B,

) —Au+ (MVa(z) + u = [uff'u in RY,
*k

A u € HY(RM)
IZTpitl<p<oo(N=12,1<p< T2 (N >3 2w+ L,
a(z) € C(RYN,R) TR D% (A1)-(A2) W7 THEEET5, MFFA—F—ThHy,
FARERZRNIHTD (%)) DBOFEE Ao 00 DEED (%)), DEOEHZERT S,

(A1) a(z) >0 in RN 22 sup,egw a(z) < 0o, liminf|g_, a(z) > 0
(A2) BODRER 00 2 b HRIESE Q C RY BEELT. alz) B0 L5510
BRYEFIROEIILE TS, Q={zcRM|a(z)=0}

ABKREL 2D EHTRT v x Na(z) + 113 Q OATIIEBRKICREBEL TV 2L
WCERT S, 20T END, (%)) D ur(z) 1T A — co @& EFRD Dirichlet IS

—Au+u=|u 'y inQ, u € H} (D)

DREZINR LTV Z &N TFHEN D, EB, Bartsch-Pankov-Wang [BPW] iZ &k > T
ZHIEIEME supy, [qn [Vual? + (Va(z) + Dudde < co DTFTRERTNDS, £HIOD
L) RBOBDEE., ZFEHLHE LTS, (c.f]BPW,BW))

LUTTIR, QB2 0BRSS ELDLEE, DFY
(A3) Q= UQy, 2N =0
DEEEEZD, & (i =1,2) TO Dirichlet FIE

(xx)gq, —Au+u=[ufftu in u € Hy(S)

A7 < L L EE O minimax EHFIZELVFEET I BN TVS, 22Tk
(¥)x DIEMEMOBERE, £7- )X — oo DL EMBRE LTHNLD (++)q,, (¥*)q, PEED pair
IZHOWNWTERLT,

2. fEF
ETEEROFEC SV TRERL,
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FE 1 N >3 &L, (A)-(A3) 2EET S, 20L2h5 p € (1, N22) st
LTHEEp B p € (po, N12) EMiTLEFARERANEALT (¥)) 3P 2< LD
cat(;) + cat(:) + cat(Q; x Qo) BOEM[EEE LD,

= Z T cat(Q) &i% Lusternik Schnirelman @ category & PRI, RTERIND,

cat(Q2) = 1nf{k€N’ UA & A CQ!iQV‘]'ClA'ih_IfﬂS}

=1

Wi TEAEAR & TR D TR AT .
_ l 2 2 _ 1 p+1 . 1 .
h@_zkwm+mm ﬂij|¢pmmwﬁR

% (%%)q, KAIET DN L T2, Ig,(u) 1% LT Symmetric Mountain Pass The-
orem (2B L 7= minimax 1 b2 = inf er, maxzep, I, (v(z)) 2F 2 X, Thid
b2 — oo BT Ig,(u) PEBREL 2> T 2%, Ig,(u) 2B L Tk Mountain Pass
Theorem (2 & - TH X 55 minimax & cjp EERT D, WBRILT Do

EE 2. (Al)-(A3) #{EET B, EEO ke NIZHLT, 5 (x)) P ux(z) (A>1)
BEELTA > oo DEEXRMVEILT D,

(1) Wa(up) = chrp + b2 (n — 00) 72751 Wy (u) 1 (%)a AT 2 PLBEEL

(ii) Ap — 00 RBWAFIZBE L uy, 1T HI(RY) KBWTREL, £OWER u(z) iE
ulRN\(@,uR) = 0 EHT L, EHIC ulg,(2) 1E (xx)o, PETH Y ulg,(x) > 025
ARX3L,

(i) & 5IT Ig, (u) BV I, (u) DERED cjp H DV b DEBHITEV THEBEY
2 biE,

Io,(ula,) = chrps  Ina(uln,) = B

i AYAL AN

BE. RLEERE=10%8 (b2 = &;p THY 250 MP MERCHME) X
Ding-Tanaka[DT] iZB W TEBEIN TS,

NeolorxdssithvkoBERRIT 5, KOEETIE Io, (u) KT 5
minimax f& b} % Symmetric Mountain Pass Theorem IZ & ¥ E# ¥ %,

EE3. N=1,7%, ZDLEEED (ki,k2) € NZIZH LT, (%)) P ur(z) (A > 1)
BEELT A — oo DL XRMBRILT B,
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(i) Tx(ur) — b,l61 + biz (n — o0)

(ii)) A > 0o D& X uy 1T H(R) ICBWTIEL, EOHR u(z) iX u|r\(Q,u,) =0 %
Hlc L. EDIT ulg,(z) 1% (xx)g, PDBETHY, G NCBVWTTE L — 1 EOEXR
ZH0,

(i) Io, (ulo,) = b;,, To.(ula,) = b,

3. WK DEF
FHRER (%)) 9 2 ILBEEIE

1

p_}_1|u|”+1 dz: H'(RY) - R

Uy(u) = /RN %(|Vu|2 + (Ma(z) + 1u?) —

THH, FEN (x)) OFIZONEEOBRA L LTHEMTIOND, ZZTIE#ELY
EHEOERIZEKR L., TR 1, TR 2 2FHTIHCHVERBROERDOFIEIZONT
BT 5,

(a) SERMIEA |u|P~lu DI

T CCQ, MNQ =0 2WAETERNELNZREES Q, 2L 9. delPino
Felmer[DF| O HE%E > THEKEBEET D, 0< ¥l <l FL T, KEHET IO A
f(&) e CL{RN,RN) 2 L 3,

£©) = lePe for l¢] < ay,
0 f(€)<; forallcR,
f© =3¢ forlel >0,

EH 1 DREO T Ti

|KP~1¢ ifx e QiU and € >0,
9@ = f(6)  ifze RN\(@N0) and £ >0,

0 if € < 0.
EHE 2 DR|O T TH
€P~1¢ ifz € Q) and € >0,
sz 1O ifeeande<,

et if z € Q)
f(€&)  ifz e RV\(21nQy).
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LBERD LD ICABEKEEET S,

1

&) (u) = 3 /RN IVu)? + (\%a(z) + 1)udz — /RN G(z,u)dz

1
slles - [ G
RN

3
G(z,€) = /0 o(z, 5)ds,

g = [ (V6P + (Pa(o) + D

IDL EPB Ox(u) 1% (PS)-REERT, £/ O)(u) PDERA uy(z) 2
lux(z)] < &1 for z € RV\(Q,UQY)

ZH-L, EE2OREOTFTTIRELIZ

ur(z) >4 for z€Q]

BWIT LT D & up(2) MEERONEE Uy (v) OBRATLSHS = L ichES 5,
(b) HN(Q,) ® HY (%) L OPIE~DER

&) (u) PERAE RS B0ic. HY(RY) LomEE H(Q) @ H(Q,) Lo

B 5,

(u1,up) € HYQ) @ H(Q) 124 L TROB/MEREEE 2 5.

In(ui,ug) = inf ®y(w),

WEAu; ,uqg

(v
(v
2

Ay, ={we Hl(RN); w=u,; on }.

ZOR/MERBEIX A BHFREVE & 72720 L D0 minimizer wy (41, uz) € Ay, u, I
Lo TERIN, ELITROFEREHT,

—Aw + (Ma(z) + Dw = [wfP'w  in RVN\(, N Q5),
w=u; on Y,
w e HY RN\ (2, u)).

LIZBo>TABTaRENE X,

I)\(’U/l,UQ) = q))\(w)\(ula'uQ))
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X HY Q) @ HY() EORBE%REB X3, &5IC Li(u,ug) ik C2-#RiTi2 Y (PS)-%
LT, £72 (u1,u2) € HY(Q)) © HY(Q) 5 In(ur,up) PEBRRATHDHZ L L.
wx(ur,ug) M Op\(u) PERRTHLZLIIFRETHDL I LBDOMD,
(C) 21,)\ @ X LOMB~DER
wiz HY(Q)) © HY(Q) LORMBEEERKIT b—F R 1, & X\ LOMBIZERT 5.
ZZT
Tia = {ve HY(Q); [vllrg, =1} fori=1,2.

E3cn (’Ul,’vz) € 21,)‘ D 22,)‘ LT Jy e 21,)\ D 22,)‘ — (0, OO] PIRTERT B,

Ja(vy,v2) = sup In(sv1,tva).
s,t2>0

ZZTM>0ixLT
[Jx < Mz, so5:, = {(v1,v2) € B1a @ Tz x; Ja(v1,v2) < M}

LB, TOLEEED (v1,v2) € [Ja < Mg, \05,, KHLTARTaRENLE

(s,t) = Ix(sv1,tvs)

—BHREREEZ LD, £h%x (sa(v,v2), ta(v1,v2)) EELS &,

Ia(v1,v2) = I\(sa(v1, v2)v1, ta(v1,v2)v2) : [Jx £ M]s, \e5,, — R

X ClHRTH Y (PS)-RELW=T, F72 (v1,v2) € Ly a @ Tga 5 Ja(v1,v2) PERAR
ThDEE, (sa(v,v2)v1, ta(v1,v2)v2) i In(ur,u) PERATHDZ EBLND, &
BIZ, Ja(vr,ve) PDEERRIZN 500 & Lz &% Q; ETOITINET D &K 572 In(ug, uz)
DR RUTITRE LRV,

S5

[BPW] T.Bartsch,A.Pankov,Z.-Q.Wang :Nonliner Schrodinger equations with steep
potential well. Comm.Contemp.Math.3,549-569(2002)

[BW] T. Bartsch, Z.-Q. Wang :Multiple positive solutions for a nonliner Schrédinger
equations.Z.Angew.Math.Phys.51,366-384(2000)

[DF] M. del Pino and P. Felmer Local mountain passes for semilinear elliptic prob-
lems in unbounded domains, Calc. Var. Partial Differential Equations 4 (1996),
no. 2, 121-137.
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equations.Manuscripta Math.112,109-135(2003)
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— gt Eht- Liénard FEXROEROKBMIHEREEICONT

BRKFRFER MEE LEHEH
A KT

1 FX
’DO—ixb E - Liénard HEENHR
{ r' = h(y) - F(.’L‘),
y = —p(t)gi(z) — q(t)ga()

DBRBH/KIBHWHERE [CAS) THBOD+RE&MHEEELD. 221, '=d/dt &L,
B gi(z) (6 = 1,2), F(z), h(y) it R EO#GEBKTHD. £, BE p(t), ot) 3
ZEH a>0 IR LTRRM [0, 00) ETEBEN, WO TRBEADCEEKTHL LTS,
A biz, FMHMECET S FRAR (B) OBRO—EMERTT 2. FENXR (B) OFMH
[GAS] ThH B LiX

(i) FERR (E) DERIPRBFHICEETHD
(i) TRCOMPERICEES D

SrEDS.
HERAF (E) 38R

(E)

=y — F(z),
{ o=y (z) )
y =—g(x)
BEALTVD, ZOFERFRIT Liénard HREAFR &IN5 ( 2443 van der Pol K
ZE L LIz b e LTHEL THD). Burton [1] X Graef [2] i, B g(z) & F(z)
BENEN
zg(z) >0 and zF(z) >0 if z#0
B LTS L X, FEXR (1) OBMHARRHMLLE Th 2 D DLE+ TR
lim sup {/z g(&€)d¢ + F(:c)} =+o0o and limsup {/w g(§)d¢ — F(x)} = 400
0 0

THHZEERL.
AR THREC, B g(z) (i=1,2) & F(z) 3Tnth
zF(z) >0 if z#0 (Az)
EWmizLTWwWbET5H. ZIZT




EEETD. ¥, FEXR (E) 05 EOYMEHE N SR L R o PIC SRR A
ihhig, BHoNCHERR (BE) OFMIIKBOBELE TiXin. Lizd-7T, ¥
BICR (E) DT X TOEDCEEHENFHERBR ERDD I EBRARBRRETHD. =
TV, HEAR (F) OREd#R L IIEE {(r,y) e R?: h(y) — F(z) =0} D& T
b5, WIZ, BEE h(y) 1X

yh(y) >0 if y#0 (As)
diyh(y) >0 (Ad)

BT ETD. INODOREICKY, B A(y) OFEENRTFEL, Thk i) &
T5. Zolx, FRAR (F) Ofttiiii
y=h"'(F(z))

ERTIENTED. ZITOEERIL, B y=h 1 (F(z)) DERBHPBEEK F(z)
& h(y) DERICL->TRRY, LFTLE R Z2HTIERNVWILTHD. ZZTHEDE
D, 2 ODEE

D* ={(z,y):2>0 and y > "' (F(z))},

D™ = {(z,y):2<0 and y <h ' (F(z))}
EEETD.

FHERXR (FE) OFMED [GAS) THEEDDO+5E&ME 52280, TTHERXR (E)

IZBWT h(y) =y & L7-FEB B2 Liénard HRRX%R

' =y~ F(z),
{ , (P)
y' = —p(t)g:(z) — q(t)ga(z) |
#%%%. Sugie and Amano (3] IZFEHR (P) ODFERED [GAS] THEDD+535%&M
5 Z27-.

Theorem A (Sugie and Amano). §&ff (4)),(4;) ZIRETH. EbHiZ

p(t)<0 for t>a (As)

Jim p(2) >0 (As)

q(t)zga(z) > ¢'(t)Go(z) for t>a and z € R (A7)
0<q(t)<oo for t>a (As)

)

p(t)zgi(z) > ~F*(z) for t>a and z€R (Ag~
MR 6L, FBRRR (P) OFMIIKIEMICHERETHS.

FEB 72 Liénard HRRXZROEROKBRAELLEMHICETIRERID RV, FoHE
HODO—DIZ, BRIFR LT, EERRGAIIEDOYBHEIIHEE I CEERIRI B
THENSEBEFETOND. LT, Theorem A IZKEFRLRBERTHB LWL
5. L’L, Theorem A [ZHBIGR (P) Zx%HE LTHY, FEXR (F) LR\ TiL
h(y) =y LMEISTERVWOTHRETILERSHS.
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2 FEE LA

Holling #I= Ivlev B2 YOEREET N E2EZ D L &, HEAR (P) CREEHRI N
WHBRRIIZ EAHD. ZOTOAFRETIE, Theorem A DR EZRL, BIE h(y)
D h(y) =y PADORHCHBRATEX2HREE525.

Theorem 1. 54 (A)) — (Ag) ZIRETD. F7, FEHXRK (F) OEEDIED A
EIXSHERERDD LIRETSH. EbIC

p(t)zg:(z) > imF% z) for t>a,z€R and y#0 (Ag)
BT 01E, FRXR (B) OFBIKEHIAERLETHD.

Theorem 1 DEFEADMERE HRERR (E) ODEDYAEHESFHEMBR y = A 1(F(z) &
RODIODOLETSFGEE2EZD. RIS, FRRR (B) (REEEREIT &

(2)
h(sin i) sind N F(r (;os 6) “ind — p(t)g1(rcosf) + ! q(t)ga(r cos 6) cosd

9 =—

{ r' = rh(sin6) cos§ — F(r cos6) cos6 — {p(t)g1(r cos 8) + q(t)ga(r cos ) } sin 6,

285, (2(t),y(t) BHRAR (B) OEEOEERALRRE L, 8 (2t),y(t) CHET5
FEAF (2) OE (r(t),0(t) ET5BE, z(t) £0, y(t) £0 THBMRY

0 = -0 (g - YO (@((t)))) oot )>

yt
YOZO) — pwa(tan(ate) )

cos? 6(t)
z2(t)

LB, TIT, &M (A) BED &

o h(®) ( y(t)F(x(t) )
) < — O(t N o(t <0
=@ 00~ ) =) <
FBB. DXIT 0) ERVBRCTHD. TIUIME (2(1),y(t) B LTS (B) OF
DX MEEBENFESORE Y ZEHE ICEERTAZ L E2EFHRLTWAD., LY EREIZE 2L,
BlERIXRD 2D

(a) BADEHY ZEEHE Y ICEREEEGT55HE
(b) E# y= (tanb)z CHLETHHE

ST A ENTES, L, §i%

9(t) \, § as t— oo
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EWMIZTERCTHD. ZOFEZEATIFIRIUTORY TH5. £7, HEXR (E)
DOIEDO¥BHE IR A EZRAEEOARIZPR LW L 2777, KIiZ, Liapunov Bk
ERWT, HBERR (BE) OBERPLETHD I LERT. KEIZ, FERAR (BE) 03T
DRENERRIHET D Z & RO 221253 CEET 5. Case (a) Tid, Liapunov B
RYEE#FETZ1TV, HBRAR (F) OEO¥MHENRRUIZEET 5 Z & %777, Case (b)
TiL, HBRR (B) DEDO¥MEHESTER {(z,9): 2 >0 and tand < y/z < tan(f+¢)}
F 7213888 {(z,y): 2 <0 and tand < y/z < tan(f+¢)} DAEREIEE L2 HFAIC
Ll TV Z & &Y. O

3 MR (BHAREHREXbIFEH)

Z OEITIE, Theorem 1 DFERIZIBWTIRE L7z, FERAFR (E) DEDYAFHIE R
HEHR y = h H(F(z) LRODITEDOFBIZOVWTHRESZS. £7, FEXR (E)
DIEDYFEHES MR y=h 1 (F(z)) ERXDDIHOEBFEEZEL -DIZ, BEIFR

' = h(y) — F(x),
{ =)~ Fl) -
y = —agi(z)

DIEDH-FEYUEDWEEBEEZD. 12120, B a i

p(t)>a for t>a

EWMITETD. ZOXIRER a L, & (4s) & (4As) ORI ENRTE 3.
G (A) & (4y) &9, EEBD (z,y) e DT IR LT

—P)91(z) —g(t)ga(2) . _—agi(z)
h(y) — F(z) ~ h(y) - F(z) ~
L7123, LieddoT, FBRAR (E) L HEXR (B*) ORBLEDCEE dy/dr 2EET5
&, HBKR (BY) OEOHREENHHEMR L ZTDL IR LIE, HFEXR (E) DED¥
RYLE L RMEIR L XD D Z D5, B D ICBVWTH, FERRAR (E) L ER
% (E*) DED¥AEHEDOBRIIFARTH .
Villari [4] % Villari and Zanolin [5] 1%, FBX% (1) KBV T, B g(z) 23

zg(xz) >0 if £ #0 (3)
ZW7- L, B F(z) 28

F(z) > —c>—-oc0 if z>0,
(4)

Flz)<ec<+4oo if z<0

ERDEDREDER c 2RO LIRE L E X, FERRXFR (1) OEDFAREE Rtk ih
BMy=F@2) LRODIDOVLE+DEBEEELZTNS,

Theorem B. % (3),(4) 2#{RETS. T L&, FR DT (F7=ix D) NICHIHA
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2 HOFERR (1) OEOHEGESEMR y = F(z) L RO L T-ODLETREMIT

limsup{G(z) + F(z)} = +o0

T-00

( EJ e iﬁ: limfup{G(x) - F(x)} = +oo>

ThHD. 2L
£95.

Theorem B i FBRXR (1) 23R & LTWE7D, FERAR (B*) KBV Th(y) =y
DHBEATES. LML, FERRR (E) ORMEEBRIIFERR (1) OREiRR & LEs
5 EEEIIBMELRIEIE BT H®D, Theorem B 72T TILENRNENR.

FRAR (E*) OFEEBRITIRANTDLRD 3D

© Jim h(y) = oo (B1)

© 3H>0; limh(y)=H and *w>0; "z>w, F(z)< H (Bs)
y—oo

© ZH>0; limh(y)=H and “w>0, 2" >w; F(z*) > H (Bs)
y—oo

T DG, B F(z) & h(y) B (By) 27 LTWVWAE X, $if DY Ok e
FERE (BY) DEOEMEED Y MPhbELD L, Hif DY RIS E boK
BRR (B*) OEORMYGELLTRIEHR g = i (F(z)) LXb2ZEdbhd. L
ERoT, B F(z) & h(y) B340 (B)) 270 (By) 27 LTW5 L X HRLAT
NIZRLRV. ZORSITROBEREZ NS,

Theorem 2. &M (A;) - (Ay) ZIKETS. ELIIEME (B) £721X (By) 2IRET
5. Zokx, K DY RICHHAEE L OFRBRRATR (BY) OEOXAEBESFHEHR

y = h"\(F(z)) LRbBIDDLE+FYERE

limsup{G(z) + h~*(F(z))} = +o0 (5)

T—0o0

THD.

Theorem 2 OFEBAMMIRE (LEM) HFEELA WD, i

limsup{G;(z) + h™*(F(z))} = +oo

T—00

EREL, HEBRXR (EY) OEOYBEEPFFEER vy = v {(F(z)) LRbHRNI L
AN
(+5tE) & (5) %

(i) Gi(z) >0 as z— o0
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E P
(i) A} F(z)) o0 as z— o0
(253 CREBT 5. Case (i) Tk, FEEDOER k> 01X LT, s

Wiz, y) = / " hn)dn + aGy(z) = k

REHETD. R (A;) & (A) TRV BB Wiz, y) IXBARTHB. FRXR (B) ©
EDHMREEDRY b E W(z,y) DHEBEBATHLZ LEZAWVT, HERXR (E)
DEDEAENE N EHEMBR y = b 1(F(z)) X5 Z L &RT. Case (ii) TiX, FER
% (E*) OEDOHMEHEDEE L b (F(z)) BHFARTHDZ &b, HERXR (B*) O
EOXAEHERBHER y = b (F(2) £XDBZLETT. 0
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Stable transition layers in a balanced bistable
equation with degeneracy

Hiroshi Matsuzawa*
Department of Mathematics, Tokyo Metropolitan University,
Minami-Osawa 1-1, Hachioji-shi, Tokyo 192-0397, Japan

In this article, we state the results in [5]. Consider steady-state solutions
for the following problem:

{ U — €2uge = f(z,u), (z,t) € (0,1) x (0,00),
uz(0,t) = uy(1,t) =0, t € (0,00),

u(z,0) = uo(2), € (0,1),
where ¢ is a positive number and f(z,u) is given by

f(z,u) = —u(u — a(z))(u + a(z)).

Here « : [0,1] — R is a positive C! function and a C? function except for
a finite number of points on [0,1]. Such f(z,u) is a typical example of the
so-called bistable nonlinearity and we note that f(z,u) satisfies that

a(x)
/ f(z,u)du = 0.

—a(z)

In this sense, we call the bistable function f to be balanced.
Since we are interested in the stationary problem, we consider the follow-

ing problem:
P ){ —&2uge = f(z,u) in (0,1),
] ug(0) =ug(1) =0.

It is easily shown that there exist stable solutions ul"”, u{™ for (P.) such

that lim._o ult )( ) = a(z), lim._o ué_)(x) = —a(z) uniformly in z € [0, 1]
(see [7, Proposition 2.2]). The aim of this paper is to find stable solutions .
with transition layers.

*hmatsu@comp.metro-u.ac.jp
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Nakashima (7] has studied the problem (P.) when o is smooth and nonde-
generate, i.e. a” # 0 at each local minimum of o. In this paper we consider
the case that a degenerates on an interval I of positive measure where o
takes its local minimum, that is, o/(z) = 0 on I. Nakashima and Tanaka
[9] also have studied such a degenerate case and obtain solutions with a sin-
gle layer and multi-layers(clustering layers) by using a variational method.
However the stability of these solutions were not discussed. In this paper we
obtain a stable solution with transition layers by a sub-supersolution method
of Brezis and Nirenberg type (see [2]) and precise profile of the solution near
the interval where o degenerates by using a blow up argument inspired by
the arguments in Dancer and Shusen Yan [3].

Now we state precise conditions on «.

Conditions . (C1) « is a positive function on [0, 1] and o € C*[0, 1].

(C2) There exist a finite number of points z1, s, - -, T2, € (0,1) (m > 1)

such that
(1) CM/(.'I?) =0 on Iz = [2}21'..1,.’1,’21'] fOI‘ 7= 1, e, My
(ii) a € C?((zg;, T2i4+1)) foreach i = 0,1,-- -, m, and there exist limits
/ /
wi oy e @(T2im1) — (21 — h)
(2211 —0) = 1}%1 h
- (@oims + h) — o (221
. O\Tg;— — (T
all($2i+0)=1’gf)l 2i—1 - 2
foreachi=1,---,m;

(iii) o(z2i-1 —0) > 0 and o”(z9; +0) >0 fori=1,---,m.

Hereafter we denote o' (1), o’(z) instead of o'(xg;_, —0), o” (xoi+
0).

Remark . The condition (i) of (C2) implies that a(z) = const. on I; and if-
Toi—1 = &y; for i = 1,--+,m, this is the case as in Nakashima [7].

We set L = {x1,x,--- ,Tom} and K = {I;,I5,---,I,}. We choose any
subset K of K. We denote K = {fl,f2,---,fl} with 1 <! < m and [; =
[23;_1, ¥5;] for each i = 1,1 where we use the notation z} = 0, Ty =1
We consider the following two cases:

22 29
(I &= U (%4ir Tgir1), Q2 = U (Thiv2s Thira)
i=0 i=0
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15) 251

(1) & = U (Zhira Thiva), Qo= U (@hi> Thit1)

i=0 i=0
and we set

Q= {z € (0,1)|dist(z, 2%\ {0,1}) > 6}.

First, we construct a solution to (P.) that may have transition layers.

Theorem 1. Assume that (C1) and (C2) hold. Then for sufficiently small
e > 0, there exists a family of stable solutions {uc} of (P.) such that

| — a(z) — u(z)| < 0 in Q‘{,
la(z) — u(z)| < o in s,

where 0 = a(€) = 0:(1), 6 = 6(g) = 0.(1).
Moreover u. is a local minimizer of the functional

1 52
5w = [ Shuf? - Flau)da,
0

where F(z,u) = [} f(z,s)ds.

Next theorem describes the precise profile of u. near the intervals where
a degenerates.

Theorem 2. Consider the case (I). Let u. be the solution of (P.) obtained
in Theorem 1.1. Then u. has exactly one layer in [xh;,_, — 27, b, + 261~7]
for any small 0 < p < 1 and for each i = 1,2,---,1l. That is for any small
n > 0, there exists 9 > 0, such that for any ¢ € (0,¢&0), the followings hold.

(1) Foreachi=1,2,---,1, there exists the unique pair of numbers {tc 14, tc2,:}
such that Th_; — 2617° < t.1; < teg; < Th + 2e'7° and the followings
hold.

(a) Ifi is even number, the followings hold;
U < _ai + non [.Z"%_l - 261_pa tE,l,’i)’
Ue(be,1,4) = —0% + 1),

Ue (t€,2,i) =Q; — n,
Ue > @; — N on (tegi, Th; + 2e177].
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(b) Ifi is odd number, the followings hold;

Us > T — 1) ON [Thy_y — 2617P te 1),
Ue(tei) =@ — 1,

Ue(tes) = —0; + 1),

Ue < —T; + 1 on (b, Th; + 26177).

Here a; = a(l‘gi_l) = O{(IEQi).

(2) Ifi is even number, u, is increasing on (te1;,te2;) and if i is odd number,
u. s decreasing on (t.1;,te0;).

3) 0< Ry < % < Ry, where R and Ry are two constants indepen-
dent of € > 0.

Il a(x)

-
us/E( 177
l xl L 15 Xo |

| — —— |
0 Q L2 Q, 1

"al+n

— ()

Figure 1: The case when L = {z1, 25}, I, = [1, 25|, K = {1} and we choose
K = {5} = {1} and case (I).

Remark . If we take the case (II), the statement (a) of (1) holds if i is
odd number and statement (b) of (1) holds if 7 is even number. And if i is
odd number, u, is increasing on (fc14,t.2;) and if ¢ is even number, u. is
decreasing on (te,1,i, e 2,)-

Remark . Since {t.1,;}o<c<e, and {tc 2 }o<e<e, are bounded sequences, from
the part (3) of Theorem 1.2, we may assume that there exists ¢; € [z);_;, z);]
such that t.14,t.2; — t; as € — 0. But the exact location of ¢; is not yet
known when x4, — z,_; > 0 and this is an open problem.
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Timoshenko % DD B = STl

FR Fik (UK - BOBSRY)
B F— UK - BRI

1. FF
RO X 5 2 EBIES & @ Timoshenko R% %% 5.

(T) { PP — 04(<P:c + w)z = 0;
wtt - %d}zz + O‘(SDZ + ¢) + 7wt =0,
7L, p, a, ¢, YIZEEETHS.

ZOFRARIIPEFENIZIL, Timoshenko beam & MEITH 2R DIES 4 HH
LT3, HBERDOZLRWARD Timoshenko RICDWTOHEE (1], [2] THLL
RSN TWDE LI, BOPLOOLOEMEER ¢ 127818, iz @
HENZXT 28 EHFEOROEN, o IROEESEDOEM RS

{H®HY Timoshenko %% Rivera-Racke [3] IZRB W TEBE N, # HITHRK
MO0<z<L LIZBNT, BREHEE =0, ¥, =0 DB TERX-HEOTIH -
EREMEEEZEL, ROL>REKHIERELTLE.

F%z%W%é,%GI*W¥~M%§%KM§T6ﬁ,%#%@%@d%
BHOBRIEZ Y 2T, MOZINAF— I ZERNNICHETS.]
MmO BHYI, {H#EY Timoshenko R D WIHMERIEA —0co < 7 < 00 TEE
L, §=cf & 24 DHETROBBHEIC LD L S RBVRH 200 %HEHA
THZETHD.

2. IR
pe=u et =v hr=w, =2 L, (T) Z 1BRICEHRT DL,

(z,t) € R x (0, 00).

UV — Uy — w = 0,

pus — avg = 0,
t .
(B)y 7 0 (2,£) € R x (0, 00)
Wi — €2y + av +yw = 0,
Z % Fourier B#1 5 &,
B, — i€ — b = 0,
- puy — o€ = 0,
(E) (&,t) € R x (0,00).

£ — it =0,
W, — C2iE3 + ab + i = 0,

UTF, ZhbD 1 BRIZH L TELNEREER~S. U= (v,u,2w),
U=(i,uzm0) &L, U U O¥HEEENRTN Uy, Uy &7 5.
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Theorem 1. (E) DfR U X t € (0,00) \ZXf L, ROFFMZMIZT.
(e=gnL,

105U () gy < Cet |85 Us |y + C(L + )G+ DUl rwy-
(k=0,1,2,...)
@eAEDEE, 6= |2 —cj| Z8TA-FELT,
105U (1) | 2y < Ce™*!185 U |y + C(1 + )™+ | Ugll 12 gy
+ 8 (1 + )" 2|05 |l my. (K, 1=0,1,2,...)
7270, CLclISITERLBRVWEERTHD.

(2) DR DL, TIEME Uy IR 2 | B OB 2T, RO t-1 OBFEN
BondZEERLTND.
ZOEBOEHTIE, U, ) T 5ROE SFHEA Key Lemma & 725.

Lemma 1. (£,t) € R x (0,00) IZX LT, ROFMEAKY L.
2= neE,
1U(&,1)] < Ce " |Uo(€)!.

2 e#gDLE, d=[2 -G ITHLT,
U (,)| < Ce™m @t |Ty(€)).
727L, CLclIdTERLBRVWEERTHY,

5 5
O =1ra O = TreaTEe)

3. SEEAODBIRE
T = CiX Theorem 1 & Lemma 1 DFEBA DEEE 2B~ 5.

3.1 Lemma 1 OEEEADBLES

Fourier ZREIO =R X —1EIC &Y, VX7 7HEEERTS.
(1) DFERAIE, (2) DIEATHERMNZ §=0 L LIEbDROT, (2) DAERT.
UTF, (B) 0E1R~E4RE2ZThTh (2.1)~(2.4) £ X T.

stepl : HEMRTRIAF—L |0 OFELZRD S.
(2.1)xat+(2.2) xa+(2.3) x 22+ (2.4) x® PRe & LD &,

(alo]® + plaf® + 52> + @) + yld]* =0.  (3.1)

step2 : |al, |3] % [0], @] THETS.
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(2.1) x pi€a — (2.2) x i€0 DRe & & B &,
£(pla* — a|9[?) + Re(i€pitt), — Re(i€pii) =0.  (3.2)
FIRRIZ, (2.4) x €2~ (2.3) xiw DRe® L B L,
E(chl2)” — [W[?) + Re(i€wz); + Re{i€(adz + y0Z)} =0.  (3.3)
(3.2) +(3.3) &FET B &, HEBED ¢, >0 12X L,

&{(p — e))lal* + (c§ — &1)|2[*} + Re{ié (w2 + piit) },
S Ca(1+&(0 + [w*).  (3.4)

step3 : |0| ZFHE T 5.
(2.1)x 0+ (2.4) x5+ {(2.2) x 24 (2.3) x p@i} x (Z/a) DRe & & B &,
2
alb)? — |zb|2+Re(wv+uuz) + v Re(wd) Re{zé(uw+ %0 wa)} = 0.

TNEFHMTDHE, EED e >0IIXFL,

ol + Re( + Z2), < Copap 41— 24
(2 = eIl + Re(@d + 2243), < Colif? +|1 - 22 ¢l o

= Calof” + £41¢ W 6.9
LT, 68 0 ICEWEEDOBREEBDIDIZ0<s<] T 5.

stepd : (3.1)~(3.5) %%ﬂif%bﬁ ) Y7 7B EERESES.
&3>0 ZEEITEY, (3.4)x 62 +(3.5) ZFET D &,

(p— el + (c; — &) 2°} + (@ — €2 — €3C,) 9]

1 + 62Re{z§ W3 + pvu)}

<12 2\ 52,12
—1+§2|u| + C,, (1 4 &%)6%|w|”.

L, >0 3ERIZEND. ZhEBHEHTS L,

< Cley, €9, €3) 0] +

5352 €4\~ 12 2 ~12 o
1+€2{(P—61—g)|ul + (cg — €1)]2] }+(a"€2—630e1)|”|2

2
+ Re(wd + %ﬂ ) + ——Re{if(wz + pvu)}

1 +§2
< Cla, e 65, ca)(1+ 60" (3.6)
BEIZ, >0 ZERICE D, (3.1)+(3.6) x 1+52§2 EHET DL,
E,+F<0
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DHOWHARERXBH/OND. 22,

E = af® + plal® + cj|2I” + |

2 €3€5

+ 1 +5;2£2Re(u75+ %ﬁ?) T 6252)Re{i§(u§§ + pa) },
¢ €1y, - )
F=arenree e il + (@ -l
€5

+ 1—_+T2€2(a — €2 — €3C)|0)? + (7 — esC €1, €2, €3, €4)) | D]*.
¥7-, ThH E Fide,..., 6 22 EBSLEROL I RBHZRZT.
(6) 6 IIKIELRWEER Oy, Cy BEELT, GIUP < E < G|U

(i) 6 WARIELRWEER C; BFELT, Cans(§) EXF.
b DO & Gronwall DARER L Y, R 5 FE
U(&, 1)) < Ce®* |To(€))]
BHELND.
3.2 Theorem 1 DREBADHEEE
(1) DFEBRIL, (2) DEERICEENDDT(2) 2.
Lemma 1 DFEREMD, k=1,2,..., t€ (0,00) IZXfL,

105U (8) |2y = C / £\ (€, )Pt
<C [ gheemor (o).
R

zo, BAESE I <1, 1< [ <1/6, 62 1/6 032140,
FRENORERE L, L, 5 LT5.

L OFf : €] <1DEE, ns(€) > ct? LFETEDDT,

L=C | e |Ug(e)lde

|€1<1
Lol a2
< C |02y / £ et g
[€1<1

< C ||Uolf} sy (1 + 1)+,
LOFEM: 1<|§| <1/ DL E, ns(€) >c LFMETEDDT,

L=C e 1O |Uy(€)Pde

1<|¢j<1/6

< Ce / €% |Un(€) P
1L[¢1<1/8

< Ce™ ||05Uo| Za(my-
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I DR : [€] > 1/6 DEE, ns(€) > c/6°€? LFBTEHDT,

L=C g2 eems©t U, (¢)[2de
[€1>1/6

<C g2 emt/8E |1y (¢)|2dg
|€1>1/6

<C sup (€M) [ @G e)Pag
l€[21/5 €1>1/6
S CE L+ ) 18k Uolemy  1=0,1,2,....
BLEEY, 2 4@ DX, RS
105U () |22y < Ce[|85Usl| 2y + C(1 +8)~F+D ||Up|l 1 gy

+ 8 (1 + )20 Vol 2wy, Kn1=0,1,2,....
BELNT.
4. EHFERME

Lemma 1 D& SGHEN KR THENENEUET B0, (E) OBEEHE
Ai(6) (5 =1,2,3,4) OBERBE%RDB. 7, (B) 2175 TET &,

U, +i€AU + LU = 0.

7=7ZL,
0 -1 0 0 0 00 —1
A= % 0 0 O , I % 00 O
0O 0 0 -1 0 00 O
0 0 —c 0 a 00 p

IOFRDOEEEEXE O\ & T 5L,

B(A) = det(M +i€A + L)
=X+ {(2+ %)52 +alA + %752/\ + %cgg*.

. €] = 0 D& & OEFEOBEHTEH

€l -0 D& &, BHEMENE (=1,2,3,4) 3ROLS TEHLRAINS.

2i(€) = A0 +iexM + (i6)*AP ...
INEBEFBRR @O =0 ITRAL, F AP (k=0,1,2,...) 2RDB L,
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j=1,2 1X LT,

© _ (1) _ @ _ YEV?E—4oc
A =W =0, AP = .

202
oLk,
Re (\”) = Re (i€2") = 0, Re((i€)’A?) = —cg?.
j=3,4TXLT,
NOPE V7Y —4a
7 2 '
DL %,
Re (A§0)) = —c.

UEXY, |¢] =0 D& &DORKEFMEIX

U(&,8)] < Ce™* |Up(€)]
LFREND.
|| = 00 D& E OEBEOWIEREH

€] = 0o D& x| EEME \(E) ( =1,2,3,4) KO LS KHERBEIND.

(€)= i€ + u® + (i)l + ()2l 4
IhEEHEHBER 00) =0 KRAL, & 4P (k=-1,01,...) &kD5 L&,
He=g oL,

j=1,21c% LT,

W _ © _ —YEVY—de

l‘l’] CO’ IJ'_] 4 *
TDEx,

Re (iép)") =0, Re (") = —c.

j=34ZxLT,

W _ o _ YtV —4o

;= —co, 1 .
ThLx,

Re (i€u") = 0, Re (i) = —c.
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UELY, £ - oo D& & DK RFEIX

U(€,1)] < Ce™ |Up(€))|

ETFREND.
=12 LT,

(1) 2
@ a 0 (-1) AL (-2) a™y
L = _-j: -, . = O, 3 = -, 3 —_—— ——
K \/; & & 205-4) " T ey
DL E,
Re (i€pS") = Re (4)) = Re ((i¢) "'u{™") = 0,
ey — C
Re ((i€) 2#; 2)) = —5—2§-
j=3,41ZxLT, y
W) = ke, = -1,
ok x,

Re (i€p”) = 0, Re(u{”) = —c.

UEEXY, |£] = 0o D& EORBFMIX
(€, 1)] < Cem/"¢ Uy ()|

EFREND.
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REBH BN TH S 2 ¥ 2 BBMSHEAXD SMALL SOLUTION (22T
ES $- BRREFRERRESEIFHER M2

1 Introduction
1.1 Half-linear differential equation
2 PSS RFEA Sr TRK
|7 |" 7 +alz" ' =0, n>0, '=d/dt (1.1)

WZDOWTEZRD. 72720, FERK (11) Xt <t <ty TERIN, ¥F {t,} LI {ar}
X
to=0, < tet1, khm ty =00, ax> 0

EMITHDET D, E5REMEFRREIL, zo(t) DML R D201 2o(t) PERME L
bOLRERDOWEZ b OB FRAOZ L2V .

Definition 1.1. 58K (1.1) Df& z(t) &%, XM [0,00) ETC'&TXMA I = U2, (tk-1,tk)
ETidk e THY, I ETHERX (1.1) 2W-3TEETH 5.

Definition 1.2. R [0,00) L TERINDHEX (1.1) DR 24(t) 2% small solution TH
AR A=

tlim Zo(t) =0
EWMITILThD. £z, zo(t) =0 ThD L X, # 10(t) 1 trivial small solution TH 5
AR

AFaTIX, X (1.1) @ small solution IZ 2>\ TE#RT 5.

1.2 About a linear differential equation
FERK (1.1) ZE8WT, n=1 72 & 2MBHMLHFEX
" +alx =0 (1.2)

% TIEL, oy <t <t THD. FEKX (1.2) 1%, KAOEFETNVELTRYSZ
ERENTWS. BlxiE, Bl =10) CE>TObLDOREIBELTZRY FOEBHLE X
b, BAOKRBIL, I(t) LAE o) KX VERTES. ZOEFLIZ
w, 9 . \ ~
© +i(t—)sm<p—0, g ENEK |
THD. LaL, ZOHFBXTREBPM N RO THE L&, REMIHER
g

e =0
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TERTHI LN TES. BEMIIZOL S RRJUL, BELo—FERAVTHESIE LT
HIREEERT. FEX (1.2) 1%, &R I(¢) PREEBETHIHE LFEETH Y small solution
ik, EEBBILELTLEI>RETHS.

L.Hatvani 1%, 53X (1.2) &% L T small solution DFEERIET 5 EB L HE 2 7.

Theorem A. (L.Hatvani [1]). #3% {ax} »°

ar < Qgy1, hm ar = 00
— 00

B0, FEX (1.2) 372 < b 12 non-trivial small solution & 2.

Thorem A @ X 5 {Z small solution DFENRRIEIND Z EIIRKERERZ L THD. Lh
L, REHZ L2 EET D L small solution DEFEEMEDOARO RIS E VFITI-R2W. L
7223 o T, BEMBELZE Z 31X T TOMED small solution THD &V D T & ZRIET B 4%
ERDHD. ZD L) RBEICH LT AEbert BROERZ 5 2 7-.

Theorem B. (A.Elbert [2]). 5 {ax} #%

. . Ak Qp+1 | .
ar < Gg41, lim a = 00, E min {1 — ——; 1= == b sin® (ags1(tess — t)) = 00
k—o0 =1 ki1’ Ok+2

B3R 0L, FEX (1.2) OFTXTOMIT small solution TH 5.

COEEL, LTHLRWERLEZRD. Lo, B {a} D ORKERHTZL%E
B2 LiTE L. BICE 21X, Theorem B DFRMHIL, tyy 1 —tx DED mn/ags, m €N
WIENWSDTHo IR D RWEWS T L HERL TS, Theorem A % 5 % 72 L.Hatvani
& L.Stasho iX, ¥F {t,} 7 v FatkiboL &iz, HEX (1. 2) DIEHR ENL BV DOBE
C small solution IZ72 5 D2 LT-.

Theorem C. (L.Hatvani and L.Stacho [3]). ¥5 {ax} ?°
Ok < Qkt1, klim a = 00

B, 8 {t} 1ZBNT, 4 —tp D [0,1] LO—ROMIZRED 261X, FEX (1.2)
DEEIIFER 1 T small solution TH 5.

2 The result and its proof
FEX (1.1) i L THELNZERIIROEY THS.
Theorem 2.1. 5%/ {a;} #3
ag < Og41, klggo ar = 00
EW2TR0IE, FRA (1.1) 3 &b 1D non-trivial small solution & 0.
Theorem 2.2. 7% {a;} #*

. . Qp41 .
ar < axyq, lim ax = oo, E min {1 — 1 — == bsin? (apgr(teer — tr)) = 00
k=00 =1 +1 | G+2

-3, F8BX (1.1) OFTXTOREE small solution THD.
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Theorem 2.3. #¥5! {a;} %3

ar < Qk+1, lim ay = o0
k—o0

BT L, B {6} BT, te—tey 85 0,1] EO—HRARICH D 2 B1E, HER (1.1)
OFRITIFEZR 1 T small solution ThHD.

CDZoOEEE, FERX (1.2) TRY LOEENFER (11) THRIIOLNIZLE
TELCD. KOBEAZINT 52 LT, LREOZSDEBIBLNS.

Lemma 2.1. 72X (1.1) i3, FBX (1.2) CRER#BRINDS.

Proof . FEXK (1.1) K L TH LWEHK
1

y= _n‘xlln—lx/
ag
PHMATHE, HFERAR
ml - aklyl - (21)
y = —na} "|x|" o

CEEEREAND. EFL, FERAFR (21) 3t <t<t (k=1,2,---) TEEIND, ¥
H t =t BT D yt) DEBRE y(t, —0) £ T5L&

. . 1_
lim 2/(1) =, lim axly(®)|F 'y

— lim { aky"( ) . (y(t) = 0)
t—te—0 | —ay (— y(t))“ ,  (y(t) <0)
_ { axy= (e — 0), 1 (y(t) 2 0)
—ax (—y(te —0)~,  (y(t) <0)
LB, ET-
Jim o/(t) = lim aealy(t )| y()
~ m { aeny=(t), @020
=040 | —appn (—y())",  (y(t) <0)
={ak+1y = (tk), 1 (y(t) = 0)
—ap+1 (—y(te))™ 5 (y(t) < 0)

Thb. FERR (1.1) O z(t) LIIEM [0,00) LTCIRTHLDT, (1) B DR
t(>0) IKHLTERTHD. LizdiaT

vt = (2wt 0) 22)
BE%. TOLHIC, B y(t) XXM [0,00) THERTHLND, FEBAR (2.1) LHHE
# (2.2) DT

o =alylly, ¥ = -ndd"z" 1z

y(tx) = (a‘zl)n y(te — 0) (2.3)
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EEZRTNERLRWV. EL, 4 <t<t (k=1,2,--) THDH. HFBRKXFRK (2.3) icxt

LT, #FLVEZ

L= PR = e el P
dr  n+l SR v

EEATD. RA t=t(r) 13RA T DMK THHDT

B{Tk} s.t tk=t(7'k), To=0, 71 <Ti

LRBIERHDD. X(r) = z(t(r) = z(t), Y(7) = yt(r) = y(t) £BE, =d/dr &F
5

. dt
X=0Z
md'r

1_

= arly|" 'y
_ 2
_n+1

_
-ydT

2—n n—1
= —na x T
k i n+1
2n

= 2T YR X X
b, Lo T, FERXR (2.1) 1X
X = o x|y Ry
n+1
V= - Ty R X X
LEBMmEIND. 727EL, FRAR 24) Ena<Tt<7n (k=1,2,--) TERBIhB. [H#%

B (2.2) % Y(7) TR+ &

0 o'y
n+1*

n+l - -
ot |XIF Y)Y,

n—1 _ _
a7 |z 7y

Vi) =t = () w0 = (2 ¥ -0 (25)

Qg+1 Qk+1

LIB. L, Y(ne—0) B r = 7, TO Y(r) OEERTHS. £oT, FERXE (2.3)
i

. 2 ntl 1—n —n . 2 3—n n— n—
X =——a7 XYY, Y=-—T"07 [Y|F|X*"X,
n+1 n+1 (2 6)
Y(Tk) = (&) Y(Tk — O)
Ak41

EEHBEIND. 2L, e <7< (k=1,2,---) THD. &HiZ, HFEXR (2.6) iIcxtL
TERER ) 2
— n n — N na %
luju = n+1|X| X, lvjv = 1% Y|=Y
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2175, (1) X>0, Y>0mkx, FEARK (24) &

X = 2 o FxyR,
n+1
A e S
n+1
Thd. £, BEREHRIT
Ul = 2n X+l v? = 2n aly 3+
n+1 ’ n+1 "

LB, Lo T

1 1
u = . 2n 2XnT+l, vV = 2n 2a:_;_ly.n2_nl
n+1 n+1

¥BAH, FNEFNEHE ¢+ T T3
u=( 2n )5n+1Xn_;lX
n+1

2
2n %TL-"IXﬂ 2 nft lon ot
n+1

L v
=( 2n )2a?"+1y2—‘$ (_n%:—L ai;—nxn_;dynQ_:'l>

LB, (i) X220, Y<0nkE, HFBRAFR (24) &

Y 2 ntl 1-n ntl
X=_n+lak2 Xz (—Y) n ,
y 2n & oag n-1
Y=—n+1a,c2 X7 (-Y)=
ThbD. T, EEERIT
2n 2n 1
2 _ nt+1 _a)2 — n—1(_y )i+
“ n+1X ’ (=v) n+1k (=Y)

LB, LIzhoT
1 1
2n 2 ntl 2n 2 n-1 ntl
= X —_ = 2 —% n
“ (n+1) " v (n+1) o (=Y)
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RS ThEhEL 1 TR T5H L

L%,

THD.

L3,

2’5,

o
|

2n

n+1

n+1

2n

)

2

= —QrU

n+1

1
)2n+1

XX

(

n—1 1 2n 3-n n—
a* nr n+1 ko XJ;_I(—Y) o
5 n
) akX_%'l'

(iii) X <0, Y>00DLx, HFERAR (24) T

i, BEEHRIT

(~u)? =

Lie#soT

_uz(

FRENRZ 7 THOTH L

¥
<
&

2 napt 1-n
= n+1ak2 (_X) 2
2n
_n+1k (X)
2
~ fl(_x)n+l, ’U2 —
) (x)
n+1
o \?n+1
n n n—1
n+1 ) 2(_X)2X
2n %7z+—1(__ )n—l 2
n+1 2 n+1
1
2n 2 ah1 ntl
n+1) @ Y
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n+1
= —aiU
723, (iv) X <0, Y<0nix, FEXR (24) X
. 2 ni1 1-n ntl
X=_n+1ak2 (—X) 2 (—Y) 2n
2n  3zn nt1 a1
= T (X)) (-V)E
Thb. Fi, BEEHRIT
2n 2n 1
)2 — . n+1 —a)2 — n—1 -Y =+l
( u) n+1( X) ) ( ’U) n+1a’k ( )
Ehd. LiER-T
1 1
_ 2n 2 ntl _ 2n 2 1‘_,}1 vyt
e () e () e
285, ThENRZ «r THAETHL
1
. 2n \*n+1 nel
u—-(n+1> 5 (-X)7 X
1
2n 2n+1 n—1 2 ol 1-n nt1
= — — _ —Y)%s
() ex? (et coFEn®)
2n \? =1 nt1
- (n+1) ot (ZY)E
= a;v,
2n %"T-1n+1 1-n
Y -V\&Y
Y <n+1) k 2n (=)=
2n % acip 41, 1-n 2N 3o ntl n=1
= 2 _— Zn — _Y n
(n—}—l) k 2n(Y)2 n+1ak ( ) (=Y)e
2n % ntl
_—(n+1> ax(=X)"2
= —QarU
ks, XoT, (I)-(iv) &Y
du -
-5 = 4V,
ZZ (2.7)
E=—aku



2185, =1L, FBRAR QN En 1 <7<7n (k=1,2,---) TEBEhD. F%EH (2.5)
ZuvTERT. () Y()>0mnk&

T g
Yﬁp:{”*d%} v (7)

on K
ThbH. LIEEB-T

n+1 ,_ n+t 2n_
Y(m) = {Ta,lﬂ_'l‘} v+ (73,),

BB, &M (25) LY
1 nnl 2n
{%am} "o (n) =

n(l-n n a N a(l-n "
ot v (m) = (2] o v (-0

Ak+1
=
2
fviz_nl (Tk - a—k vn-:l (Tk — O)
Ak+1
ag
v(1) = ——v(7x — 0)
Qk+1

B (1) yt)<0DEZE

ThHdH. LiehoT

2585, &M (25) &9
| 1 R 2
{2 o} cotm = (2

) {5
n(l-n) on ( ax )n n(l1-n)
Qg

a1’ (—u(te))»+ =

Ak+1
2n_

2n_ a n+1 2n_

(o) = (2)™ (-otn o)
v(mg) = a—kv(T;c -0)
Qk+1
Yigd, Lo, (I) & (I) &V
() = 2o(r ) 28)
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B3, 727EL, o —0) iXREA 7 =1 IZBT B o(t) OEBRTHS. Lo T, HE
Xk (27) L& (28) 1 HHEAR

d e
dr = GkY, dr - k', (2 9)
. .
v(1) = ——v(7 — 0)
Qk+1

2EBD5: 2L, FRRR 29 B <7t<7n(k=12,---) TEEEND. koT, F

i+ aju =0, (Th—1 < 7 < 71)

25, : O

5 X
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A Diffusion - Convection Prey - Predator
Model with Hysteresis
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Abstract

The paper provides mathematical analysis of a system of nonlinear PDE’s
which describes a diffusion - convection prey - predator model with hysteresis
effect. Results for non-negativity, boundedness and existence of at least one
solution of the system under consideration are proved.

Mathematics Subject Classification: 35R70, 35K50, 37N25, 47J40
Keywords: nonlinear phenomena in biology, hysteresis, nonlinear PDE’s, prey-
predator model, convection, subdifferential

1 Introduction

The present paper deals with a diffusion - convection prey - predator model which
takes into account the hysteresis effects and is described by the following system of
PDE’s 5 ‘

aa -V (Vo+ A(0)) + 8Iy(0) 3 g(o,U) in Q, (1)

8ui
ot
where U = (U1, ..., ), T > 0, N,m are positive integers, @ C RV is a bounded
domain with smooth boundary 89, Q = (0, T) x & X, g (i=1,..,m): R— RV,
g,h; (i=1,...m): R*™ - R, f,, f*: R™ — R are given functions. We assume
that f.,f* € C3(R™),0< f, < f* <1 on R™, and all partial derivatives of first

— V- (Vi + fi(w) = k(0,U) inQ, i=1,..,m, (2)

- *Supported by grant P04050 of the Japan Society for the Promotion of Science.
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and second order of f, and f* are bounded on R™.

We denote by Iy(-) the indicator function of the interval [f.(U), f*(U)] and
OIy(-) denotes the subdifferential of Iy(-). The subdifferential 0l (o) is a set -
valued mapping and in our statement of the problem

0 if o> f*(U) or o < f.(U)

[0,400) if o= f*(U)> f£.(U)
0ly(o) = { {0} if £(U )<0<f*( )

(—00,0] if o= fu(U) < f*(U)

R if o= f*(U)=f£(U).

In this paper we study the system (1),(2) together with the following boundary and
initial conditions

oo Ou; _ .
5_0’ aV—O on¥L=(0,T)x0%, i=1,..m, (3)
0(0,z) = 0o(z), ui(0,z) =up(z) nQ, i=1,..m, (4)

where v is the unit outward normal vector on 8%, og, Ui, (¢ = 1,...,m) are given
initial data.

Equations (1) and (2) correspond to the evolution of the prey and the predators
(m - types); here o and u;, (¢ = 1,...,m) are the population densities of the prey
and the predators, respectively. A typical example from the population dynamics is
the following system

o - m
Ed _V - (Vo + X0)) + 8Iy(0) 3 ao(1 — g Zluj) in Q, (5)
]:
8’(1@ = . .
5 V- (Vu; + fi(w)) = —cui(l —dig) inQ, i=1,..,m, (6)
where ag, a;, ¢i, di, (¢ = 1,...,m) are positive constants. The system (5),(6) presents

a prey-predator model allowmg hysteresis relation between the prey/ predator den-
sities o, u;, (i = 1,...,m).

It is known that some types of hysteresis operators can be represented by ordinary
differential inclusion containing the subdifferential of the inidicator function of a
closed set. This fact was pointed out by Visintin in {17] and was used for analysis
of many nonlinear phenomena, for example, real-time control problems (see [7)),
solid-liquid phase transitions (see [5], [8], [15]) and shape memory alloy problems

(see [1]).

Let us note that there are indications for existence of hysteresis in various bio-
logical problems, see for instance, [9], [12]. There are examples of biological systems
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which are subject to changes due to changes of some parameters in such a way that
when the parameters go back to the old values the system does not retrace its steps
in reverse and thus forms a hysteresis loop. Although population dynamics is an
object of long-standing interest, the mathematical description of hysteresis effect in
the processes in population dynamics has been considered in a few papers, see [6],
the survey paper [13], and very recently we refer to [2], [3].

To describe mathematically the hysteresis phenomena in biological problems
from population dynamics we will use certain similarities between the mathematical
description of: (i) phase transitions phenomena which involve hysteresis and (ii)
population dynamics with hysteresis effect. In mathematical aspect, the description
of hysteresis effect in certain population models is closely related to a class of phase
transition models with hysteresis effect, namely the so called phase relazation models
with temperature dependent constraint (see for example, [5], [8], [11], [15], [17]).

Based on this approach, in the present paper we will obtain results for non-
negativity, boundedness and existence of at least one solution of the population
model with hysteresis effect described by the system (1)-(4). Our main tools are the
method of Yosida approximation, energy method for parabolic systems and fixed
point arguments. ”

2 Preliminary Notes
Denote by H the Hilbert space L?(2) with the usual scalar product (-,-) and norm
|"|m; H=H x---x H (m - times). Denote by V the Sobolev space H(Q) equipped
with the norm |u|y = (u, u)%,/z, where
(u,v)y = (u,v) + a(u,v),
a(u,v) = /QVu(x) -Vu(z)dz, wu,veV.
Denote V=V x --- x V (m - times).

Now we give the definition of solutions of the system (1)-(4).

Definition 2.1 A pair of functions {o,U}, U = (u1, ..., un) is called a solution

of the system (1)-(4) if:
(i) o,u; € W20, T; H) N L*(0,T; V)N L0, T; H*(Q)), i = 1, ...,m.
(i) % -V - (Vo + X)) + 8Iy(0) 3 g(o,U), in H, a.e. in (0,T).
(i) % — V - (Vu; + fdi(w)) = hi(o,U), i=1,..,m, in H, a.e. in (0,T).

(iw) =0, ZE=0 inL*09), ae in(0,T), i=1,..,m
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(v) a(0) = oo, u;i(0) =u, t=1,...,m.

For simplicity, we denote respectively by ¢’ and u; the time - derivatives 92 and %‘;i

ot
of o and u;, (1 =1,...,m).
Note that the inclusion (ii) implies that:

(i)-(a) fo(U) <o < f*(U) ae. in Q.

(iii)-(b) (¢'(t) = V- (Vo(t) + o)) —g(a(t),U(t)),o(t)—2) <Oforall z€ H
with f,(U(t)) < 2 < f*(U(t)) a.e. in Q for ae. t € 0,7).

Throughout the paper we suppose that the following assumptions hold:

H1l. N < 3; go,up € L®(Q) NV and up = 0, G =1,..,m), fi(Uh) < 0p <
f*(Uo) a.e. in Q, Uo = (um, ...,umo).

H2. f,f* € C(R™),0< fi £ fr<1lon R™ and all partial deriva-
tives of first and second order of f, and f* are bounded on R™. Denote Cy =
ma\X{If*|W2,oo(Rm), |f*lW2,oo(Rm)}.

H3. ), i; (i = 1,...,m) are Lipschitz continuous functions on R, g and h; (i =
1,...,m) are Lipschitz continuous functions on RM™™ (with a common Lipschitz con-
stant M), and h;(o, vy, -, ti-1,0, Uit1, ey Um) =0foro€[0,1},i=1,..,m.

3 Main Results
3.1 Non-negativity of solutions
Theorem 3.1 Any solution {o,U} of (1)-(4) satisfies the estimate

>0, u; >0, ae inQ, i=1,..,m (7)

3.2 Boundedness of solutions
Theorem 3.2 Any solution {o,U} of (1)-(4) satisfies the estimate

Ia|ooa ‘uz|oo S MO, 1= 17 ceey TN, (8)

where
M, = max{1,k;eM’}, k1= 2,=1111axm{Iuiolm}. 9)

Remark 3.1 From Theorems 3.1 and 3.2 it follows that by cutting outside the
set {0 <o <My, 0<u; < My, i =1,...,m} (if necessary ), we can assume in the
further sequel without loss of generality that the functions g, h; (i = 1,...,m) are
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bounded and Lipschitz continuous on R*™ and the functions A, y; (t=1,..,m)
are bounded and Lipschitz continuous on R.

Remark 3.2 The proofs of Theorems 3.1 and 3.2 could be easily adapted to the
system (5),(6),(3),(4) using the boundedness of o.

3.3 Auxiliary problems

In this section we introduce the following auxiliary problem:

o' — Ao + Iy (o) 3 g(o,U) + V- X(3) in Q, (10)
u; — Au; = hi(o, U)+ V- (@) inQ, i=1,..,m, (11)
0o Ou; ) :
—_ = = =1.... 12
5 0, 5 0 onX, i=1, ,m,. ( )
0(0,z) = 0o(z), wi(0,z) =wup(z) nQ, i=1,..m, _ (13)

namely, we have replaced the terms V - X(0), V - fi(u;) by V - X3), V - (@),
respectively, where &, 4; (i = 1,...,m) are given functions.

Definition 3.3 Let 5,4; € L*(0,T;V) (i = 1,...,m) be given functions. A pair
of functions {o,U}, U = (uy, ..., um) is called a solution of the system (10)-(18) if:

(i) o,u; € WH2(0,T; H) N L>(0,T; V) N L2(0, T; H3(Q)),

1,...,m.

(it) o' — Ao + 81y (o) 3 g(o,U) + V- X(), in H, a.e. in (0,7).

(it3) w; — Aus = hy(0,U) + V - (@), i=1,..,m, in H, ae. in (0,T).
(iv) 2 =0, % =0 in L[20Q), ae in (0,T), i=1,..,m. |

(v) 0(0) =00, u(0)=1wu, i=1,..,m.

We will prove existence and uniqueness of the solutions of the system (10)-(13) as
well as continuous dependence on the data 7,a; (1 = 1,...,m).

Theorem 3.4 For any given 6,4; € L*(0,T;V) (i = 1,...,m), there exists a
unique solution {o,U} of (10)-(13).
Moreover, the solution {o,U} satisfies the following inequality
¢ - v
| (0@ + 10/ 6) s + 1A0(s) s + 1AV () ds + Vo ()} + (VU@
| i ¢ ' ’
. = V|2 ()2 :
<N (1 + /0 V5 (s) % ds + /0 IVU(s)]Hds) C ey
for all't € [0,T], where Ny > 0 is a constant independent of 5,U and {o,U}.
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In order to study the system (10)-(13) we introduce an approximate system with
approximation parameter ¢ > 0. To this end for 0 € R, U € R™ denote by 01, ¢ the
Yosida regularization of the subdifferential graph 0Iy:

818 (0) = 3o — U = 5A.0) - ol

Consider the following approximate system of PDE’s

o' — Ao+ 8I%(0) = g(o,U) + V- X3) in Q, (15)

u: - Au,- = hi(O', U) +V- ﬁi(a,-) n Q, i= 1, ey M, (16)
60' 6u, _ -

i 0, B 0 onX, i=1,..,m, (17)

o(0,z) = oo(z), u:(0,2) =up(z) nQ, i=1.,m. (18)

Below we give a definition of the solution of the approximate system (15)-(18). For
the sake of simplicity we will denote the solution again by {o, U} instead of {os, Us}.

Definition 3.5 Let 7,4; € L*(0,T;V) (i = 1,...,m) be given functions. A pair
of functions {o,U} is called a solution of the system (15)-(18) if:

(i) o,u; € WH(0,T; H) N L>(0, T; V)N L*0,T; H*(Q)), i = 1,...,m.

(it) o' — Ao + 8I¢ (o) = g(o,U) + V- X(3), in H, a.e. in (0,T).

(4i) ui — Au; = hi(o,U) + V - @i(@;), i=1,..,m, in H, ae. in (0,T).
(iv) 2 =0, %=0 inL*09), ae in (0,T), i=1,..,m.

(v) 0(0) =09, u(0) =up, t=1,..,m.

Lemma 3.6 For each 7,4; € L*(0,T;V) (i = 1,...,m) there exists a unique
solution of the system (15)-(18). Moreover,

|ui|oo S Ml, 1= ]., ey M, (19)

where M; > 0 is a constant which depends only on T, |piloo, |hiloos |Uoiloo (2 =
1,..,m). '

Remark 3.3 Note that the solutions of system (10)-(13) depend continuously on
5,0. Namely, let 3, € W12(0,T; H)NL(0,T; V), U, € W12(0, T; H)NL2(0,T; V),
& € W2(0,T; H)NL2(0,T; V), U € W20, T; H)NL*(0,T; V), n = 1,2, .., and let
{0n,Us}, {0,U} be the respective solutions of the system (10)-(13). Suppose that
{7,} is bounded in W2(0,T; H) N L*(0,T; V), {U,} is bounded in W*?(0, T; H) N
L%*0,T;V) and

&, — & in L*(0,T; H),
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U, — U in L*(0,T; H).
Then it is not difficult to see that

on — 0 weakly in WH2(0,T; H) N L*(0, T; H*(Q2))

~~

and weakly-* in L>(0,T;V
U, — U weakly in W»?(0,T; H) N L?
and weakly-* in L*(0,T;V

0,T; H*(2))

3.4 Existence of solutions of system (1)-(4)

In this section we will formulate the main result of the paper:

-

Theorem 3.7 There erists at least one solution of the system (1)-(4).

Remark 3.4 Without loss of generality, in the proof of Theorem 3.4 it could be
assumed that o is also bounded. Thus, in view of Remarks 3.1 and 3.2 it follows
that the proof of Theorem 3.4 as well as Theorem 3.7 can be easily adapted to the

system (5),(6),(3),(4).
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Gray-Scott ETFILIZEIT B EERIZONT

BREASAEEETEHEND 2 AL

71 Problem and Results.

WDZER] 1 R Gray-Scott ETNVEE X D.

(1)

utzum—uv2+)\(1.— u), (z,t) € R x (0,00),
Tvp = gz + uv? — v, (z,t) € R x (0, 00),

LAy, dIZEEEETHS. (1) DEEMIILLTOEMSY FRRX LT

u —uv? + A1 —u) =0, z € R, (2)
'+ uv? —v =0, z € R. (3)

IOEFEBEE (SP) LMELAZ LIZT 5. EXEFEMICE LTI,

(i) bLA<4ibiE, (u,v) = (1,0).

(i) bL A =47251%, (u,v) = (1,0), (3,2).

om%bx>4aaﬁ4%m=umx@h§4&*wy4ﬁ.
BT (2), (3) & U FOEREM

lim (u,v) =(1,0) 4)

z—xo00

2o EEARERMOEE - FEEZHALTE X 3.

FHBAME (1,0)(v #£0) D> (u,0)(u £ 1) EEHET D L, (SP) OXBEHMIFELRNZ LICHE
BT5.

EH B (SP) 12 Z 4% TIZ Hale, Peletier 3 £ U Troy [1] IZ& o T A & 4 28

M=1 | | (5)
BT
M=1+e¢ Y (6)

EWMETHACELUTHRINTEE, EELei3+H0/h S0V EThs.
(5) DBESVTUTOERERMOA TS, (1) BH)

Theorem HPT1. \ & o % (5) 2Wi=3 & T 5.

(1)0 <y < 27251%, (SP) DI EFAM (u,v) BEE L CTUTOME 2R T
(a)u(z) =u(-=), v(z)=v(-z), u+yw-1=0 (z€R),
(b)u'(z) >0, v (z)<0 (z>0).

(i) If v > 2 72 51X (SP) DI EAMIIHFE LRV,
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(6) DIFAIZBE LT, AT DEED Hale, Peletier 8 L U Troy (1] (2 & > TRE Nl

Theorem HPT2. 0 < v < 2iZx LT (6) 2IRETSH. EDL &, HDEEK ¢ BEELT
(SP) BB A TS Y = v 7 BB DOERREK {(u(e),v(e) : ] < e} BHFEL T, e 2 0D &
H2(R) x HY(R) 1K\ T

(u(e), v(€)) — (uo, vo)-
7272 U (ug,vo) iX Theorem HPT1 @ (i) THEx ONAFEZ V= JBLETH .

Hale, Peletier # & O Troy (1] (X% 7= (2), (3) L AT OER £ W= 3RO EH MBI LT

HLHFFEL TV 3.
. A=VAZ — 4\ A+ VA2 -4\
lim (u,v) = ,
z—too 2 2

BHITA & 488 (5), (6) BL

(7)

2 eyt
971

BRI L X, (2), (3) BLOEREM (7) 2T HARMATET S L BRLTVS,
DD My 5 1 IS RVHAICE L THI%ES B (SP) D3 BMAEE LRV H 0+
SRR BD T L BT,

Theorem 1. \y<1&¢3%. EDLELUTOERHED D H 1 O>THRRY L TIT (SP) DIEHE BRI
FELRRV.
i)y > %
()2 -16<r<am>i<y<}
(i) < 54,;, v< 3
Az ﬁ;—ﬁ%ﬁ M < (1= M)+ /1-492)2
Asd Xy > (1= M)+ /1 -402)2
Theorem 2. \y>1&¢3 3. DL & )< 47225i%, (SP) DIEBHAMMIIFE LRV

2 A priori estimates.

FROERERTIOIC, (SP) DRICHTHT 7Y 4 FHESLETHD. bbb O
UTORROBBAEREE RS, (Flxi 2] B8).

Strong Maximum Principle. w(# 0) &
w” +b(z)w +c(z)w= f(z) z€R

DETD. FIELbE IR EOFERBEETHY, T_TDz e RIEXMLTe(z) <0TH5.
F, EBD e RIZHLT f(z) KO THHLEERETDH. £DLE, b L

liminfw(z) >0

z—+00

25i%,
w(z) >0 (ze€R).
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CORBEREFRBLE> TUTORELTRT LB TES.
Lemma 1. (u,v) % (SP) D{EEDHBEMAMLTH. 2D L X
O0<u(zr)<l, wviz)>0 (zeR)

Proof. ¥ T RMCERBEZAVTze RICHLTu(z) >0 THBHZ L ERT. infreru(z) <0
THDHERETD. limgrou(r) =1 THDIDT, uidz =xzo THRMEZFD;

zléllf{ u(z) = u(zg) < 0.
u(20) >0 THHZ LIZEETD L, (2) &Y
0 < u”(20) = u(@o)v(2o)® + A(u(zo) —1) < ~A <0

LR, ZNIEFETHD. TP XIT infier u(z) = minger u(z) > 0.
RiZu—1=weBL. £OLET(2) & (4) &Y

w” = dw = uv? >0, im w(z) = 0.
WXICEBERERBIZEY 2e RICH LT w(z) <0&RTILNTES. T42bb
u(z) <1 (z€R).

&g, (3) & (4) LY

' —v=—uv? <0, Ilirjrzloo'v(:v‘) =0
L5, BUBRKERBZHANWSZ LIZLY

v(iz) >0 (z€R).

a
Lemma 2. (u,v) & (SP) DEEDHBHML TS, £ L&, UTORERBKY L.
DMy <1261, z € RIZFH L Tulz)+yv(z) -1 <0.
(i)Ay > 12561, ze R L Tu(z) +yu(z) - 1> 0.
Proof. ETHEDIZ M <1 DHEEEEZD. (2)+8) £V
u+y" = du+v -\ (8)

p=ut+yw—1LERTDL,
pP'=Ap=(1-Mv20, lim p(z)=0.
BRYIo0T, REKERRLY -
p(z) <0 (z€R)

BOXD, WA Ny <1DEEIT () BRY IO, My > 1 T BERIL () LRAKETHS. O
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Lemma 3. (u,v) % (SP) DEBOHAFMETS. 0L XUTORERSR Y 1.
Ay <1251, z € RIZH LT u(z) + yo(z) > M.
({)Ay > 12561, z e RiZx LT u(z) +yv(z) < M.

Proof. \y < 1 DB BIZORERAZ T 5. TOMOBEIZEA L TXFEKICERATHZ L8 TE 5.
g=ut+yv—-Ay &B &, (8) i

q”—lqz()\—l)ugo.
Y 8

limy100q(x) =1— Xy > 072D T, MEKNEFRZBIZLY

g(z) = u(z) + yv(z) — Ay >0 (z €R).

(SP) DIERDR#E (u,v) IZx LT

Unin = iréig w(r), Vmaz = rwneaﬁc v(z).

EEERTD. TDOL XLUTOMBEH ALY L.

Lemma 4. Ay <1 &753.
(D)AY? > L 250, umin = 1 530 Uz = 0.
i)\ < 225, :

1- /1= 42 L1+ V/1-09

Umin = 5 y  VUmaz < 2y
Proof. % z,, € RIZH LT umm =u(zy) LEERTD. (2) £V
0 < v (zm) = u(@m)(\ + v(zm)?) — A
R (ol dia

A
> .
At v(zm)? T A+ 02,

Umin = u(xm) > (9)
¥7- Lemma 2 X Y vp0, < % LRH5DOT

prv _
M24+1

Umin = ag.

8T, 85 {an} #UTFCEHT 5.

y?
Unt1 = ma.x{an, T (an = 1)2} (n=1,2,3,--+). (10)

RREIZ I D T XTDOn € NIZH LT tpin > a BRIV IIDZ EETRT. EEE, b L unin > an
251, Lemma 2 D (1) £ Y Umar < 2(1 = umin) < 2(1—an) &85, TRPZIZ (9) 120
A Ay?

a{ia- an)}2 M7+ (e =17

Umin >
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BRI H, Tt (10) £ EkKT 3.
(10) 12 & > TEHE LI {an} 126 LT T ORERAR Y 3.

(a)dry? > 172 51%, {a,} IFRBEAWMES | TH Y limp oo an = 1.

(b)AM2<12:¥3. ZDLE bla € (1‘\/1;“”2, 1+\/1;W) 2 iE, $RTOne Nicxt

2

L/T an =a1 = ﬁgﬁ
b Lar e (0,200 ) i, {an) HEEBAAEI T lim, 0 = V5

IN2>1DEE, (a) EVTRTDORENIZHLTL S upin > an BV ID, limpowan =1
ThHD. TR Umin =1, TROBu=1To=0&425,

I <1DEE, (b) D
S 1= V1 —4\y?

Umin 2 2

LB hbhb. EHIZLemma 2 &0

2
Vmas < (1 = ) < LEYEH AT
¥ 2
O
Lemma 5. \y<1504\2<1¢73. B EERKa BHFEELT
T — 402
1>a721+ 12 4/\7’ (11)
vt —a+4(1-Xy) >0 (12)
BT LRET B, DL & (SP) DEBROME (u,0) X
a(u(z) —1)+v(z) <0 (z€R).
Proof. (2) xa+(3)x 5 &Y
au” +" = (a - l) w?+ai(u—1)+ lv.
Y Y
r=a(u—1)+v B L ridlim10r(z) =0 %MWL,
r”—{)\+<l—i)v2}r=ﬂv{v2—av+u}. (13)
ay ay 1—avy
ZZT
2 al=Xy) _ ( a\2 @ a(l-X\y)
vioavt l—ay (v 2) 4+ 1—ay

% (a2 -
=) {va® —a+4(1-1)}.
FRWZIZ (13) OFBIE (12) 1L VHAL RS, (13) I2Bi1T D r DHFIZEAL T Lemma 4 &Y

2
1-—- 1 \/1—4)\2
“(1‘%)”2 2 A= ay( e 7)

ay 2

1+ V/T=D (| 14180
22 2ay )
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TR (ADICEVIEATHD. ZOLERRRERBICL YV ze RIZHLT r(z) < 0 DSER D 3
2, 4

Remark 1. Lemma 5238V T D :=16Ay2 - 167 +1 < 0D & XD TH (12) B Y i, —
%D >07%5iE, (12) i

a21+\/1_) HBWE agl_‘/l—)
2y 2y
LREMEE 2B, (11) & (12) 27T e iCBILTIX, B L
16y—1 4
v S )
eI, '
>1-+-\/1—4/\'y2
2
ey, —%K
16y—1 4
)\>max{ 1672 ,57}
b,

2
> 1+4/16X72 — 16y +1
> %
LLBIENTES.
Lemma 6. \y <1, y< ; BE®AM? <1 2RETH. 1z,

1+4/1-4)2 4
a= S (14)
1+4/16 272 —16y+1 A 4

2y 5y
LTB. 0L EUTFORERMK Y I
() <A <4BDIE, tmin = 1 2D vpgg = 1.
()X < & HBVL A > max {4, %} R EIE,

a—+vVa? -4\ a+va? -4\
Umin > ——F———, Umag < ——————.
2a 2
Proof. FE#id Lemma 4 &3 & A ERIKTH 5. &V L Lemma 4 TEER L 755 {a,} %
1-/T=202 A
A= ———F——, Qp41 = 3 5
2 A+a?(ap, — 1)
LERTHILTHSD. O
Lemma 7. \y< 1,42 <1& La% (14) TEHBLE-LDETS. HIEEKONEELT
Va2 =
a>py aFve -4 (15)
2va
40?2 —b4+4(1-Xy) >0 (16)

23 LT5. 20L& (SP) DEEOME (u,v) iT
bu(z) —1)+v(z) <0 (z €R).
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Proof. iEHIZ Lemma 5 & FETH 5. O

Remark 2. A > 470X > & 7251, (15) & (16) &9

S 1+ V1602 — 16y + 1

b> o

—H. A< & RbIE, (16) & (16) X9

. IOy > (1 M)A+ VI— AR,
= 4
tyl-gz M <1 =M1+ +/1- 42722

2y

3 Proof of Theorems.

Proof of (i) of Theorem 1. (SP) 233F B B (u,v) &2 LHETE. £RAZUTD LS
EBTD;

A={(u,v)€R2:0<u<1, v >0, —%u+)\<v<%(1—u)}.

Lemmas 1, 2 8L U3 &Y, 72 TDz € RICH LT (u(z),v(z)) € A k2%, 22T, bLy> 1
RO, $TD (u,v) € Al uw <1 EWET. ZRWDXIT, ' =v(l —w) < OB R ETRY
MAOZERDDS. ZOFRERCK Y v IRBOBEK L LY, THIEFETHS. O

Proof of (ii), (iii) of Theorem 1. y< 1 & A < % WX LTHEE B%x

1
5 <u<lov>0, —;u+)\<v<a(1—u)},

LEETD. L ald (11) & (12) W7~ F. DL % Lemmas 1-5 LV, +_ThD z e Ricxt
L (u(z),v(z)) € BARYVIID. ZZTa<4ibiE, TTD (u,v) € Biduw < 1 2342
CEWHEETD. ZOBET v RBEBMBEKL LY, ChZFBETHS. Z0LHICLT, bLad
(11), (12) L a <AWET L DITEL DL N TESZR 5T, (SP) DHEBRAMIFE L2V L2
BB, AU L 4B

4 1 1
——-16<A<4, - -
5 < 5<'y<4

BT EXICARTHS. ORI (i) OBARFT - LN TE,
(i) & (i) PHA L FERKIC LT, Lemmas 6 & 7 2V T (iii) DEA b RT I L RTES. O

B !Z Theorem 2 Z#FEBA§ 5.
Proof of Theorem 2. (u,v) & (SP) DIERDKEHMLT 5. £E5C, %

1
Cn={(u,v)€R2:bn§u<1, v >0, %(1—-u)<v<—;u+cn}
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DESCEETD. 72720 {ba) & {cn} REDEMNBRBBFITHTEDS Z LTS, BB iz
R LT (u(z), 0(z)) € Cp BT _TDz € RIEHLTRY IOLEETS. 20L& (9) 15

A _ A2
2 2 —
A+(_%%+%%) Ay + (bn — ven

s=ut+yw—yc B EEL, clIHLTRDDILIZTD. EDLE (8) X

Umin =

)2 = b'n+1'

s"—ls=</\—l)u——)\+c. (7)
v v

L%, (A—%)u—)\—}—cz ()\—%)un+1—/\+c7§’:0)'@, (17) DAEBITH L ¢ 38

CZ/\+(1—A)bn+1
vy
AR+ o AL RS, ZOBAICELTIX

lim s(z)=1-7vc< (M —=1)(bpy1—1) <0

z—+00

LRBILBOIB. 8T, ey = A+ (% - A) by LEBT B L, (17) 1A L CHBOAERE S
BWHTET

1
V< —=U+ Cpt1-
Y
Fhwxiz, b L (u,v) € Cp, 25X,
(u,v) € Cp1.

Lemmas 1-3 X0 by =020 = A& EBIENRTEDRZLIZEETS. TNETOBERICKY
{bn} & {cn} %

A2
A2+ (b —ven)?’

1
Cnyl = )‘+(;_)\)bn+l

bn+1 (18)

LEBTHIENTED. £, cu = A+ (3 - Mo BT RTDOn e NITH LAY IO LICER
T5. Z0O%X% (18) TRATDH L

b 1
T T (b, - 1)

HL,A<42biE .

B MHZ B 5. £ 2T Bolzano-Weierstrass D E#EH D
lim b, =1

n—oo

ERB ZHIIFETHB. ' O
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[1] J.K.Hale, L. A. Peletier and W. C. Troy; Ezact homoclinic and heteroclinic solutions of the
Gray-Scott model for autocatalysis, SIAM J. Appl. Math. 61(2000), 102-130.

[2] L. A. Peletier and W. C. Troy; ‘Spatial Patterns, Higher Order Models in Physics and Me-
chanics’, Progress in Nonlinear Differntial Equations and Their Applications. Vol. 45,
Birkh&user, Boston, 2001.

183



EFRLERABEHRBZFOBERE - &E&
HEBETIVICE T AB0#HAEE)]

Bl & CGORE#X - FHRSEH)

1 #|A

Q) % R2? AN Lipschitz #E#ERER T := 00 2RFOBARER. 0 & Q LIFALRELR
> Lipschitz #E#iREE & 35, ARICTIXEE Q NI H5HWE FlAIE H,0) S-S
nNTWaeE L, TOMEPHDIEE (MEGBEE) Z2EICEEFE-IIMETS (HERT
%) BFEERTIRBRTEX (BEETNL) 2EZD,

B - WEHEBRBEOAEROEANLL (BT V7)) IKIIRARFELH DB, £
DEDOFEHRLDOD 12+ LT FERXZRAXF—DOREE (BHZRXLX—) F 0f
B :

—;;—lzu(t, z) = %ﬁg(u(t,x)), (t,2) € Q = (0, +00) x & (1.1)
LLTEZD LV FERDSD, T, 6 =0t z) ik (8 REZERT 5 A—F
T, DI TIMEORD 0 2EME L HEBERES 0 (C) £T5, £ u=ut 1) X
WEDOREEART/NT A—F (FEEEE) T, FRLTIIFRFA ¢, B\ET = ITBT 5 u(t,z) O
BEERDNL—NVIZHES>TRET D :

o RENEELROIT u(t,z) =1,
o RENEHELGIT ut,z) =1,
o WKiE - BEOERE (FE) X2 -0OREBOERERERLIT -1 <u(t,z) <1

FROFEZHSTET IV VI EITHOBE. BHIIANX— F ORTEICEL THEK
DOBRBEVRH D, ZZTIE Py 2ROFLRINEBEEE LTRET S !

Fo(u) = / {I[_m](u) - %uz - 9u} dz + V,(u); (1.2)
Q
U, I WEERRE [-1,1] LOBREETHY, V, X
{Cz} C Coo(ﬁ) s.t.
¢ — z in LY(Q) , 2 € L}(Q); (1.3)

as i — +00

Vo(2) = inf{ liminf/ o|V¢| dx
1—=+00 o

CEZEEIND LY(Q) LOBEET¥ERMERTH S,

—Z B OBSIIEICHEDORE - BMED A W= X LB EMT2ETHY, BHRERK
Iy (u) OBRPD Z OB OBERBEIFEIC u=1FiF u= -1 BV THE/MEE
£,

Fhize LT REE V, REIRELCOTRLE— (RETRAFX—) 2HLTE
D, B o X RELEORBEHOBI 2R THRE (RERAFREK L LTHERINS,
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R B 2 A0 B2 BIE V, DIEIRME / 0(2)|Va(z)| do b—BF BB, “ObE
o= 0 &R BEFCIRAET AN F—OBELRICR/ME (Fr) LR35, LER>To
DEEDES 01(0) DREREAICES T LT, Kl & OWREH DTRIED 2 7
=XAFBHRT A LRI TOHRDDOTIERVO L HRHED,

8% 6 € L2 ([0, +o0); Q) EEE L. (1.2) THxHNBBMTXNF—ICHT 5
AR (1.1) 2HET2 L. ROBRRFEXVPEIND ¢

(En;0)  wilt) + 0, (u(t)) 3 u(t) + 6(t) in LA(R), ¢ >0,

Nl Nl T = }
B, (2) = / I1a(2) dz+ Vi (2), 2 € LA(Q); (1.4)
Q

CEBESNS [HQ) AOEE FLERNEKTHY, 80, Ik 0, D (I2(Q) TD) £
B THD,

FBRR (E,;0) Delfgts OIHEREOMOFER LU—EM) 13 Brézis O—&dm (2]
BR) HOELIEEING, BIZ 0, DLVNVERT a7 MIT HRBRREEREBM
FIUERR u(t) Dt — 400 & LIz & EDEMA (w-limit points) X, (E,;0) ORFRIZAEIL
TARBRE (BEMR) THHZLbREhD,

ABRXTIE. EEMOFTHHRTRAX—DOR/NTOFEW ORI L. &R/
BT A —F DL F /T AETH WHEREN) 2FET 5. Kwe LT B
o DRELIENT, Emi*w%—%¢mkﬁn6ﬁﬁwﬂﬁ—/%%6EE:/bn—
NTEDZLEVBREEREND,

2 fROEXHUH

ARCEEL B AT T, &kt m € N BiF2RIBEILT~TR™ LD Lebesgue
BIE 2™ ThHETH, £, (EED Borel £4 E XX L. E ORHEBEE xg TR

V, % (13) TEZbND [I(Q) LOBE FEEMMEKE L. V, DESERE D(V,)
THET, L<MONBBEIC Bz iX STER [1, Chapter 1], [3, Chapter 5], [4, Part I] 2 &%
BW) o=1 (on Q) THIIE, ST HAEEHE Vv, OEIX B 2z € D(V)) KEFL TR
¥ % Radon HIE |Vz| (total variation measure) & H\V T:

= / |Vz|, Vz € D(V,);
Q

LES D LAHERS, TOLXOREEK V, XEEBHIREKE T, HICTOBEHER
D(V)) i3i@% BV(Q) L RRBEN5, FiC, ZM BV(Q) 1IZKRD /LA

|zlBvi) = |2|11(@) + Vi(2), 2 € BV(Q);
12k 5T Banach ZZRI & 72 0. 22/ LY(Q) I2 2337 MZEDRATNZ Z ERHLNRD,

S 2.1 —i¥IC o BNIEAREE R Lipschitz EmEK THHHE. LB V, OF-
HEL LTROERIIOLNDE X [5] B3R,
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(i) D(V,) > BV(Q), %< 01(0) =0 #25iE D(V,) = BV(R) L7423,
(ii) Vz € D(V,), 3D,z : Q D7 b LE Radon BB, s.t.

/cp Doz = —/ div (o) z dz, Ve € Cy(S; R?),
Q Q

¢ecmmR%,}

Vo(z) = D,z| :=su -Dyz
@)= [ 1D p{Aw e

ST z€ BV(Q) RbIE Vy(2) = / o(z) |V2| L7125,
Q

(iii) ~Z7 MAERI% v € L®°(Q;R?) %, ov 2% Q NTa T MaBE%#ED Lipschitz
EGREAR L R BRICRE, ZDLE LED z€ D(V,) IZx L,

(V- Dyz,p) := —/ zdiv (ovyp) dz, Yo € D();
Q

WKLo TEBINIBEK v-D,2 1XQ LD Radon BIEL 2D, BIZRDOARERK

N5 AYAC AR
/ v Dy2| < Wieams / D, 2.
Q Q

O, % (14) TEHSND [(Q) LOBE FLEEMERE L. D(®,) 2B o, ©
ERERE T2,

AETIEEIZ, BERAFER (E,;0) ORBPFEOERNRER LB T 5,

T 2.1 (BOER) B0 e L2 ([0,+00); L2(Q)) T L, BI%K u BUTORMG &
RTDHEE uwiIREBHEX (E,;0) DBTHDH LWV,

(s1) u € C([0,+00); L*()) N Wy ([0, +00); L*(R)), Vo(u) € Li, [0, +00).

(s2) B, (u(t)) — / (0 — w)(t) u(t) dz < B(2) — / (u+6 — w)(t) 2 da,
Q Q
Vz € D(®,), a.e. t > 0.
D& &, Brézis [2] O— &R OEHIZROMEN»HAIND,

inff 2.1 (IHMERIEOF#RM) 0 € L2 ([0, +00); L2(Q) &5, ZDOLEEBD y €
D(®,) iZxt L, FIEIEMH u(0) = up ZWMI=THRLERFIER (E,;0) O u B—FHIC
FET 5,

ROMBITHBRER L bFETIh, BEFERX (E,;0) OBOEBZFH~5 L THEICE
BERERER-THETH D,

il 2.2 (LWEEHE) 2 >0B%; € L} ([0,+00); L)) (i = 1,2) XL, HiET D
HEBHERX (E,;0;) OME u 2 T5, DLk

01 < 0,, ae. inQ, and u;(0) < uy(0), ae. in ) = u; <uy, ae. in Q.
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KICHRFER (E,;0) \0B) SREMN+H8 L & OROED (WI¥E)
WTEZ D, '

HEED R >0 1Rt L, Ly(R; ®,) = { 2 € I3Q) | ,(2) <R } LEL, ZOBEE
@awv&wﬁékﬁﬁnéﬁ\ﬁ®Mﬁ$®®%ﬁKm:®VAw§é@:yﬂybﬁ
BT S C L EEICEETHS, LirL, EE 21 (1) »bFALFBAIKRICIOI
227 MEE o BNEAFBOBRSITIE IR LR, 0D, AEH L TIIBEE o I
L TROEGEEIRET Do

(A1) o : 9 —> [0,+00) Lipschitz ##t, s.t. £*(0c7'(0)) =0.
TORERAVD L, ROBEETRT Z L DBHRKD,

& 2.3 & (Al) ZEETHLE, RO2OBRIUT D,
(I) £&D R> 013 L, L-VEE Ly(R; ®,) 13 LX(Q) DALFATIY AT FEi2b,

(1) 6 € L2(0,+oc; L2(R2)), 8(t) — 0 in L*(Q) as t — 400 61T EED (E,;0) DfE u
XL, B8

u(ty) — z in L*(Q) for some {t,} C (0,+00) |
with t, / +00 as n — +00 ’

w(u) == { z € L*(Q)

IR 2 >DOHEEEFD ¢

(i) w(u) # 0, w(u) X L2(Q) ATEEDD 2737 b,
(if) EED w € w(u) FROBRAETHZT

0%, (w) 3w in L*(Q). (2.1)

3 HAIRLF—OR/NTELEBMERT SBOH

FER (2.1) i (12) KBV T =0 & Lzt EDEBZFVF— F O Euler-Lagrange
HRATHY . HE 2.3 1% (2.1) BRBFER (E,;0) OROBREXEYT 2 HRATSH
AT LERELTVD, ZOERNS, FER (21) R UZLERERIEX (E;0) (O
2 EEEE L T, TOMIX (E,;0) DEEMLIEINDG, Z0LEREEK F Ok
NI RCEREL R B, BEFBER (E,;0) IHEHETINF—DOFER TH I D,
= ORI ARRRERT B ERICB O THICRVEEEE T Z L BB 6D,

AEORETIL. B o 2HDHHEI FRACBELTEX, TOLEIHND AH
¥ Fo OBANTEOFE N DPREAT B,

o2 31 2ONDEK h >0, 7> 0% L Q ED Lipschitz BB 0., %:
onr(z) :=h-— %dist(a:, X.n), VT € Q, where
She = { (€1,6) €R? | & = 3kr or |61+ 6kr| = VBl6al, k€ Z b

L## L. Lipschitz SEEERD 27 T R Si(r) & Su(r) = { ong | 7> } LED B,
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FE312°o0FEK rh > 0L, BE Zop NQ 13X 0,, PEROES 0,,—,,1(0)
LBt AR, EHENLEDLIC L 04(0) = LA RN =0 2D, TOZELY
0 € Sp(r) BT THRARBEE o 1ITTTHME (AL) ZEEL TS I LBDND,

o € Su(r) (r,h > 0) &2 2EE. WK £ OR/ATONRKRKLHIL L CIRD¥R72PE
BRI oND,
Bl 3.1 (F, OBNTOF) ¢, % |o,| =1 L7 B68k72EKE L, D, CQ # Lipschitz &

EIER 0D, 8O Q OWSERET D,
2HODE A, v K LT &

o € S(r), 8D, C o7 }(0),
11&}£ dist(z, D,) > r;

(3.1)

BV Lo & &, PEEXREEK :
wp, = (XD, — X\D.) ( € BV(Q)) ; (3.2)

IZILBEE F, O/ EE 2D,

% 3.2 LofilicknT, B o DERLD
#4511 R NO=ZARKRFORDIEE L 2D,
Lo TEMHE (3.1) 2Rl THRRER D, OB
R 0D, \ixfax ik (RE—) BET
FEAHDB, ZTOPIIE L ITREN DRSS —
F— bBEND, X1

th REHERX (E,;0) ORBMBEETIHBELTH, WOPDORENSRIE L

SFBTERHKD, TOLE BEEZOITBEENFERX (E,;0) OETHDLINLE I H
DHIEIX. ROFBODTHEITONAEGE2EEIL TITOND,
W 3.1 ROUEERE) 0c L2 ([0,+00); L2(Q)), 0 & O L TIHADEZFF Lipschitz
EERE LT B, Tk XE u: [0, +o0) — D(®,) with u € W2([0,+00); L*(2)) I
L. KD 4DDEMERET7 MEEK v, € Lo(Q;R?) BFEETIE B u id
REHBER (E,;0) OBL125,

(a) vl <1, 2e in @,

(b) ovi(t) : @ kT Lipschitz &, spt (ow;(t)) CQ: 2737 b, ae t>0;
(Q—/&Nmﬂmzw=/uwyﬂﬂg%w@LWED@&
Q Q
R — / div (ovzi(t)) u(t) dz = ®o(u(t)), ae t>0;
Q

< (u+0—w)t ), fult,z)=1,
(d) —div (ov)(t,x) { = (u+6 —w)(t,z), if —1<u(t,z) <1, ae (t,z)€Q.
> (u+ 0 —u)(®, x), if u(t,z) = -1,
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FHE3LZFPNPVICTIE, BERFIBRK(E,;0) ODBOFIL LT ROBLEERES
SEBERDOTHZENHEESD,

Bl 3.2 (WEBRTZMOH) #1311 LRLRECKNT, £ED 0<e<1 (XL B
B, : [0,+00) — D(®,) ZRDEEIZED 5:

Cy (ECtXD* - XQ\D*), if 0 <t< —logs, .
Ue(t) := a.e. in .

wp,, ift > —loge,
IDEE, BBiu 130=0L Ll EnREFERR (E,;0) DRE 225,

M. COBEOWIICIL, FE 3.1 OB (a)~(d) EETEARE vy, € L°(Q;R?)
ELTENY MERE v, =0 (in Q) BBVHI B,

4 BHIRILX—OBNTORESREN

AETIIH 3.1 TRENTIAEE Fy OBPITICHER Y. Z0F A FOBRNTHRAS
A—FDOROLEIR L THSELAORE (REM) 2T 3,

REMDOFNIZBDTER L RDDE EEABED N RHORL XOHMAL 125 XM
BERINDETIZANLREMEHD L THHN, ZITRIDZL2REB LB TR
DIZDICR DRI EERDOE S L EAT S,

EE 4.1 (BRELEN) o % 0 ECIHARMER RO Lipschitz BEHEEKL 45, “DL
& Q OBIEE D LEH ~1 < c <1 DM (D,c) BROEM: (x) 2BRET B L &,
(D,c) HRFIRETHD LV

(x) Ve>0,3t.>0,30. >0 s.t.

t>te, |0lp(q@) <O,

u(t) — ¢l < €.
u @ |u(0) — ClLoo(Q) <6 W3 (E,;6) OfiE |u(?) I (D)

EE 4.1 (32) Tlﬁ—'i Bﬂé yg @%/J‘i Wp., 6:}31/‘_(\ A':.E% 4.1 EF'@IEE& c b:hl Wp,
DEBMEBHIE L D I35 EREDOERROERE T B0 T 5, MHARTTIE 8/
JC wp, DREMEIX, wp, DT 7 DEERERY DL ER LU 4 ICHRT DI LICE-T
BEOTEh3,

FE 42 R4l THEOEZEXFBROMOEE» M+ 3 EERE L LTS &
WHRFGHHRDA, EBRICEOEE 2 FMET ABICIZ 2 E RN SN AfE 2.2 (bl
EHE) PAVDND, ZOLEUBROEEL L ARBEFEROR (K »8RT 23
LEPECDN, ZOMRITERE] TR SNEMOHESRES A VIS HEHES IR,
DNTBZ EBHFKS, ‘

LROER 4.1, HE 4.1, 42 REOFHERZESHOT WEE S OB/IT wp, DRE
PRIT 21T 5 LIROEE A 8L Z L B3R 3,
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FH 4.1 (wp, DT T 7BHNDRIEEMN c 1T |e| =1 ERDBRREELT D,
D, C Q #% Lipschitz @728/ 0D, &> Q OHHERK. o & O LTHARELF-
Lipschitz %L L. FiZ D,, 0 i 2 2OEH r, h with r > 4h ([T LEH (3.1) 2
BT LRET D, BEDO0<p<r/2ZRL, D, DER 0D, OiEfE C.(p) %

C.(p) = Clp) U { z € Q| dist(z, 2\ C(20)) 2 p }.
where C(p) := { z €8} ‘ dist(z,0D,) < p }

LD, ZOEBEL VRS ZLICLST D, OREATEND 2 2ORBEEZNTN ¢
D.(p) := D. \ Cu(p), Di¥(p) =2\ (D UC(p));
LBL, ZDLE, 2008 (D.(p),c.) & (D&(p), —¢.) IREBOLHLRARE L 12D,
COEBEEIIMABRVTERT DI ERORERED,

% 4.1 (wp, PEREM) EH41 LRLEBERET D, DL &, 2OOEERK I, .
BFEEL TROFEM: (xx) 22T :

(xx) 0 <Vp < ps, 0 < V6 <6y, 755 >0, s.t.
|6]r(q) < 6, and |u(0) — wp, |L=(@\Cu(p)) < & (4.1)
= u(t,z) = wp,, a.e. z € N\ Ci(p), Vt > 7p5.

EORIE. B/INT wp, ICHLTHZDNBIES EH (4.1) OB HARTE, B
2 Q\C.(p) NTORE X DETILH 5 AR 7,; CERT S LEBKRLTVS,

RPN

[1] L. Ambrosio, N. Fusco and D. Pallara, Functions of Bounded Variation and Free
Discontinuity Problems, Oxford Science Publications (2000).

[2] H. Brézis, Opérateurs mazimauz monotones et semigroupes de contractions dans les
espace de Hilbert, North-Holland, Amsterdam (1973).

[3] L. C. Evans and R. F. Gariepy, Measure Theory and Fine Properties of Functions,
Studies in Advanced Mathematics, CRC Press, Inc., Boca Raton (1992).

[4] F. Giusti, Minimal Surfaces and Functions of Bounded Variation, Monographs
Math., Vol. 80, Birkhauser, Basel, 1984.

[5] K. Shirakawa, Interfacial energies in two dimensional phase field models and related
variational problems, Variational Problems and Related Topics, Stirikaisekikenkytisho
Kokytroku, No. 1347 (2003), pp. 73-95.
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Generation of corner-layer of Lotka-Volterra
competition model with large interaction

BB R EREBERE BERER
B W ERERFERER BTERER

1 Introduction

K @ Lotka-Volterra competition model {22V T&E z 5:

(
ut=Au+u(a—u)—§3uv in Qx(0,7),
vy = DAv+v(d—v) - E%uv in Qx(0,7), )
Ou Ov
5_5_0 on 092 x (0,T),
| u(z,0) = uo(z) > 0, v(z,0) =ve(z) >0 in Q.

ZZITQIXRY DL RER N 2R/ OFRER, v X 00 OAmEERZ b,
D,a,b,c,d, e ZETEDETHIIABRECTIIFII0 < e << 1L LTEZS. KMEK
u=u(z,t), ROv =v(z,t) I2BOBEETH5EHOBEREELR L, (P) IXZRHERQ
ETons 2 @BREOEYMOBERMOREE(LERRT 2 KG-EBEEETAD 12T
»H5.

BEARE L L TOME, fIAIEBREaT 2EMOELZTO A B =X 2wt LTS
FAZRLD Z LR EME LIEFRIZS £ TICEE L, 20 X 5 28555 Lotka-Volterra
competition model Z¥]H & THHEWAERET NI L TEL OMERBENESNTE -,
Bl ZAETE H MRS 5 B LT, BRSO/ & < Z2RIEEIR Q 23 h TR < AR T < O
TV (dambell-shaped domain, etc.), < UM OB #E L T 3RS B TETH
D (ERFE—RLREEFERDTFE) T L BF LN TV A (Matano-Mimura [5]). #€->TZ
DEIBREHBT TRBEERET NVOMIIRERB L & HICFDOERSITIREICEHHT LT
WS ZEBRTFREND. QP THIBEIXZDL I REERELZTIFELRVOT
(Kishimoto-Weinberger [3]), B & RELZITIRE~OBEHLIZOWTIIBFE TRV, —
TINGIIEERNLESRFTICETIRETH Y, Ba i35 EHEER R (BROMIRICE
BIGR) ARG ITICEL TEET 2. STHEP) BV TRHEI< e << 1 IBEARETF NV
DEHREVE LT, 2BOEMB OB EEEEOHEER (BREHRS) Mo ER (4
DILER, FFl) &N TERAREEORMEMIZHEREIIRELSFETIILE2RLTEY,
IO 2BOEYDEEHSTIRD L IIZEAL TV T ENERMICHIZEINS:

o BT L OB RES, ThENOTERE O, Q) ¥R (5 1 55)
o BSIIFEGROIRIEOH A L, MR D 180 L 31T E L B (35 2 B),

SEORBRFEAEF ¥ I F— CIHMEE LM TEEOTRMEICR LT e +5/ha <8
RiE (P) DRROHEBINE | BRFEITRED T L IC VT L=,
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2 Known Results

— DO RISHEBRICBN T, Al & I MO EMARENRE SRS 8L
(transition-layer,spike %) IZE B LIED F A T I 7 A2 A DHEILEEBRAITITONT
WBA, RO X D ZHEEER () BEFICHVBESIIH LT, MOME 2T~ L
XHE Y IThh TV, B (P) 28T 28H 51T OFRIZEI L Tid Dancer-Hilhorst-
Mimura-Peletier [2] 23 H' OR#AIZ CHERE AV TEHREZTT> T\ 5. —F lida-Karali-
Mimura-Nakashima- Yanagida [1] Cidar fif# (EHERIR) ORIV TE 2 BpEIC 1T
BEEISy 1T DB RIS TOME (corner-layer) DEFNZOVWTEEEZToTWS. ZhiZ X
NITE 1 B, TRbbES RRERIBO% Tu, v i3S IBREFERKZHAK LR
(CEERIEE T OMOEB H 5 B HERMBEICELEE (O(eloge|) BEE) I T &2V
ENTW3. 2V HFEEROELITTOEAERMEEZHE ZLICLVEHMNIZEED
LEZD (ERLEBOBBERMBEIIRAROTE - —ERLRENRBRTHY, (1] Tix
HHEEAMEOROFE - —EMEZRELZLTIERAZLTND).

B4 OBFE TIHAEROFIMIED b (F1#) FEEROBRCESETOT B ERIION
THH-TEY 1] L ZOHKREZELET (P) DROZEENICET 2 —EDOKRBELND T
LiZied.

3 Formal analysis

9 (P) IR BROEBC OV THAMICEZD. ET0<e<<1THDHLE (P)D2
SOFBRAITBOTidu R v DED € & _THo/NE L R BIRVIR Y BEERELSNO
HAORBIIBER T BN IV. ThEEEZ T2 0B (¢,v) = (&(7;€,1),¢(7;€,7))
EROEMIHEBNROMBE T D:

{¢=—wm $(0) =¢ >0,

. DEs.
Y =—cpp, ¥(0)=n>0. (ODEs)

u B Ry DER e L HRTHH/NEILROLRVIRY u(z, t), R v(z, t) iX qb(gtg; uo(z), vo(x)),
&U¢Q}wuxwagu;nﬁwénak%zena.::v«m&guﬁﬁiabr
A, ) :=cp — b (= A(§,m))

BEEOZLIZER LIV, 2 EY ¢ 13RO 2-parameter &, 0BT 5 EME TN

¢ = (A(&,n) —cp)p, #(0) =&, (1)
T TIORBEARELE RV RTEZ BN S:
EA(¢,n)
——= (A#0)
srgm =4 ¢ 2)
14+ cér (A=0)
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FERRICL Ty bRFEARETH D (MFELBRITNIL (1), (2) TA%Z -A, (bc) % (c,b),
RO (& n) & (n,¢) LBIAEINTL). 22T

lim &(r;&,n) = ma.x{

T—+00

A
lim ’d)(Ta 6, 77) = max {Oa - (i, n) }

T—+00

B SLH (¢,9) DIROLEFHIZTADHEZFICE-TEES. Zhick Y b &D (P) iz
T A(uo(z), vo(z)) PR FPESZFITEAELIED, TRDE (P) DYIHHE (uo(z), vo(z))
MOEED 2D {z € Q| A(uo(z), vo(z)) > 0}, {z € Q| A(uo(x),v0(z)) < 0} IZ X
0w, v (F13#) FFIESIEAS GEELHIIC) RIE I h, WY 2884 T(e) IZB VT,

Uo

0}+0

-l

= max {O, ))}-i-O(e)

BRRIATDHZ EBRTFRIND.

4 Main Results

NEFFRIFRIZEIT D HLBEREE HW D Z & T Section 3 DA BIBRITBFEMIZIEY/L
SND. ROEBBASEIOBREICBITHIERERTHS.

Theorem 1. ug, vy € C*(Q) TEE {z € Q|A(uo(z), v ( )
BHETHLLTDH. ZDEX, >0, C;>0G=1,---,

= 0} IHRKIT 1 DIE LN
4) BIFFEL Te € (0, ¢) 2t

L CRARRILT B
wl8) = 6w w())| . <Ce for (0,€%),
vl ) = 9 (i) w0 e <O for (0,€),
e {ADSD )c

M)—)}”mm < Cae

Theorem 1 D & [1] DFERN S (P) DBEOEBZONTERMELNIZZ LItk B:
o ETHRIIF z € QITBNTHIET S ﬁ%&"ﬁ%ﬁ%@ﬁ@ IZE > TELT B,

v(-, €) — max {O, —

o O(e2) ORRXIBH%, AT (max{ 0} { a;) Uo(x))})
b7 < &b O(e) DZERA—#—CES< .

o BLSITERE, fRIZ (max{A(uo(x) O(x)),O} max{O —A((2), UO(x))}) )]
HEL 42 8BHEREORIZE > GRS (52 Eﬁl‘%’\@?@ﬁ)
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5 Order-Preserving system

BEOEB WA SRR CTIIEROFBADOBE L R0 LBEBRIIRIL LRV
A, BRI R EILT b DI OWTIE, MR H SEOBEFAME L RS, O X5 RRITEF
RIFR &L TR THE Y, HMatano 13 & HIZIRVEE Z B OMIEFRFER & FHIN 5 RIS
B L CHMOBE L ELUONEZFONFREREEE L TV 5 ([4],[5]). KRORISHERK
% (competition-diffusion type) IZ2WTHE X %:

(uy = Au+ f(u,v) in Qx(0,7),
vy = DAv + g(u,v) in Qx(0,T),

q 0u _ Ov (RD)
%_.a_y_o on 00 x (0,7),

| u(z,0) = up(x), v(z,0) = vo(x) in Q.

ZZTf, g:U— R (UcCR? domain) (X C-BTH Y, ROREZHZTHDO LT S:
fo(u,v) <0, gu(u,v) <0 for (u,v) €U. (A)

Definition 1 (upper-lower solution). f, g 2% (A) &7z 3 RIGHLHR (RD) (2B T
(u(z,t),v(z,t)) € C*( x (0,T); U) #% (RD) D upper-solution TH D &L

U > Au+ f(u,?) in Qx(0,7),
v; < DAT + g(%, v) in Qx(0,7),
Jou v

—_> — <

3 = 0, 3 = 0 on 90 x (0,T)

BT L& THD. (u,v) 2 (RD) @ lower-solution TH D Z & bRIRIZERT 5.

Proposition 5.1. f, g 7% (A) 27 RIGILHR (RD) LBV T (u(z,t),0(z, t)) KL
(u(z, 1), v(z,t)) X (RD) ? upper-solution, & U lower-solution TH o &F 5. 2D L ¥,

u(z,0) < u(z,0), v(z,0)>7(z,0)

i
u(z,t) < Uz, t), v(z,t)>7(z,t) for (z,t) € Q2 x(0,T).

Proof. upper-lower solution MEH L V KAHFLILT D.
1
(@—u) > AT — ) + / fulsT+ (1 - s)u,D)ds - (3 — w)
4]
1
_ / Fol, 57+ (1 s)u)ds - (u — )
0
1
(v—): > DA@u—7) - / gulsu+ (1 — )7, v)ds - (@ — u)
0

+ /01 9.(%, su + (1 — 8)v)ds - (v — D)

BREMIZOVTHLEBORERANE LD, ZhOICEMOBHH FEAD LK ERZ
BW5Z & CTEBRITGIAINS. O
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# > T Proposition 5.1 2>5 U = {(u,v) € R? |u > 0,v > 0} & L CTEDOHHMEE &>
(P) ® upper-lower solution IZ%f L THEFHRTFV LY 5 Z L35,

6 Proof of Theorem 1
Section 5 £ ¥ (P) iZxf LT L VWEE % #£5D HBEAR & # K T & 11T Theorem 1 DEERA
w5 2 2T (6 5iu(e),w0(a)), ¥ (o), w0(a)) ) # (u,0) OF 1EDARE

Y
€3

L, 208 1 LRI S HIZEBEIZ I X 2Rk OF OB

8(z,1) 1= ¢ 50(e) + 51(t,€),v0(z) — a(1,9)),

U(z, 1) = o 5u0(2) + 51(t,€), (@) — sa(t. ) )
i U7 51(t,€) R salt, €) H01F B 2 & T (P) D BB 2R LT-.
Proposition 6.1. s,(t,c) = Ceexp L. sy(t.€) = 0 LB &% (C>0), 3) it e (0,6)

€2’

(3)

IZFV T (P) @ upper-solution & 72 5. s1(t,€) := 0, sat,e) = Ce expgtz— LB LE(3)
Xt € (0,€2) I8V T (P) D lower-solution & 72 5.

Proposition 6.1 Z3EBA$ 2 72 ¥IZIRD 2 DD Lemma ZFEEAT 5.
Lemma 6.1. 7> 0,£ > 0,7 > 0%t L TR I T 5

b
0<¢§(T;€,77) <1, _E <¢7](T;€an) <0,

—7 <UriEm) <0, 0<yy(rigm) < 1.
Proof. 2R (1) £V ¢ ZRDFENET =5

¢e = (A —2ch)de +cd, ¢e(0;€,m) = 1.
WY T >0 LTo(r)=1,7225LT5L ELOFRAND

be(1) =A(€,m) — cd(T)
=—byY(r) <0
ERBIZDFEBELD. o Te(r) <1 THD. RRIZL T (1) >0bEXD. &Y
DARZERICBE L THRBICEBR S FRRXOMERERICL > TRT I ENTES. O

Lemma 6.2. i, j, kIZIZE,nDWTNUDBAD LD E L, ¢y, ¢y iX oD E, niZBET 2 1 P&
4y, RO BEAOWTNAEZRL, Y ICBALTOREE TS, ZDEEr>0,6>0,7>0
Xt LT

‘§’<Mi’°(1+7’), % < ME(1+7),
k k

LA Yis| o 1k
‘wk’<Lz(1+7), | < I +)

Y725 M, ME = M(£) > 0, L, LK = L(n) > 0 NHELET 5.
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Proof. % 2 By d;ff DFEOBICA W CER OB R B~ 5. = = CIHEEL ¢ 22Ke

Z’(U‘K#{A L:E@#&E&i&k LTRTZERTS. £F(2) &V

. _ EA _ EAeAT
¢(T7§a77) - Cf . b’ne—AT - A+C£(6AT _ 1)

LRB-DEZEHBEICIVKREED. ,

A%(1 + c€7) + 2% e — 1 — A7)

S R ) “
¢ AX1+cET) + *E%(eA™ — 1 — A7)
ZZTARER A —1-AT>0(A€R, 7> 0) BRILT DD T (5) & VW ROFHEHE S :
0<—<§+ (5’ }+c§27'
WIZ 2 BEBRSTIZ DV T (4) 1_1%;#% (%T%w%?) THILETRERD.
i’é{ _ cK; (6’ A) + CK2(€’ A) + CK3(€, A)

¢ [A+cf(eAm —1)]- [A2(1 + cr) + c%¥(eA™ — 1 — Ar)]
=721, Kq, Ky, K3iZ
Ki(€, A) =2c§(eAT —1—Ar— %A2T2) [A+ (e — 1)]
(=0(4%))
Ky, A) =27 A [Az(l +ofT) + ¢ (eAT 1 AT)]
(=(2r + 207" + ) A° + o(47))
Ka(€, A) = — 24%(e*™ — 1) + 2c£A [(eAT — 11— A7) — Ar(e? — 1)]
— 3¢ [2eM (e —1— Ar - %A%Z) — 2A7(e? — 1 — A7) + AMr(ehT - 1)]
—er[a(eh —1- Ar - %A%z) — Ar(e*” — 1 - Ar)]
( =(%C3§37‘4 - %85%3 — cgr® = 27) A° + o A7))

wEvEzoh3. _némaﬁfré B IZIEOTRIC L 0 W DI D F BRI B 8,
K ioBiFHed" —1— A1 — A27—2 PEHOEFBREICELTEAE L EZE L CTHREBK

DHELSB XY LT EHLD L’Kﬁ/%ﬁx_l‘ll ,e"—1—Ar— —A27'2 EELboiIzo

S _ 1 _ o 1.2
b\ﬂiﬁéﬁes(esl_f_;)s MR EARERSZ L EAVEEV. S EOBRIC X

}gb&‘ <M§E 1+7)

LRBIEBDND (M, B2, £ ICH A ZHENROD order THREFTH I LICEE). O
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Proof of Proposition 6.1. upper-solution DFEIZ DOV TDHIERT 3.

Ly(u,v) :=uy — Au— ula — u) — %,
Lo(u,v) :=v, — DAv —v(d —v) — %
LB EE ;
O(z,t) = ¢(€—3, uo(z) + s1(t, €), vo(x)) -
T(z,8) = 9 550(2) + 91(t, ), v0(x)
WXt LT
Li(®,T) = o (su(t,) - g( é) — ¢5§ o 2%2'1%0%0 - %’pwoﬁ),
Lo(®,T) = e (st ) - %(d $) - w“ SVl - 2D’—”¢—i’lwovvo - wa—'Z'IVvOF)

L72%. Lemma 6.1-6.2 12590 s; & LT
| . t
5i(t,©) 2 M +s1(t,0) - (1+ )

T OBBNIUT L (M(E) 12 €, ¢ ic@m 4 ZERD order TRET 2 EDEE).
ZZTsi(te) = C’eexp t et € (0,¢) TLORBEEET. #-T Li(D,T) >
0, Ly(®,0) < 0% 5. O

Propotition 6.1 DFLILA>H Theorem 1 % FEBA 5 121X upper-solution & %5 1 iT{EIR &
DED order Rt = 1281 28 1EEEORBR~DINED order ZF~HIiT LV, #
FHIZOVTIE(2) KV EH IRV, E-AIFIZ OV Tid Lemma 6.1 12X 5 ¢ BOHFFMHE
B2 E

— t 1
|<I>(x, £) — ¢(6—3;u0,v0)| < si(ty€) - / |Be(s(uo + 81) + (1 — 8)ug)|ds
0
< 81(t, 6) (C > 0)
DPED . LA EDEBIRIZ X Y Theorem 1 DIEANTZERT 5.

SE Hk
[1] lida-Karali-Mimura-Nakashima-Yanagida, in preparation.
[2] Dancer-Hilhorst-Mimura-Peletier, Europian J. Appl. Math., 10 (1999), 97-115.
[3] Kishimoto-Weinberger, J. Differential Equations, 58 (1985), 15-21.
[4] H.Matano, J. Fac. Sci. Univ. Tokyo, 30 (1984), 645-673.

[5] Matano-Mimura, Publ. RIMS. Kyoto Univ., 19 (1983), 1049-1079.
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JEBAF Allen-Cahn FEXDOKHREBREIT

W E 1% )
IEBREREBRBF TR

1 F
1.1 JEBA Allen-Chan FBR. BE - BARREZERT 5 ET7 VIZKRO phase-field %3 5.

u = eAu+ f(u) —v, t>0, z€Q,
(PF) ovy = Av + dug, t>0, z€,
Ou/0n = 0 = Jv/0On, t>0, z €.

ZIZTQIERRY (N >2) NOBELIARERES, n IZER 00 Losm & BAERNS b, fid
BONR2EBHFRT VA W IZH LT f(u) = -W/(u) TERSIDHFRBEK (BRI
fw)=u—ud) THY, €,0,A>0 3T A -2 %KY

WE, FER (PF) KBV To—-0,A-0 20O REEEZLS. FFHAMIZ o =0 &BNT
v ZHEETIE,

(VCH) {M“=—AWAU+fwrﬂm,t>o,zeQ

Ou/fn = 0Au/0n =0, t>0, x €09,

NESHRD. T2 TH A, iTHESIREZR L, i OREDHEL ERTNIT Cahn-Hilliard 5K
2725 b, (VCH) iX Tt Cahn-Hilliard HRX) & LidhTw3 ([9, 10] BR). Sbihk
A (VCH) BV THRMIZ A =0 L3hid, MBARHELLHRET Allen-Cahn HFEABBOLND:
1
@) uf = e2Auf + f(uf) — I—ﬁl- /Q fw)ydz, t>0, z€ 1,
Out/on =0, t>0, z € ol

ZITI0EQ OREERT. HI, REEOFEELRAZRMIILY, BOZMEHIMRFEIND
i EET .

1 € J— 1 €
(CP) EﬂLu@@szﬂLum@m@ t>0.

Rubinstein & Sternberg %, RZR2ZBEMRr—A A, FBRA (L1) ORF AT I7 2% 3B
T TER LY (13 BE). TOFAF 37 AEBBLEROL S KENSNS.

1 iz, HBRED O(c)- BB NEBBE L ERT 5.

2. ZOREE, REHFERL JITN A EENEANC LRS- TEEHYT (REFERL (13] @ (2.15)
KRTEZHNB).

3. TOEAEL THAREFHEHEMRRATER) & LT 5 REFER (13) © (3.2) X) KLk
Ko TEST S, REL ThABLEROAREEIC—EICRLRND, REMICREIE
52,
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FRTHRRBERIT, FERRX (1.1) 0OE2BRICBTI2RIA T IV RICETILOTHS. UTF, /&
HEiE QCRY AIKEDAENZBOLLRAKT L OFHELZE%T2b0E L, REIIEROER
00 PO RICEEN TV BDRADAEETHZ L2 5.

X, FIERTRESRMKOICEKEIGESS &, ST AERROBBEMA (bubble ) SFDOFIK
ZROTEFHEBMITRBNVRA Y — FTHER 00 IZE3W T L 5 REBRE-ICE NS (bubble &
8). ZOEBOFEMICONTIE, Bl (15, 16] REEBBINIL,

1.2 FEAERX. F2BREBIRTIFXATIIRAERAZICE, FEX 1.1) OBt 2t — et
TIRT—NANFTHIEILL>THLNIROFERE L VR ORFEY THS:

eul = 2Au + f(uf) — llﬁ,/Qf(u‘)dx, t>0, z€9,
Out/on = 0, t>0, z €99.

(RD)

HEEX (RD) (it d 2 REHFRRIIR [13] @ (2.15) RELTTTIZEZ LN TS, FORE
REBAOTHLIEDIZLTLHLBETEDZ HOTIIARY. 22T, BHRAEFRER 2K CEHT 3
ZERTD. EODHMHIRER veR % EALT (RD) %

(1.2) euf = EAuf + f(uf) — v°; ve(t) := ﬁ/ flus(t,z)) dz
Q

LB TOBERXICLY, (12) B-REBNTIE f(u) —v ZROTHEHEL LD LR TE
5. b&bLFER (RD) OHMME f 12 EHFERF LV W rbEANE SO TH oMb,
(1.2) B—RD f(u) — v EROWEE BT & RE LT b—gtEE &by,

(A1) BEYK f(u) RBONT, AT T4 2 {(u,v) € R?| f(u) —v =0} REDDET T F
€ ={(wv)|u=h"(v), veI :=(v,0)},
Ct ={(u,v)|u=h*(v), ve I := (-o0,7)},
C® = {(v,v) |lu=h'(v), veI" =TI NIt = (y,7)}
Mo b, XE Y ETROREXNRY L.
h~(v) < ht(v), hE(w)<0, wvel.
(A2) Hvelicxt LT .
70 = [ " ) —vau

= (v)
LFB ZOEE Ju) =0 BER T(0F) <0 BHET vt € IY B —oFETS.
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RE (A1) Db L Toel® 237 A—% L3 3 FREEHERE

Q(o0) = h*(v), Q(0)=0

=D (Q(z;v),c(v)) b O EBMOENTVD (BT [8] BF). XXMk [7] OFIEIC L=
i, FEFERIZOBE c(v) ZAVWTROL S IZRBEENS:

{sz +cQ:+f(Q) -v=0, z€ (—O0,00),

(1.3) v(z; (1)) = c(v(t)), t>0, xel(t).

TITIR)REEQZ Q=0 ) UTQ)UQT}) PEIICFTIRE, v(z;T(t) iz el@t) itk
1B T(t) DIEREE (7272 LEOBEIR QH(t) ONEICHE» > MERELTS) 2R L, o) 352
K (1.2) I2BIT 2R vé(t) ® e — 0 BT HMBBRBEKICHYTEHDOTHS.

Bl () XK o(t) T > TEOEHMBREIND D, EBIZT() & o) OBFEXEL >~
W LERDHD. TR, HFEX (RD) DN HOHE

drs1 . _
(1.4) E(I—Q-l/nu (t,x) da:) =0
EFRVWES. BORTiIckd L, us ST 7 A0
(1.5) u(t,z) = hE(u(t)), t>0, z€QE(t)

LRBLBEShD. T THARIC (L) % (14) IKRALT (1.3) 2AVHE,
d d

. B _ d
0 = 7 Qu (t,z)dz = E/g—(t)h (v(t))dm+a/a+(t) ht(v(t)) dz
= [ me@uod+ [ heo)viene)dss
Q-(t) r(t)
, t R d
+ /Q » ht (u(t)) 5(t) dz — /F " h+(u(t)) v(z; () dST® ( = %)
= [r @I @)1+ B IR @] 9t) - [+ (1) — b~ (0(8))] e(0()) ITE)

L5, 22T dSED, D@, 10 ()] RERER 2 e T(E) WBIT 5 [(t) OERESR, [(t) DREH,
Q(t) OEHEERT. E (A1) 12XV v(t) € IV IZH LT hE(u(t) < 0 BRYSLODT, Erbd

o W (u(t)) — b~ (v(t))
- O memm O R eeare O IOk >0

B/OND. ZOXSIZLT, HEKX (RD) KHIST 3 REFHERIT, ROFEARTHHIZRRAIN
LT LHBbnD.

(v(z;T(#)) = c(v(2)), t>0, z€T(),

ht (v(t)) — h™(v(8))
ho (u(E))IQ= ()] + RS (u(2)) |0+ (1))

(IE) L o(t) = c(v(t)) [L(2)], t>0,

xF(O) =T, ’U(O) = vg.

ZOREHEX (IE) 1%, HEEMOFBRARIIHT 20MEMBICRET DL TE, TOEMK
SFBRREBITDILICL2TROZ L0 D GEAIL (11, 12) R EEBROZL).
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FE ([11, 12]). (A1), (A2) BV IDE L, MMFT—F (Lo, v) IZRDOEME LT LT B:

(C1) To 1Z#HMT Q=05 UTouQd, ToNdQ =10,

(C2) vy €I,

(C3) mg € I* := (h~(v*), ht(v*)).

112U mo 1 mo = h—(uo)% + hﬂv@% TEBRSNEERTHS. DL ELUTHRY L.
(1) (IE) Db 2AR (T,v) B BEM [0,T] TrlE— BT 5.

(2) v* O I* (CI°) BFEELT, vp € I* 22543 (1) ORITIEM [0,00) KEE SIS, KiZZ
DEE/OMPRFE I BEEL Tt o500 DEE (T(L),v(t) — (T*,v*) &R5B.

(3) (Fo,vo) 7% (IE) DB LIRDBDIL vy =v* DEET, TFD LIRS, T (T, v*) 1T
(B FRARDERT) HERETHS.

2 ERR
FRAEN 6> 0k LTHE [(t) O 605 %
L)’ := {z € Q|dist (z,[(t)) < 8}
LU, BB T > 08 UTRERER I LB 0 22neh
Ip= {J & xre)?, oF:= | {tx0*@)

t€(0,T] te(0,T]
TEHTD. bhvbhOEFRIT
e~ 0DEE, REHEEMAER (RD) OR v (IREHER (IE) O (I,v) ITIRET S
TEERTHLDOTHS.

EE (IRREE [12]). ([,v) i, H2HMRXME [0,T] RT3 (IE) OEET5. 2D % (RD)
DR u¢ DIENTFEL CTRMBY I

lim u = h*(v) (% 6 >0 A LT OF \T§ £T—#).

ROET, ZOEBRDIEALHERTIZ LT B.
FXE. Allen-Cahn FREXIIANTZNREBRICEH L TIFIXIE (3, 6) REDRERBH B, £hit (H
BROEM (super-solution) & Hf# (sub-solution) K L, T 5 THLZ L THLHBSAA THE
FEREBEATS] LW FELAVTGEAINE LD ThHo72. b LIERFTEEZ b Allen-Cahn 5%
K (RD) Ikt LC b HBFEBR Y LonThivE, LORKERE [3] 1ok bo THRT 5= bid
ARETH D2 L. LnLRah, (RD) x4 2HBFEBEARITIONELR L bbb
iRoY o

— 5T, HHE (RD) /57 A —FBEEEL T (PF) R (VCH) 7O EH SR, ZHE 250
HRNIH U TRHBFEESR Y L RN ERMONA TS, LizoT, RiZ (RD) iod3T 5k
BEEN Do/ LT, (PF) R (VCH) O & 0 ERE AT 5 £ CIismm e Ay I E
REBEL TP B LAEZ LW EEDbRS.

OO RERNL, KETIIHRFERIOITIEOGRWHETEOIREBRLHHTS Z &t 5.
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3 INREEDIEH

%, (IE) Ofg (T,v) IKBRYT 5 & 572 (RD) ORMEELUME BB LTLES. £0HIC
IX3CHR [11] THONHEMLWIRMOBBALEL RDIPZ I TRIEEORE LRETS. £2T
i, §1.2 THXMICEH L-REHFBRR (IE) 1, ELMEELPR2LDIZT 572D ORIERES FM
ELTHRARIRENS., ZOL) RIEREECROBRIELND.

-
il 3.1 GERMROMR [12]). (T,v) iX, HIHEREM [0,T] 2675 (IE) DL T 5. :@&w
EFEED k> 1 ICx LT (RD) OELHE vy OESPFEL TROBEEZRIZT.

au_fé 2 € _ € i € _ k+1
max[e 2 - 0us — fus) + g [ el =0,
s _o (jo,T) x 80 £)
n ’ ’
lim u§ = hE(v) (%8>0 KKHLT 0o \I% ET—#).
N Y

HE—-RBLOFE-RiL, EBE ug BHFEX RD) ZEHULTWHILEERTS. BT k> 1 13E
BETHIND, W OTHEWVEEBELNEZLEZRL TV, FERKiT oy A (T,v) KINKT
TEEERTD. ‘

Z DITEfE v, OFELSKEOR uf BFETHTHA D (ENBPRHFTERVORLEDLED TE
L) LiZE R goTLEIN...). LD BVIEVONE, EEMNLDOX L (HEB) uf — uf
ZRAI L.

—~
8 3.2 (BROFE [12]). v X ETRR SN (RD) OiEEELT5. ZDLE (RD) @ﬁ@\

ut DRBFEL TROFMEAK Y 320,

max [Ju® — u$ <Mek_3N.
ma llu® — uy ||l Lo () £ »

L TITM>0Fe>0IEbRWER, £/ pid p>3N 2HTERTHS. y
Bl k- W k218 p23N HOELRBIEADIENT e 0DLE &% -0 THE.
US> TRl 3.2 B THATNRERIIZ A L AR 31 HEX00ELI LIRS, UTF, &
B 32 REHIL LS. AP [14) OFFHCRS ).
¥ te0,T) #EEL, (RD) ZiELlfg us, DEDLY THRIBIL LI L EDOBRALIERFE L L(t) T
BT, L) RRTERSNOMBERARTH .

Lo(t)p = ehp+ €7 [ £/ (it D — (£ (walt, o)

UTF, Qb bZEMFEHE « () TRTZ LTS, fEAK Lot) ORMEK t £ t =1 TUX
r—n L, (RD) O u¢ & u§ OOEBHE LT

ut(er,) = ug(eéfr, ) + ¢5(1)(), T E[0,T/€
LES. &bIT (RD) % ¢f(r) DREFER
(3.1) () = A(T)p(7) + N(7,9°(7)) + R¥(1)

CEBERXD. ZI TRy b 7 IR 1 ST B ERL, AY(T), N(1,0), RE(r) RER
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EFNRODEIDIZERSND LD THD.
AT = EDp+e[f(ua(Er, e - (£l )e)],
Ne(r@) i= e[f(ualer,) +¢) — Fua(en, ) — (Wi (er, )
—(Fs(er,) +9) - Flus(er,) - £ wa(Er, ),

R(r) = e[ Au(en, ) + (@, ) ~ (Fuilen, ) — ok (e, ).
FRIZ AS(T)p = EL( 1) ITMBTH (EBIH), N¢(1, 9) IIRBILIC L > THRND 2 KU EDOIRE,
RE(7) WL uf, OREICBIRT 2RISETH Y, KR [0, T/e?] ETROFEHR Y 2.
(3:2) Ne(m,9) /e = O(lel?),
(3.3) IR (7)o = O(eF+2).

HEX (3.1) B (1) 2 b O LITTTEZDAoTNEDT, HLid [0,T/€?] ET ||¢f(7)||pw() &
T D LT THS.

& T, HK Neumann RHEZHIZT @ IR L TIE (A(t)p) =0 22D &, £/2 (N(1,0)) =0 B
LK (RE(7)) = O(eF+2) m 0 BSR D ST T L IR 5 &, HIERK (3.1) %4% 5 B2ic [ 0-25h) A
BEERBRBER-TLEZOND. 22T

¥ 6272 B3 u(z) 1%, ZERFNR0 L RDE wi(r) LZMICBE L TERERBRS
ug ZRAVT u(z) = w1 (z) +ue E—FBICRBREIND)

EWIHIMHEICEB LT ¢f(7) &
(34) @ (T)() = o1(r)() + ¥5(7)

(272U @S(7) X 0-M5y, o5(r) IZERICH L TR E 2 M) KoL, FRK (3.1) o TE
BO-ZEH LOBRBSFERX] & R LO¥MHSHERX] 2L HLTAHLS.

(3.5) P1(1) = A(T)P5(7) + N(7, 05 (1) + 65(7)) + R (7, 5()),

(3.6) #5(r) = (R4(7)).
ZIZTR(r, ) IFZERMICE L TERE RS @p IZRLT
(3.7) R(rp2) = RY(r)— (R()) + A(7)e2

= R() - (RE(T) + €| £ (wia(e*r, ) = (£ (wia(*7, )] 02
TEXLIS (BT (R, 2)) = 0 BV 3I0). = OHUC LT, B [0, T/e2] £T |05 (7)1
BEW |py(r)] 25T 5 2 LIREEND. FER (3.6) DADIZBNT (RE(1)) = O(+2) ~ 0 T
b0, BEEBD o5(1) DFAT I/ RO TEBNW Lo3bhd. 2 ) HEX (3.1) OROHEH
i3, IR - ERICEH IR TV EWVoThN,

RERGENX (3.5) ZH O LHICHYLBEREMEAREL L 5. Y 0-BHE L2 5ZEME M TRL,
EMEZER X§ B I UERFE A (1) DEBRR X5 2 TN THLROL D ICEHRTS.

X5 =LP(Q)NM, X{:=W2EQ)nM (p>2).
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T WD) i3EH O Sobolev £

W2P(Q) == {u € W*P(Q); Ou/On|sn = 0}
ICEMTE ) VA |
(3.8) lullwzz () = llull ey + €2 || DullLo() + €1 D?ul| Lo (o)

PEALLERTHS (A(T) ICBITD AT S BhhoTVDZ LICBTIT bh D).
Kz XS, a€(0,1), & X§ & X ORFMMEMLTS. T72bH

X5 = (X5 X1)ap-

BRIZER X 1oat LTIRIROEDRAZNBY I (772 LERMG & Vb (3.8) OB TEROIAHRE
¥ite>0 KEKELAVE S IZEND).

0<a<f<l = Xg—X.

& iz, HEK (3.5) I2B1T BIME N<(1,0) ZHROT2H B € (0,1) Ioxt L TEAS & Holder 22
M CE,(Q) #EHT 5. ZOLEMITER O Holder 2/ CF(Q) IKEHRFFE /A4

3N 3 N
(3.9) lullge, qp = €% lull =@ + € P ulgam

PEALLEEMTHS. HICER XS & Céfp(ﬁ) 2t L CROEDIALDBER Y LD (T2 LEHRFE
VA (3.8), (3.9) Lo TIDEDRAHERbER € > 0 KEFLRVE I IZEND).

(3.10) 20 — % > = X:—CP Q).
ET BB HER (3.6) DR p5(r) (KT BEH DD L 5. A
(3.11) A = 950) + [ (R do
THEZ BB, MIHHE 5(0) %
(3.12) 65(0)] = O(e+)
MBI END L 5 IHahE < B, (3.11) & (3.3) 2B @3(r) 1
A1 < 5O+ [ IRy do
< Mt 4 M2, 22
.
BHTF. Lndo TROFME H 12T/ o5(1) B3/ 6N 5.
(3.13) 5] = O, €T/

IO i) EREBHFERR (3.5) KRAL, pi(r) OFMEICHED. Bk u O X5/ VA EHRE
Ji% B : X — X5 OEAE/ VbEENREN |lula & |Bllaps TRYZ LTS, ETIEAR
A7) — A(0) BT EERREEMERENLRY, VWARIBOERARLEERVI LICERTH
iT, & A(T) — A(0) PIERFE /L ARKRO LD LRI oNn 5.
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WHE 33 Fac0,1/2) L LTHEIER M >0 BHFELT
[|AS(T) — A%(0)]l1,a < Mée(r — o) (0<a<T<T/é?)

N A RYASN

—7%, IR Neumann £ED L LEAK L6(8) X L2(Q)NM KW THSHKRIEAR L2, HiC
BAMEIIELRDZ DN D. SHITXM (1, 4,5 OTATTERANT LE(t) DERRBEEED e — 0
IS IRDBNERNT Lo(t) D L2(Q) BT D VY ARy MHERB LD, ZOFEE LP(Q)
WRIZHER L= D BRI ER % t = 21 TY AT —AThiIZROERENE LN S.

e N
#B 3.4. ERF A(1), 7€ [0,T/€?], i3E7 MU TIHERRTHS. bbb, HhHEHK A\ >0,
6. €(0,7/2), M, >0 BFELT

S, :={A€C; A # €A, |arg(A — €X)| < 1/2 + 0.} C p(A(T))

BLUOLV AR NEEMH

1= A()) oo < IT_M——

2\ (A€ S,

MWERTO 1€ [0,T/e?] IZOVWTHRY AL,
L J

WEE 3.3 L HHE 3.4 2AVIE, ERROBK (A} repr/e) CETBRBERR 05, ) O
BELNB.

Al 35 F0<a<P<1IZHLTEERM>0BHFELTIRTDO0Lo< 7T/ 12D
WT
|85(7,0) la,s < M(1 — 0)>~Pe O +ENT=0) (5 B) £ (0,1)

MBEROMND, CZTK>011H5EHTHS.

HRE 3.5 ZAVT |l@5(T)]le ZEMEL L 5. EBEEOLARE (3.5) ICHEATDL
(3.19) S(r) = @(r,0)g5(0) + /0 &(r, 0)N*(0,¢5(0) + ¢5(0)) do
+ / " ®<(r,0)R (0, ¢5(0)) do

0

BEOND. WEP>3N D ae(1/2,1) DL p & a B8N 20— N/p > B #H7=T
Be(0,1) s, LIAoT (3.2) BT (3.13) LBHAL XE — CP () BET XE — X§
FRAVIEROFED o € [0,T/€%) ICR LTRY MO E B35,

IV (0, ¢5(0) + @5(oNllo < M (% ot (0)2 + 1 F [0 (0) o + €%+1).
EHIT (3.7) IZHBWVT (3.3) & (3.13) TAHVWNIE
IR (@, 05(0))llo < MeH+

B/LNSG. Zhb OOl L HE 3.5 O/ OND |0(T,0)|aa BET ||®(7,0)|0,o PIFEE
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(3.14) IAVHE

3N

(3.15) re(r) < M(r‘(O) + € /OT(T — o) %r(0)*do

s
+t1=% [ (1 —0)"*r(0)do + ek+2°‘“l), T € [0,T/€?)
0

HEMIND, 7270 ré(r) i
(3.16) (1) = |©% (T) ]| e OutK)T

CEREIND [0,T/Y] EOMMEKTH S,
WE 05(0) %

(3.17) r(0) = ll9§ (0)ll« = O(e*+)
BHRIEZIND XD+ &L EiE re(r) OEgEEND
(3.18) ré(r) < €k

BANEV T >0 LTRYILD., 22T Ty :=sup{r € [0,T/e?]|r(0c) < e€*, Voe[0,7]} &<
Er(Ty)=€¢F HBVE To =T/ DELOLL—FBRRY LD, Fid e >0 BHH/hENE (T
HIEER D SN L RbhD. BB k> 1,p> 3N, a € (1/2,1) KEETNE (3.15) b
2MT~2
l-a

k
3N log- _ €
k- +20-1 | proa 1) S_z_

Lo TRENMENNS. LIedoT (3.18) i [0,T/¢?] ETRYE, (3.16) ik~ T

5(P)lla < M +RITek = O(k)

e = r(Tp) < e"(Me +

MY L. Ehiczhd (3.9), (3.10) IT&»T
(3.19) IS (M Lo = O~ %),  7€10,T/eY

LB, ZOE LT [95(r) Loy BEC [p5(r)] DR (3.19) & (3.13) 2485 LATEL.
INHOFEE (3.4) 1D

max [l¢*(7)llze@) < max [[9i(7)lLe) + max [3(7)]

[0,T/€2] [0,T/€2] [0,T/€2]
= O(F %) +0()
= O(¢ %)
LRy BHMERE t=¢7c[0,T) CREIEIROHFFELRHFLND. O

IR, HER (L1) OB 3BMICBITBF (T I 7 ABRABITL, (11) &t — 2t TYRF—AL
TBLNBEFER

(RD-s) uf = AU + f(uF) — — / F(uf) da
12| Ja
O L L. COFBRICHET S RESERL AR TN S H R
(IE-s) v(@;T(#) = —k(@; D) + —— |  K(a;T()) dST®
IT(®)] Jre

L72% [13]. TZTk(z;T(t) 1R z e T(t) ITBITH T(t) DEMROFERY (27X LEOHFSILH
REROPOLHIEK Q(t) (2% L ZIELT D). Bronsard & Stoth iX [2] (28T (RD-s) DERAHRAR
NS € - 0 T (IE-s) DRRIZINES 5 = L 2 EHWFEELZ AV TER L. 28 CRh<bhbhoF
B, ZOBEIAT—VIZHLTHLEMTHS.
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FERE R BN T D phase field FREXDBRELBREBEODOY S XIZDT

ZE R® (RPEHREH)
E-mail:fukao@toba-cmt.ac. jp

Abstract

AHEE T, FEERERATO S 2 R FEXOBEERAMEREDO L R T A
2% L CROEFEE L — B S VW THET 2. FERIBIRE L RIXh 52 #EREEY
FNETNEDL, SOIZORERTERREEDERTHD. FHDHFRAREMT
BAHEFBLRIERVELZEHEL L TH-TRY, 207 F X IELIEEEZZE L T
LR EER L, TOBRKFIOERE L THREMEZIBEO—RIFMICEL SSHT
3. 207, BEFNDa Ry vMEEZBL-DICEISAVLHI D Aubin D= /8
7 MMEEBEFEREEEZHEL, L X2 EM L THOFELIEHL TV,

1 H{A

0<T <400, t€[0,T]ZLT Qup(t) C R EZHERTHRRDO LPRER T,y(t) BROREIK
TFHEIRE T 5. RABIEE 0:=0(t,z) & x:=x(t,z) L LTKRORBEEZE LS.

Di(f+x)—A8 = f in Qm = U {t} x Qn(?),
te(0,T)
Dix—Ax+w+vy(x) = 6 in Qm,

w € B(x) in Qm,

ZIZTHBNY bV = (v1,ve,v3) KX LT Dy :=8/0t+v-V EEETD. 1272L V :=(9/0z1,
8/8z, 0/0xs). EHITA = Y3 (82/822), f 1E Qm LTEHEXBREEMTHS. = ORMAF
%1% phase field (7 =4 X« 74—/ F) FERXEMFIND H DT Fix (8] X Caginalp [4] 5
X o T Stefan BIE L FRISN AREDHMIZ L 27 T —FOIEERE LTREBINZFERTH S.
F D%, Bx RBLE»O O 2 INTEY, Damlamian, Kenmochi, Sato [5, 6] i Blowey,
Elliott [2] 255438 L 7= phase field FRIUC OV THEEZEL TV5. S: R — 2R IZ M TRAH
R EREBAR CEORDEBIL DB) = [-1,1] £ L, v: R — R iZ—flTHR, Al Lipschitz
i EREREE L 5. Z X Fix X Caginalp 52328 L 72 phase filed FRBRRICB W THE
KOBHEOBRIZEBTAIRT VY VEREINIRIZHHEDOHIBREMA - bDTHo12. £D
RERIIBMOFAEL —BHEOEE T, Visintin [12) KX BT AT T %2 b L ICRBHKFSMOTERR
PEATREFEXOMBERIZE > CGEAINTWS. £ 2 Tl 0 OB L Sovolev ZEMH]
H' OFHZEE OB ER ETELZONTEY, TOREVLARENREZD—D2>Th-oT-. #HO
ix Hilbert ZfTh D £ DR EMIN L EDEREM~DONHNERPADT T T T L A—H
TEBRLWVWHI LS AMONIMEZFAL TS, ZOTAT T, bLEZLNERY v B+
BB EMNTHNERX, OB LISAT 5 2 EBRWHET, ERIGILELEOBBRIZEDT AT T
FRHWAHZ & HTE S, U4 Schimperna [10] 12 & - T phase field FRADOHBH LY F\ %
Brézis [3) DK EFEAROB RN O L O TEHY Fx HLELMOBRIZIZEOEREZFIATS.

%7, Bx OFBERFRRIC OV TRAS. FSIEROBRTHIRDLNIZER LTS &
RELELD:

AD) ®H5EZBy € CHQm) = CAOm)® HHEL, EEDt € [0,T) K LT y(t,) =
Wit ), ya(ts ), ws(t, ) 1 Qn(8) 53D Qg =y (0) DL~ C2 SRR ER TR T 2
7=7.

Y(t’ Qm(t)) = m te [O’T]’

K2 y(0, ) 1X Qo E1IEZEH. 72, vol(Qn(t)) = vol(Qmo) 't € [0,T).
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HBx ORBETHIBIHEZERT N M viIIRERTHIBAEEXD. Lo Tvii(Al) THEx LI
HEBOERICAILTEE vp THALEIIRV. BRAZ vp = [0x/0toy] ILL>TEREH,
x:=y 1 & LTEBE, [0z;/0toy|(t,x) := 8z;/0t(t,y(t,z)) (i = 1,2,3) DL I ITEEL THL.
ZOREDT, MBITHEREEK Qr := (0,T) X Qo LOBREICEZET LB TES. 20, £
B (t,y) € Qr X LT, y) = [0 ox|(t,y) R x(t,y) :=[x o x|(t,y) &THIIE 2 DHFENIZL

ot Oy

=1 "%

— 3 — 3 8— _
N_g 0 (aij(t,y)g—; + ai(t,y)x) + Y b DZ + 0 +1(038 nQr,
i i—1 i

LB, T Ta; b 1d (A1) L VB fR L 2Y, 613 v ORMBIZ I - TRER AL 2o
T3, Hx T HFERRUC Neumann AR & IMFHELZR L CTRAIBEOERZITT> T, — K
IR OB RUR T IR O BUKEME L L TERND Z LR35 5 0, FRANRE THIIT, K
BURTFED ARRE~ D BT Z T LR ES RV, LL, FEANERBELFEOBEICIE, £
Z bR ORRECK T 2 WIEEDBER B~ OREIC X > TR LWV S HHE L LRHIKT
MORRE~DEBIT/NEL RV, 728 2 5 OERETVY, ELEE ROT 728 LTHELED
POROFHRICLER /XY MEERED Z LITME TIIRYV. BFAIZIT Schimperna [10] 23T
72 & 9T x DRSS OFE A ST Aubin D2 L7 MEOEBZIEATAT S u—FTiE B
FEERLREMPBBETHDZ b x OFBIMYOFMHBE L NE VWS Z L THD. ZOELEE
fRIE T 5 7=, Aubin DEBOREEIHE R L FERFMHCERL TN .

2 FEEHEEELERE

AF CTIEFh2 OFBEICRT L CEEEERZ IR, FOFEAD 7= OELIREIZ W TREd LT,
Fx ORBEIIR O PIHES FERIE (P):= {(2.1)-(24)} TH 3.

Di0+x)—A8=f in Qm, ' (2.1)

Dix — Ax+B(x) +7(x) 20 in Qm, (2.2)
80 x

5, =0 5,=0 onZn, (2.3)

6(0) =60, x(0)=x0 in Qmo, : (2.4)

I I TH/Ov I X BRI ERL, Ty i Qy PRIE L T3, B: R - 2R IR M THRAR
AR EREBEKR TEOEDERII DB) = [-1,1] £T5. LHL (-1,1) KBV TR BIZ—ETH
RELTHL. ZFLTHAHEET LERLRLEK S BFEELR Logf =0 LRRTETHY, &
HIZ B(0) =0 LEELTH X

B(r) > cilr* “reR, (2.5)

EWTETDH 2T BEERTHD. Z0BOHIE LTIEB(r) = Orl1y(r) BDIT DL
N5THAH5. IELORIZR LEOEWIERL, [y 13 [-1,1] LOETREKTHD. —7,
v:R - R IiI—MTHR, Al Lipschitz Ef /2 LK MEBAXK L5, 2%,

() < cllr] +1) YreR, (2.6)

(v(r) = (r))(r — 1) > —=&y|r — 1> Yr,ri €R, @7

TITeRGIFEERLTSH. ST, BB (P) TIL3 CIEKOERS (A1) DEKTHRMEIZEL
TROLMDIZEZLNTNEDT, ZZTHELIZBI v € L2(Qn) X LTROKEEEZHAEL X
5. fEBD q,r € [1,+00] £ t € [0, T]IZH LT,
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(A2 r,q) v(t) € H(Qp(t) 2 divv(t) = 0 & ae. t € [0,T]ICXLTHWEL, [0,T] £
L2(Qy(t)) D% & %L L THERT, SOCEGEREV v =1z, ZERZ, LTHK
3. ¥R UL EO&EEET H 5BE5 {v.} C C'(Qn) BFEL

v. v weakly in L}(Q,,) ase—0, (2.8)

T
/ Vel ndt REED e >0 KK LTHR, (2.9)

b Lr=+00 25 (2.9) 1% ess sup,e o 1) Ve (t) [La(@m()) IXEBD e > 0L THR L EF
XEY. 2 Tog, =vp v HEROERFREELRT.

Wiz (P) DR ESR L EEBE RS,

EX2.1. HD0,x € H(Qm) RDBEDOR {0, x} BET &MY & (P) DIFETHDHLE
ET5: xiTxe[-1,1] ae on Qn, B(x(t)) € L (Qm(¢)) for ae. t € [0,T] ZML, SHIZHD
w € L(Qm) BFEELTwe B(x) ae.on Qn. £ & x i

T
sup 18(t)! 1oy < +00 / 18(8) 23, 1t < +00, (2.10)
te(0,7) 0
T 2
su < +00, / t dt < 400, 2.11
o IX(0) |1 (@ (1)) | X 52 (@ @) (2.11)

ZLTH, x, wit(2.1)-(24) 2.

EE 2.2. 7= +4oo, ¢ >3&T 5B (Al) & (A2%r,q) BREL, EHIC f € L*(Qm),
B0 € H (Qmo) & LT x0 € H?>(Qmo), 7272 L B(x0) € L (Qmo) BV MATVH LT H. ZDE
%, (P) D—EMDBFET 5.

FEOTEHDED, FPILELRELEEL LY. EBD e > 0 L TH LWVER e, =0+ xe
REHRLE = e ox] LEL. E7o (A2rp) KBEFT RO LN2EHK v, € CH(Qn) EARLT,
viEv, CEXBMI-BBICH LT, UTOL 5 RBHEXEMHT 0, x. € HH(Qm) B—BHIZHE
ETARZERnD

—/ eeDmdxdt—i-/ Vb, - Vndzdt = / fnda:dt+/ eon(0)dz, (2.12)
Qm

- / xeDindadt + / Ve - Vdzdt + / wendzdt + / y(xe)ndzdt
Qm Qm Qm Qm

= / O.ndzdt + / xon(0)dz, (2.13)
Qm Qmo

we € B(Xxe) In Qm, (2.14)

S I Tep = Oy + x0. EBE, ZOBHREERER Qr := (0,T) x Q CEBTHIIHDLRE
HRRRETED. H = L(Qm),V = H' Qo) LBE, V" & VORREMETHLES
WCIRBAETar Ry FREDAR VS HSV* BHDIERSND. ZOREOR, TLRE
(P)e := {(2.15)-(2.17)} D—BMBHFET B Z L BFEHATES: ae. t € [0 T] LT

eL(t) + A(t,0:(t)) + Be(t,&(t)) = f(t) in V™, (2.15)
XL (t) + A(t, Xe(8)) + Be(t, Xe(t)) + 0nJ (Xe(t)) + ¥(Xe(t)) 3 0e(t) in V7, (2.16)
0:(0) = 6o, Xe(0)=x0 in V7, (2.17)
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ZICEEDLED,T] L 2e VICHLTAR,): V-V iZ

N\ = 3 0z 871 3 0z _ v
(A(t,2), Z1)vey = / S ay(t) = Py + / 3 bilt) oy
. Bmo 4 5=1 @ Yi

zZ1 €V,
6y‘i ay] m0 ;—1 ’

Tay, b RERAROLL. Eh, EEDze HEHLUTB(,): H—- V*id

3 -
. _0 o e _
(Be(t, 2), Z1)vy i= / S (60); (1) 7 2k dy + / w()zmdy Yz eV,
Qm0j=1 ay] Qmo

3 .
(5);t,w) = 3 (@il ) — (@)i(t,)) [Zi o x] (ty) forj=1,23,

1=1

3 i
5(ty) = 3 (B0)iltry) — Bl y))a—‘;’/; [g;— o x] (t9).

ij=1
=L (t,y) € Qr. EB Schimperna [10] DR LIC I VA TE, & HIEBARIL O, %e €
W12(0,T; H) N L®(0,T; V) N L2(0, T; H:(Qmo)) P2 T A TRBZ L KTE 3.

3 vy MEDOTE L —FREEHE

AE TR, EURO—FTIME2 SRR 0@ LR a7 MEOERIZOVWTSND. {0, X}
% RIS R EIRRE (P), O LT 5. ZOMBIRIC X - THIRE (P) DML L T DN, £
DDz ETIX Aubin D237 MEOFEBREZRAWTAL Y. thOIZKROFME/ES.

HE3.1. c>0EFELRVWHAEEER M BFELT

|€c| Lo (0,71 + |8l L20,1v) + [XelLo(@r) T XelL2(0,mv) < M. (3.1)

WE 3.2, r=+400FLTqg>3¢T5%. ZDLE, g, —>0asn— +ooRDHHF {ea} &
BB & € L2(0,T; V") BHEHE L

En =&, — & in L*(0,T;H) asn— +oo. (3.2)

EBIZ {E}en0 11 [0,T) 225 V* ~DB%E L TRBE-HRER TH .
ETEA.  #BEE 3.1 OIEBIEKS. W 3.2 2RI e > 0 IKRTFELRVWIEER My BFEL T
ELl 2o ve) < M BT Z L 2RI TH S, KB, £DL & Aubin O3> /%7 MEDE

B % 1T Simon [11], 23488 3.1 DL TIHEATE 5. & HIT Ascoli-Arzela DEBEIZ L > T 22D
DEHNRRY ST, FER (2.15) IKBOTHIE 3.1 & AL, ) DEEDD

T _
/0 (A, B6()), €)v-vldt < Ml€loryy "€ € LX0,T; V),

MRV SLD. &2 C M, iE M ICEFETHEER. KiZe > 0IKFELRVIEERK c3 BHFELT

T 3 ot
f / > (Ue)s8e 5 -dydt < 5[ Vel Loo (0,731 (2mo)) |8l 120,758 (mo)) Kl 2200,70)
0 Qmo j=1 y]

BT I E D BARE (A2;r,q) D (2.9) ZHWT

T
/0 [(Be(t,8:(t)), E)vevldt < M} €l aoryy "€ € LP(0,T3V),
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ﬁiﬁéh, LHoT Iélele(O,T;V*) S M2 »n M2 = 2M{ + |f|L2(QT) L:ﬁ L/'CEE U] SL.L"D O

KIZ {xe} D7 MERZTERILES. Lol 805557k oME 3.2 &L AEORRIE T
2. Bz IEF OB L X 2T 57~ »IZ Damlamian, Kenmochi, Sato [5], [6] Tit H % @i
VbV ~OUMERF BRADTT7V T ER—RTEL VW) K<AMONIEREZRAL
THEERELMAERAR LB URERFERAOMBEROFERLZICH L. L LIHFERFIRORM
BTRADT IV TVICHRETIONR AW &Y, bRIRFIZL->TEOREZE Z L1
TERV. £ZT, Bx 1T Aubin D337 Fﬁwiﬁﬁﬁfﬂﬁﬁlﬁ%{flz@lﬁ]fﬁ%# (Simon [11],
Theorem 3 %) #ROTIDOHL S ZERWT L. WE, EED 5,6 € [0,T] & z € U (t) IZHL
T O s(x) == x(5,¥(t, 7)), ThU(t, @) 1= u(t + h, By p4n(z)) LEE, SHIEBDAe RIZAHLT
Om — h 1= {(5,2) € R x B3 (5 + b, 2) € @}, Q (k) = Qum N (Qm — ) LEHLTHS.

#E 33. F#IL)0,T;V)TAREL,
|Thu — ulr2(@s ) — 0 as h — 0, uniformly for u € F := {w;u € F}, (3.3)
Rl eT5. ZokE FiL20,T;H) THi=2 37 FTha.
HB. 8D ac (0,T) LT, 5 C(0,T — af; H) TH= /37 FREANEE
LT, FIZ L%(0,T; H) DA TEDOEAEDO—FKEBRE LTRBEEND Z L 2T L. £ED

o€ (0,T)Icx LTEDERE (Ma@)(t) :=1/a [{T a(s)ds DL D WHRFEHE LTERL LS.
IDEE,0<tH1 <t <T—alZxL T

| Moa(tz) — Mati(t1)|12(0m0)

1 i1+
ETARY
124 t1 Q'mO

c T—(t2—t1)
< A d
<%k ITta—t1 U ~ Ul L2(Qn(s)) 25

[N

2
u(s +tg — t1, Os st,—1, (%)) — u(s, a:)| det.Jy(s)dm} ds

I Teyldy CHERETIEER. DL & (3.3) A MoF := {Myt;8 € Flagor) 13[0,T -0
2o H~ORE LTLERBRE—HFERTHDIILEERLTVD. VE, FliLz(O T;V) TH

REARDT {fITa(s)ds} X H L#st=2 /%7 R ThH Y, Ascoli-Arzela DERIZ L T MoF
(0, — o] H) EHE 220 b Ch Bz L8805, KIS

1 e
— / (Thu — u)dh
aJo L(Q5(a))

< sup |TpRu—1u "
o2 | |L2@a () »

IA

|Mat — @20, 7—asH) c4

ko Ta—0& s &, FiXL30,T; H) OMARICBEL T M, F O—KREBRTRBEINS. D

EE2.20MA. I THOIGEEMORSE {x.} PHE3I ZWMITZL&2TY. BESH
72 h € [0,T) 2% LT xe(t), ve(t) EL T Qun(t) &

t
Xe(®) == (14 7 )Xo, velt) = 0, On(t) = o Yt € [-h0),
CHIELTH< . & BICE () = t/Txo — (1 H/T)Axo + B((1+4/T)x0) +7((1 +/Txo) LB
&, EEDte (-T,0) IcR LTBMRARO0 < 1+¢/T <1&Y xe(s—h) € (~1,1) s € (0,h] T
5B LMD BE—ECERTHS. bL,
e[ 8e(8) Etelo,T),
M”’{m@iuepﬂm
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LBITIE x (HMEBD s € [-h, T IZx LTRDFERREWMET I & HBmh
Axe(s) + B(xe(8)) + ¥(xe(s)) 2 02(s) a-e. on QUun(s)

X (5) 4 vels)  Vxe(s) =

T DEFRALEER s — h IR A FRROELIY 7R MEBE LT xe(s) — TonXe(s) EBEV, z
L sIZBELT Qm(0,t) ETHEAT 2L S OEREND
Ixe(t) = T-nxe (V)| F2(@m(e))
/ ¢ 2 h2 v
< 2+ 1)/ IXe(5) = T-nXe(8) | Fa(n(s)ds + M(B) + 5lx0lp "t €10 T]
(h) > 01 h DBITh —0 & LIz i M(h) L 0ERBLOTHS. ERC
|Xe T_hXe|Z2(@m(s))

1 -h\ P
= §|Xe(t) — X2ty ~ 5 X0~ (1 + _T_> X0

/ IXE 7'—hXe:|L2(Qm )ds+/

9

H

F7 |Xelpo(@r) < M1 EANVT
t
L (e = monve) - Ve = 7onxe)dads

< Z / (we - (@)i(s - )3"5<s>) ds,

SIT MM, & o WIRGETDIEER. RE (A2r,q) PTERMEEZ AVIITA - 0D L =¥ apl

X0 WIRT 5. EHiZ
t
/ £()%m)—%tmﬁﬂm—rmmﬂﬂRZ—éAlk@%ﬂumAanﬂm“,

T DERELY
t h
/ / (82 — 7_n07) (X — T_nxe)dads + /0 /Q GRSt T nxe)dads
t t
% [ 1%els) — Rels = W)lda + 5 [ [ecls) = ecls = m)fieds

h
/ ‘9 |L2 Qm (s))d3+ ma.x |T——h9 (s )|%2(Qm(s))

e‘ — Xe —h 2 d )

+ [ xe(s) = xelo = DB
SITAEAD2, 3, ABHDEITR - 0D X 0ICIKT . LA LD D Gronwall DAREXE A
WTEDRERE tIZBE LT [h,T] ETHESTI, BREIERHFE LT

h2
Xe = T-hXelT2e@r(chy < <ﬁ|X0l% + M(h)) 2(ch + 1) exp(2T(c; +1))
— 0 as h — 0 uniformly for € > 0,

RERD o T L BRMD. Lo TERMEREL L THES25 {x.} 28 L2(0,T;V) THR TS
27 Lo TN SO CHIE 3.3 ZAVNIEH 5B x € L2(0,T; H) BFEELT
(3.4)

Xn = Xe, — X in L*(0,T;H) asn—0,
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WELND. SGICEE321% € L20,T;V)NL®(Qr) TEHIZx € W2(0,T; H) ThHHIZ L
FEKLTNS. bLy:=[foy],f:=e—x&bi20:=[foy] LBEFiZ e W0, T; H) N
L2(0,T;V) THHDTHIN (2.12)-(2.14) KB W Te — 0 & T4, 0 & x 1T (2.1)-(24) DHF
REEBET oL Bohs. EBFRRO—BHNRMOs 5 A% LiF2HFEIZLY, 2EY gOF
HEElEAWT, 7R FEKE LT AeR A 2 BESFETHRDO Y FABLEDBY, {0,x} 2 (P) D

RTHHZEMNEHTES. —BHEDOIEHIIAKTS. O
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ABEFHDEY S 3 DOBE
BH EFE EREX - H)

4 BEFRIOR v 3 T, B G RAR OBEHE S RRIC T 2R RN
MESINT-. BB TREHS720, SMEOEE Y LRL, H#EELHER L ORI TIE
RiERBBRAINT. UT, BEAKZEOE BB, BRI KEOHBEEHR, &
FEXZEOERI G, LEERFEOILNEND 4 ROBEEZEVIES.

£7, EHEBCCRIT TRISIEB SRR OB RIRARDEE - EHEEICOWT) &
WO REHE THIE L7, RO T, Fujita (1966) ORERDILRIZOWTIEEIC
RSEBEIN-HBROIBEIN. BETE, ZOBRE VAT LADEEITE TR
FTORABBTONT. VAT ADFE~DIIRIZOVTIL, EEHIIC LRI L
TROTHRENER-TVDIH, SROEERB+HHFE CEIHTF o7 BN
BETRRWVZHLPPDLTHEIAPIRLTVRELZ SN0 T, BRORGIL L
THREMNo .

FIEEIERAECIX, TUniqueness and existence of positive solutions for some semilinear
elliptic systems] L\WHEE THRE L. PREFABSEAROEEBEO—ETR
FEIZ 2T, Dalmasso (2000) (2L % 2 KDV AT ADBREDFERE N KOBEIZ
YRR LI RDME SN, IERBITEORX IZEN 2B L#R SN 3175 0%
HICER LR EIORIE 7285 THD. EFANDEIZL - TiL, SEIOEEMN
Dalmasso DFERDILIRIZIZ>TND Z LB SEho72hndh LIV, HEiEK%
2, FERA P OFEMERIZ >V CERA R ENT-.

BHARERIL, THEFRERICR T 2 ERBRGEROMOUITEENIC VT &
WHOBE THE L. RRIZKYVFEORBRFERXEFEIF— 2BV THE SN
FRRDOIRPEZ b, JEBRENT- AL, BREENFRT 4 U 7 LEENLE
SRERFMIZRSTZ L L, RO G IEREMRN LH LT BBE TS
NZZEDES5THS. BA, ERRRVZ DFEH (phase plane method) DL T
BOTHEEZIPIRTVHALZ INEOT, BRORSIZE THRM- 7.

BB, WA KD [RISIEEFERXROOHEREIC BT 2 BRI OV T
EWHEBTHRELE. ZX MBI, A HRROBEROBLICEE L-ME LT
WS, JERBIED D LER > T, BOMBERT 572 D44IZB L T, Escobedo-
Levine (1995) O#ERDILRBBME SN Tz, FEITEELFER T, BROLERICIE
ZLDXFEREENTVER, BLEBHEIN TV, #ETIL, FERAOE» L&D
ZRIRLE D LW ORLBHEFMCR LN, BREMICEB TELZALED>T=DOTIX
RN ERS.
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RIEGHBAEADOBRMXEROFE - FFEICOVT
AR B (BAKRERERR THH AR ETR)

E-mail: igarashi@grad.math.cst.nihon-u.ac.jp

1 RIEGIEEARER
KOFIHHERTEE (IVP) &% 2 5,

us — Au = k(z,t)u + h(z,t)u? in R™ x (0, 00)
(IVP) { u(z,0) =a(z) >0 in R"

fBL, k€ C(R"x[0,00)), k € C}(R"™), h € C(R" x[0,00)), h(z,t) > 0, a € C](R*)NL=(R"),
p>1,795%, £/, a(z) > 0= u(z,t) >0 TH 5,

BOSHE# T RO RE ] KIS DAL « FEFFTEIL, 1966 SRICERAR LA 2] I X > TRANIH
I, TRLR, B2 OMAEFIZL > THEE TRAIIFEIN TS, T T, (IVP)
DR BRSO FE - FFECETIZINETORBREEEMICHBBL, Re OBEORERS
w5,

Fujita [2] 1%, k(z,t) =0, h(z,t) =1 DHFEIZONT, ROL I LEREZER- .

o p<l+l= EBDa(z)Z0HLT, (IVP)XREKEAE LER,

e p>1+2 = +RIT/NERa(z) ITHLT, (IVP)IIRHEREMEL b,

Hayakawa [3] i%, k(z,t) =0, h(z,t) =1 Tn=12DFEITONT, RO I REREH/:
ep=1+2(p=23)= EEDa(x) Z0IZXH LT, (IVP)IEFXEME b2V,

Kobayashi-Sirao-Tanaka [6] I¥, k(z,t) =0, h(z,t) =1 (=D nKIL) DBEIZONT, K
DL I BREREHR

e p=1+2— EEDa(z) 20K LT, (IVP)IRHBAEME b,

Definition 1 (BEFRiE#)
RORMET-T & 9 2B p* ZERFHEM (critical exponent) &V 5,

o p<p = EEDa(z) Z0IZX LT, (IVP) IXREREAFEZ b 72720,

e p>p* = +HIT/NERa(x) ITX LT, (IVP) iXRMREEE b D,
Definition 1 2*%, Fujita [2] DEEREEIL, pr=1+2 &5 22Tk s,

ZIT, SETRELNE (IVP) OFREEEMICELDD L, RDOKIITRD,

1966 Fujita [2] : k(z,t) =0, h(z,t)=1=p*=1+2/n
p=p* =>? (I, Hayakawa [3], Kobayashi-Shirao-Tanaka (6] THR)
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1973 Hayakawa [3] : k(z,t) =0, h{z,t)=1T, n=1,20L %, p=p* = EBDa(r) #0
X LT, (IVP) IR KM E b 72720,

1977 Kobayashi-Shirao-Tanaka [6] : k(z,t) =0, h(z,t)=1T, p=p* = {EEDa(z) #0IZ
XL T, (IVP) IR RIEMEE b 7220,

1990 Meier [7] : k(z,t) =0, h(z,t)=h()1BEL, h(t)~t1 (¢>-1)=p*=1+(2+2q)/n
p=p =7

1997 Pinsky [10] : k(z,t) = 0, h(z,t) = h(z) fBEL, h(z) ~ |z|° for large |z| (n = 1 726X
c>-1, n>2Rbifo>-2)=p*=1+(2+0)/n
p=p' = EEDa(z) Z0IZx LT, (IVP) IZREBIXRIBAEE b =720,

1998 Qi [11] : k(z,t) =0, h(z,t) =|z|°t?, (6 > -2, ¢>0)=p* =14+ (2+0+2q9)/n
p=p" = EBDa(z) 20X LT, (IVP) IXBEREREMEL b=,

2001 Zhang (13 : k(z,t) = k(z), h(z,t) =11EL, 0 < k(z) < §/(1+ |z|®) (b > 2, +53/1
§>0) £72it —a/(1+|z") <k(z) <0 (01 >2,a>0) = p* =1+2/n
p=p" =7

2004 Igarashi (4] : LAF @ Theorems A3FX Y 32D :

Theorem 1 (FFHXISEBDIEFE)

k(z,t) >0 £720% k(z,t) = k(z) T—a/(1 +|z/") < k(z) <0 (by > 2, a>0) T3,
72, h(z,t) > c(t+a1)?(log(t+a1))" (>0, a1>1, ¢>—-1, reR) &T5, Dk
&, RPLY LD,

1. p<1+(2+29)/n= EBDa(z) Z 0 LT, (IVP)XRERIXIEME b1z,

2. p=14(2+29)/n %21 >0 = EBD a(x) #0IZx LT, (IVP) iIFERKI%AES
LY A4 AN

Theorem 2 (FfH KB DFHE)

k(z,t) = k(z) TO < k(&) < 6/(1+|z[") (b1 > 2, +4/h6 > 0) EF4E —a/(1 +
|z|”) < k(z) <0 (b1 >2, a>0) T35, £, 0< h(z,t) < ct+ a)(log(t +ay))
(c>0,a;>1,¢g>-1, reR) &T5, TDLXE, RIPKYILD,

1L p>1+2+29)/n= +HI/NERa(z) I LT, (IVP) iZRERMAEMAE b,
2. p=1+4+2+42q)/nd>r < -1= +42I2/h&72a(z) I LT, (IVP) XK
fB%E B,

Theorems 1 and 2 25, h(z,t) ~ (t+a1)?(log(t +a1))" = p* =1+ (2+2q)/n
s {70 = EEDa(z) Z0IZX LT, (IVP) IIRBEIXREEL b2,
p=p r<—1 = +3hERa(z) Xt LT, (IVP)IXRERIKEAEL b,

Theorems 1 and 2 DFE LVVGERAEIL, 4] BB L TT &V,
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2 REHBAEXR
W OFIHERTEE (IVPS) 2% 2.5,

Uy = Au + t%|z|7v", in R" x (0, 00)
v = Av +t%2|z|2uP?, in R" x (0, 00)
u(z,0) =up(z) >0, inR"
v(z,0) = v(z) >0, inR"

(IVPS)

1E‘l/’ D1, P2 Z 1’ np: > 1’ d1,92 2 O’ 01,02 Z 0 é:-g—éo if:;

2(p +1) 2(p2 +1) 5. Pt oL o oimto;

T oppe—1 T ppe—1" ' ppe—1° Z_Plpz—l’

a3

B8, = 2(g2p1 + 1) 3 2(q1p2 + @2)

pp—1 77 pmpe — 1
LB,
RIGHEB A RAR ORERIBROFEE - FFEIL, 1915FE, 1 =¢=0,01=03=00D
& A FDOFBHUICHK LT, Escobedo-Herrero [1] I & > TR S iz, £72, 1995 (T
i, o1=02=0DF A FOFRAUIKN LT, Uda [12] iIZ &> THEI L,
a>0iZxL, ROBEEHZ2EATS :

Ir = {§ € C(R") N L®(R");&(x) > 0,limsup |z]|*¢(x) < oo},

|z|—o00

I, = {g € C(R") N L®(R");£(x) > 0, lminf [z|*¢(2) > 0} o

Ele, VA looe
1€ lloo,a := sup (z)*[€(x)]
zeR"

LEET D, EL, ()= 1+ |z]>)Y*ThH B,

:hgo)%#%ﬁaﬁ Ia‘,Ia %glbfli)@& LT‘i, 1998@5‘:, q1 = QG2 = O, 01 =092 = 0on#
A 7D FEAUZHK LT, Mochizuki [8] IZL>THEIN, ¢1=¢=0,0<0, <n(p; —1),0 <
o2 < n(py—1) DFZA T DHFEAIZK LT, Mochizuki-Huang [9] (& k> THE Iz, (IVPS)
{¥ Mochizuki [8] ®° Mochizuki-Huang [9] D% A 7D HBRADIIRTH 5, LLT D Theorems ix
8] X [9) DRERDIIRTH 5,

Theorem 3 (FfERTRDEFE)
(ug,v0) EI x I®2 L F5, ZDLE, BT >0IZx L TR x (0,T) 2BV T (IVPS) DEF
BB (u,v) B—BWIZHFET S,

Theorem 4 (FFXIEAEDFE)

max{a; + 0 + B,a2 + G+ o} <n & T 5, £, (up,v) € [ x [ LT 5, ZDL %,
ar > +0+ 01, a2 >+ 0+ G 72 0IE, T/ E72 ||uollcoa; + [[Volloo.a, 12X LT (IVPS)
VR IR (u,v) 2B,
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Theorems 3 and 4 %, Mochizuki [8] X Mochizuki-Huang [9] DFEZERATE S L O5UR
THZLIZEVHELNS,
F 7z, BERIKEE D IEFIEIZ DV T Kirane-Qafsaoui [5] DFERMN S, RO B2 5 :

Remark 1 (B KB DIEHFE)
max{a; +6 + B, a0+ 0+ B} >n kT3, TDLE, (IVPS)id3kHARRERKIRAR (u,v) &
TR,

EHiZ, =g =0,0<o0; <n(p —1),0 <0y <n(p,—1) D& EIZ, Mochizuki-Huang [9]
WX TUTDZERHMOLNTINS

Remark 2 (BFRIXIEBZDIEFE)

1=¢=0,0<o0,<n(pr—1),0<0<n(ps—1) &L, max{a; +61+ b1,a0+ 0+ o} <n
ET+5, ¥£=, Up € Ia1 if:li’vo € Ia2 L35, TDLk, Ug € Ial LT a < a;+6;+ 5
Flidv € L, I L Tay <ay+ 6+ B 261, (IVPS) iXRFEIRIKAR (u,v) 2 b7V,

2D Mochizuki-Huang [9] DFERT, ¢1 = =0,0< 01 <n(p—1),0 < oz <nlp —1) &
W EBEEN LIZBEICONTIE, S#OBED 1 SThHD,
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Uniqueness and existence of positive solutions for
some semilinear elliptic systems
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K.Takaichi®

aGraduate School of science and Engineering, Waseda University, 3-4-1, Okubo,
Shinjuku-ku, Tokyo, 169-8555 Japan

We consider the initial-boundary value problem of some semilinear parabolic equations
with superlinear and subcritical nonlinear terms. In this paper, we consider global so-
lutions, which could be sign-changing, and estimate the dependence of upper bounds
of global solutions on some norm of the initial data. Furthermore, we allow (possibly
unbounded) general domain with boundary.

1. INTRODUCTION

In this note, we consider the following initial-boundary value problem of the following
semi-linear heat equations.

®(r,t) — Aufz,t) = flz,u(z,t)), (z,t) € Qx]0,00)

P){ u(z,0) = uo(z), €N
Bu(z,t) + ou(z,t) =0, (z,t) € 89 x [0, 00), & > 0.

Here  is a general domain, which could be unbounded, with uniformly C%*-class smooth
boundary 0f2.
The nonlinearity to be considered here is given as follows:

[ £(,-) is a continuous function from Q x R into R' and there exist
constants K;(i = 0,1,2) and numbers p € (2,2*),6 >0 and € >0
such that

(D] 0 1@ 0)| < Kollul + [uP ™), (z,u) € QxR

(ii) f2 f(x,t)dt > Ky |ul**® — Ky, Y(z,u) € 2 x R,

| (i) uf(z,u) > (2+¢) f f(z,t)dt, V(z,u) € Q x R',

where 2* is the Sobolev’s critical exponent given by oo for the cases N = 1 or 2, and
2N/(N — 2) for the cases N > 3.

The initial data ug is always taken from L?(Q) N L*(Q) and is not necessarily assumed
to be of definite sign.

We here recall that standard argument assures the existence of unique local solution. We
denote by T, the “maximal existence time” of the solution.
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Then the first possible case is that T, is finite, that is to say, T,, gives the blow up
time of the solution. It is well known that the L°°-norm of solution tends to infinity as t
approaches the blow up time T,.

Concerning this case, there are many studies on the blow up rate as well as the profile of
blow up solutions.

The other case is that T, is equal to infinity, in other words, the solution can be continued
globally.

For example, if 2 is bounded and the initial data is taken small enough, then the problem
admits a global solution.

Our main interest here is the asymptotic behavior of global solutions. More precisely, the
problem admits a growing up solution or not? Here by the growing up solution, we mean
a global solution whose norm (say L*-norm) tend to infinity as t goes to infinity. For
this question, the anser is no and so we can show the boundedness of solution.
Furtheremore we may ask how is the dependence of the bound on the initial data. For
this question, under additional assumptions, the answer is yes and the supremun of the
norm of solution is some constant which depends on the norm of the initial data.

The boundedness of global solution was first reported by M.Otani[1] in 1980. He proved
the Hj-norm boundedness of global solutions for superlinear and subcritical power non-
linearity.

Ni-sacks-Tavantzis[2] obtained the L*-norm boundedness, but they assumed that the so-
lution is positive, the domain is convex and the power nonlinearity should be strictly less
than 2+ 2/N.

Cazenave-Lions(3] also derived the L®-norm boundedness for a fairly general nonlinearity
of subcritical growth order.

As for the bound dependence on the initial data. Cazenave-Lions[3] also showed that the
bound depends only on the L* norm of initial data, if the growth order p is strictly less
than 2,, which is given such that 2, = oo for N =1; 2, =2+12/(3N —4) for N > 2, (2,
is always less than 2*).

Giga[4] excluded this restriction up to the subcritical case for positive solutions, and Quit-
tner(5] extended Giga’s result also for sign- changing solutions.

The results quoted above are all concerned with bounded domains and homogeneous
Dirichlet boundary conditions.

Recently Otani and T[6] excluded the boundedness condition on domains for nennegative
solutions.

The main purpose of this note is to discuss another type of boundary condition in general
domains.

2. MAIN RESULTS

Our main results are stated as follows.
Theorem 1 Let (f) be satisfied and u be a global solution of (P) such that u €
V = WE([0,00); L2()) N L?,.([0,00); H2(2)). Then there exists a positive constant
Co = CO(IUOIHla Kg, Kl, Kz, 5,6) such that

(1) sup|u(t)|re < Cy,
£>0
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(2) suplu(t)|m < +oo,
£>0
(3) There exists a number 7 such that sup |u(t)|g < Cy,
t>T
(4) sup|u(t)|m < Co, provided that p € (2,2.),
£>0
where 2, = oo for N =1and 2, = 2+ 12/(3N —4) for N > 2.

Theorem II  Let (f) be satisfied and u be a global solution of (P) such that u €
% (10, 00); L=(Q)) N Wi22((0, 00); L*(2)) N LE,.((0, 00); H2(K2)). Then there exists a pos-
itive constant C; = Ci(|uo|z2, |to|r~, Ko, K1, K2, 0, €) such that

(5) sup |u(t)|ze < oo,
v £>0
(6) There exists a number 7 such that sup |u(t)|r~ < Ci,
t>T
(7) sup |u(t)|z= < C1, provided that p € (2,2,).
£20
3. ENERGY IDENTITY AND INEQUALITY

Our basic tools here are energy estimates and the phase plane argument. We first
prepare one energy identity and another energy inequality. The first one is derived from
the multiplication of the equation by wu;.

/Qufdx—/QAu-ut=/Qf(x,u)-utdac

As for the second term of the left-hand side, we apply the integration by parts to get two
integrations on the boundary d€2 and in {2.

/Au-utd:v=/ Qﬁ-utdr—/w-wt
Q 8a On Q

On the boundary 02, by virtue of the boundary condition, du/0n can be replaced by

_O’-u’
=/ —a-ut—/ Vu - (Vu)dz
) Q

Then, it is clear that these two terms can be expressed as the time-derivative of the
functional given by,

= dt 2/ dr + = /|Vu|2d:v}

Using this positive definite functional (£ f3o udl’ + § Jo |Vul?dz) denoted by A(u) and
the primitive function F(-) of f(x,t) evaluated at u(x), we get

/Q Wiz = dt 2 u % /Q Vu|2de — /Q /Ou(z) f(z,t)dtdz)
= —E{A(u(t))—F(u(t))}

230



Thus, by putting J(u) = A(u) — F(u), we obtain the energy identity:

(8) %J(u) = —/Qutzdx

In particular, this identity implies that J(u(t)) is monotone decreasing in time t and this
imformation plays an essential role in the following arguments.

To get the second energy inequality, we multiply the equation by u.
/ ut-udw—/ Au - udr = / f(z,u) - udx
Q Q Q

Then, again by the integration by parts, we get the identity (here and henceforth we
denote the L2 -norm by | - ||):

——lu@®)||* = /Bn—au-u—/QVu-VudaH—/Qf(x,u)-uda:

2dt
= —|IVul* ol + [ f(z,v)- uds
= —24(u(t) + [ f(e,u)-uda
Moreover, by using the third condition of the structure condition of f,
2 (2+¢e)F(u(t)) — 2A(u(?))
9) = j(u(t))
4. PHASE PLANE

J(uy=J(o)

A(u) ( Target of Bound ‘ A(u(,t)_z: " A(u)

F(u)>do(A(u)+1)""

) (A(),F (o))
(A(w),F(uw))

ol
&
N’

Figure 1. - Figure 2.
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A(u)=(1+-§.)F(u)

.

_
7
%&

2y

N

.

\\\ R

2NN S

Yy

Figure 3. Figure 4.

We here introduce the phase-plane where we work. The vertical axis designates A(u),
which is defined by 1(|Vul®> + %U||u||%2(6w). The horizontal axis designates F(u), which

is defined by [ fo' (=) f(z,t)dtdz. By the subcriticality of nonlinear term f and Sobolev’s
embedding theorem, F(u) is bounded by do(A(u) + 1)?/2 , where dy depends only on kg
and p. In fact, we have

u(z) [u(z)] lu(z)]
= < < p-1
F(u) /Q /0 (@, t)dtdz < /Q /0 \f(z, 1)|dtdz < /Q /0 Ko(lt| + [t~ dtdz
— l 2 1 P — 5_9 2 ﬁ P
= Ko/Q(QI’U:(IE)I +pIU($)| Jdz = —=lull® + ) lu(z)I5
K K
< —2(3IIU||2 + -f(ll’ltll + [ Vull)? < dy(llull + [ Vull + 1) < do(A(w) + 1)7/2.

Therefore, there is no element of Hj in the dotted region in Fig. 1, which we call
“prohibited area”. Thus the initial data should be located outside of this region and the
orbit of any sulotion can not enter into this prohibited area. If the orbit of solution grows
up in such way along the dotted curve, A(u) may go to infinity.

On the other hand, if we can show that the orbit stays on the bounded curve, we can
obtain the a proiri bound for A(u(t)).

In order to analyze the trajectory of the solution, we first introduce J(u)-line. By the
definition of the energy functional J(u) = A(u) — F(u), the slope of J(u)-line is one.
Furtheremore, the first energy identity (8) tells us that J(u) is monotone decreasing.
Therefore, if the initial data is located on the J(ug)-line, the orbit of the corresponding
solution should be confined below the J(ug)-line. However, there still exists a possibility
that A(u) may grow up if the orbit goes far away along the curve drawn in Fig.2.

In order to exclude this possibility, we need the additional arguments. To this end, we
introduce a new region D, characterized by the value of j(u) as follows.

Our new shaded region D, is defined as the area where j(u) > a.(Fig.3)
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It is clear that if u stays outside of D,, say in E, then A(u) is bounded.
Furthermore, in the following arguments, we are going to show that u can not stay in the
region D, long enough to grow up to infinity.

5. KEY LEMMA

First of all, we derive the boundedness of the L2-norm of solutions. To do this, we rely
on the argument due to Phillip Souplet[7].
Lemma .
Let p > 1 and u(z,t) be a global solution of this problem. Then for any positive number
g', there exists a large enough time t, such that

Flu(t)) < %J(oo) +e
(Sketch of Proof)
Set / f(t), then

f(t / / u - ugdzdt

By the Cauchy—Schwarz inequality,

< //Ut 1/2/ 2)1/2
< (JCu(e) = ) A( [ f(s)ds)?

Here, by Levine’s result[8], it is known that J(u) is bounded below and J(u(t)) converges
to J(oco). Hence it is easy to see that f(t) should behave as small order of t as t tends to
oo. Multiplying the equation by u and integrating on Q, we get

52 u®? 2 eF(u) - 2J(u),

ST+ DI = [u)?) > e [ Fluas

Therefore,
< LI@ D = f(1) 2 T
< —
% / wpdt < ~(F— = ) 2 /1 J(u)dt)
Hence, for any ¢ > 0 we can find a large enough time ¢;, such that

Flu(ty) < gJ(oo) e Q.E.D.

Since, in the region G(Fig.4), the L2-norm of u is increasing, and this lemma says that
u comes back around J(u) = 2J(c0) line at the time ¢ = ¢;, we can conclude that the
L?-norm of u should be bounded.
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6. H! BOUND

Next, we are going to show that the growth rate of A(u) can be controlled for a short
time. To see this, we multiply the equation by —Au, then we get
d
ZAw) + [Au)[* < C - IF@)] - | Aul|

Here, by virtue of the subcritical growth condition on f, we can obtain
1
IF@)I* < 5 lAul® + M(A(w),
where M(-) is a monotone increasing function. Plugging this estimate to the previous

inequality, we get

%A(u(t)) < C - M(A(u(t)))

Hence, it is rather easy to show that by putting T(r) = 1/2M(r + 1), we see
(10) A(u(t)) < A(u(to)) +1 for allt € [to, to + T(A(u(to)))]

We here claim that

Solution u(t) cannot stay in Region Dy longer than T(d1).

(Sketch of Proof)

By the definition of D, = {A(u) < (1 + §)F(u) — o}, we can easily find that if the
solution remains in the domain Dq during [to, t1], then j(u) > a holds for all ¢ € [to,%].
Integrating the both side from #y to t;, we get

alti—to) < [ jult))dt

to

By the energy inequality (9),

t1 1 d 9 t1
< [ gl < [ @)l - (o)
to 2dt to
Using the L2-bound of the solution, we have
< Kalts —t0)2([ @D, Vi > 02 To
)]
On the other hand, there exists T such that
(o ¢}
(—to) < KE [ lu(®)|Pdt < T(eh)
1]
Hence by virtue of (10), we obtain

A(u(t)) <di+1 Vte [to, tl]

Thus a priori bound for A(u(t)) is derived.
Now the rest part of Theorem I and Theorem II can be proved by the same arguments in
Otani[9)].
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Al KR FEEEFAR LN BR

1 WA
UT ORISTHEB G BERROFAROFFERFICOVTEXS.
up — Au = |z|7 uPlo®, zeRY, t>0, (1.1)
v — Av = |z|"2uP?0®, e RN, t>0, (1.2)
u(z,0) = up(z) > 0,#0, z e RN,
v(z,0) = vo(x) > 0,#0, re RN,

=71 pj,q; >0,0; >0 (j =1,2), ug, vo € L°(RM).

ARG Cid, FIHMERIRE (1.1)-(1.2) OIFAMBFIREEH TRRET 57D
D&ERE XD, FHIER o, uPiv® R0, |z|%uPi DF A T DHEXRIZ
VTt Escobedo-Herrero [2], Escobedo-Levine (3], Mochizuki-Huang
[4] CENEFIERSTEN TV, (1.1)-(1.2) ZENRODILERE 22T
W3, 2 Escobedo-Levine [3] IZBWTIL, p1,qe BENEN 1 25
LTBBOEERANKE S BRBLVIFBRBREIN TS, £0MHEE
(1.1)-(1.2) bAL TV Z ERGEF LN, —77, Aoyagi-Tsutaya [1]
ZIRVTIE, &k pj,q; > 1 (5 =1,2) Db & T (1.1)-(1.2) ORERIKIEAR
DHEEFEPREINTND.

2 IHRR

B¥ (a,8) ERTEETD.

o= qi(o2+2)+ (1 - q2)(o1 +2) _ pa(o1+2)+ (1 - p1)(o2+2)
2{poq1 —(1—-p)(1 —q2)} ’ 2{paqi — (1 —p1)(1 —q2)}

Fio,a>0xL,

I, = {w € BC(RN);w(zx) >0, llirlninf |z|*w(z) > 0},
|—o0

LEETD.
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EEEEFUTOBY Th 5,

Theorem 1. Letp; <1, g2<1 andpqi — (1 —p1)(1 —gq2) > 0.

(i) If max(a, B) > N/2, then the nontrivial global solution does not ezist.
(ii) If up € I, (a < 2a) or vp € I (b < 283), then the global solution does
not exist.

(ili) Assume that ug(z) > Cexp(—v|z|?). For any v > 0, there erists
large C > 0 such that the global solution does not exist.

Theorem 2. Letp; > 1, g2 <1.

() fa> N/2 orpr + @1 <1+ (2+01)/N, then the nontrivial global
solution does not exist.

(ii) If uo € Iy (a < max((o1+2— Nq1)/(p1 — 1),

—{q1(o2 +2) + (1 — g2)(01 + 2) — p2i N}/{(1 = p1)(1 — q1)}), then the
global solution does not exist.

(iii) Assume that ug(z) > Cexp(—v|z|?). For any v > 0, there exists
large C > 0 such that the global solution does not erist.

Theorem 3. Letp; > 1, qo > 1.

() Ifpp+a <14+ (2+01)/N orpz+ g <1+ (2+a2)/N, then the
nontrivial global solution does not exist.

(i) fup eI, (a<(01+2-Ng1)/(;m — 1)) orvg € Iy (b< (02 +2—
Np3)/(g2 — 1)), then the global solution does not exist.

(iii) Assume that ug(z) > Cexp(~v|z|?). For any v > 0, there ezists
large C > 0 such that the global solution does not exist.

E7o, EEH % Escobedo-Levine type [3] IEEE X B LRD X H i/
5.

Corollary 1. Assume that

n+aq-—1 <P2te-1
o1+2 T o09+2

; (2.1)

and let p1 <1, g0 # 1.

(i) If max(c, 8) > N/2, then no nontrivial global solution exists.

(ii) If 0 < max(a, B) < N/2, then the global solution does not exist for
large data.
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Corollary 2. Assume (2.1), and let p1 > 1, g2 # 1.

() If ;1 + 1 <14 (24 01)/N, then no nontrivial global solution erists.
(i) If ;1 +q@1 > 1+ (24 01)/N, then the global solution does not exist
for large data.

728, LATFIZiE Theorem 1 MDFERA DOBIRE 2~

3 EIBROD#E(H

FEBADRNZ, WS O OMBELERT S, T o 2RTIDIE, (1.1)
L (1.2) KHHT2UTORY FERXRZREZHND.

u(t) = S(t)uo +/0 St — s)| - | u(s)Prv(s)?ds,
o(t) = S(t)vo + /0 S(t = )| - |72u(s)Pv(s)%ds.
7=1ZL,

sf@ = n [ e (<2200) fan

Lemma 3.1. TFE¥C>0BFEELKREMIZT.

u(x,tj >C(1+ t)_% exp (—%) , (t > 0), (3.1)
v(z,t) > C(1 +1)~ 7 exp <‘|12Li> . t>0). (32

Wiz, BREROBE R 2BO T OFHEZ #EF Y 5.

Lemma 3.2.[5] RZRETS.

N x|
u(z,t) > Ci(1+t)” 2 exp (—l—tL) , (t > 0),

2
v(z,t) > C2(l +t)™exp (—g”ltil) , (& > to),

7=7FL,C1,Cy C3>0,t>0, me R. IDEE, BL mH

Npy oo+2 N
T Tt T Ty
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EMIELTHE201E, EEE Cy, Cs>0 &t >tg BEEL
2
u(z,t) > Cy(1+t -3 log(1 + t) exp (__Cg,ilf_xl) , (t>t1), (3.3)

T

WD 2 >DFEIL sublinear DFEEADHLDTH 5.

Lemma 3.3. 0<¢g<1¢L,
oo+2
5(a,t) = CtT-) (S(t)uo(z)°) T .

EEETD. bL C L e BHFIPIVRLIE, o(z, t) RRDOFERD
subsolution L 725,
— Av = |z|72uP2 0%, zeRY, t>0,
v(z,0) = vo(z), r€ RN,

Lemma 34. 0<q:<1&7%. 20L&, EEEK C, C, >0 B
ELRDBRILT .

v(z,t) > C’1tf('12727(1 +1t) 752725 exp ( C’2|x|2) , (t>0). (3.4

4 Theorem 1 MDEEEA

Necessary condition for the global existence (u,v) #% (1.1),
(1.2) ORRKRIEMTHD LIEETS. RE p1 <1, <1, pog1 — (1 —
P)(1—gq2) > 0025, (1-qa)/p2 <k < q/(1—p1) BW=TEERK k>0
ZLEDIEMTED. ZOLIZHL, EEE r,ro >0 2KEZWHETED
e s,

T = krl,

k‘0‘1

N(kps — (1 — q2)) }
k0'2 '

- N(q1 — k(1 _Pl))}

r; < min{l -1, P2,

re < mln{l —q2, ¢,
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i, e>01TxL,

pe(T) =
0 (l] Z €72),
*7-,
F.(t) = (/R u(z,t)”pe(x)dw) = , (4.1)
G.(t) = ( /R ) v(:v,t)”ps(w)dx) = , 4.2)

LIEETDH. ZIT, Ap. > —Cep: ZEBDOFM t >0 TR T LI
EEEC>0BHFETHILICEREZTD. §5&, 2D F(t) & Ge(t)
I8 LIROEBMI AERRBBRLT S.

Lemma 4.1. EEH Ci, Cy, C3, Cy > 0 BIFEL, RBKILTS.

F(t) > —CieF.(t) + Coe~F Go(t) ™5, (4.3)
GL(t) = —C3eGe(t) + Cre~F Fo(t)Torr. (4.4)

Proof (1.1) Ofill%Z v 1p, &L,z ZBL RY ERo%T3L, (4.3)
1585, EE, ¥ Holder REX & Holder A%A L Y A% _HIT,

|z o191~ (1=P1) g0 g
RN P

a T2—4]
ro (1— g
201 relr1—(1-p1))
> / o, pv 2 dx / . Pelz|2~nu 2mu dx
|z]<e™2 |z|<e™2
. r1—(1-p3) _rig-ro(l-pj)
l—ql— 1 _ r1T90 12
>Ge ™ / 1 peutdx / . pelx| Tra-r20-mdg
lz|<e™ 2 jz|<e™ 2

_Q-p)—m _a
1-gq2 |

=CeTF.(t)” 71 Ge(t)

(1-p3)—r
LRBDT, SLICENE R o BTniEkn e85, £
FREZ LT, (1.2) OFl% w2 lp L, z KL RY L% T 5L,
(4.4) 28%. O

S Blc, TRTENEROBR (4] L HBFEIC & 0 RO Y .
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Proposition 4.2. (upper bounds) IEE¥ A,B >0 BFEL, £8P
t,e > 01T LIRS T 5.
F.(t) < Ae®(1-P1) (4.5)
Ge(t) < BeP1-%), (4.6)

Theorem 1(i) DI o > N/2 DFEDOHEZEXD. Lemma 3.1, 34,
3.2, & F. DER (4.1) 16 F(eY) O Fh b 0.5 5.

NQ-p)
Fe(€_1)> 0561\1(12 ), (o> %)’
T | CeeT 7 {log(1+ e, (a= 4.

(4.7)

EBE o = N/2 DB,

N z|?
u(z,t) < C(1+1¢)" 2 exp (—l—tL>', (t>0),

o —po N 2
v(z,t) < C(1+1¢) ol exp (—ﬁfl—) , (t>1),
% Lemma 3.1 ¢ Lemma 3.4 26 EFNENHES. 22T Lemma 3.2 &
BWHTB L,

u(z,t) < C(1+ t)_% log(1 + t) exp <_ia;_|2) , (t > to), (4.8)

BdHD to>1ITKHLRILTE. ZOFHEEER (4.1) KRATHZ &I
EoT, (47 BELRDL. LhL, Zhid +9/0&E 0 e >0 2L (4.5)
WFETH. 0

Theorem 1(ii) OIEBA liminf ;. |z|%ug(z) > 0 (a < 2a) DHEEE
2%, & 41) LY,

1-p

R0 = ([, w(@)pa)ds) -

(/I:c|<1 uo(z—:‘%:r:)'1 exp (—ﬁ) dx) " , (4.9)
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EBHDT, +/MEN € > 0 1T LRBRILT 5.
it O oX(1)

1-p
1 1
> g—oll-p1) / U e~ 3g)" exp (——) dr
1/2<|z|<1 ( ) 1—|zf2
1-p
> Cel—at3)1-m) / |z|~%"* exp <__1_2) dz '
1/2<|z|<1 1— |z
> A (4.10)
W ZIZ,
F:(0) > Ae*(-P1), (4.11)

ARSI 57, Zhit (45) KFET 5. O

Theorem 1(iii) MIEBA +KE C > 01Z% L ug(z) > Cexp(—wvplz|?)
BRI LTWBEERETD. e=1,t=0&FTHILICLY, E® (41) »»
bIREHD.

1-py
- _ 2 __ "
F(0) = <C /m|<1 exp (—vori|z|?) exp ( -y dx
> A. (4.12)

UL, 2k (4.5) KFET 5.0

E P
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