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FERMTEAR BT HARIIN T B KR I DWW T

A m¥E (MPRZE BERFER)

1 &

AR CIIERT 2 B MR/ i R m S H RO S ERER 2R .

EEHERR & MR FRRICHT 2HBOBED 1 OTH 5. wTHERIIHNT 25H
L E 21F Schwartz BEKOE®R TOZINEHRT I LBV, MBI ENLITEI B
REFSIFHBEOBRSTDH S,

HEEREOREAE Hamilton-Jacobi HRERICK § 5 KIBRO—BFEL % 2 57201 Cran-
dall & Lions [12] I2 & » TEA &7z, Z D, Lions [31] & X » TN OBLEHTIERTY
2 BeAEIR/ B B RS S FRERICH LT LS S AR hr. MRz AR
SHRAOMEIIRBHE, HD7 — LS LHE LS OFESVD, FATE 2BZIE 1980
ERBEDP SBEAI R o7, 12 2 BREES RIS 2 B OBTHITRIL Jensen
[27], H. Ishii [22], H. Ishii & Lions [25] IZ& o TKIBICER L7, 7, Evans & Spruck
[13], Chen, Giga & Goto [8] T & 17 1 ST o0 B I8 KIS 55 8% 0 W 1 b YA Ry 2%
Sh, BETIYENLER, BB 7 71 TV AEOHRICHIEAS TV 5. Caffarelli (4]
12 X B RS ERIEDRFE ) B & 72 b Caffarelli, Crandall, Kocan, & Swiech [6] 2 & %
P BHRAEONI. COBEEEICLHEROENEOHELEATVS.

KPERBEG R £ ORE R ICET 5B &% 12 Crandall, H. Ishii & Lions [11] & U
¥ & LT, Fleming & Soner [14], Barles [2], Caferelli & Cabré {5], Capuzzo-Dolcetta &
Lions 7], Bardi & Capuzzo—Dolzetta [1], Giga [16] %43 5. %7, Koike [29] Y HE S
NoodH5b. AAEIZ L AHEMEROMSIE H. Ishii [21, 23, 24] 5 5.

z n6®§%%0~&iﬁ< RS, AR TIRIERELEOROBMK 4 R, Thix
BRLU7=7 471 TSEOFHBER R 2550 ERER O MEN L BH T AR,

ARTH) HBRRTKRO LI % (—#&ICI3) ERBE OHINTH 5.

(1.1) u+ F(z,u,Du, D*u) =0 in Q,

'LE_ L, QcC RN liﬁﬁ%ﬁﬁ'@, Du = (U':cu ce ,'U/IN), D2u = (umﬂj)lsi,jsN kJ‘O’ < . i 7"\:, 4#
ZHES VIR, F i3 Q xR x RY xSV (SN = N REMHATFIO&H) TEHRSnicE
BT, LT & S 2 BlbHAYE 2KET 5.

BALAEMM (z,r,p) € QxR xRN 2EETH. COLEEED X, Y e SV iTHL
T,Y >0 (&Y FFEEHETH) 2o

F(l’,T,p,X+Y) S F(.’E,T’,p,X)




ARTIIHER (1.1) %45 25, 20EEI, HHEEERICBV T, BLRBHR L VI &M
OFTIE 1 BEMSFEXOIY F L 2 AR/ BpE RS H RO K iZid
REAH T )% RETHRS GEONEL 1 BRESHER/ 2 B ERRS TiEX
DBETHLV LOBETHELNLNSLTHAS.

RO —EHEEEFHEBORMATEZ SR TVWA BN L HFRRXOMNZEITS.

5l 1.1 Isaces HEX: u=u(z ) £LT

u—{—lnfsup{ Za” usz—I—Zbaﬂ Uy, — fP( )}:O.

Boaca ij=1
ZIT (af(x)) RE € ac A feB it LTHREEERIE 5. FIEEMHEN L
h, Z0HBRRL (aF(z) =0, Hlb 1 BERHSHEROBELEATVS.
B 1.2 FHMFBR IS TLEBEHEN: u=u(t,z) L LT
(D*uDu, Du)

| Dul?

ZOHERNIE Dult,z) # 0 DL FIIEBEHD Dult,z) FENIBEL TS, T7,
Du(t,z) = 0 &% % (t,z) TRIABKXPEZEINZVY, ) ELBETHILIZLD,
FDE ) A THEFICLZD L) ICHERTE S,
IO DOFNIFERFE TR LR TH 5. Bb L FERNE —RICI Rz R o2
W LTI EZFI 2T TEI)
il 1.3 2 PSR RIS 5 R ERIE
(1.2) max{—u",u - ¢} =0 in (-1,1), u(£l) =0.
BL, x)=222-1¢T5. COMEIIL (-1,1) ERTOHHRBEFF/ -2V EHEEH
T&%. ZOBITRUTOREIERETH S,
{(mﬁ—®u+1)(1<x<1hﬁ—n,

¥(z) (Je| £1-1/v2)

(4—-2V2)(z-1) (1-1/vV2<z<1),

RFERIE (1.2) 3T AMOMHEKRTICL L L) CEEL, EASHETEFLLL &,
BWHIANF -2 B/PNITETLROBRERSBELET ML DOTHS. B
B (1.3) BEOBRDOITLBI;ESL T 72 RTEARTHL. HFEMIZE ) &, TORBKIL

1
uswm(JJ)twﬁﬂm%#wT?l%W$—/|M@ﬁh%%¢t¢é%ﬁﬁ
-1

»5.

B 1.3 1238V T, B (1.3) RICHLE®RY S 5. o T, 2D L) L2EBDTTOHER
DIFEL 2D L) LHEVEZHBOBSHPLETH), 20 1 DOVHERORSTH 5.
KRETTIIHEROBRSZEAL, 6 1.3 TETHBEFTOFBROMMERL 2o T
B LERY. FEIHMTHEBROERYLHELBNL, £ AHTIIHEBREROEEL
EREBHT S,

(1.3) u(z) =



2 BEEEDOBIZNHEA

WA TLEVEREMSFRROBL AL TIZRE) THIEL v, L) DI EH
*EZHLHEHATHAH. ZOBPRFEE L TiX Schwartz DERTO BREEE » L (HLNT
Wa IRIFRERICT A FEBEFIEN 5B S 2B E 2T TSRS L, RHBEE
OB T A MIBRICERDY ECBILILI o TERESNIFROBATH 5. Ok
A BBIROFERRIH LTIIEEICER Th 505, v 7-nwH BRI EREE 20T
HWOBABTERVZDFER L. o THDOFEIZL - CHBEERTLILENH 5.
FIT, WOESY BEAEER ICBERIAILIZL), RAOBEBOMS % 7 X FBEEIC
BROYEELILE2EZD. ARTR, BREFREL ILUTOMELETILICTA.

BAERE fecCH) 2 x0€ Q) THRAM (or BAE) ZHLS % 513,

Df(zo) =0, D*f(x0) < O (& —D*f(z0) A EEMBEATH)

COBRKNEFEBEZE o TRABBOMOH T A PEEOEZNIIERDL) SNEETER
TAH L. HEA(11) 2E2 5. ue CQ) #F
(2.1) u+ F(z,u, Du, D*u) <0 in Q,

7L TWBERETS. FED o e C2() I LT, u—p M zo € @ THRAMEZE -
el ¥ A ZOLE BEREREREIZLYRIEY LD,

Du(zo) = Dy(xo), D*u(zo) < D*p(x0).
FoT, ZoEBRE F OBIBEAMEID
w(zo) + F (0, u(zo), p(z0), D*p(x0)) < w(zo) + F(zo, u(zo), Du(zo), D*u(z0)) < 0

&b,
FARIZ, u € C3(Q) AF
u+ F(z,u, Du, Dzu) >0 in Q,
R LTWVAEEE HED pe C}N) I LT, u—p 3 10 € Q TRMEZE - T

niz
w(zo) + F(zo, u(xo), Dp(x0), D*p(z0)) = 0
MR ILDOT EDbIB.
INSDIEDS u BHMATEETRZL T u—p OBAKERPEB/MEZIS S TIX u D
kT A MVERICERDY SELIEIZLoTC, BRENERTEZTITH L. BHROE
BEE2 A0, BEYHETAS. AFRZER v Q—RIIHLT

(2.2) w*(z) = Imsup{u(y) |y € 0, ly—al <7},
(2.3) u(z) = limsup{u(y) |y € Q, [y -2 <7}
ET A ut u, BEFEREN w0 EEERS, TRdRD &),




EHW21 BB u: Q> REERETD. u b (L) OMUR THLLEIUTD 20%
T DAY - R AR B
(1) BEED o€ C¥HQ) LT u* — ¢ Mz € Q TRAMERS L &,
u*(z0) + F(zo, w* (20), Dip(20), D*¢(20)) < 0
W T (ZOL & u % BHESE L),
2) BEED o e C* N 1T LTu—p 220 € Q TRAMEZIND & &
us(Zo) + F(xo, us (o), Dp(xo), D*p(z0)) > 0
BT (TOLE u % BIEER L)

AE 2.1 (1) BELBROBRIIBVWTBABEERAM, REEAE, EHEABEICBE L
ZATIV. MEEROBEIFLILIELS.

(2) F DBLAEAELY, (11) OHBBIIHERICL 2. $7:, (1.1) ORERY C2(Q)
CRETT, HRBICL S,

Budu+F=0inQ OWERTHo>TH, ~u—F=0in Q OMBEBELIZRS 2\,
iz oF, FEVFEDLLE, TA MNABOHFIEDL->TLEI DS TH B,

(4) u* (resp., u.) 1 Q TEHEHE (resp., FEEM) THY, u, <u<u* on O PHDH L
D F7, u A Q BT EEEE (resp., THREH) THBHI L E u=u* (tesp., u = u,) on
QUREMETH D, u pQ TERTHAI L L u=u" =y, on Q RFETH 5.

(5) #iEM D AR L Hamilton-Jacobi FRFIIN T 5 KIBBOFE F BN REICL - T
AYZLICHRY 5. #Mlid Crandall & Lions [12] # 5.

Bl 1.3 TET/-HFMERMRE (1.2) 120 L TRI%L (1.3) AHEHEMBIC 2 5 2 & 2 BICHES
LTHE). EED pe C¥(-1,1) #BEL, u—p ¥ 10 € (—-1,1) TERABEEZM - 72 &
Th zo#+(1-1/V2) DL & ulit =1 DEET C? DT,

u'(x0) = ¢'(20), u'(zo) < ¢"(z0)

WY uld =10 T(12) 2 HAMLZERTHZTILE, Lo 21D (1.2) ok
UEBTHHLIEHNERSD.
To=-1+1/V2DL& ueCl(-1,1) &y

(2.4) ¢'(z0) = /(z0) = 2V2 — 4.
% 72, Taylor BRiZ-oTh o0 &T5L
w(zo + h) < u(zo) + (z) — p(x0) = u(zo) + ¢ (o) + %¢"($o)h2 +o(|h[?)

BOPBEDT, (24) & u(z) DERLY ¢"(z0) 24 %D, THE ulzo) = Y(zo) LBb
5L
max{—¢", u —9¥} =0 at x



2 B5 5p=1-1/V2 DOFELFARTH 5.

u—@ M xg € (—1,1) TRMEZR 72 T5. 2o #+(1-1/V2) Ok ZIZERELF
CHRICL Y, u it (12) PHBERTHE I EATED. 20= —1+1/v2 LEET 5.
ZDEE, ulzy) =Y(xo) BDT, ¢"(z0) BEDL ) ZETHoTH

max{—¢",u—¥} >0 atz
#1585, 10=1-1/V2 DEELEAKRTH 5.
COBBHOHEBROEED 1 DOBHME L TROZLIBITLoNS.

HEROBED 1 DOBY RAMEI IS TR TREVWEIZE L TH HERN 24
KR K EROBRTHA-TIERERFL T A,

SRS o TEBOBER L 2 5 BER I, BO—BEEIrErNTwE EEbRS.

LEZAT, EHE 21 Tt u—p OBRE, BBV TR v OfG% 7 X MK
o DHFICBEBRZTWEY, COELZFHELIRTALI. veC), peC?(Q) LT,
u—p D20 €N THRREEZMo72LT 5. ZDLE, AER u(z) — o(z) < ulzo) — ¢(T0)
E o @ Taylor B ZHW5 &

u(zo+h) < u(zo)+ p(zo + h) — p(z0)
1
< u(®mo) + (Dep(z0), h) + E(Dzso(wo)h» h) + o(|h[?)
as h — 0 such that zo + h € Q

2HBA5. CHICEBL, 20 e QIIHLT

5 (Xh, ) + oA

as h — 0 such that zo + h € Q2

(2.5) u(zo+h) < uleo)+ (p,h)+

E%b (p, X)eERV SN BHEHETAHELL). COLE ud g DIEFETC? 26, u
% zo T Taylor BRI LKL ZOAREKX LY, Du(zy) =p, D*u(zo) < X R¥ 5. o
T wH CHQ) KB L, (21) BMEIEL(25) 2 W (p,X) KHLT

U(xo) + F(:EOau(xO)ap’ X) S 0
EHZENTES. FERIC

w(mo+h) > ulzo)+ (p,h) + %(x;l, B + o(|hf2)

as h — 0 such that zo + h € Q
&b (p,X) e RY x SN PFET NI,

u(xo) + F(IO’ u(xo),p, X) > 0



255,
COEZELN, B u:Q— RIIGLTES J2%u(z) TEAT .

2, () N on | We+h) Su(z)+(p k) + 5(Xh,h) +o(|A)

J u(x)—{(p,X)ER x S ash— 0.2+ h e ,

2 _ N on | u(+h) > u(z)+ (p,h) +%(Xh, h) + o(|h|?)

d “(”)“{(”’X)GR xS ash—0,z+heQ '
u B Q TL¥EH (resp., FTHEH) 201, {z € Q| J>Tu(z) # 0}, (resp., {z €

Q| J2u(z) # 0}) 1T Q TRETHAS. o7, u v’ Q EHRTHSTETELTY,
J2Eu(z) BETHEVW e QIEVEVZ LS.

B2, N5 DEED graph closure 72’iu(x) TEETSH.
( Nn, P, Xn) € Q x RY x SV such that
72’+u(:v) =< (0, X) e RY xSV | (2, u(zp), P, Xn) — (z,u(z),p,X) as n — +00 3,
\ and (pn, Xn) € J>tu(z,)
( (2, Pry Xn) € Q@ x RN x S¥ such that
Ju(z) =4 (9, X) € RY x SN | (2, (), Pn, Xp) — (z,u(z),p, X) asn — +00 .
and (pn, Xn) € J>"u(z,)

\
J2Ey(z), Tru(z) 2BV, % 2.1 LEERGEYERTH .
BHE2.1 Bu. 0O —RIIERET A,
(1) uw A5 (1.1) ORBLBETHE 2L ERPFBN IO LUFETHS: £ED z € Q,
(p, X) € T ur(z) T3 LT

u*(zo) + F(zo0, u*(z0),p, X) < 0.
(2) u ¥ (11) OWMEEETHLILLRVEN IO LIIEETHE: FED z € Q,
(0, X) € T uu(z) 12X LT
Us(Z0) + F(zo, ue(x0), 0, X) > 0.

HE22 w0 ——SRIZER:TS. "

(1) u 2% (1.1) DHMBEETHEIEERPEILDOZLIIFAETH 5: EED z € 1,
(p, X) € T ur(z) 123 LT

u*(zo) + F(z0,u"(20), p, X) < 0.

(2) w5 (11) OWBERTH LI L LERPRY IO L3FETH 2 EED e Q,
(P, X) € T "uy(z) KX LT

U*(.’L‘()) + F(l‘o,u*(ifo),p, X) _.>_ 0.

LRI DTERET A, COMEII 4 HTRRAMEEBOTHICLETSH 5.



3 REMERROERNEE

O TIIHEROEFHBE 2V 22F8 T 5. LT O4EIX M. G. Crandall & P-L.
Lions [12], Crandall, Evans & Lions [9], Lions [31] FIZ@B®X6N T3,

W31 Bl u: Q- REEREL, (1.1) DML (resp., WEER) 35, 20
LE HEORES Y CQITLT uid (1.1) DML (resp., HilkER) TH 5.

SIS RO ST RBINZbDTHAZ LEEKRLTWA.

& 3.1 O, u 25 (1.1) DHULBOGEDAZERT 5. KEEROEE D Rk
rE5.

HBED pc CHY) LT —p 220 € ¥ THAEER/ETE. r>0%
Blzo,r) CU ERBIHICHWY, e CHO) % §=¢in B(ze,r) Zi@i7-THNDETH. Z
NEZ, uw—Fidzo TQIBITBBAMEZMY, DG(x0) = Dp(x0), D*@(x0) = D*p(x0)
THab HEoTud(1.1) OMHULEBETHLZ L LY

u*(0) + F (2o, u*(20), ¢(20), D*p(0)) = u*(20) + F(zo, u*(20), D&(z0), D*@(z0)) < 0.
O
W 3.2 S RETR\ (1.1) DML (resp., MitEER) OREETS.
w(z) = sup{v(z) | v € S} (resp., = inf{v(z)|v € S})
EBL.ZOEE wBEREOIE, FUE (1.1) ORMLE (resp., BAER) TH 5.
ZOMEIR 4.2 HITRRLHEBROFHIEHATHV LN L.

#hRE 3.2 OFIRR. HELBOBEDALZIRT 5. MEEREDOEE LIHIZFAKTD 5.
FEED oe C?*(Q) LT u —p ¥ 2o€Q TRAMEEZN7:F5. BHEDD,

To=0&LTBL. r>0% B,r)CQ 2D, 0% BO,r) iCBITH u—p DERRKHEE

HEIIEATEL. BIZ, o(z) & ¢(x) +u*(0) — (0) + |z|* EBETSHZ LT,

u*(0) — p(0) = 0, w*(z) - p(z) < —|z|* (V2 € B(O,r))

ELTLw.

u* DEFE 22) £9 {zn}ne C BO,7) & 2, — 0, u(z,) = u*(0) (n — +o0) &% 5
IHICENAE. T, Hne NI LTulz,) — 1/n < vp(z,) ulz,) 2y v, €8
BdHb. y, € BO,r) % v —p DB0,r) BIFARRRETS. ZDLE, 2, € B(0,r)
DT

u(za) ~ - p(52) < V5(3n) — $(zn) < V5n) — $(5) < U (¥n) — Pgn) < —[gnlt < 0



PR T, n— +oo & LIz& EOBREADERIL 0 =u"(0) — p(0) THHIE LY
Yn — 0, U (yn) — @(yn) — u*(0) — (0) (n — +00)
Eh. IhbE o DERELD
Up(yn) — u*(0) (n — +o0)

2185,

+A3KEZ neNIZMNLTy, € B(O,r) DT, v, €S EmE31 LD

U (¥n) + F(Yn, va(Yn), Do(yn), D*p(yn)) < 0
SE2 5. ZORERT n— +oo ETHE, ETRDBBE F OF#REBELD
u*(0) + F(0,u*(0), Dp(0), D*p(0)) < 0

E Y FEmrRENns. O

BRBICEEBICHETAGELRNL Y. HEK (L.1), REROFBEXEER 5.
(3.1) u+ Fy(z,u,Du,D*u) =0 in§, neN.
ZIT,F, it QxR xRN x SV G, »oBbEHEET 5.

W 3.3 AR u,. €cC(Q) % 3.1) DHMEBETS. n—> +oo ETHEE, {Folne
X FIZOXxRxRY xSV ECTEH —BIPORL, {untne REFRZEHwveCQ)IXQT
LHE—BIETAEIRETSH. ZDEE, uid (1.1) OHBBEL RS,
%Rl 3.3 ORIAA. u % (1.1) OMMUELBTH LI L E2RT. HEEBRTHH I LIZFEAILH
ETREDLDTERT .

BED peC?() I LTu—p 1€ ) TBRAELXH--LKETS. MHEDT:
D, 50=0&BL.r>0% BO,7)CQ 22,04 BO,r) I2BIJA u* —p ODRKAL
BHEHITRBATEL. Bl p 2BETHZLET

(3.2) u(0) — ¢(0) = 0, u(z) — p(z) < ~lz|* (vz € B(0,r))

ELT&w.
—¢ D B0,r) ICBULBERKEZ y, £T5H. ZOLZ,

un(0) = (0) < un(Yn) = ¥(Yn) < u(¥n) — 9(¥n) + lltn — ullcEEm)

<
< ~lynl* + lun — Ulo@wn) < lun — ullc@amy)

B LD, u, DILE—FRPREL ) n— +oo &L EDRADEFADDERIIR 0
Thb. Ihe o OHEFEHELD

Yn — 0, un(yn) — u(0) (n — +o0)



BEHELNS.
+5KEE neNIZH LTy, € BO,7) ZDT, u, I3 L THHESBOERL&E 3.1
In
Un (Yn) + Fn(Un, un(yn), Do(yn), D*0(yn)) <0

WEZS. ZOFREXT n— +oo ETHE, F, DILEFRIGRMEE ETROZ-BER LD
u(0) + F(0,u(0), Dp(0), D*p(0)) < 0

ExYkmaREns. O

4 FMERREROEIERER

FRERA (L1) CFT 2HEBICOVTOEELFRIIRD 3 OTH 5.
(1) B H B e

(2) BBOFE

(3) BOEEN

4.1 BROLE

HHREETICHAONTVARENKBERDOR L THAS. MEROLEBER L IIX
DEIBIDOTHA.

FIE 4.1 F OEGEH L BIEA%ICMA T, LT X ) ZiREEBL.
(F1) & (2,0, X) € Q xRY x SN {2 LT r > F(z,7,p, X) 13FEED.

(F2) w(0) =0 »2BP % we C([0,+00)) DEEL TREM/T: Hz,y€ Q, reR,
a>0, X, YeSVizxgLT

(4.1) —3a<é ?)S()O( _2,)5304(_11 —II>
% 61,
F(yara Of(l'"'y),Y) - F(.’I?,’I",CY(J? —y)aX) < w(alac _yI2 + |:c-yl)

&5,

u, v FENREFR (1.1) OMEER, MEERETE. 20L& u* < v, 0nd %5,
u* < v, on Q HE Y LD,



FKEwtﬁ%@@f(m)m—ﬁbtﬁﬁfuﬂﬁbu<w#tbﬂ&w.:ht%b
CTIBTHET LI LICLT, EH 41 OFEHZHBALZP 5, zOREERERENE &
DEHICERLEPEFR TN LTS,

SEHOKF AT u, v DE u(z) —v(z) EE R, sup,p(u(z) —v(z) <0 N A
L ChD. ERMEICTEID, F=FapX) rcEbkw), uveC@) &35 R
Felz 2TV 0I, $Tve Q) 2IRET 5.

T3P 4.1 OIFER Part I O (2B 5 u(z) —v(z) ORARE 2 £ 5. 2z €00 72 53,
u<vondQ LVEHEIKDEINT zeQ L LTIV,
wZH LT o 27 A FEBE TS EHEBOERLD

w(z) + F(z, Dv(2), D*v(z)) <0

$7: v 2B S DR DT u(2) + F(z, Du(z), D*v(2)) 2 0 T L, 2 DOREK
i<k

u(z) —v(z) £0
2 B5OTER 4.1 O@mIRINT. O

KT, 4 u v BELHTEVET S, ZOHER u, v DZE u(z) —v(z) LA
O EARBOLEBEEFIVTLT A FEBASEN WO THREBLE LERETE S
Vv, 22T uz) - v(z) ORD DI EREER LT u(z) —v(y) ¥EX5. HIZ o(z,v)
DOHOES PR EA L, B u(x) —v(y) - o(z,y) 2EBTH. 2)T5ILT,
% u, v ADTAPEBELTHE) 2 LA TE .

FIF 4.1 O Part II. L CRNLT7A T4 TEE). 20O
(4.2) sup(u(z) —v(z)) =0 >0
zeQl
PIRETSH. a>0&LT
(43) ®(z,y) = u(z) —vo(y) — Sle ~yl* on AxD
AEX, (Tarta) EAXxQ & & DRREET S, TDEE B(z,z) < P(TarYa) £
a|za — Yol < 4(llullom) + lvllcay)
21856, LoT
(4.4) |To — Yo — 0 (@ — +00)

HREZ L. 72, QBT RT DT, {(Ta,Ya)} FIRIRGF {(Zoh, Yo )} (0 = +00
as k — +oo) EED. (4.4) &0

(4.5) Loy Yo, — FZEQ (K — 400)
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B0, u, v OEEMRLY

(4.6) W(Zay) — u(Z), v(Yoy) — v(Z) (K — +00)
EBRBDT, 0 =sup,qP(2,7) < B(Tay,Yor) KBV TEk — 400 T2,
(4.7) 6 <u(z)—v(z) <6

o Tz uz)—v(z) DRERETHS. BlZ0>0L u<svondN &Y z2eQ S 3%
B REEBECT 572010 {(Za,v0)} FEIC {(Tava)} LECC LT, 260 %
NDTa>»1DELE, 2,y €V THA. 72, 8(2,2) < ®(TayYa) PENIEDZ EHS,
(46) zffioT

(4.8) 0fTa = Yal* < u(za) = v(Ya) — u(2) +0(2) — 0 (2 — +0)

155,
ZIbid 1 RS FEADBEDIHE 2 BERS HEROBA THMY 2 &

PENTADOTHAICEELLY. 7,1 BRESHFEROBEASE2 5.
F(z,p,X)=F(z,p) £$5. TO&Z KE (F2) id

(4.9) Fly,a(z —y)) — F(z,a(z - y)) Swlalz —y* + |z — y|)
E b,
1 R AERNDEFE L (z,y) 2RD L HIZKS .
RO
(4.10) z— O(z,yq) = u(z) — {v(ya) + gla: - yalz}

%z =2, TRAEERD, WK
(4.11) v ~2(ea,y) = v(y) — {ulza) - Glza — vI?}

Fy=y, TRAMEZES.
u, v EENEN F(z,p, X) = F(z,p) klef: (1.1) DXEBLHH, $EEBRTHLIL LY

wza) + F(To, 2(Ta — ¥a)) <0,
v(ya) + F(yaa a(xa - )) Z 0

FBRONE. 02 ROEEIL LIRE (49) L1

F(ya’ a(xa - ya)) - F(l‘a, a(za - ya))

0 < u(za) ~v(ya)) <
< w(e|ze ~ Yal* + 1Za — Yal)

b ZZTa—o+oo b T5L,(45),(48) X o<0&ih, (4.2) XFETS. o
Tu<vonQ WIBETE/. O

_..11__



COFBECLY, )~k 1 BRES FRERIOHT 2RO —ER R R Z EHT
T & % (Crandall & Lions [12]).

KiC 2 BERMAHRROBEOHEHEL R TV I . ERHIZI Part IT TR- G
LRI TH A, 20 F TEMTARICITVRLV. BEOLDIKRD & 5 REHER

u—Au=0 inQ
RW) BV, EICEENH T APEZ L) Part 1T LRICLHICEZ 5 EMHELHE,

HEEROERLD
u(zy) —aN <0, v(y,) +aN >0

v1E5. 2 K25 &
w(Zo) — V(Ya) < 2N — +00 (o — +00)

L) MbFEoNniw.

ZFOEREIL 2 ODOEK z, y DB &(z,y) % (4.10), (411) DL H I 1 DOEHOBEEK
ELTH77:DTHB. 2T, 2200% Kz, y DBEED T T &(z,y) ko TH 5.
I, COELE u,veCHQ) DHBIF-oTHL ).

T 4.1 OFEEA Part III. &(z,y), 24, Yo Fid Part Il TERLZ-DDLFELET S,
BEREERELY (24,0a) T

Dz,yq) = (DzQ,Dy‘I)) = O, D:,y¢ = ( Dxqu) DyD-T(I’ > S 0

D,D,® D,D,®
b ERIIMGREHETAE

(4.12) Du(za) = Dv(ya) = &(za ~ ya), ( P uo(xa) _ Dz?,(ya) ) s ( _Iz —II )

Eh. Fuve CHQ) RRELTVWAI L L, (4.5) I 0 {D%u(zs)}as0, {D?*0(¥a)}aso
BERLOT, +9KEZ a>0128 LT

I O D?u(z,) 0]
e ( O I ) = ( 0 —D%*(ya) )
bW YLD,

u i (1.1) DL, v 1T (11) OBEERTHLI LI

U(Za) + F(Za, Du(xa)’ Dzu(ma)) <0,
V(Ya) + F(Yor DV(Ya), D*v(ya)) 2 0,
/5. 0 2ROELMY (4.12), (F2) 2o T

6 S ’LL(.TO,) - v(ya) S F(ya’ O!(Ia - ya)» D2v(ya)) - F(.’I,'a, Ot(.’L'a e ya)a Dzu(xa))
S w(a'xa - yal2 + Iza - yal)

- 12 -



Lbh. fEoTa— 400 ETHE, (45), (4.8) £V 0<0&%Y, (42 KFETHNT
EH 4.1 OERP/RONS. O

EC,u, v EODRTRVEEEER LS.

T 4.1 OIIEA Part IV. ®(2,7), Ta, Yo FiX Part Il TEHLADDELFEIL LT 2. B
B (4.12) 12815 D*u(z,), D(ys) CHET L DPBNLDE) HTHEH. EBRIC
BUT 22T X, Y e SV N5,

e ~

(4.13) (@20 — Ya), X) € T u(za), ((Ta —¥a), Y) € T v(ya),
I O X O I =1
(4.14) —3a<0 I)S(O _Y>§3a<_1 I)'

X, Y BENRFN D?u(z,), D*(ys) IHHET 5.
u, v I3&4 (11) OWEER, HitERLZOT

u(zq) + F(xaaa(xa - ya),X) <0,
U(ya) + F(ya) a(xa - ya)a Y) 2 0;

185, C02XOEZWY, (F2) 2 &

6 < u(xa) - v(ya)

\-

< F(?ja, Ot(.’IIa - ya),Y) - F(zava(za - ya)’X)

< w(olze — '!/al2 + |Ta — Yal)

B ZZTa—+oo T AHE, (45),(48) T <0 Lib, (4.2) 1T HFEN
iy, 8 4.1 OFA»KD L. O

EE 4.1 (1) (413), (414) KL T, £0FEIX H. Ishii [22] XL o THDHTH LN
# D%, Crandall & H. Ishii [10] I & » TR LK FE SR, FEBEBEEIIT T 2 HAER
BLIFIENAD DR ST

(2) I5E (F2) i3 F OBBUCHET 2 ERM EBRL T2, ZhedTA720IL, F %

(4.15) F(z,p,X)=— Z ai;(z)Xi; + Z bi(z)pi — f(z)

& LJ: J) . @L, X = (Xij)lsi,jSN € SN, p= (pl,. ..,pN) € RN tj—;g) ZZT (a,-j(:c)),
(bi(z)), flz) I TOREZ BL.

(A1) 0 € Who();SN) BFEL T
(aij(z)) = ‘o(z)o(z) (VzeQ)
Y.

_13_



(A2) b € Wie(Q), f € C(Q).
ST, z,yeVa>0, L, X=(Xy),Y=(¥;) eSN & (41) 2@ 9r5le 345,

‘o(z)a(z) ‘o(z)aly) | 5 ,
to(y)o(z) ‘toly)oly) | ~

DT (4.1) ODRERDER L ZOITH 2 H#NT 5 &

t (x)a z) ‘o(z)o(y) to(z)o(z) ‘to(z)o(y) I -I '
ta(y)o(z) ‘oly)oly) ta(y)o(z) ‘oly)o(y) -1 I

b ATHIOREEFTE L Ctrace x & A &

Z aij () Xi; — Z a;;(y)Yy < 3otr(Yo(z) - a(y))(o(z) - o(y)))

< 30)|Dofe(lz — yl?

#1585, BBEOARERELHFH72OIC (A1) 2fEo7. —77, (A2) &1

N

a (i bie) (@ = )i = Y _biy)(@ - y)z) + f(z) - f(y)
B < allDbllem)l; —yl +ws(jz —y))

LA wpid f OBERETHS. (EoT F ¥ (415) DHER
w(s) = (3| Do [0 () + 1Dl 2o())s + wy(s)

LB LT (F2) M-85, 1 HTETLMIIOVWTIBELRREDT T (F2) 78
W ENBZLIBESHITDR S

4.2 MROFE .

MEROFELRT HEIRARKRD 3 OTH 5.

(i) EHH, 5y —L2OFEZHVD

(i) HRRXOWAIE U TEMHBR % Eo TEMBEHR L, BREY L 5
(iii) Perron O F#E%E H\V 5

(i) 122V TiZ Fleming & Soner [14], Bardi & Capuzzo-Dolzetta [1] £ SR L TIZ L.
(i) 13RE 3.3 DI L EX A, T TIIEED (i) 22V THET 5.

_14_



Perron @ 5L, T4 13, FLRAMBPBOKR» ORMBEBEBEBR T2 HETH S, i E
3%, e C) NCOQ) & ERAMEE LT

P={veC®)|vitQ THLRAM 2O v<ponQ}#0 &£T5),
u(z) = sup{v(z) | v € P}

¥ AL E uid Q CRNBKICZAL VI BDTHAS. #Mllid Gilberg-Trudinger [18]
EEBBLTHRLVY, ShETEHTL LTREELLIEEIRD 2 O0DFHFTH 5.

(H1) BC RN 2EE0MKE L, g ¥ 0B TEFKLZBRETH. ZOL a5FERE
—~Au=0 inB,u=g ondB
WIEHRBIFET 5.
(H2) SRR D (JL%F) —HRICRER S I -RAMEHRTH 5

FEMERR I (RER) —RRIGERR D MMM b LV UE (R 33) FHAH T L L
| A3 T B Perron OFEIHMEBROFETRIIICHTE 2V, W) BRT
FEVERR 23T B Perron O F AT H. Ishii [20] 12X o THE I WA LT TR INIZOW
Tl D

uw T % Q LCERZEET, #hFN, (1.1) OWMBER, #HHERE T4 Bilu <T
onQ RIRETH. EE S LB uERDLHIIIEFERT A.

S={u:(11) DHMELEHE |u, <u<7 onQ},
(4.16) u(z) = sup{v(z) |v € S} (z€).

u WZDOVTIEROZ LT IThbh b,
W 4.1 v T (L1) OXBEER EHbueS THA.

#EE 4.1 OHBB. ucSLENDTSAPIEELTHEL. T, v, <u<T on & u W
QFLTCHERTHAZILIZHOLPTHS. LoT, wE3I22[F I ueSHRENS. O

% 4.2 ve SH(11) DRMEEM TRV E ThHE, weS, yeﬂﬁ“ﬁﬁ:bf v(y) < w(y)
N BYASS

#EE 4.2 DIIEA. v e S AT (1.1) DHHERTLVET LS. DL E, e C*Q), v~
DBPNE 20€Q L §>0DBFHELT

(4.17) v, (o) + F (2o, va(x0), Dp(x0), D*p(z0)) < =6 < 0

DR 0. BHLOD, 1y =0 & L, 1o >0 % B(0,r0) C Q22,03 va—p ® B(0,70)
WBIARNEELZAE LIS, BIZ, o ZBETHILT

(4.18) v.(0) — 9(0) = 0,v.(z) — p(z) 2 |z* (Vz € B(0,70))

._15_



rLTw.
0(0) =T (0) Z oI, U —p ¥ z =0 TRMEED. DL F, (417) (AT R

PEEDRERIZKTS. 5T n(0) < TwW(0) THA. (417), (4.18) L h To/hs%
T e (O, T’o) f)fﬁlﬂf

4

(4.19) o(z) + 71"—6 <@.(z) in B(0,r),
(4.20) o(z) + % + F (a:, o(z) + ;_6’ Dy(z), Dzap(a:)> <0 in B(0,r)

ALY LD, (4.20) 1 o(z) +74/16 2% B(0,r) T (1.1) OMBELBTHE I L EERT 5.
¥/, (4.18) %ffio T

(4.21) v(z) > u(z) > o) + |z* > p(z) + % in B(0, r)\B(0,7/2)

thh. FITuw ¥k

4

w(z) = { max {v(m),go(:c) + %—5} if |z| <,

v(zx) otherwise

LB L, 431,32 &0 wid BO,r) XBIFE (11) OMBELEBTHS. T, w D
E5, (4.19), RUPveS kbb¥bt weSHERA.

Y2 AT, FTRERLOEE (23) IV, (za,v(za) — (0,0.(0)) asn — +oo0 LB DA
5l {2p}ne CQDBNDDT, p(0) =0.(0) ZEVET L

4

Jim (w(@) = v(ea) 2 9(0) + 75— 0(0) > 0

L oT, wlz,) > v(z,) ##i7T z, € BO,r) PFEL, Thz y LBIFITI . O
FEE 4.1, 4.2 X V) Perron DHEIC L AUBROFHEERILUTOL ) ICBRLHNS.

T 4.2 u, T % O ETHRZEET, 2heh, (1L1) OSSR, HEERL L, v <.
onQ ¥RETS. DL E, (416) TEFEL uid (1.1) OHHUEL % 5.

EIE 4.2 OB, v DEHE (4.16) £V
(4.22) u, <u, <u<u LT on ()

Yhh MEALLEIORERIVueS i b udt(L]) ORBEERTEVLET S L,
WE42 L0 wly) <uly) EWTEI) R weS, ye QHFFET A, THidu DB
MIZFETS. Lo Tuld (1.1) ONHERTLHS. O

SEH 4.2 DF L LT (1.1) @ Dirichlet SEFRERE I T 2 RO —BFELRT.
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% 4.1 (11) SN L THUBOLMBEBENR I L2L§5. $72, 9 % 00 T2 K
ETH. u,u % O ETHERZEET, 2hen, (L1) OHMNER, MEERET5. 8-
U =u =T =T =gondQ ZRETSH. TDEE, (416) TEHL u ITEREMH
u=gond Ti@/zy (1.1) DO—BLHUEBRTHL. BilueC@) &% 5.

% 4.1 OFIRA. HBEHE, v =7, om0 L) v <UL on QHFEXS. EH 42 LD
(4.16) TEHEE MMM u i (11) OB THS. $/u, =7 =gondQ & (422) &
Du,=u"=gondQ %% JoTHEERLY uid Q LTESE, 2oEREBu=y
on 0 Zi/-% (1.1) O—BLokt@gL 4. O

4.3 BROREM

BHERTE 2 SHICB VR CREONGR, HE LR REHMEICB ) LB O#:E
BT, IHE TR O L CHVOR TV S 0)#*&&%@@%%&*1&5

HEMOZERICOWTRGE 33 P55, ToEL VMR (L% —BICE
CHELTRETHAS. a8 33 ) 2D (/Jv:c< EBEAFIEEA Z LI Lo T)
(Unkne DIEH—RUURIE T 2 L SRICE D, I, 5 OBE, {un}ne O—HH
R FEEEREZRTILICLoTHENS.

& Z 5% Barles & Perthame [3] TIRUATTHBRE LI %, {uplne P—BEREDA
THo e BEREEFERIN. FEX (1), REROFEREZER 5.

(4.23) u+ Fy(z,u,Du,D*u) =0 inQ, neN.

ZIT, F i3 QxRxRY x SV THEfE, »oBLEHRLT S u, € CQ) ZHER
(4.23) DR E L,

(4.24) sup l[tn |l oo (@) < 400

*IRETH. U, u¥%

u(z) = lim sup{ue(y) |y € Qly — 2| < 1/n,k > n},

n—+

u(z) = lim inf{u(y) |y €D ly— 2| <1/nk>n},

EEETH. CDELE, ROEEIBOND.

¥ 43 n > +0 L TBLE, {Flne R FIZQAXxRxRY xSV FTEFE—HIGR
THEIRET S u, € C(Q) % (4.23) DREMEML L, (4.24) 2RETAH. D& & w1
(1.1) OHHELRTH D, wid (1.1) OHEERTH 5.

CORELTRD L) LHEBRORENEEHES.
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% 4.2 (1.1) 1o L OHBBOEBEENE )LD LRET S, ZOLE, 1 =uon ol
oifu=u=ueC@) L% h,uid (1.1) OHHBEIILL. EIC

(4.25) Up — u unif. on @ (n — +00)

Eb.

CNEEEMIIEI ERDLHITE L.

{Hﬁﬁ@ﬂ)”ﬁ‘iﬁ EUBO— G 7% + BRABXOLBEE — TUHO (JZ:%)J
—RRIR

EH 43 R 42 RTHLED . RE 4.24) £V v, T iE Q ETERTHS. 7, kD
WELRED.

WE 437, uwld Q ETERFREER, THERICRS.
WEE 4.3 OHBE. u O L EHREDAZRT. u OHADERRICGERATE 5.

w;(z) = sup{uk(y) |y € Q. ly — z| < 1/4,k > 5}

B IDEE KB re QLT {g(z)} X KL THERBIFTHS. e>0 &
teQ ¥BEETA. ThHLE

(4.26) T (z) - A(x)] < &

Y45 jo e NERAZENTEL. k> 35y, ly— x| < 1/3jo 2WA-THED k € N,
ye QLT
ur(z) < Uj(z) (V2 € Bly, 1/3jo))
SEXB. G0 T, Usi (v) < Tjo(x) (Vy € Bz, 1/350)) &% A DT, {u;(y)} DHERBIHK,
(4.26), RO Z ORER &2 ffio T

-

u(y) < Uajo(y) < Upo(7) < T(z) +¢  (Vy € B(z,1/350))
phhh u o bPEREREFERL O

EIE 4.3 OHAE. 7 A5 (1.1) OHBLBTHEILERT. u OHEIFERISEHTE S
DTEETH. HEHIME LI OENELFELTH 5.

EED peC? () I LTa—pH 1€ Q THAELNo 7 ERET 5. HEOL
B,20=0%F5. r>0% B0,r)C QP2 0B0,r) iCBID u —p ORKRL
BHEIIBATEC. BiZ,p #BETHILET

u(0) — ¢(0) = 0,7(z) — p(z) < —[z|* (vz € B(0,7))
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LTIV uDERLDY
kj — +09, Lp; — 0, ukj(xkj) - a(0) as j — +00

Y75 {k}e CN, {zg}e CBO,7), {ug}je PHETS. BEDOD, k=5 &L
TBL uj—9 O BO,r) BIARKEZ y; £T45. TDEE, B(O,r) 83387 b
ThbrI bl (424) &) (LELRLITETHIZH - T)

(4.27) y; — 3z € B(0,7) (j — +o0)

ETED. 2T, uy(x;) — wlzs) <uiy) —o(y;) £9

0=7(0) —(0) = lim (uj(z;) = (z;)) < liminf(u;(y;) ~ o (y;))
< lirffip(uj(yj) - 90(1/1))
< Jlim sup{w(y) — ¢(y) | k2 Ly € Qly -z < 1/1}

U(z1) — p(z1) < =|z1]* <0

21556, COARERL o OEHHKELY
yi — 0, u;{y;) — u(0) (j — +oo)
AREND. uy 1T (4.23) OMMEHTHHZ L w31 L,
u;(x;) + Fy(z5,u5(x5), Do(x5), D*p(x;)) < 0
ERBDT,j o400 £TBE F; OILE—FRPERMEL D
a(0) + F(0,3(0), Dy(0), D*(0)) < 0
PELNhE. O

%42 O TE 43 L u=uondQ IV HBEE*H-oTu=u=uon Q,ue CQ)
Hbirs.
(4.25) #7R"Y. Z07HICik 1, €0 %

llun — UHC(ﬁ) = [un(zn) — u(zn)|

Y LT |un(zn) — u(zy)] = 0 (n — +o00) REHTHITI V. SNHPRY LA -2WnT HL
Eo > 0 & {nk}ke ﬁfﬁ?'f LT

ng — +00 (k= 4+00), |un, (Tn,) — u(zn, )| 2 €0 (Vk €N).

HELEEIITALD, =k LTBL. QFI N7 M 2OT WPz s ki
£ - T) V

(4.28) Ty — 1o (k— +00)
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LA B

limsupug(ex) < lim sup{un(y) |n 21y €y~ 2ol < 1/1}

k—+00

ﬂ(l‘o) = ’U,(lfo) = _’lﬁ(l‘o)
= zliin inf{un(y) | n > 1,y € Q, |y — zo| < 1/1}

< liminf
< Ryl

LY, up(z) = ulzo) (k> o00) bFEOLNSE. T, (4.28), u DEHELD
0 <eo< lim fuy(zk) —ulze)l = |ulzo) — u(zo)] =0

#1855, CNRIFETHS. O

5 HENE

WHEBORSHPETNT 20 EUERL, FRICHET 2HENS H TV TR, WM
D—BHE, KEB LV - EBEFIIZERL, MO 2r0FERBMELEET LD
DEB LG oB’EHAH. ibe, 5BRIEDLILHAIHELED TV DKLV
EAH? BFELEEFHHRICBEVWOL L ELTRUTOL ) 2 HEDBH 57255 .

() RERDDDLIZEL S, BILLHERX SV I3FEEE L SHENDIEH
LB L 7 RS TR T A2BO—BEFAEERH-OICEASI NI EER
DS THotz. & T A5, 1990 ERLBEORFFE LB 5 &, BIL L2 FRKXZIT TR,
FHMFRITT 2EmAFER LI L0 LT, FRELFHOMBE I 2 T EEOH
RICDIBHAI ATV S, REDIHIZE L T3 Jensen [28], Fukagai, Ito & Narukawa [15],
Ishibashi & Koike [19], Giga [17], H. Ishii & Shimano [26] % % £:H.
INHDHFED L ) ISR HREE L F o TV AMENDICHIRREETH S ).

(2) W OIERIYE

1 #iTHAh/z2%, Caffarelli [4] 13— S EURSS HEIITH T 2 MEBOPIERIERIE
rRAMEEIE L Calderén-Zygmund 7M# % f o TIR7:. £ % %iF T Caffarelli, Crandall,
Kocan, & Swiech [6] Tid LP-WMMBOBMESHEA S, MHERITH T 5 LF BROEED
Bzohi Tk o TREDSTABE TH 5 & ) 2IERBEREHS HERIINT 28
URPERTED LI LD), ERBITHHELFo - HEROEREOMEI MG T - 7.
# DT Koike & Swiech [30] TiE Du iCBI LT 2 ROWKAHE 2 FOHE - Holder Ei
% LP-MMEBROGFEENFRIN TS,

SEFTICELNTELEMSHFRERNICH TS [P BROBRELFECRY S, HlHEO L
D BEVIEAMEREBIL L - FRRNDICHYZEZ 503 ERVHH LEDNS.

LROZERHE, TNELIZELHOFEICHEIEET 2557255 L, B
WA ZWAEPrSHAVEERZ B 5D,
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BB, AR A CHEBERICEREF N FIG Lo2) LENER bomE
RSN T, HEZOEED 1 D2 LTHATLS A NITENTH 5.

B ZOEBIIREBFEREFLIF-CTORNBRERTONEL KIBICEE - gL 7
bDTHL. BHBEOBEE S 2 TO VW AREORERE LN AZ k2R
BIfhR) CEHOBEEZ R L 3T, ARBECL»hb T, LRI OE I F— 2 EHITK
TERBDIEN LI E LTV EEE L COZLIZIRFFLAVERVE T,
$7- LEDTTE I F—DEEIDH 72 o T7 750 1 AU KSR B b A 3
WL EZEY TBILEL EITET.
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4 BEIERRTZ Schrodinger A BRADOFIHERIEIZ >\ T

A i (Jun-ichi Segata)

TUN KRB E B2
Graduate School of Mathematics,
Kyushu university

1 Introduction

4 BEFEMIY Schrodinger BABRAOMMEREIZOVWTE XS,

{i@tu + 5§u + uaﬁu = F(u,q, 0yu, 0,1, Bﬁu, cﬁﬂ), t, r € R,

u(0,z) = up(z), zeR, (1.1)

IZTHREE F RKRTEALGRS.

F(u, T, Byu, 8y, Oju, 051) = — %luIQu + Agfultu + A2(B:0) T + As|Opul’u
+ M\u?02% + As|u|202u,
EFl A =3u/4,=2u—v/2 3=4pt+v, M =p s =2u—v THY v, p IREHRLTS.
MREVIREDZ & &iR% LIRE. FER (1.1) X502V BRI 2 7 TR, JRER R
A0 3RTEE % BRT ZHEFOE TN (Da Rios EF N [7])
1B + B = —%]u|2u,

& BITIRESTE S IR 5 Z L 2 BER L 7=E7 /v & LT Fukumoto-Moffatt [9] iz & W ##ABE N7,
¥, (1) R p+v/2=00LEELAMIELERIVROL RREREF - LAMbATY
% (Langer-Perline [10] 28):

/ uPdz,  Bu) =~ / (Byu)uds,
P3(u) = = / (B2u)udr — = / lu|tdz, -
- = i, MMERIRE (1.1) © Sobolev ZR HS(R), s € R TORMBFTEDMR OABMEBEIEC
SNTBONEREREBETS. Sobolev ZR-H(R) KDL 5 KERSND:
H*(R) = {uo € S'(R); (1+ [¢2)*/80(¢) € L?).

¥ MIAERE (1.1) & HS(R) CRMRFEDNTHS LHKD L S KEBRSIS.

Definition. #I#HERIEE (1.1) B HS(R) THHERBMED THS.

= T =T(lluollgs) > 0 BFEL, BRMEME [-T,7) T (1.1) 27T u(t) B —BIZEETD. &b
u(t) RROUERERHT.

(i)uEC[TT] HR)YNYr = X7p,

(ii) data-solution ﬁow-map H*(R) — X7 (up — u(t)) 3EFETH D, Thbb

Yug € H°(R), Ve > 036 = §(e, |juollgs) > 0; luo — Gollas < 6 = llu —Gllx, <e,
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I, U RYIEMER G £ TD (1.1) O T T ZERRKRELRB L& (1.1) 13 HS(R) THRRMX
WEICENTH D LS.

FRBERRDANCN ODRELEAT S, BH u(z,t) 1R LTEMER £ 1220 TD Fourier £#
4= Fu &RY. HHREKL EONWTHRRRICEET 5. KR UCZEMmI Bz >\ TD Fourier %
u(r,€) = FeFou(r, &) ERT. YERAE Dy, (Dg) & Dy = f;llflfm ERUC (D,) = f:;l(f)fx ~EET
B, 2L (z) = (14 |z[)V/? L5, MEOERDEHZER LT(R; LI(R)) & LY(L}), HP(R; HI(R))
¥ HP(HY) LRIz Lic¥5. 8% o(t) #XM [-1,1] £ cut-off function, $2bb, ¢ € CP(R),
Y()=1for |t| <1,=0for |t| > 2.6 >0 ITRL 5(t) = P(t/6) LBL. W, (t) & (1.1) oHHLS
BRIZE VARSI D unitary #2735,

Duhamel PFEXY (1.1) ZROEIFBACHERAIOND.

t
u(t) = W, (o — i /0 W, (t — ¢')F (u, G, Oy, 8,7, 82u, 02T) (¢ )dt (1.2)

ERFIUTOBRY THD.

Theorem 1.1 [21] v <0 &¥3. 5> 7/12, b€ (1/2,3/4) ROIIERD uy € H¥(R) 2 LT
T = T(uollms) > 0 AFFEL, BMKR [—T,T] T (1.2) 2T u(t) BUATFO2 7 2T RIIIEFE
5.

u € C([-T,T}; H*(R)),
YW, (—t)u €H}(R; Hi(R)),
YrW, (~t)F €H}™ (R; H3(R)).

Ehicbxbhnk T € (0,T) &3t Ldata-solution flow-map H*(R) — C([-T",T"]; H*(R))
(uo — u), HS(R) — HP(R; HE(R)) (uo = ¢ Wy (—t)u) iZZh T Lipschitz E#EIZ2 2.

PR A =2u—v =0 EFMMT—FDIFAZIDITRS DT ENTES. XY ERECIX

Theorem 1.2 [20] v <0, \s=2u—v=02,F3. 20L& (1.1) ik H'(R), s 2 1/2 KBWTH
MRETEEITH 5.

ETRAEESRFBR (L1) 1 p+v/2=0 OLXRLTARITHIY, REE &3 BIV
Gagliardo-Nirenberg 7%, Young OFFH:

C? 1
[ullds < Cllull2llBeullz2 < TIIUII% + 5II3zUIIL2,

itk HY a priori #HELH/S. Lo TRERD.

Corollary 1.3 [21] v <0, p+v/2=0 &¥5. Zor& (L1) it H(R) KBV THHEFIRAICHE
PUTH5.

FERR (1.1) RFRBRC u OEBIMEEA TV 57 derivative loss &5 HEELELS. ZORE
% 5B 5 7= 9ic Kato’s smoothing effect & FEIZh AMFALHBROMORFOFHLZRZ A 5:

| DZ/*W, (t)uoll pge 2 < Cliuollzz-
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LA LAHRE, EOTRIZIRIIBOTRIRTE 204 —F—i1 3/2 ThHY, ZOTE T 2 BHS2ET
B (u2024 & |ul?0%u) BIET B LB TER. £Z Thhvbhit Bourgain [4], Kenig-Ponce-Vega
[13], [15] Klainerman-Machedon [17), [18]iz & > THESZ &hv 7= Fourier restriction method & &idh
BHER A, ERIERFE Schrodinger FRER/2 &2 < B, RIES, ZEMEHEEIE > - EM LI
BWTHR/INEROFEESAV 5N T & (Kenig-Ponce-Vega [14] $8M) 4% Bourgain b iIERDNER
BEHRERT SRBIEARE /N AHFAL T L LY (BT XY, OFEH (1.3) B8) Bc ORI
LB ZEMTE . 20/ AVAEAVSZ LITE Y bbb R v © 2 BB 02u, d2u
BEENTVWARLEL O THRINFROFRBICL YV MOTFEETT I LN T,

ET~7 & 512 Theorem 1.1 XU Theorem 1.2 Z3EH ¥ 57-»iZ Bourgain biZ XV BAZH 7
Fourier restriction norm method # V%23, (1.1) =% L T Fourier restriction space X7, &0
EHICEHETS. bs,r e RIZHL @, (6) =2 — vt B ZDLE 7+ ¢,(€) 11 (1.1) OMBILERE
Ko symbol #RLTWHZ LICERT 5. X, ZRDOLSCEHRTD.

Yy = {u € §'(R); Jullxz, < oo},

lullxz, = (T + ¢u(§)>b(§>55(€,T)“Lg(La)
= [Wo(=t)u(®)ll e zz) -

sy HRR (1.2) £ LT Fourier restriction space X, ®& %MK ET Banach OFBRERE M
ik (1.1) OROFEEZTY.

(1.3)

2 Linear Estimates

= ZTi3 Theorem 1.1 BT Theorem 1.2 #3EMT 57 DIZLE & 2 BBEFHMIC OV TR,

Proposition 2.1 (Kenig-Ponce-Vega [13], [15]) s€ R, 1/2<b<b' <1,0€(0,1) £¥5. ZD
EEROARERDBERILT B,

1wsW ()uolix, , SCE~2)2 luol| e, (2.1)
195 Fllx, -1 SCE”IFlx, 0, (2.2)
t
vs [ Wie=t)F(@)|  <CS PP, (23)
0 Xs,b
11
Vs / W(t—t')F(t’)dt'u <CEPPYFx, , . (2.4)
0 Lg=((0,7);Hg)

Proposition 2.2 v <0, b>1/2 &35, % suppu(,z) C (-T, 1), T <1 ¢¥%. ZOLERD
REXPRILT 5.

IDg?"?ul g2y < Cllullxg,, (Strichartz estimate) (2.5)
ID; *ull gy < Cllullxy,, (Kenig — Ruiz estimate) (2.6)
||D3/2u||Lgo(Lg) < C”UHX(';’,,, (K ato type smoothing ef fect) (2.7)
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I{Dz) " "“ull 20y < Cllullx (Mazimal function estimate) (2.8)

ZI (o, B,7) €[0,1] x [0.1] x [0,1], (g,p) = (8/(a(B+1)),2/(1=a)), €>0.

Remark. ¥ <iZ Strichartz ¥ (2.5) BT (o, B,9) = (2/3,1,0), (4/5,0,0) &5 L ROFER
2185

lullizgzey < Cliulixy,, (2.9)

lull ooy < Cllullxg, (2.10)

&7z Kato type smoothing effect (2.7) XU Plancherel D% ||ul|1a 12y = llullxy, &HMAT2
ZEIZEY Y > 1/4 TR LRABED 30, ’

1D *ull 112y < Cllullxy,,- (2.11)

Proposition 2.2 DFR%ER (2.5)-(2.7) DAV TIIEKEHIZIE Kenig-Ponce-Vaga [11] 2 &
%5([20] 28). T%RK (2.8) DFERIZSNTIZ [21] BR.

3 Crucial Nonlinear Estimates and Proof of Main Theorems
Z =T ¥ T Theorem 1.1 XX Theorem 1.2 #FEBAT 57 DITHE L 22 3 FERIEFHBEIZ VTR B,

Proposition 3.1 v <0 £95. £/ supp u(-,z) C (-1, 1), T <1 &¥5.
s>—1/2,a€(-1/2,-1/4],b>1/2 26X

HulPullxg, < Cllulky,, (3.1)

§>0,a<0,b>1/2 25
lulullxy, < Cllulkey,, (3.2)
§>1/2,a € (—1/2,-1/4],b>1/2 7261
1(0sw)*allxy, < Cllulky,, (3.3)
0aulPullxy, < Clluliky,., (3.4)

s>1/2,a€ (—1/2,-3/8],b> 1/2 2 bif
l?0Zallxy, < Cllullky,, (3.5)
§>T7/12,a < =1/4,b>1/2 %256iT

llul02ullxs, < Cllullks,. (3.6)

s,a —
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Proof of Proposition 3.1. Z Z TIIHEBEOE 42024, |u|?02u i2xt¥ 55HE, bbb, FEX (3.5)
KU (3.6) KoV TOBERTS . ETRINCFER (3.6) IV TIERT 5. XY, O (1.3) RUTH
LY FRERX (3.6) BROFRERERTZLIZEVBOND: EBED 0L fy € L2(L2) L,

54 Iésl2 T} £i(73,€5) :
/T /FE [Ty (5 + (=170 (6))0(ra + ¢ (€a))lel ~ H Ifillaey-  B.7)

T fy (5 =1,2,3) RRO LD CEBEND.
F(1,€) = (€)% (T + (~1Y g (E)PlA((—1) 7, (—1)8)],
¥7% T, ¢ BRY EOBTPERET:

T, ={(r,72,73,74) € RS 1+ 1+ 13+ 714 = 0},
Ff = {(51)62353754) € R4;€1 +£2 +€3 +£4 = 0}
I ORGBIRE {4 21 & €] S 1 D2ORRT 2.
4] > 1 DB, 22 CERARER (3.6) % 7/12 < s < 3/4 OROZIHRT 5. s > 3/4 DFA bR

PazenTEs. BEE [ [6] (6] EREVTBOMUC Enazls [Emedls [§min] EB<. 2D LE
E1+bo+E+6a=0R0F [Enas| > [&l/3 THBZLICERTBL,

&sP(6)° _lealPleat [k

(€1)°(€2)°(€)° = (€0*(€2)(68)° ™ lemed'/*(Emin)3*~3/4|€mas /2" 38
BHBD. —RIEERD Z 2L ] = [Eminls 162] = Emedls 163] = [6maz| ELTEW.
Bip(r,) = 18 for j =1, 4, (3.9)

(r5 + (1), ()’

&<, Proposition 2.2 (2.6), (2.7), (2.8), (2.11), Plancherel ®%:& X Holder OAEXZ A5
ORI RITAHESE [ IROL D KFHmEND

/ / f1(71,§1) fa(r2,&2) |€31%/2 f3(73, €3) [€4]¥/* fa(74, &4)
I (11— 6 (£0))P(61)35~3/4 (12 + ¢, (€2))01€2[/4 (73 — $u(£3))° (T4 + Bu(€a))lel
<C/ (D) =3 +3/4Fy y(t, 2)|| D5 /4 Fap(t, 2)|| D2 Fa b (t, 2)|| DY/ Fy ) (2, 7)|dtdz
(3.10)
<I(Dz) 23/ Fy bl 3100y | D7 4 P b||L4(L°°)||D 3/ Fapllpgo(2) |1 D3/ Fy 1a|“L4(L2)

<C H Ifsllzz(z2)-

Jj=1

IIZT -35+3/4< -1 THHZEEAVE.
l€s] <1 DBE. TOBEI |G] > 1 OBELVERTHD. FMOHE LRI €] < 6] < 6] LIRE

LT&v.

|€3|2<€4>s < |‘§:3|2 < |fma.x|2
<§1>s<§2>s<§3>s - <§l>s(€2)s<£3>s N lfmedl1/4|§min|1/4|§max'l/2.

(3.11)
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THdD I ENERITONBDT Proposition 2.2 (2.6), (2.7) ZAWV2 &, ZOEBICHT 2HSE T 13K
DEHICFHESND

/ / fi(m, &) fa(72,&2) |€3|3/2f3(73,§3)f (78, £4)
» Jre (1= Gu(EDBIEL]A (12 + 0 (£2))P162] /4 (73~ 6, (€))0 744>

SC/ |\ D7 YA F (8, )| D5 Y4 Fap(t, )| DY 2 F (¢, )| Fa (¢, ) dtde
R2

- _ (3.12)
<|IDFY4F bl 1a ooy 1 D7 V4 o pll 4 15y | DY Fapll pgo 22y | Faoll 2 2y

4
<c]] 1f3ll 22 22y

J=1

(3.10) BV (3.12) kv R&XK (3.6) #185.
KRR (3.5) ILOWTHERAT 5. FEX (3.6) Ak, BHIZ & W R (3.5) RKDOFERETT
Ziik9BoNG: £B0 0< fy € LE(L]) KHL,

54 l€2|2 H_;l—l Fi(75,€5)
II= < 2,72 3.13
/f /1"4 )*(€3)° HJ {15+ (=1)7 9, (£;))%(Ta + @ (éa))1e H“fJ”L (Le) (3.13)
FERX (3.13) 2 FTRAKEH L 25OBROAEXNTHS.

{€a)*lel 1
(€1)°(62)°(63)° [T3o1 (5 + (= 1) (€:))°(7a + b (€a)) 1!

\ (3.14)
Sohl (61: 62) 53, 54)XAUB(§17§27 €3, 64) +C Z h“i(gl’ §2a €3a €4)XR1(§11 €2a 53)54)1
=1
ZZiZ
max{{£;), (€k) (1)} 1

hi(€1,62,€3,84) = ENVHENVHENE TToeqinsy (Tm + (“1)™Gu(Em))’

{(€6.6.80| 6+l <1},
{(51,62,63,54)‘ |61 + &l < 1},
{(€1.60,65,€0)] 161 + &l 2 1,and |1 + & 2 1},

A
B
C

= {(606.8.6) € | max{in+ (1aE)) =In + (-1'u(&)l |,

fori=1,2,3,4, {i,5,k,1} ={1,2,3,4}.
(3.14) DEEFRIZEMRDOTZ Z TIHERT DNROREMZHEN point L25: n+n+73+ 74 =
0, &1+&+8+6 =0, r<02bid

71 — @u(&1)| + |12 + D (&2)] + |73 — D (&3)| + |74 + &0 (€4)]
2|1+ 12+ T3+ 74 — du(61) + u(82) — Bu(&3) + du(éa)l
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= -+ -G+ +vEl -6 +& -6
2206+ &l + &[0 {360+ 36+ 36+ 6+ v+
> — ul€y + Eo||€1 + Ea| (67 + €2 + €3 + £3).

B LT (3.13) PELIARECRER (3.14) ZEAL, (3.10) RV (3.12) LRAKORT v 72 BLZ LI X
D RS (3.5) BRTIERTESD (FEMIT [20] BF8). O

Proof of Theorem 1.1 and Theorem1.2. r = |lup|lgs €8<. T € (0,1) iZxfL,
B(r) ={ue S; |lullxr, < 2Cr},

B(u) =p(O)W, ()uo—wo/wut—t)w() (t)dt,

£3<. b b % Theorem 1.1 iR L1/2 <b< ¥ < 3/4, Theorem 1.2 iZxL 1/2<b<d <5/8 &
4% & Proposition 2.1, Proposition 3.1 i2& ¥ v € B(r) i L, ROFREX2R/5:

t
[@(wllxy, <lY(OW,()uollxy, + lld’(t)/o W, (t =)t F(t)dt || xz,
<Cor + C1|lvrFllx, -,
<Cor + CiT"°||F|ix,,_,
<Cor + CiT"*(|lull, , + lulk,,)
<Cor + C1T? b(1 + r2)r3

Lo T T & TV-0 < Co{(1 +7r2)r2C1} 7t LBEZ LITLY O(u) € B(r) 285, FALFICLT
T>0%2+ah&eBHILICEY &8 B(r) HBNBERTHDZLIRENS. LEd>T Banach ®
ABRERIZEY B(r) C Xy, KRBT (L1) ORDIEFERERT. X, ERICBT 2RO—EHIZOW
Tid [3] P4ERBRT 5. 3] LRAKCKRD LI R/ N AEEHT B:

llullx, = igf {llwllx, ,; w€ Xsp such that u(t) = w(t), t € [-T,T] in H*(R)}.

lu — |lxp =0 261X u(t) =u/(t) in H*(R) for t € [-T,T] TH5H. —EMEDFERIZ-OVTOFMIL
[3] BB &=\ . D persistency it Sobolev embedding HY(R; HS(R)) — C(R; Hi(R)) &Y
BEELEMND. O
4 Remark on the local well-posedness

o TikbhbholEk (MAEROKRE) LY Theorem 1.2 BHRTERV, TRbb,
HS, 5 < 1/2 (BT 2BHRPTETMEINRERNZ & 28EAT 5.

Proposition 4.1 s <1/2 £ L, T >0 &2, Z0LEIREHTHEEER Xr 3IFELR2V.

Xt — C([-T,T); H*(R)), (4.1)
W (t)uollxr < Clluollas, (4.2)

“ / W, (t — )02 (Jul®u) (#)d#

< 3 . X
S Cllultx, (4.3)
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Proposition 4.1 &Y H®, s <1/2 D& ¥ (1.1) ® data-solution flow-map 7 C3-differentiable
TRWZENRERXSD. LY ERIITIRD Corollary 278 5.

Corollary 4.2 s < 1/2 L33, DL EREZFERT T > 0 iZEELRW: (1.1) @ data-solution
flow-map

St up — u(t), te[-T,T],
* H*(R) EOFRE UTRMICIWT C (Fréchet) differentiable T 5.

Proposition 4.1, Corollary 4.2 DFE#IZiE Molinet-Saut-Tzvetkov [19] D7 A 57 2B\ 5. 8
HEREIC LS. (4.1)-(4.3) 2T BRI X7 Kot bd5, ug & LTRDLES RbOEEL 5 -
LKV FEREL.

uo(z) =y~ 12N"* eide,
[§—N|{<y
Thib
Fouo(€) = ¥ AN XNy N4 (E)-
SHIE [20] B,
BE X Ek
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Nonlinear Schrédinger equations with Stark potential

Rémi Carles(Bordeaux Univ., France)

PABEAL (REAK T)

1 Introduction
EKETCIIRDEF YV r M EOFERH Y 2 VT4 v = FRRICOWTEZ 5.

iBu = —%Au +V(@)u+ APy, (t2) €RxRY, (1.1)
u(0) =up z €R™ (1.2)

STy REEMEEK ViE)=E -z, EcR*\ {0} REXZ MV, p> 1L, AERTHS
H—ZXTAvvasy A VERORRL L, BEERT Y Iy W E ORI 2 L T4 2=
HERXITET L5 ORFEIBE ST S (3,4, 5, 8, 11, 12, 13, 14, 15, 19 BH). £ <
DBE, ZECELTTIARERTF V¥ v, 7o & 2 RANREFOBE B R
XN KF VA AR TRARTHAREND T TLALVF-DNEEMTH 5 &\ ) BT
EhN, &5 ICRFBEEABMICERT S V) RBITREEZ2S. FRTIIEMICAL
THERLERF VvV V(g)=FE -z IS L THRTEDS.

V(z) = E-z 3BHS LREABERL, WEMHICE Y 27 VI HRL LARVE
2. M o(Ho) = [0,00) 2 L o(Hg) =R, ZZLE#0, £%BLIICART P
DEEDE L {BD 3 (Hy, Hp WUTTEH). MRT V¥ v VEEER BV TIEIE
BREER - RS ORAESHANTFOBENENLRZL EVIBRVBFOATVS
([, 2, 9, 10, 16, 17, 18]). FEEBIZBVTIERD Avron-Herbst DARAHHNE. 28
DD, E=(-1,0,...,0) £B<.

Theorem 1 ([2, 7]) Let Hg be the closure of (—1/2)A ~ z; on S(R™). Then Hg is
self-adjoint, and for f € L*(R™)
it?

(exp(—itHg)f)(t,z) = exp(——6—) exp(itz, )(exp(—itHo) f)(t, :c + t;E), (1.3)

where Hy = (—1/2)A.

:@ﬁﬁ%ﬁwf71yw7ﬁ???*»%#ot#ﬁﬁ?:b?4Vﬁ—ﬁﬁﬁﬂow
TEZA.

1Supported by JSPS Research Fellowships for Young Scientists.
E-mail address:hisa@math.sci.kumamoto-u.ac.jp
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2 Main Results

Definition 2 The pair (q,7) of real numbers is said to be admissible if 1/r +2/ng = 1/2
with2 <r <2n/(n—2) whenn>3,2<r <oo whenn=2,2<r <00 whenn=1
(

We set q = 6(r) = 4r/n(r —2).

(k)
={fe L’ Z 82 fl5 = ||f“§:(k) < oo},
la+8I<k
k=0,1,..., £=%(1)
Avron-Herbst DA (1.3) 2 @A T A FI2 & IR HENX (1.1),(1.2) &
O = —%Av + APy, (t,z) e R x R, (2.1)
v(0) =y, z€R™ (2.2)

WZIREE SN D (EREIZIZ ult,z) = exp(—it3/6) exp(itzy)v(t, z + (t*/2)E)). L7zh5> TR
FUL e NDLEVIERE Y 2L T4 v FRACH L TLICHASRTWAEELID, X

DERVBEBHIZFONSL.

Corollary 3 (L*-Global existence) Let up € L*(R"), A € R and 0 < p < 1+ 4/n.
Then (1.1) and (1.2) has a unique solution

w € C(R; L?) N LY/*P+I(R; [p+1).

loc

and satisfies ||u(t)|lzz = lluollL2 fort € R.

Corollary 4 (H!-local existence) Let ug € H'(R"), A € R and p > 1, with p <
1+4/(n—2) if n> 3. Then there exist Ti(uo), T*(uo) > 0 such that (1.1) and (1.2) has
a unique solution

we C((-T,, T*); HY N CY((-T., T*); H™)
Indeed
wVeu€ C(LLN( (] Li(L L),

admissible(q,r)

where I = (=T,,T*). And satisies

[[u(t)llze = ljuollz2,

1 , 2

S 1B =iV ulfs + 5 ol (23
1 A

= 2 1 Vauoll}s + == ou';;il.

If T* < oo (resp. T, < 00), then ||Vou(t)|pz — 00 ast T T* (resp. ast | =T.).
If in addition up € &, then u € C(I;X).
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Corollary 5 (H!-global existence) In Corollary 4, we have T* = T, = 0o under the
following additional conditions.

e The nonlinearity is repulsive, A > 0.
e A<0Oandp<1l+4/n.

e A< 0,p=1+4/n and |lupllr2 < ||@||z2, where Q is the unique spherically symmetric

solution of
1
~5AQ+Q = ~\QI*Q, inR",
Q@ >0, in R™.
e A< 0,p>1+4/n and ||uo||m is sufficiently small.

Remark 6 I3 )V —RFERI (2.3) 12 Avron-Herbst DAREN L THOLNAZD D TH A
A, CORFBRA(LD) LTSI —2 [BREZ] 2AVF-EX0Ehrh 5.

3 IV + Iz + [ V@t ) (24)

COERXPEREFOLILBuDIFTART L VEVEIZEETS.

Corollary 7 (Finite time blow up) Let up € Z, A < 0 and p > 1+ 4/n, withp <
144/(n—-2)ifn>3. If

1 2)
) IV2uol|72 + m“uo”iﬁl <0,

then the solution u to (1.1) and (1.2) blows up in finite time, in the future and in the

past.
Corollary 8 (Scattering theory) Let ug € £, A >0, withp < 1+4/(n—2) ifn > 3.

Assume moreover that
24+n+vn2+12n+4
j : :
2n

e For every u_ € ¥, there exists a unique ug € X such that the solution u € C(R, X)
to (1.1) and (1.2) satisfies

lexp(—itHg)u(t) —u_|ly — 0, as t— —oo.

o For every uy € X, there ezists a unique u, € & such that the solution u € C(R, X)
to (1.1) and (1.2)satisfies

llexp(—itHp)u(t) — uslls = 0, as t— 4oo.
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FE#R7 Dirac 2RO I HMERE

BRAFERESHEISEN BEF
TRk 1588 A5 H

ARSI, BRI, NEEK (LEEAR) PERKK (B HTBRF) FHEK
(EIK%¥) L OXRAFRICETABELZRVE D,

1 FE#RE Dirac F#EHK

1.1 Nonlinear Dirac equation
KOIE#E Dirac FER (NLD) OFHMEMEEZ B X 5,
B = aVip -+ imagth + Fy(¥) 1)
$(0,z) = ¢(x) (2)

S I Tyt z) s R x RP o CVO) i REBI%, ¢(z) : R® » CV0 37— 5. S
E Fy(1) = A(op)|@V/2¢, () 12 CVM o= I—bAK A eCm 20.2LT
aV =Y 5 ;0 Tayj =01, ,nix N(n) x N(n) THTREMIT

ajo + agoy = 20,1, (3)
BL 6 127 v X Y H—DFNEZT [ IXBIITHICHD, ZZTNn) IFKRTnICEVR
& BEs, RKRRITFIRRIC VT [6] BEBE,

1.2 Relation with the nonlinear Klein—Gordon equation

BEGR (3) 10k 0 (1) OMZERM ¢t THR2T5 L&, FHITFEHRE Klein-Gordon HERR
82 = Ay — m*y + Fp(h, 0y) (4)

2B, T2 THBBIE Fo(v,00) 12y O 1 BESOELELI LICEETH, TO1MK
Wy EEATEHERIEL b OHEF BN (m=0) DERIFXIT 10 KRN D, FERE
Dirac FBAAZARD - Lix, SRS L b RADREICBOTIZ, 1 B % & IERE
Klein-Gordon FBRXZFARZ L LRAETH 5,

2 {HEREEEZAABREMERT—IVICLEER

2.1 Several function spaces for NLD

Fx O ERITEERE (1)-2) ORO—BFEEZTTI L THD, % Sobolev ZHR
Besov ZZ1 72 Y OBKEMTHE XD L 2B L0, REIKEBEVWI FA, BRIZHEY
BONSEBRERVEMTRERELESZ L2 AET, BEMHITIIH X Sobolev 2/ H® %
Besov 220 B, IRV TR BN EV s TOFBADBYEZ B/, ZIT, £LT

— 38 -

B e ™)



B HS HE B, B, % ENEHIEFRK Sobolev, FWK Sobolev. 3K Besov, &
¥ Besov 22 737 :‘:‘?‘5 Eb’%f&ﬁ:’ik FUERWRMERIT (1] 28R,
R 3RFTICB T DBEE s =0, 7 = |z|,0 € SPERV/ VL HBAT S, Ag & 52

o Laplace-Beltrami fER# & T 5,
Y
lullg = ( /S | FO)Pd0) ", Yullgge = 11— A0S 5. (5)

KDI 2 A ) NVIEESD,

fulszx, = ( [ 1ol )W. (6)

S EIRNBEEZE ) VAT D 2RV R Y BRI AISRES R S VA LT B,

1/q
W lsy, = I llemrs) = ( [ -)n"y,dt) . )

BELOBNBRVBFT CIIROBEE>: Hf = H%, B, = BL,H) = Hj, Fy F &b
R,
2.2 Scaling argument with m =0

ZITRY—MIEDEREEX D, KEEH: ¥, (t,z) = v/ Dy(yt,9z), v> 0. D
L&

Y i3 (1) DR <= Pix (1) O (8)
Thbd, £72 ¢py(z) = /P Vg(yz) IR LT

pyll go = ¥* /2 D8 4. (9)
ZTZTyDEITEEL

8ci=8c(n,p) =n/2-1/(p-1) (10)

% Scaling critical 28R LESZ LIZ2T 5, £ LTI OEEZFERXOBEEIMEIZLIT 5 regu-
larity D—-2® “B&" L35, BOBKEMI (9) DBAFREZR = L, regularity D s 3 s = s,
TR X critical 22 /R, s > s, TREITNIX subcritical R LS Z L IZT 3,

3 T

ZZTIRINE TIBOLNTWARERDOF TRIZ critical 2R R subcritical T 2 HEIE
critical IGEVVEERZ W5, SDGS i Small Data Global Solution, LS % (large data)Local
Solution D, BONARFEHNAR L TE_TH5S,

FEHE 1 n=3, p>3. Escobedo-Vega [3]
m > 0. FIT7T— % ||¢||gee BH2/NSTFNIE NLDIIRO—FEM%E H D (SDGS)

¥ € C(R; H*) N L*(R; L®). (11)

F—E DY A ARKE L THRBRBAEIZ OIS (LS).
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EE 2 n>4, p=3. /NE-PH-BTE [6]
m > 0. FHT— 5 | ¢l| pse, H3+5/N&F T NLD EKRO—EM% b > (SDGS)

% € C(R; Byy) N L*(R; L™). (12)
F—2 DY ABRKEL THRUBTRIZE OIS (LS).

UTidn=3,p=3 DBREIITIHR, n=3,p=3FBEFHEOERICBVWTEERET
ATHB, [2 4,11, 12, 15] B,

EHE 3 n=3, p=3. Escobedo—Vega [3]
m>0,5> 1. T —4 ¢ € H® iZR L T = T(||¢]| go) B72E L NLD iZRO— B % b
(LS)

¥ € C(0,T; H®) N L*(0, T; L*). (13)

EE4n=3, p=3. /MNE-FE-HF [g
m>0,s> 1. YT~ |¢llge B+ &EF 1T NLD izRkO—EfE% b (SDGS)

¢ € C(R; H®) N L3(R; L™). (14)

AR 1 MRS By, o H ThD, E£7 By, 1IBR (9) 2T, LoTEE 1, TFE 2%
critical RFERTH D, n=3, p=3DL & s, =1 RDTER 3, EH {13 subcritical 72%
RThs,

B, UTORRBBLNE,

EE S5 n=3, p=3. /MBE-PHE-PH-ETR [7]
NLD i35k »—&#% b (SDGS)

¥ € C(R; H'(Hg)) N L*(R; L™). (15)
T=F DY A AR KREL THRERFEIIBLNS (LS).
ERE 2 /A (V|| 2ps XBER (9) & s =1 THET, e IHKS RV, EHE 51T critical
RERTH D,
4 GFEF - REELEDOIXR -
4.1 Contraction mapping principle
Duhamel DRE X Y (1)-(2) TR OBy FRRICHERZI LN 5!

t
W) = U8+ [ V(- )R (w(r)dr (16)
U(t) = Tcost(m? — A)/2 + (@V + imag)(m? — A)~1/2 sint(m? — A)1/2 (17)

REOTFTERER 3R/ N EROFRBIC L W RT2 BEAR UQ) o+ 2ROFME L A5,
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¥ 1 StrichartzFE [3, 6, 8, 16]

”U(t)u”qu (R;Br_:ll) 5 “u“Bg,k; (18)

H /t> Ut —71)f(r)dr

< )
qu(]R;B,._;E) ~ “f”Lq3(]R;B:§’k) (19)
ZIZTk=12m>200<0<1Tgjrjo05 j=1,23130<1/¢,<1/2,0<1/r; <
1/2-2/(n—1+0)g;, (n+6,q;) # (3,2), T LTKEWM=T

n n-1-601 n

2 n-iv0g (20)
SR 3 BAGR (20) LV 9 =00k EFERK (18),(19) RA X —NERET S, 0<0<1TiX
RT—ViIiRFET, ZOBRTIBKELRNIZRZIGEZ>ORIIBOEME 25,
7= (n,6,q) = (3,0,2) IZBWT IO RERIMATER STV 3 [9, 10,

M1 % (16) ITHAWT

t
198 gpe7e < VOl zggrse + | /0 Ut - B @)
S 1gllss,, + IFp(®)llz; 5y, (22)
S liglsg, + 114 I;EEILN||¢IIL§°35,k- (23)

T 2T (22) IV TR (19) DAL OEEN 03 =00% Y g3 = oo,r3 = 2 & LARN
RN LICERT S, TDRER KD Leibniz-Hélder DFR%E (23) b BRLRBEDBUL 2
B, DEVBAIZYDLITIL® JVAKEET S, ORRITHERBEBFERICHT S
(10] DFOBRIZHLR LN,
4.2 Estimate for L’'L® norm
”’l’b”Lf—le ﬁ.’?qzﬂﬁ'?—é & %&0) 2 lﬁbcﬁﬁTéo
e Sobolev @ 5 & Z AXRER
lullee S lullae,  if 8 >n/r (24)

BRATF—NVERELRV, bLsHs=n/r ROIERr—NVE2RETEINEICKRE L
572 < THRWT W,

e Strichartz ¥l (18), (19)iEn=3,p=3 D¢, & g=p-1 =2 DRBEITRITHIEL T

INODREEICK LIRORRT e —FBnah T,
n=3p>3 DL & L® J VAR LKROREXE A=,

#M 2 ERBURER (3]

o < 4 1_—-6
lullze < IIUUH,:,1 IIUIIH';;2 (25)

ZIZT1<r,re<00, 0<0,8<00,0<d< 1, a>n/ry, B<nfry, ELTREWT

6(a—£)+%1—®(ﬂ—%)=0. (26)
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A6 (26) £V (25) XA —NEREFETS, £LT2<q<p-1<qT

) 1-4
”u”Lf-‘Lw S Hu”[,gl He, ”u”ng HE, (27)

ELTHELZFIRT S, —= &1

n>4DNLEWBEILIZBVTHEE =2 (le. p=3)BBND, LrLINiT2<qD
Mo 72D T (27) DRAZMEARERIIE L2V,
KXo TRDRy—NERFTD HDTHAEXREL AV,

llullzee S llull gry-- (28)

= FH 2.

n=3p=30D¢E LR >OMBERICHEET S, Lo THL regularity ERFITL Y,
HBIZHREX (24) ZAVVE, 3 TREE1DI=0,¢>20RELFALTRLT, B
M5 @ Holder DR EXTRRATE — EH3I. [8) TIHOI>0LTHILicLD g=2
A & TR RIS — B 4.

4.3 Endpoint Strichartz estimate for n = 3

M 3RITTOREE z = r6 IZB1T 5 Strichartz BFFMEHBR L=, ZHiZEEF AN
regularity Z b OBBICH L CTid b & 5 M 1 OFRRIR (n,6,9) = (3,0,2) IZxIET 5
FHTHB,

#M8 3 Endpoint Strichartz estimate. n =3 £33,
U@ ullzpeorr S llullpn (29)
ZITm2>20,1<p<oo.

= ZhIZK Y EHE S5 B,

FHRE 3 DFERIIZIX TT* argument V5, RITHE 1 OFRRILA (n,0,9) = (3,0,2) icH
T B R ASEROM AR R BIBUT R LTI T A 2 &b TV 5 [3], £ LTEDIERITIE
Hardy-Littlewood DA ERENBEERZE L R LT\ 2, —i80 MK LY ) vak
EBHT LITKVERAFRBIBUCR D Z LICHIR L, MAMBKERS TTHRICHR LETZ &
&Y (29) 257,
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Well-posedness of the Cauchy problem for the semilinear
Schrodinger equation with cubic nonlinearity

B0 (P Rk R ST T 2B 56 R

1 EEREELER
H B Schrodinger AR ORI HERE,

Bu=iAu+ N(u,@), z€Rt€R, (1)
u(z, 0) = up(z), z €R,

2EZD.

FERRBUIEDSR A D 5 KU T OLER DB A, Y. Tsutsumi ([8]) &> T, L? TORFT
BEUENABHINTNS.

Kenig-Ponce-Vega ([5] ) 1, 3E#RBIIED 2 KINOHE, Bourgain ([2]) D Fourier restriction
norm &5 TZEM 1 KITO¥HEY Schrodinger AR OB ERF#EDFEZERL, Colliander-
Delort-Kenig-Staffilani ([3]) &, Z2f 2 RITD¥#RE Schrodinger AR ORI HRAR DO FHE
ZRL7z. £, BAIE, BesovB/IIVAERWSDZ EITKD, MBI 2 RN D2 d
RITDHHREY Schrodinger ARNICDOW TR BB OEEEZRLZ (6], [7]).

FERRBIAED 3 KINT, 2= 1 RITOFH S, Griinrock ([4]) LD, N(w, 1) = aud + c@d
DEE H (s> -5/12) T, N(u, @) = cui® DEE H (s > —2/5) T, BB THB &
PEEAENTWS. F/z, N(u,@) = cu’a OBEIL, Y. Tsutsumi ([8]) DERNS L2 TD
RET@EYS DS, i, Bekiranov-Ogawa-Ponce ([1]) IC&k B8, [|jul?ullxse < Cllull3s
(§20,a<0,1/2<b<1)IC&>TH, BEBIZ L2 TORFETDNHMNS.

FEBINETERROAEICKD, FBRBEDN N(u,0) = qu + i®, N(u, ) = cu?
EXE N(u, @) = cu®a &725ZEH 1 RITEMRE Schrodinger AR OYIHIEREZH .

¥, BesovB /I LADEREEMEREZRNRS,

Definition 1

Hf”B;P(";i P = ||{P(2j)2bk”fjk,P(x, t)||LP(Rd+1)}||e<q1,qz>(NxN)
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EL, ZO/IVLTEHLZEME, BRY) , &m<. EEL, p: R, LOEZOEK,

beR1<p<ool<q<ool<qp<oo PE): C°BEREBL, fiurr) =
(pJ(lﬂ)(Pk(T - P(E))f(é.v'r) tb; Soj(z)a] = 0717' ) i

0;(2) = pj(—2),supppo C {z;]2| < 2},suppyr C {z;1 < |2] < 4},

pe(2) = @i (2712) (for k2 1), Y _pi(2) =1
Jj=0
BT o R ET B, p(t) =t* O&E, BYD O (RH) LEE, BYY = Bl
LEL. P=0DLER, PEEKTD.

Main Results
Part (I). N(u, @) = ciu® + &, 4o € Byy “(R) ERETRE, |t ST DEZE, ufs,t) -
W (t)uo(z) € BS o (AR x (=T, T)) EWir=$HER (1) O—Ef u(z,t) € By (R?)
&T= T(HUOHB;g/u(R)) BEETS. =EL, p(2) =log(2+ 2)27%2,

W) fHz,t) = Fle P, f(z,t) £T5.

Part (II). N(u,@) = cu®, up € Bya (R) ERET DL, t| < T DEF, u(z,t) -
W(t)uo(z) € BLPARX (-T,T)) BHWTHER (1) O—BM u(z,1) € B3\ (D(R?)

ET= T(||u0||B2-g/u(R)) MBEETSD. 72IEL, plz) =log(2+2)z7%% £T 5.

Part (III). N(u,@) = cud, up € BY4(R) LKET H&, HER (1) D—BfF u(z,t) €
BOD | L (R?) & T =T(luollsg,m) PEET .

21(3,1)1_‘l€|2

(ﬁ) ﬁ%‘:i D, HS = Bg’2 C BS,3 jaJ:Z)‘\‘ L2 = Bg’z C Bg’3 73§EEDSLLD.
(1) DFPAD H-512 TOEPE, (1) OBPAO H-¥5 TOBEIHE, BXY, (III) O
BED [ TOEYEBECFETORS.

FOEERIZ, KOFME (Trilinear estimate) W& > TABRERZHNTRLND.

EUF Tl “f“Bé"zﬁ’l) = 1 fllosy EHEREL, P(€) = €2, € €R, p(z) =log(2+2)2° £T 5.

Theorem 1 Part (I). c; fgh + cofgh DFHE.
—5/12<s &35 &,
llci fgh + C2f§h“B§Pi—Pl/2> < || fllprpllglls,/llhlisi2),

lleifgh + szé_}’_lngépi—;/z)
< eI lemlgllsaszlblesz + 1 il lglieslibliez + I llea/pllglisliPlent
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BRROD, 7270 b>1/2 EIRET 3.

Theorem 2 Part (II). cfgh DFHi.
—2/5<s &9 35L&,

_s cll e, 1/ l1Blls,1/2),
15hl i < { £l 2l 2 12

llf s, llgllconsz b lles/2),

175kl pgor-172
< AlflisslaleylBleys + 1l lgleslhlie + 1 leyligleyllhlien s

MR OIID. =L b>1/2 ERETS.

Theorem 3 Part (III). cfgh DFH.
0<s &935&,
1£ghll go-sr < ell Fllcsara gl il

R DILD.

aqe . — B8
2 Trilinear estimate MEERADERE, (1) DIZE
1l gem1ra = I fll g1/ THBMS, ROFEEREEL 0.
2,1,P 2,1,~P
Theorem 4 P(f) = :i:|€|2, Pl = P2 = P3 =—P itbi, Pl = P2 = P3 =P,
p(z) =log(2+ 2)z° £§B. s >~5/12, b>1/2 ETHiT,
1£ghllpg-am < cllf ||B§7(,;(12;>,P1||9HB§(.;’/3>)P2|lhl|Bg(»;‘/12)>,P37
Ifghll g < elllf HBéi’qu,pl||g”Béf<’§,/f>),p2”h“Béfzé,/S),ps
Mg e, o Wi, + WM, Mol WP, o >
R D ILD. m

P, =P, =P =—-P OfAE.
M DTz, X, _pi=BYaD) o Xop = B _p,
N(jl,khjz,kz,ja,ks) = Hfjlkl,—Pan”gjzAkz,—P”L2”hjaks,-Pl|L27 .
P (6,7) = 0e()pm(T — P(E)), frma(&,r) 1= oih (6, 1) f(6,7) B T &ITT B,
T39%L, f= Zjl,kl fikr@ 9= ij,kz ik, @ It = Zja,k3 Jjaks,Q> THIMH

fgh - Z fjlkl,—ngzkz,—Phjsksl_P, (1)

J1.k1,92,k2,53,k3
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iven s

THD. 2D fgh D) IWLEFRTDRAFOEGZRDOLITDOITS. Thbb,

I(1) = {(€,m,jv, k1, 2, k2, Ja, ka); m = 4j + 4},

1(2) := {(€,m,j1, k1, Jor k2, Jar k) § — 5 S €< 5+ 3, m <45 + 3},

13) == {(&m, 1, k1, o, ko, Ja, ks); £ < 5 — 6, m >k, m < 4j + 3}, (2)
I(4) == {(¢,m, j1, k1, Ja, k2, Ja, k3); £ < j — 6, kK >m, m < 45 4 3},

ELT, Fi=3 0 p(2927 2|\ fiky —p * Gk * Pisks P2, v = 1,2,3,4 &EBL &,
“fgh”B(p,—l/Z) <SFH+FR+F+F, (3)
2,1,P

LHDESD. §3 D Lemma 28> T, 20 F, #&XFHE T 1S Trilinear estimate 73%& 5

ns.
P, =P, =P, =P OBABERKROAETHETES.

3 Lemmas
TR, ¥ K(z,y,2) ITRLT,

T(K; f,9,h) / K(z,y, 2)h(z — y — 2) F(v)g(2)dydz,

TS £, W)
Ny(K LEDLTZEITTS.
(K = sup el b

KD Lemma NASIZHMD. Lemma 3.2 13 Schwarz DAER & Lemma 3.1 2> TR
GTIEMTES.

Lemma 3.1 XRDOZEH,
K(z,y,z) = K(.’E,Z,y), K(I,y,Z) = K(—y,—:c,z), K(x,y,z) = K($7Z— Y —Z,Z)
B LT/ IVA Ny BARETHS.

Lemma 3.2 #% K(z,y,2) \ITHRLT,

Nyu(K) < min{C}, Cy, Cs, C{Cas, C;Caz, C5Csy, C4C1s, C3Ca1, C3Cra},
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A DILD. F=7EL

C, = ”K”Lg°xL?y')’ Cy = “K”L;"XL?W‘)’ Cs =
¢ = MKy I e,

Cy = I{IIK @y, 21} }llL(,,),

¢ = I{IK @y ) }||L(”)

Cou = |{IIK(z,z—y —zz)” }“L(zy)’

Cs = I{IK(z,y,2— )|| }HL;*;,),

Co = K@ %o -y = 2L g,
a3:=lHWﬂx+y+%%@| iz,

Ca = [{IK(=z,z— y—z’z)‘m}“L(m’

Ca = |[{IK@E@+y+2yz2 )” }“L(zz)’

95,
FEROLIBILEEEZEATS.
70(5) = [—2’ 2] @,%E%Eﬁ&,
w@w—[#“fa“ﬂuwdﬂ“ﬂwﬁ%%&,
Y (E,7) = (&) pm(T = P(8)),

Py Py, P
HIPLPEPL (6 r 1, 01,1, 02) == Vi (11, 01 ) Voags (2> T2) Vigge (T8, 93),

U, ps=€—m —m,03=T—01—02&EF B,
ngil‘ilklpjglf;jgk;;(g”r? 1717017172’02) - ’Ylm(f’ ) ;f]i]‘};;zk:jgkg(f”]— 77170-17 772702)
j := max{j1, ja, ja}-
Lemma 3.1 & Lemma 3.2 2> T, KOG E2. ZhZ2HANWT, & F, 2ZT0HEK
FEELULBMNSFMITNIE, Trilinear estimate &SN 5.

Lemma 3.3 DHFEHT 2.
Lomma 3.3 P(§) = +|g &35,
Nu(Hmrmis) < c2trharkals? "

AR D ILD.

. £, 0} =01 — P(m), 0p = 03 — P(m), Tcos 0 = v/3(my + 12 — 26/3), Tsind =1 — e
EEREMTD, S5, (=17—0,—0, Fr}/2FE/3 LERT DL,
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A(m,
|§$$)“d¢"f“_rfﬁéﬂb
//m — 0y~ P(§ —m —m) — P(m) — P(n))dmdng
2T 2
Wi // Vs (T —0§¥(%+%i))rdrd9
2
oI AACCE R
ThH5b. £o7T,

/ / / |HIE ks (€71, 01, M, 09) *dm dodnedon

// Ve (01)Vks (0)doy dorg //“/ka(T — o) — oy — P(& —m —m) — P(n1) — P(nz))dmdn,

< czkl +kz+ks ’

MR O DOM S, Lemma 3.2 &> T (1) Z2155.
FERARE.

Lemma 3.4 P(€) = £|¢)2, Pi(¢) = ;P(€), ¢, =+1,j=1,23 &L, £<j—6 LIRET
3 &,

[P,Py,P;,P: k1+k: —j

Ntl(Hémﬁlkl;zk:;;;ks) < 2( 1+ko+ks+ J)/2, (2)
{P,Py,P2,P3 K —j

Ntl (Hemmlh;zkz;ska) < 2(m+ 2+ J)/4’ (3)

RRR D3ILD. 7—271—:1/, k' = m1n{k1 + k‘g, k‘l + k'3,k2 +k3} L9 5.

4 BOBRIZCDOWNWT

BRI TR ORI, scaling MIEICK D TRTZEMTES. v(z,t) = u(bz, §%) £B<
&, vidHEDHEN

v = W(t)vg + 62 / t W(t - t)N(v,9)(z, )dt’

BRI, EEL, (W) fHe,t) = FletPOF, f(z,t), volz) = up(bz) £T 5. L7z
T, v=Wtl+w &BE, BEORBRERICHD DL,
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Gray-Scott EF NI H 1 BETEREICOVT

EMEARYBELEMARD 1 ER5L

1 Introduction
RO—AL S 7222l 1 KT Gray-Scott €7 N2 EZ 5!

U = Ugg — u0® + A1 — u), (z,t) € R x (0, 00), (1)
Tup = Ygg + w0* — v, (z,t) € R x (0, 00).

ZITAy,d REEBRTHN. a>1Thd, BH D Gray-Scott EFNVIE, a=2DFHETUT
DLERIEETBT DD TH %,

A+2B — 3B
B — inert product

SOEFNIE. 19 8 342 Gray & Scott([2]) 1= X o TR & NIRRT H M HRNICHL
B A 7RG ERRTH 5, BEENROLHABG RS L SICHCHR Y -V %
FA L THESRTVBEFNTH D, —HENLDELVHE (d=1) OEXHIHT HRIR
é&éhfwéoqmmmb$&ﬁfu%$@ﬁ%%%(Mﬁ%ﬁﬁ%bw%%)%%6%&%@
BILHBTELOTHREZT S,

FFREORERLHHE RS, ELH/17 A FBOLKMGL LTHEIC
=1 d=1, 0<y<m (2)
PIRET 5o 2L m %

_ 2l/(e—D(q — 1)(a + 2)
"= Tala+ 1)/

EEDD

(1) DEH &
w —uv®+ A1 —-u) =0, z € R,
" + uv® —v =0, - z€R,
(u,v)(£00) = (1,0).

CH L TR B R R S — BRI 5 2 LA N TV B 48 ([4]), AIEORIETIREN
b PREECH B L ERLT: ([6])e FRUBTRERSR/Y — VRBRZVORE V) T LK
LRIz b & 7245, 4EH5BHRER BT EEL BITRBIFET LD o7
(1) DEFTHR
(u(z,t),v(z,t)) = (UE),V (), E=z—ct(c>0)
3, UTFOBHA R L BT,

U" +cU' —UVE+ X1 -U) =0, ¢ eR, 3)
W'+ GV + UV -V =0, t€R.
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PRl R ECET BB ERT BRRMHLLT
(U(—OO), V(—OO)) = (1 - ’YV+? V+)a (U(+OO), V(+OO)) = (170) (4)

%g%j_o :— :’C\\ V-l- Li\
YWeE-Vel4+1=0

DIBDILREVHDBRET D, FOLEUTOZONEBRE/HILHTET
Theorem I )\,v,d 75 (2) 2723 & ¥ 5, ZDLE, (3) & (4) 2T (U, V,c) = (p, ¥, ) WF

—BIIFEL.
(pl>0, ¢'<0, §0+7¢_1=0

YLD,

Theorem II Theorem I T8 6 - #TRBIIBMIPILETH 5,

2 Proof

= DE T Theorem 1,11 DEFBHOBEE % 2 DDEIZHT TR
2.1 Proof of Theorem I

@ nrs, @)’

U'+cU' —=UVe+2(1-U) =0, ¢ eR, 5)
W'+ eV +UVE-V =0, £E€R.

Yhh, P=U+AV -1,8BE, (5) &1
P”+cP’—%P=0

&% B, Pidé - oo THRELBDT

P=0
b, WA U+AV-1=0% 5)D2FBONIKAT S L

V' eV — %vu Y (6)
Y 7h, 0k %, Aronson etc([l]) DRERED 5 HER (6) L MREH
(V(=00), V(400)) = (V4,0)

i T (v,o) = (¥, a) B—BICHFEL,

P <0

LB, W2 IZ Theorem I ATEEH I 72, (FEHE#)
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2.2 Proof of Theorem II
ROBRALA~Z P VEIEEE R %o

{—whwﬂ+%w”+$u+kw¢””v=u% @)

—" -V — }ﬁ/)au + %(1 — apyp® v = .

7275 L. @, it Theorem I THE L NIZETEM Tc=c, & B <o
D -OICKD L (MO NRERICET ARBREHV S,

Theorem H([5]) L % ¢ = (p,9) (ST 2MBAMERARL L, A7 PV o(L)={0}uc* D
WT. 0 BMEEETRec* <v< 0T b, FDLE, (FROBRTEETH D, T4DbBL,
Cwﬁﬁwwé&ﬁ%UCCMRbdhﬁmKﬁbf\%ﬁn>QM>OﬁﬁELT\UW@E
B OMBMEI ST 5 (1) O 2(z,1) = (u(z,t), v(z, 1) BT 28T

120, ) = ¢C + E)lloo < MI2(-,0) = {(llooe™

27 PRIy YL v VARY ML EERBEEEOIVEREIIST O, ENETROS
HERARBILIZT S,
ITobYIyVARY Mg, \CB LTI OMENEY L2,

Lemma 1 \
aec{a+bi€C:a_>_g§+A(a,'y)}.

7L, AT o, XL
Vf-}-l—fﬁ, l<a<a,and % <7<m
= ¥
Ale,7) { %, otherwise

THH Ala,vy) > 0D L2,

Proof.

_(10 _( = o _(vr+E apr _(u
D—<0 1)’ M—( 0 -—c)’ N(é)—(_%wa —%(,01,1)0‘_1+;1; o W=
—lel+Mwl+N(€)w=uw

kb, T2,

o 1 1
N, = lim =("+1+7 “ ) N-= lim =(8

£—+oo —1g 2(1-o0)

2 O
N————

LhI L EET B, EOLE Sy EMTOL) KERT 5o
Sy = {p|det(r2D + itM + Nx — uI) = 0 for some real 7, —00 <7 < oo}

INhEEETLE,

. ¥ 1 . , o1 P
S, = a+szC|a=;+; ) S_='a+bzeC|a=—CE+;ora——ci+v++ 5
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Y b, 727U L g+ 152 LORMBIRIBL T

%< $_+IT, l<a<a,and v <y<m
52 3‘,—!—1—;— >0, otherwise

PR YLD, T T (2a—~1)loga - (a—l)log(a+2) log2=0¢%5H%a.(1<a.<2)tB

X 1l<a<a,NEE, a+l- (%‘)a‘: =0¢%BE% v 0<vm<m) &8
#D & &, Henry([5)) DEBIZL D 0.(L) i S US- DHELEREELREILEINL DT,
Lemma 1 SV 3L 2, (GER#%)

KICEREBEEEOMIELECELTERT S, 20L&, UTOMBEIK) L2,
Lemma 2 Reup< min{%, ﬂ%—_—ﬁ} nLEEFMEIERE RS,

Proof. g=u+yw &BLE () &P
q”+cq’+<%—#)q=0 (8)
b, BUAFEAIEpe CITHLT
p2+cp+u—%=0 (9)
&b, p=a+bi u=r+sz’(r<%,37é0)&%b%&:(Q)bi
a2—b2+ca+r—%+(2ab+cb+s)i=0

ENT B, WRIT,

2 _ 12 _1_
a b*+ca+r 5 0 (10)
2ab+cb+s=0

DN LD, (10)DE2REY, 2a+c)b=—sTHN, 2a+c=0LF 5L, (10) D 1 &
D —b?— L 4r—L=0r%BH r-L<OLNFES 2. WA b % (10) PE 13
AL TEET S L

1
a2+ca4+r—77-—s2=0

LB, COFEROHEELD 2HBE a_,ay (a- <0< ay) EBE, by = —5i (REFIE)
LEDD L, (8) DRI

g = Aele+tb+0€ 4 Bela-+0-98 (A B : constant)
Lhidh, £ oo DEEqRERLRDTA=B=0, T4bb
0

i

q
Yhrho Wilu=—ywdENILL, IhE (T)DE2RIRATEL

" =V + f(b)v= v
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Eleh, 72121 )

(1t ape - Gyt L
f) = (L4 oyt = 2yt 4

ThBey =il B L, —yf+ (L4 F(8))y =y Lo € >+ DL E fu(g)) — g
THY. £ - —coDEE f(Y(E) » L ek Bo Flo, HELY Rep < min {1, 2= gy
TONDT, |y i3 € — oo D& EHMMIT0ITET I EITEET oo CORFBRICyELITT
—co 25 +oo ¥ THES LESRSEFIATH L,

0o 2 +0o0 +o0
12 ¢ 270 2
[ w d£+<z+f(¢))/_oo ldg=n [ wide
TR, p BEERTHLILIIFET 5, (RERE#)
Lemma 3 0 ZBEMEBEEETH 5.
Proof. (u,v) = (¢,¢) it p=0123Eyd 2EBERKETH S, Lemma 1 DEHFEID Y =0 &
BLE, =V —cvy + f=02BY LD by = efly, EEDB L,
2
~hi + ('4-+f(1/1)> hy =0 (11)
PRI D, T2 p=0CHETHd ) 1 DOBEABEE (ug,v2) LB L, ho= eéuy 1Z,
2
~hy + (—4- + f(w)> hy =0 (12)

B t, SO, UV AET Y W(hi,hy) = hiha — bl £ F X B, (11)(12) £ D
W' = h'hg — hyhl =0

Y70 hy,hg it € — +oo D& XITHEEN0OIGETLDTW = 00D LD WAL, p=001
HEEAEL 25, (FERA#)

Lemma 4 L DEOEHEIFEL 2V,
Proof. p? L DBEOEHETHS LT S, Lemmal DHERL Y v £ OVHFEL T, —v'—cv' +
Fpyv=pv &% b, j=etfv &BLL, :

2
Tj % " + (—CZ + f(w)) j = uj (13)

kb, 2. Y EAME O T AEABE TS 545, k=e 38y EBL L,
Tk =0 (14)

b, (13) & (14) kAVTRIR/RT TS L.

{
b [ skdz = o)
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EGBIENbhb, 7277 L,
9(0) = =7 kW) + 3" (=Dk(=0) + (K (1) = j(~D)K' (=)

TH %, | ‘
JEkIEl— oo DEIBEMIZOIHET B, 2R %0,

g(l) -0 as |- 400

o0
/ jkdz =0
—00

a&&:aﬁb#éokumﬁﬁﬁﬁ&wﬁju¢&<&é~owgﬁ%%oojﬁbﬁ+x®t
0 IHRMMICHET 2 2 L ICEET T, B4 T, ERPEELT

PHYILD, pldBTHEDT,

Jz)=0 and j>0 in (24, 00)

k&%:k%ﬁ%tf%};\/‘o
ST FEERUTORBR Y 2R+

"+ fW)i = ug, (15)
&'+ f(W)k = o (16)

(15)(resp. (16)) i< j(resp. k) % %1T 5 & .
—3"k+k"j = pjk (17)
EB%. (17) 2 2, 5 +oo T TG T 5. WHRS LT v(z.) =02 FIHT 2 &

./ oo .
T (@ )k () = u/ Jkdz
Tx

BT bbb,
f@g>omug>o%tr@?ﬁMz>0f55@?‘u>o&&5o:nu%@v@ao
(SEBRR)

Theorem II DFEBH % 52 3 % 7281213 Theorem H DIREFHRNY LD Z & rDIEFST
H5b, Lemma2-4 kb, %d\@IE@ﬁBEE*E}E@MiEﬁﬁ,B PEETLZIENbRIL, [ DA
ZhVEZy YT w RRY ML CAREBEDRIEEED LB Y 7o, L7242 T Lemma
1 RMAEbLES L
o(L)={0} Uo* with Reo* >

Eaz EVbh B, TIT,
v = min{A(a,7), 6} > 0

TH%, =9 LT Theorem II i3 5EBH =X (AR
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Transition layers and spikes for a bistable
reaction-diffusion equation

HE il (RMAAFE AR EBTIFMAAEMELRELSF)

michio_u@akane.waseda. jp

1 Introduction
UTFOREIESAFERDOEEMEICOVWTEZLS:
ut =s2um+f(a:,d} =0, 0<z<1,t>0,

ue(0,8) = ue(1,8) =0, >0, (L1)
u(z,0) = uo(x), 0<z< 1

e BN BTEDT A5 R EL, f(z,u) i}
f(z,u) = u(l — u)(u — a(z))

TEZ oNAEEE—HLBEETHL. 22T, alz) RUTORELH/2IEDL 2B
THbH:

(A1) 0 < a(z) < 1 for any z € [0, 1],
(A2) £={z € (0,1);a(z) =1/2} £ FHLE, SIIHARKETH %,
(A3) a'(z) # 0 for any z € X.

LD IEBVTe=0& LAEMIHBERu = f(z,u) ®ERZD L, SOHBRKITu =
0, a(z), 1 D3 DDBERD. Z0I LD u=0,1D2OFRETHLILHLINLS
2 FERA IR % WK TEIE (bistable term) & 5.

(1.1) DEFRHE X

(1.2)

2y’ + f(z,u) =0, O0<z<1,
w'(0)=u'(1)=0

b,

(1.2) 13, f(z,u) OREER L ZHFE-REOHEMERICLY, FHCEZ(OBERD.
il .12, B (transition layer) & MHIN A ZHBICIER T/ SV RE T, BOMEHE
BCTEAL T BB R O XN 7 (spike) LIHIND b7 D &) RO S 2RO
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DHEETA. S5, TNHLDOBBB R AL 7 SEHMTHERL T TIRRL, ZHENS
51EDOEBHNELS L) CHANSHEROEI S, 0 X HII(1.2) DRI A 2R
Y2, FOEEEFLLAHILIIEECRETHS.

FIT, CNLDOBOTREDPETH-DIUTOIICnE—FELEATS.

E# 1.1 (n-mode solution). u, % (1.2) DEET 3. u. Pa(z) L H L) EnBORA
FRHOLE u #(12) On E— FEELIER.

DL E- Py REETHE, e BFDAELHIE, u(z) DT T T7IERD
IICGEINEZEAREND (& 2.1, #iF 2.2):

(i) 0 F721d 1ICIEB M ER & B,
(i) BHBETET 5,
(iii) 254 7 #BRT 5.

L7zhSoC, BBEBRLANSA V2 OB LL2 A LT, nE— FEBOBELHRANL Z LAT
KEHERD.

KETIE, nT— FROUBEZHL (AR, 20FRETICEBBRBR A/ JDOBNL S
FixlRET 2. T7-, BBEBRANA 7OSEMIIOVWTLHEBTA.

2 Layers and spikes for n-mode solutions

DT, neNZEEICEAEL, 2Ol LTnE—FZu &L, nE— FEOE
B Spe EBL. Flou b ala) DRRE {&)fe, ET5. ue DERHLZEEH 222
BR5,

#% 2.1 (Ai-Chen-Hastings [4]).

12

ue(l — u.) [56 (ul)? — W(z, us)} =0

lim sup max
=0y, ¢85, . 2€[0,1]

BRI TAH. T TWIZ

u

W(z,u) =/¢ ( )f(w,s)ds, V"‘¢0(;z) = {

0 (a(x)<1/2),
1 (a(z)>1/2)
THZONABABTHS.

BEE 2.2, e B EANEVELIR, w BB LI E (n— 1) BOEE {G)IIE 2L, T1b
DERVTRIEL SABHAERD. 85I

0<6 <GQ<H<@<  <p1<(-1<é <1

DEIALT 5.
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W 21, W 22 u OBBAERT. Th4bb, w202 1ICHRE L TV A ERS
LEBBIEANL Y ERRT ARG PRI ERTRERT S,

u DBEZOBHE L LB ENTELDOT, UTTES )P Ll VWERZEZV.
Thbb, BEEB1D12RANL 7 121 2DOBRBED LI > TnE0H, T2,
0% 1 MEISEIE LTV AESTIRENITEDF—F—THELTVWEDH LN I LE

BT A
HBEE 2.3, ££€(0,1) B u(€5) =a(€) ZMATHEL, U B UL(t) = ue(§* +et) & B <.
IDLE BHLEAT {en) L0 BFEL, & =&, Up = Ue, BT,

lim g=¢ > lim Up=¢ in CZ.(R)
DPRILT B, 2T RUTOVWThrOBE LMY !
() dblLaE)=1/2%5E¢ IUTOMEN—EHETH S

¢+ f(€,4)=0 in R,
$(—00) =0, ¢p(+00) =1, (resp. ¢(~00) =1, ¢(+00) = 0) (2.1)
$(0) = 1/2.
(i) dLa(e*) <1/2%56X ¢ 3UTOMBO—BHTH S :
¢+ f(§*,4)=0 in R,
{ $(0) = a(€*), $(00) = 0. 22)

i) bLa(®)>1/2% 61, ¢ RUTOMEO—EHTHS

¢"+ f(£"¢)=0 in R,
{ $(0) = a(£*), p(+o0) = 1. (2.3)

WWE 23 IIBBBRANA IR TD u DR ICEDEPENREZEERL TN
5. Fbb, BRRBRQY RBLTATOI ) Sy 2%, A 213(2.2) $7213(2.3)
R TARES Sy ZBRE cWAEA e BICHA LD DIIERIGEVERE LTS
ZEHRDB. LN oTANL 2 10DBIRBLE0(E) ThD, TOBE b (2.2) D&
FAEF 7213(2.3) DBR/MEL SHB I LATES. 612, MHE 231 ue & a(z) DRED
a(z) — 1/2 DBEDEECH 5% 5 ITBBBIBEEN, 29 Tz biE, A8 28
FEERENBENV)I T EEZORETS.

BOUTOR 1IND#EEA—F—%2ER 5.

FIE 2.4 (Asymptotic order). &, &y EBEN S ue—a(z) DFERE L, Gk € (&ky Ekv1)
*u DBRKETHEETD. c—0DEE (G —&)/e—00&iBibIT

1 exp (—M) <1-ule) < caexp (_1(3_’;&2)

€ €

BRI TH. 2 TeenRiZ0<e <ey, 0<T<REALRTERTH 5.
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FH 2413 u, A5 1 HHET BEAVD, v, & a(z) ORADH DHEBEICIL U TRHET &
B EEERLTWVA.

ER. (G — €)/e — 00 LV EEFRILLZVORANA 7 HFOATHS. L Li
ARHANA 7 DES, TrbbERET LICEET 5L\ 2 &3, ME 2.3 2008AT
BY, AN IDE— 7R 1DOHIRERNT S0, BRICHD &) RFHELE L
Sr4nzbizbeb L EERTHE. Lzdts TER 24 1T LTI D &) BIREDER
ENTVB DD, [0,1) RELETRTIZBWT, u. D#EEA — & — ST 2T RS
Twb EnoTlwn,

3 Location of layers and spikes

BB EE 24 2 AVTEBRB R AN 7 DR BHOFERELES. ZOHTH
BICEE L IImX,

A= {z€0,1]; a'(z) =0}
ZEATS.

T 3.1, €€ (0,1) % u(¢°) = a(€) WATHETH. COLE CFETUALRT A
ORBEIZOBELETS. S50, bLEVT KRBT AEDEEICH D% 01T u TBBRE
AL, EFAICBTAHROEEICHD 25T u 3 7 2T 5.

HERADWBE. {6)0 ), {G)foo & W22 LARICERT S, 1RL, (=0,6=1T
»5. 1, S ={2,22,...,2m} £T 5.

WE23D5, bLu €S, WEBEBYE u(€°) = (&) 2T E° DEBFEOL BIT,
BB 2; DTELITHRLLTRELRNT EDGHE. LIzhoT,u BAICBT HHD
FAEIZ RIS 2 202 L RRETTITH S, FD720ICAN(z), zj41) = {y1,¥2, - Y1}
EBE, (zj+86,y—0) LA I FFETHLRELTTECHS. 22T6 a0
= V‘E%iﬁ%ij‘ F fC, 1&@8@0:#} LT {) lﬂﬁ@ﬁ%ﬂi}ﬁ&:i#% Z :'C‘@i, (Zj,Zj+1)
ETa(@)>1/20580ARELE. DL E (2;,y) ETd(z) >0 CEETS

R 23(1) 25 zj +0 < & < &1 <Y1 — 8, ul(&) < 0, ul(€k+1) > 0, 2P
ue ~ a(x) DB L & Erpy PHET S, SHIC Go1 < & < G < €k < Cop1 AT
Cr-15Ck> Ch+1 RBAIELNTEL. TITHEDD, zj < (k-1 22 (w1l < N1 LIRZET
5. #)THEVEBERVLSPOBENLETHSH I TRIHATET 2.

3T ’

1 —ue(Ce1) > KVE (3.1)
ERE). (12) %
e2ull + f(C, ue) = ue(l — ue)(a(z) — allk))
YEFL, THiCul FRUT (Co1, CGp1) LT IZDWTHRET B E

Ch+1
W (e (Comr)) — W (te(Crs)) = / we(l - ue)(a(z) - a(G))uldz  (3.2)

Ck—1
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2185, 22T W(u)=W((,u) TH5b.

a(z) ¥ (G y1) KBV THARNLZOT, HHEER K BHFELT

Ck+1 2
/ ue(1 — ue)(a(z) — a(Ce))uedz > / ue (1 — ue)(a(z) — a(lx))uLdx
Ck-1 Cute

1

> (a(¢e +€) — alGi) / ue(l = ug)ulda

ite
Ue (yl)

= (al¢e + ) — alGy)) / 5(1 - s)ds

ue (Cr+e€)
ue (1)
> Ke/ s(1 — s)ds

ue(Ck+e)
PRV TS, E51u(y) X 1IX+H5EnEL LY, 20#E 2320, 5 a0 € (0,1)
DPIFEL Cu(p+6) <ag VWBRLTEDT, H5HC*> 01 LT

) ue (Y1) -
/ s(1—s)ds>C*
e (Ck+€)

1B, LoT

((32) DAL > KC*e (3.3)
25,
—%, (32) DEBZFME T 5. Cauchy DFEMENEEZHRIELAVWSI LITLY,
(3.2) DABIT
1
W (ue(Cr-1)) — W(ue(Ckr1)) = _ifu(Ckae){(l — Ue(Ce-1))? = (1 — ue(Cos1))?}
CEBTESL, TITOROE (ue(lo-r),]) ZWATEERTHS. 013+2 1 ICHEVD
T, »hellibBVIEER M PFELT,
W (e (Cr—1)) — W (te(Cra1)) < M(1 = ue(Cr—1))? (3.4)
DPRALTH. LA oT, (3.3) £(34) %5, (3.1) AR ENS.
(3.1) L EH 2405

KVE < ¢y exp (———————T,(Ek — Ck_l)) (3.5)

£

%185, FRIC
KVE < coexp (—%:-1—_&;1—)) (3.6)

£
SRS, L7zdsoT, (3.5) &(3.6) 5, HAEEMK I3 LT
€r — &x_1 < Ke|loge]
2185, TN, e BTN E VR GIE, 1 B (2 + 6,y — 0) KBTHI LR ERT 5.
TOLE WE2300 (2j+6,5 —0) LILb ) 1L DODANS s BFEL LTk o %
W EDFRB.
COBEEZEVETILET, R0 THROnE— FEIIHTEIFEVELS. O
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4 Multiplicity of layers and spikes

HECRBBE LA/ 2 OBNLERIOVTOFHRE B2 AHTRERLOFEN
IZOWTHRT 5.
TE# 4.1 (multiple-layer, multiple-spike). 5 z € & O+ /M &ViEfEiz 2 2L E
DEBBIBENDLLE, ZOh7/-E ) % BEEBRE (multiple-layer) LIFE. $72, %
T EADTHNSVEBIZ2DOUEDANRL I BENBELE, CONENEBEINA
2 (multiple-spike) & 5.

BHRBRLANA 7 DEERIZOVTRERDABRE. Z207:DIZV 2P T2EA
5.

ot = {z € &;a'(z) > 0},
¥~ = {z € &;a'(z) < 0},
At = {z € Aja(z) < 1/2 D a(z) 3BRER S },
A = {z € A;ja(z) > 1/2 D a(z) 3BTRS }.
IR 4.2 (multiplicity). 025 1(resp. 125 0) TS FEEBBREIL T (resp. £7) IC

BT 5 EOEBICOMIET S, $72,0% =R (resp. 1 ¥ RX—R) LT HEEANA 7
12 At(resp. A7) KB T A HDEFIIDAFET 5.

COFEBOERIEE 3.1 ICHETS. Thbh, SEBBRILBFERANSA 7T
ETRROBVERICENLDIFET L LRELFELESCHETRT ILHF TS L.

References

[1] S. B. Angenent, J. Mallet-Paret, and L. A. Peletier, Stable transition layers in a
semilinear boundary value problem, J. Differential Equations, 67(1987), 212-242.

[2] K. Nakashima, Multi-layered stationary solutions for a spatially inhomogeneous
Allen-Cahn equation, J. Differential Equations, 191(2003), 234-276.

[3] K. Nakashima, Stable transition layers in a balanced bistable equation, Differential
Integral Equations, 13(2000), 1025-1238.

[4] S. Ai, X. Chen, and S. P. Hastings, Layers and spikes in non-homogenous bistable
reaction-diffusion equations, preprint

_63_




Gierer-Meinhardt shadow system [CERh S EHE/\Z—>
DREM & Hopf DiEIZDLNT

Bk W (BMBRERER BIFHEM)

toru wakasa@ruri.waseda. jp

1 Introduction
A8 T Gierer-Meinhardt model @ shadow-system & FEiE 2 HE[RRARE
( 0A AP

—— T 2 — -_— i
Bt eAA-A+ 7 in © x (0, +00),
. 'I'Qé =—¢+ - /A’Zi:c in  (0,400) (GM-S)
dt Q1€* Jo L
0A
5 =0 on 99 x (0, +00)

IZOWTEZXSD. ZZTQRRY O+SEOHRERE/FOFERER, v IIEROE R
BirdAmEBEMNERSI MV ETH. ¢, TIREDETHY, eld+o/hEWNE L, 713D
Iz parameter & L TH VD . REIZ p,q,r, s iU T 2T LD &L T 5:

-1
p>1,¢>0,7>0, >0, and 0<E—< T (A)

A J D Gierer-Meinhardt model:

¢ OA AP .
—8—t——dlAA—A+m in  x (0, +00),
< T%};—I =d,AH — H + % in 2 x (0’ +OO), (GM)
0A OH
| =5 =0 on 89 x (0, +00)

i, B BT ERENAHUNEDIZ BT AR REE AR & AT 5 7= ®IZ Gierer & Meinhardt
(Lo TRB ST (1974, (p,q,7,8) = (2,1,2,0)) RIS-EBBEDOET L ThH D, BIEMIC
1% A, HIiZRUSTESEMR (activator) R OSSR (inhibitor) & MR 5 (LFEMR OB
EExzRLTEY, (GM) 3AERERQIIBIT 20 ORESHORAERLZIERL TV
B mDLEt FTICBT BBERRIE (Als,t), H(z,t) 0/8% — M e LCRRS A
5 LT, —ARMINCIE, B $RE YR S5 RN OMRE (RIR Neumann 57 &4)
WCBWTIE, Q2 convex THDIBERE, BEREHRIIBALREM—RRMIROND
ZENREMONTEY, FERIZEENS Laplacian A IXIEBIE L I RILZED HF
@<, £0—F, R UEHETHEMOFBK TR < system OHFE TIRREBERY
FEDOFRICZERFE—1RI2 8 — U PR ENBBENHD. DXL IR —VBRER
JSHEBRDET M Lo TEFRRIENGEM L X 9 L) FAid. Turing BRE L
7z diffusion-driven instability \Z IR ZF-D. Turing PEZ O T TR 2EEO{LEHED
ZERICB T IMBOES VB RELS BRBIEE, Tobb AT 28R d (= 2) 2
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INE L Dy H BT BIEEERE dy B REWVERE, (GM) 128V T (4, H) DZE/MFE—#k
RE — TR B S, (GM) OEFRRBITICBLARFIIND.

L LA (GM) BERESBELRI LRV L2910 & U TERZENRABT SR
L\, = DO7=¥HI2 Keener, Nishiura (1978,82) (2 & o TR S 4172 D23 shadow-system D
#2477 T % . shadow-system & IZMHEIZE 9 & (GM) IRV Tdy = +oo L LI L EZHBDL
NAEREETHY, 2HICE>T(GMS) B3BLND T LIZRD. ZDLE Hy(z,t) —
£(t)(ZR—48) 10725 Z LICEE LTV, o T (GM-S) iIZBW\ T e > 023 +H/hane
D Az, t) D3F— IOV TEUREEN, (GM-S) DF A7 RIZH L TRORRE
BELS.

PEEE (GM-S) BT BEH /¥ — (A(z),£) DFIE & £ OREHLDBT.

A TIEZ ORI LT, RE (A) KMA TV DOHDEEO T TH LWERBFD
Nz LaRETD.

2 Preliminaries

2.1 HREDHHEL ORR

I 2Tk (GM-S) DfgHr+ 5 E CEER (fRHE) 1 BRBBREIC OV TORREITY.
7 (A(x), ) % (GM-S) DEEF— THDHLEETSH. ZDLE (A(2),§) 1}

0=e2AA-A A7 in Q2
=€ - +E; in §2,
1
! o0=- +—/A’dx,
St
%‘:_1-_: on 0¥
\

B LTWBEDT, BE/ Y — L DOFER DIBREL T IZITRITH D Z L 23boh
3. EBITKRD (A, €) = u DRIEBEREE X 5: ‘

1 —(p~1)/(ar—(p~1)(s+1))
A = (), €= (7 [ we) (1)

(A) X 0% 15, 82 RUCHADMEKEERVR). ZOMGELIH 1 THY, LRI
L u(z) R OERHE MR TR 5 SR ERE

EAu—-u+uP=0 inQ,

u>0 in Q, (P.)
Oou
3 = on 0Q

DEETH D = Lbnd. #->T (P) & ZLiZ&Y (GM-S) DREFE /G — BB
X5, e REHMENE X, (P,) B4 REBRIE L U THPN,Lin-Ni-Takagi
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(1988), Ni-Takagi (1991,95) D FeBRRY 72 A S5 LUK BRIH DR RLNERIZ 38V T spike & FEIT
NABRE L OLBHFE—RRLBOTEREDEL OFRBEI LN TS, A bDRE
BIZBWTIL, ARER Q OLMTENEEN (P,) OESIZRE S BEBT 32 L1345
nTna.

2.2 (P.) OEME & FREHEY

I T (Pe) 1B B BEARRIZ OV THRRE TR TH< . UTF T (P,) kK8
WTIE, H5% p 43 sub-critical DB &, T72bb

N +2
w2y
THLIHEILOVTERD. UTFp, =+ (N=2), =82 (N>3) ¢B<. ZoLx
Sobolev embedding theorem {2 & ¥, H'(Q) IZ35F 5 framework (Z & Y & 51 221 C1L-
L. £, BRERBIZL-THEALRBu =0 2R BILTEERLE LD LI
EB L2V, EPHERICE VT spike & #-OfE (boundary-spike solution) {22\ TR DA
BHBRNTHI ENRMmbTNS.

Proposition 2.1 (1 boundary-spike solution O#RL). 1 < p < p,, H(Q) % Q € 49

WCBITD N DEH|ME LTS, P e 00D HDIERIL critical-point TH B & &, +43
NSV e > 0IZH LT P, € 89, KUK (P,) Dfig Uep DIFFEL TP T 5

l<p<+o0o(N=2), 1<p<

z- P,

Uep(z) = w( : ) +o(e")  in HY(Q).

ZZTw:RY 5 RIZKRD ground-state problem DEETIH 5 :

Aw—w+wP =0 in RV,
w >0 in RV, (Po)
we H'(RY), and w(0)= max w(y).

yeERN

Remark 2.1. Proposotion 2.1 (28T w (3EKXFR T (Gidas-Ni-Nirenberg, 1981), w(r) it
BFRR 9> >—BIZEE Y (Kwong, 1989), 4> exponentially decaying (Berestycki-Lions,
1983) THOZ LBHMONTND. ZHEV upld P e dNEBETHRVE—I D L D A2
WE2FDOZ LHPDH 5 (spike solution D).

#RIZ Proposition 2.1 {2 & o THAL &7z 1 boundary-spike solution 1233 2 B (L4E
RARCOVTHND. ETIIREREMOERERRL S, (P,) O wIZH LT LYQ) £
DEAERAFHR

Lyg:=€Ap— ¢+ puP ¢
T u B DMALIERR, 1, i(z) (1=0,1,2,-+) & L = L, T H5EFER O
Remark 2.2. 2 [EOBREMARERRICHET 2B L 0, BXREHE 4, 1ZBEMEEE
THY, D ORIGT DEFEEK o) TEMBICRSZ L3 TE 3.
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IDEE <0725 uid ((Pe) CBVT) BBEE, u > 07261 u TRHBREET
BHBEN, ELICHBAREETHD L XIELRD p; OEFE u DTRERE (Morse
)L, L0 REFEICLRVE Eu IZFERIETHDB EV S,

UEABEEZ Cu=u p L CORBRER LTIV, BEOBRICANDOTR
® X 5 1T notation ZEDHTEL:

Lep : uplZxt 3 2MACIERR,
Hie ¢ Le,Po)% J'ﬁ‘E,
Vie My CRRST 5 EA B

EBITIT v p ITREREETH Y, £ D Morse index (REEHELK) 1343 P2k 58
%D Hessian (02H)(P)((N — 1)-TR*A#T51) © Morse index IZ &> THESIT oML =
ERROBEICLI VBN TND.

Proposition 2.2 (1 boundary-spike solution DFREEM). Proposition 2.1 DARE
I Z T (82H)(P) DEQCEHENESKE L (1<k<N-1)&T2. TDEE, u dFE
B OB AREET, 20 L ERLERKITL + 1.

Remark 2.3. Proposition 2.2 (ZBWTHIZIT P, P, € 00 DSIEE R DFEIB{L 72 critical
point TH»> H(P,), H(P;) B HROMBKRIE, R UHE/IMEL IRDBE, Ue,py, Ue,p, PN
REEKII1I+0=0RP®1+(N-1)=N &7225%.

Proposition 2.1, 2.2 DFERAZR LizonTimzid (1], [3, 4 R EESRE L.

Remark 2.4. Z&&IZ3\ CiX 1 boundary-spike DB EEIT 2 Y EF 7223, multiple
boundary-spike solution {22V T b FARDFHEIZ TR T D = & NTED. Zhbizo»
THEL DXMBHBHZ Z T[] 22 TH<.

3 Main results

AFiL (P.) ® (nondegenerate) 1 boundary-spike solution u. okt L CREGRA (1) 12 & Y
W AN B (GM-S) DER /T — > (Ac, &) DT EMRATIC OV TR D . BU(1) I &
D (GM-S) DEHE/F — IR BBRTACRIEIIROFBICRE S D!

[ 2AY — Y+ puﬂ’"lw —gnul =Xy in €,
r [ ul"dz
. —QfW —(s+1)n  =TAn, (LP-S)
0 %e
\ %% =0 on 0f).

T T (LP-S) A B AR TR EXEAESFEL ) BT LICERT DL, (LPS)E
(,n) € (LX(Q))€ x C (HHfL& N Hilbert Z2R0) (22t ¥ 5 EAEMEL L TEX DL
EapHD, TOLE (LP-S) KB HEAMESLT{A € C|Red <0} KEENDLS
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(A, &) 1% (GM-S) ICBWTRERETH Y, (LP-S) BV TEBMNEDEHEE ) BEE
THEE (AL &) ITRMEARREL 2 5.

(GM-S) IZBT 2 REEBITIZ OV TOBRMOFER L L TIEIZKRD 2 >3 %IT b 5
e Juncheng Wei [5,6]: 1<p<1+4+4/Nandr=2,0r 1<p<p,andr=p+1
o Ni-Takagi-Yanagida [2] : 1 < p < p, and 7 = p+ 1 (least-energy pattern),

[5, 6] T (LP-S) iZB8&E$ % non-local eigenvalue problem IZ DWW TOFER L INTE
D, [2] TIIREMEMEHTIL (LP-S) 2> 5%/ 5N 5 characteristic equation DIEWTIZRE S,
T 7 & 720K parameter & UTEHR /3% — 95 Hopf 47U (REfEI B RARR O 43 I57) 232 = 5
EVIBRIZONVTHHLNTNS. riCBT2RHITET VB L THRENZR S DO TR
WA Z DFE (LP-S) DRV BVRHEIZ 2B DI bhTnd, —Fr=2, orp+1
TROW—RED 1 122V TiX (LP-S) OB IR ICE# L.

AR TIIRYMORE (A) (MR TEIZLI<p<ps, 1 =2DFBRITONTEZLD. R
ZIRARDTDIZ N DMOGREM, My, M_ERDE I IZEET 5:

M :={P € 0Q|P % H OF1&{b72 critical point}
M, ={P e M|(0*H)(P) DEXEIILTA}
M- ={P € M|(H)(P) PEHEICIE L 725 b DI }

Proposition 2.1,22 XY P € MIZHLTH+H/hI Ve > 0 LT (P)IZBITAH 1
boundary-spike solution u,p BHFET S. FHEFOFREERBBICONTP e M, 26iE
FEEHEBIIITP e MU RODIEIFRREREII2UELETHEZ LICEETD. UEDOT
TROERZFD.

Theorem 3.1 (Instability). Pe M_,1<p<p,, r=20orp+152p,qr,std(A) %
Wlededd ZOLEEEDT >0 LT (A p,&p) iX (GM-S) IZBWTHREARLE
Th5.

Theorem 3.2 (Stability : 7 =2). Pe M, 1 <p<p,, r=20Dp,q,r st (A)
Wiz &35 ZDEE gB+HoKREVWRBLIE 1 boundary spike pattern (Aep, & p) I
LTHD 7, >0 FEL TRBEIILT S,

(1) (Aep,&ep) tdT € (0,7.) R OITRIELTE, 7 € (1., +00) 72 HITMEAEE.

z
*f

(i) 7 =7, DL, (GM-S) IZHVT (A p, & p) D& Hopf SIEHHEZ 5.

4 Sketch of proofs

SERRD T A 7 7 1% [2] 12881} B characteristic equation D5k L IEIERRTH 5. £
(LP-S) Z%17 % characteristic equation #8735, LT TIEIPIC X DIWFLEBETS.
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4.1 characteristic equation

A ¢ ()20 LBUET B &, (LP-S) O 13U {95} 1 & 5 EHBIKRBE AL T
KDOESIZYIDWTHES ZERTE 2

s Ue) €JL?
b= anle- N = 3 | ,“”’_; Pie- (2)

3=0

= 2T Lo = (p —~ Du? RO L, QBT LEHNDHROEXN

(W2, pielue = 25 (ue @i, ()
% Of Perseval DZh 6 M 5 ER
[ide = [[uc e =Y (o ps i gdin (4)

CHEE LT (2)-(4) & (LP-S) DH2RITRATH &, A 7557~ 4 characteristic equation &
LT

W1§: L. }+—ﬂ¥—(&+n_0

x(A 6,7 :=)\[
( ) p-— =ﬂm¢—A p—1

(5)
r—1 .. .
Cie 1= (’U,E a(pj,e)L2(ue; SOJ,E)Lz (0 S] < OO)
fouidz

EA ZOLERICIr =21 LTI

cJae fQ u2dl. - ( —_ J w)) (6)

LRB T EIEE L (MEOBR T g, > 0 & LT—#iE%E Kb\, Theorem 3.1
137k @ Lemma & characteristic equation Z##4H O - BERRIZ L VLA T E 5.

Lemma 4.1. r =2,0orp+1&T 5. Z0& & X = pje # (LP-5) DEEETHDHIZHOD
VB3 R
/ Uepjedz = 0. ‘ ‘ (7)
a

Remark 4.1. Lemma 4.1 {28\ Tj =00 & E[E BEABEEOHE) OB BOEITE L 72
D poe i3 (LP-S) PEFEL S Z NPl = /4 AN itog{%gﬁ_moom()wﬁfhkw
7, 0 b (LP-S) DEEE L 725 Z Lidel.

Sketch of proof of Theorem 3.1. P € M_ &9 0 < e < phoge DR BT & /I‘%"
B, j=1LIZR LT (7) BSELT 578 BIEA = pa,e B &7 (LP-S) PEHETH Y, (7) 23

ﬁﬁb@“ﬁ%ﬁzﬁmuﬂwﬂJ)@%WTE?%(¢WE@EE)%Of(emgﬂ
O EED T > 0KRT D) RBAREESEPND. 0O
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4.2 Hopf bifurcation theorem

KIZP e M, LR BBAICHONTERD. ZDLE, CORERXRERICEEND (LP-S)
PEHEER (5) PRIZIR OGS, SN (TRECER)ICXY 7> 0 B+FTKED
& &, (5) DIEDRENR DL L b 2 OFET 5T &Abh 5N, BWHREEERIZISIT 5 Rouché
DEBLZFIATS &SI HIZKRD Lemma RENND.

Lemma 4.2. characterisic equation (5) DA ¥FEIZIIT HITEA2OTH 5.

BT (Aup £p) REED T > 0 KL TREETH B, b L HEEEOB(LAD
BTICESTELRZERDHENOWVTNNTHD. ZDHE Remark 4.112X 9 013E
BETIZ2L, BEMDELIX T % parameter & T2 (5) DEED 1-parameter & \(7) 23
BERY5 2L TRIALENSHD. O LEBEXTUTTRREZMEALT LS 2RmAT
1-parameter 1& A(7) O % BEL T 5:

x(\(7);6,7) =0,
)\(7'*) = iw 76 0, (8)

oA
RC(E;(T*)) ?é 0.
UTr=2ZBRE L THEREEDD. TR (5) OMEBOREHERT 5. x(iw;e,T) =
01X (8)IZLY (w,7) KT BRD 2 OOFBALEEL 2D Z &R DOND:
S =1 (p— 1)7(:9 + 1),
! (9)

qr
ZIZTS, T:[0,+00) > RIZKTEDbND:

> 6 I(uey‘P'e)l22 Ly | (e ‘10'6)(22
S 0 — I L T 0 — J,€ ’ 2y L .
) E 2 +0 [yuddz ©) = i +0  [oulde

=0 Hie
S EBBHINT S(0) = 0, limp., 400 S(8) = 1 £ L, e

lim 6-T(6) =3C >0

8- +00

BB MBI > 0REHRENEXTO)>0L7%5. 7>0THDIEHE (9)
DRREFE ST DD+ EE LT eB+HIRENEWVIEEZEMZ TKD Lemma 275 5.

Lemma 4.3. Pe M., 1<p<p,, r=2, (pgrs) i (A)ZWMiTLTdH ZDLEyg
MR EVR ST, (6., 7) € (0,+00) x (0, 4+00) BIFE L TR AT

X(iv/0c; €,7c) = 0,5'(8) > 0.
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SmmhﬁmmﬁdTmmmn&zﬂ%@@%ﬁi@%mwfmﬂ%ﬁﬁb,%@@
Hopf bifurcation theorem (Crandall-Rabinowitz, 1977) DIREDFEE M- & 27t
XL,

K i/ &7 = 22 01 (0) + +/BS (6) 0,

B Lemma 4.3 12 & 0 (BRI ERAERATE (8) ZWT AMr) PERIND. X 7-EHE
T e,

p—1 S'(6) +iv8T' ()

2ar (56 + 0T 8~ (10)

. O0Ac ,
Zle(r,) = R
sign Re e (7.) = sign Re

BB, BT i/E, % (LP-S) OEMEREYE 25 2 LTV TIHROKS &

s+1

2
o= _%7 / (Lo~ iv/B) 0 - (Lo + i/ Huedz + €27
c JQ

ROV EETREITL. Z0LE

B 2qr£3q/(p_l)

I = — 8(T®Y(8,) + iv/0:(5P)' (6c)) # 0.
(= BTV (0) + VS (0) #
¥ 72 0 2L kA& Hopf-bifurcation theorem DIXEHL E N 5. O
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Existence Results for some Quasilmear Elliptic Equations
in an Unbounded Domain

Hirokazu Ohya

Department of Mathematics, Waseda University
e-mail: ooya@fuji.waseda.jp

1. Introduction

This paper is concerned with the following quasilinear elliptic equations involving crit-
ical Sobolev exponents:

~Apu — pVO(z) - Vu|VulP~? = a(z)|ulP~%u + K(z)|u|%u in Q,
@ =2
u=20 on 01,
where Apu := div(|VulP~2Vu) with 1 <p < N, p < ¢ < p* := Np/(N —p) and A € R.
Here @ C R" is an unbounded domain such that Q := RM\ U, @,, where w; is an
open and connected set with smooth boundary. If U¥ ;w; # @, we impose zero Dirichlet
boundary condition on the boundary 8Q of Q. If U w; = 0, then the homogenous
boundary condition is not required. In (QE) 6(z), a(z) and K (z) are positive (or non-
negative) functions. Our aim is to look for solutions tending to zero as |z| — oc.
When p = 2, 0(z) = §|z/?, a(z) = K(z) = 1 and @ = R", (QE) is written as the
following semilinear elliptic equation

—Ay — %x +Vu= X+ u/% in RY (1.1)

with ¢ > 2. Escobedo-Kavian [7] have shown that

(i) if ¢ < 2* = 2N/(N —2), (1.1) admits a solution if and only if A < N/2,

(i) if ¢ = 2*, (1.1) admits a solution if and only if A € (N/4, N/2) for N > 4,
where N/2 is the first eigenvalue of —A — 2z -V on R" (see [7, Theorem 4.10]). As a
more general case than (1.1), we will study the solvability of (QE). We also study the
range of A for which (QE) admits a decaying solution.

Equation (QE) is also written in the following divergence form:

—div(e?@|VuP~?Vu) = A" a(z)|uf?u + @K (z)|u|" 2 in O

so that the associated weak formulation is given by
/epo(z)|Vu|”‘2Vu-chdx = / @ Na(z)|ulP2u + K (z)|u]"2u)p dz (1.2)
Q Q

for all p € C§°(£2). From (1.3), it is natural to introduce some Sobolev spaces with weight

function e?%(®),
We first consider (QE) with ¢ < p*. We assume that § € C?(2) is a non-negative
function which satisfies

(6.1) there exists a constant ¢y > 0 such that A8 > ¢, for all z € Q,
(A1) (6.2) there exists a point zo € 2 such that (z — zo) - V8 > 0 for all z € Q,

(6.3) [(p— 1)A0 + [VO]2] VP2 - +o0 as |z| — oo.
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One can easily check that 8(z) = |z|? fulfills (A1). For such function §, we introduce
weighted Sobolev spaces L?(6,2) and wie(6,8) as follows:

17(6,9) = {u e LP(Q)\ / @) |ufPdz < +oo}, (1.3)
Q

we(0,9) = {ue W) / ) (JulP + |VuP)do < +oo}. (1.4)
Q

By using the above space, we define a weak solution of (QE): u is called a weak solution
of (QE) if it satisfies (1.2) for every ¢ € Wip(6, Q).
Let a(z) be a non-negative function satisfying
(B1) a(z) € L'(Q) for some r € (N/p, o0].
Correspondingly to W#(6,2), define

A= inf / P’ @ | TulPdz / eP®*@a(z)|ulPdz }.
wewrr(0,0\0} | Ja Q

From (Al) and (B1), one can show that )\ is positive (see {10, Proposition 2.1). Tt is
easy to see that )y is the first eigenvalue for the following eigenvalue problem;

~Apu — pVO(z) - Vul|Vuff~? = Aa(z)|ufP?u in Q,
u=20 on

Let K(x) be a positive function such that
(C1) Viz) := P~ @ K (1) € LT(Q) with r € (p*/(p* — @), %}
Theorem 1.1 (case ¢ < p* [10]). Assume (A1), (B1) and (C1). Then (QE) admits a
non-trivial weak solution u* € WhP(6,9) for every A < A1

Next we will study (QE) in case ¢ = p* by assuming, in addition to (Al) and (B1),
that
(A2) there exists ap > 0 such that |V0(z)| = aglz — zo| + o(|z — zol)
and

there exists s € [p — 2,p) such that a(z) = |z — zo|™* + o(lx — o|™*)

as |z — zo| — 0 on 6(z) and a(z). It follows from (B1) and (B2) that r, s must satisfy
rs < N. We also put the following condition on positive function K (z) € C(Q):

(C2) V(z) := e®—P 0 K (1) satisfies V(o) = |V ||z (0) and Illim V(z) =0.
Z|—r00

Theorem 1.2 (case ¢ = p* [11]). Let N> p? — s(p— 1). Assume (Al), (B1), (B2) and
(C2). Then (QE) admits at least one non-trivial weak solution u* € Wir(6,Q) for every
l) A€ (Oa )‘1) ZfS € (p- 27p);
i) A€ (M, M) fs=P—2,

where
p—1
agp(N:f) A if N>3p-—2,
Ao = do(p, N) = - = (1.5)
agp( ) if N=3p-—-2
p—1
with

Z:/ ly[? dy/ W 4
o TP/ o T 47077
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Remark 1.1. It is not obvious whether \; is greater than )¢ or not. If ||a(z)||r-(q)
(r # oo) is sufficiently small, then A; is greater than Xo. In this situation, (QE) with
g = p* has a non-trivial solution u* € W'?(6,Q) for any A € (A9, ;).

Remark 1.2. Let p=2and N >4 —s. If r = 00 and ||a(z)||z=@) < ZCg/OlaN then we
can show that (QE) with ¢ = 2* admits at least one positive solution v* € W%(8,Q) for
every )\ € (agN, A1). This is an extension of Escobedo-Kavian(7].

Remark 1.3. By using the technique of Egnell [6] that (QE) has no positive solution in
Wir(6,9Q) for every A > ;.

It is easily shown that weak solutions of (QE) are critical points of the following func-
tional

Iy(u) := }1)-/ e’ @ (|VulP — ha(z)|ulP)dz — -(1;/ eP* @ K (z)|ul%dz. (1.6)
o Q

Our analysis for Theorem 1.1 and 1.2 is based on the Moutain Pass Theorem. In case
g < p*, the idea of the proof of Theorem 1.t is standard (see author’s paper [10, Section
3]). We will mainly exhibit the strategy of the proof of Theorem 1.2 in this paper.

In general, the embedding Wy () ¢ L?"(Q) is not compact for general @ C R". In
order to resolve this point, Lions [8, 9] has studied some behavior of sequences y,, :=
|V |[Pdz and vy, = |u,|P" dz, where {u,,} is a weakly convergent sequence in D'?(RN).
From his method, one can find useful information on these sequences at some local points.
On the other hand, some author have introduced the idea for these behaviors at infinity
in the affirmative sense. They are, for example, Ben-Naoum, Troestler and Willem [1],
Bianch, Chabrowski and Szulkin [2] and Chabrowski [4]. In Section 3, we will study the
behavior of sequences 7i,, := e?®|Vu,,|Pdz and 7,, := e?*® K (z)|un|P" dx corresponding
to the functional I,.

Being based on these preparations, we will apply a standard variational argument to
Iy with ¢ = p* in Section 4. To assure Palais-Smale condition, it is sufficient to show that
the energy level associated to Iy must be below a certain critical level. We estimate this
energy level by using a special function defined by Talenti [14] in Section 5.

2. Preliminary and Some Notations Corresponding to Weighted Sobolev
Spaces

) be a non-negative function satisfying (A1). For such 8, we define L*(6, 2)
by (1.3) and (1.4), respectively. The norm of L?(0, ) is defined by

1
lulloan = { | &*lupdz}”.
Q

We also define |[ulf 50 = llullb 5o + [Vull} . Then it is easy to see that W'?(6,Q) is
a Banach space with norm | - [|1560. If 2 = R", then we simply write W!*(6) in place
of Wir(9,RN).

Esspecially for the case ¢ = p*, we introduce the following quotient:

/e”a(m)IVu(a:)P’dm—A/e”a(z)a(x)lu(xﬂpda:
* . »/p* )
([ K @lute)p dz)
Q

Let 6 € C?*(Q
and W'?(6,9)

(2.1)

Qxrxpo(u) :=
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From the definition of V (), one can express [, €?*® K (z)|ul’ dz = [, V(z)-€?"°®@ |u|?" dz.
So due to assumptions (B1) and (C2), Qaka : WH?(8,Q) — R is well defined for every
A € R. Define

Sxre(82) == Qxk,0(u).

ueW!l P(G Q)\{O}

In this case, there is a close relationship between seeking critical points of Iy and seeking
a minimizer of Sy x¢(f2) (see Section 5).
Finally, define Sy as follows;
)p/p‘}

So = inf {/ IVul”da:/(/ lu
ueDLrRV\(} | Jro RN

Talenti [14] has shown that Sp is attained by

1
e+ |z - zo|P/ (- 1)) (N -p)/p

ve(z) ==
for any € > 0 and z, € RV,

3. Concentration-Compactness Principle Corresponding to Weighted
Sobolev Spaces

Proposition 3.1. Let {un} be a sequence which converges to u* weakly in W'?(6) (also
converges weakly in DY?(RN)). Then there exist at most countable index set J, a family
{z;,j € J} of distinct points in RY, and a set {7,857 € J} of positive numbers such
that

T = PPOK () |um|P'de — 7= eP?@K(z)|u P dz + Zi/-jdﬁ;'j,
jeJ
T, = eP’®|Vu,|Pdz — [ > eP@)|Vu*|Pdx + Zﬁjé@
jeT
with Sy x(7;)P/P" < B; for all j € J. In particular, Zje—j(ﬁj)”/”' is bounded.

Proposition 3.2. Let 2 C RN be a general unbounded domain with smooth boundary
0. Let {um} C W'P(8) satisfy the conditions of Proposition 3.1. Define

Vo = lim lim_ e K |um|? d::: Poo,n := lim Tm €|V, |Pdz,

with Q(R) := QN {|z| > R}. Then

lim e”eKlum|”'da:=/dﬁ+'17°o,g, lim /e””qum[”da:=/dﬁ+ﬁwQ
Q m—o0 fo Q ’

m—ro0 0

with S(),K,B(Q) (T/.oo,ﬂ)p/p‘ S ﬁoo,ﬂ'

4. Proof of Theorem 1.2.

Theorem 4.1. Assume (Al), (Bl), (B2) and (C2). For every A < A1, any sequence
{um} satisfying
Tg(tm) — bo, (4.1)
Ii(um) =0 in (WWP(8,Q))* (4.2)
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contains a convergent subsequence in W1P(6,Q), provided that
1 .~ ~(N- .
by < 3550 "IV lloaa P77 (= ).
(I flooy means [[ulloo,n = {suplu(z)|,z € Q}).

Proof. Define the functional Iy by (1.6) in Section 1. Set X = W'P(6,Q) and define
Jull = 19ull 00 = | IVul de
0

By using the idea of the author [10, Lemma 2.2}, || - ||x gives an equivalent norm with
I ll1p60 in X.

From (4.1) and (4.2), one can also obtain that ||un||x is a bounded sequence; so there
exists a subsequence (still denoted by {us}) such that u, — u* weakly in X. We
consider the natural extension of u.,, and u* by setting u,, = u* = 0 in R¥\Q. Without
loss of generality, we may also assume u,, — u* weakly in W1?(). So we can apply the
concentration-compactness principle definedsin Section 3.

Lemma 4.1. 0 =Vx0 =0.
Lemma 4.2. Let {u,,} be a sequence satisfying (4.1) and (4.2). Then A= {T;,j € J} in
Proposition 3.1 is a finite set. In particular, fi; = V; > Shir ]|V||;o(’{—\;-’D P for every j € J.

Lemma 4.3. Let {un} be a sequence which converges to u* weakly in W'#(0,Q). If
a(z) and V(z) satisfy (B1) and V(z) = PP V@K (z) € L*®(Q), then there exists a
subsequence {Um, } C {um}, still denoted by {um}, such that

(1) eP* @K (2) |um P " 2um — PO K (z)ju*P""2u"  weakly in LV (6, )
and
(ii) e"*@ 0(2) |t P2t — €@ a(z)|u’ -2 weakly in LP (6, Q)

with 1/p+1/p' = 1.

Lemma 4.4. Assume (A1), (B1) and (C1). Suppose u, — u* weakly in W'?(0,9Q) and
e? @K (z)|um|P"dz — e?* @ K (z)|u*|P dz + 3570z, in the weak”-sense of measures. If
7 is a finite set, then there exists a subsequence {um,} C {um}, still denoted by {um},
such that for each 1 <i < N;

(@) ____86"“;"‘ — b= ZZ* a.e. on €,
) a T % ,
epow);vump’—?-é%’? — P®)| 7y |P-2% weakly in LP'(6,9)
) K3

with 1/p+1/p' =1.

We continue the proof of Theorem 1.2. Here (4.2) implies (Ij(um),¢)x — 0 as m —
+o00. That is,

/ eP?@|Vu,, P2V u,, - Vodz — / e’ @ (Ma(z) [um P~ 2um + K (2)|tm[P” " *um)ddz — 0

Q Q

for all ¢ € W?(6,Q). Hence it follows from Lemmas 4.3-4.4 that
—Apu* — pVO(z) - Vu'|u* P72 = da(z)|u*P~2u* + K (z)|u”

in X*; so that Ig(u*) = 0.

p* —2u*
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For any o > 0, there exists m > 0 enough large so that

1 1 .
bo + 0 > Ig(um) = 5/ epa(z)(|vum|z’ - Aa(z)|um|P)dx — I? / epo(z)K(x)IumIP dz.
0 Q

Letting lim in above inequality, it follows from Propositions 3.1-3.2 and Lemmas 4.1-4.3

m—00
that

bo+o > lim Ip(ty) = Lm Tp(um) — l(I,;(u*),u">x

m—0o0 m—r00

? —/ SR @ do+ Zu, - _Z”f (4.3)

jeJ
ZN/ PO(@) K¢ () [P dm+Zb9

jeJ

Since by < b, then we have 7; = 0 for all j € J from (4.3). This implies

[ K@ [ e ox@h

as m — oo.
Finally from the idea of Dinca-Jebelean-Mawhin [5], we can conclude that ||Vuny||x —

IVu*||x. So one can see u,, — u* in X. Thus I, satisfies Palais-Smale condition. O

5. Estimate of Mini-max Level by

By Theorem 4.1, the proof of Theorem 1.2 will be complete if we can show

1 _
be = inf max Io(v(t)) < <So P|IVIIin PP (5.1)

~v€eT te0,1] N
where " : [0,1] — W?(9,Q) is a set of continuous paths which connect 0 and u satisfying
Iy(u) < 0. Indeed, we can show the existence of solutions of (QE) by the using Mountain

Pass Theorem (e.g., see Rabinowitz [12]).
There is a close relationship between critical points of Iy and a minimizer of @ k.
defined in (2.1). For example, Struwe {13, pp.177-178] gives us the relationship between

bg and S,\,K,Q(Q) .

Lemma 5.1. Define Sy k6(Q) := inf{@x k,9(u); u € WHP(,Q2)\{0}}. Then
1

S N/p
by = i’ellf"f?[oa’f]l"( 1(t) = 77 (Saka ()77

It follows from Lemma 5.1 that (5.1) is equivalent to

Srko(2) < Sol VIt /M. (5.2)

So we will show (5.2) instead of (5.1). It is sufficient to check Qx k,0(w*) < Sol|V |l (N—p)/N

for some w* € W?(6,Q).

Let By (z) be a cut-off funtion and define w,(z) := e~ v, (2)@,(x) where v, is a special
function defined by (2.2). We may assume dist(zo, {2) > 3 without loss of generality. We
observe that w, € W1?(9,Q) for all € > 0. By using the technique of Brezis-Nirenberg
[3], we can obtain the following Lemma.
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Lemma 5.2. Let s € (p — 2,p) and N > p? — s(p — 1). Then there exists € = €(A) > 0
such that Qx ke(we) < SollV|loq (N PN for every A > 0.

Lemma 5.3. Let s =p—2 and N > 3p — 2. There exist \g = A\o(p, N) > 0 such that if
A > Ao, there exists € = £(\) > 0 satisfying @ k,o0(we) < So/||V||(N PN

REFERENCES

[1] A. K. Ben-Naoum, C. Troestler and M. Willem, Nonlinear Anal. 26 (1996), 823-833.
[2] G. Bianchi, J. Chabrowski and A. Szulkin, Nonlinear Anal. 25 (1995), 41-59.
[3] H. Brezis and L. Nirenberg, Comm. Pure. Appl. Math. 36 (1983), 437-477.
[4] J. Chabrowski, Calc. Var. Partial Differential Equations. 3 (1995), 493-512.
[5] G. Dinca, P. Jebelean, and J. Mawhin, World Sci. Publishing, River Edge, Singapore, 1995.
(6] H. Egnell, Arch. Rat. Mech. Anal. 104 (1988), 57-77.
[7] M. Escobedo and O. Kavian, Nonlinear Anal. 11 (1987), 1103-1133.
[8] P. L. Lions, Ann. Inst. H. Poincare Anal. 1 (1984), 109-145, 223-283.
[9] P. L. Lions, Rev. Mat. Ibero. 1 (1985), 45-121, 145-201.
[10] H. Ohya,’Adv. Math. Sci. Appl. 13 (2003), 287-299.
{11] H. Ohya, submitted.
[12] P. H. Rabinowitz, CBMS Regional Conf. Ser. in Math. Vol.65, Amer. Math. Soc., Providence, Rhode
Island, 1986.
[13] M. Struwe, Springer-Verlag, Berlin-Heidelberg, 1990.
[14] G. Talenti, Ann. Math. Pura. Appl. 101 (1976), 353-372.

_78_




On positive solutions to some semilinear elliptic equations
with exponentially growing nonlinearities
involving nonnegative forcing terms

ki BE  (RIK B)

§1. Introduction.

AZBIIBWVWTIE, R* (n>2) BB EEOANEEZEDEBRERENE T EAOER
EEREREOEERICOWTELS. T TR, « 2ED parameter &L, ANRED
BEEINE f, DEEME sfy KXo THEATHE
) —Au+u=g(u) +kfy in DR,
¢ >0 ae onRP wu(z) >0 as|z|— o0

EEZ2D. ZIT, AW R LD Laplace fEf%, F8EK g : [0,00) — [0, 00) (=9
(HO) g(0) =g¢'(0) =0, g"(s) >0 for s>0

EBETETS. £/, f,>0 n D'RY) ZERETAHOT, f B—RICHETHD. Z
Ok > EEEE X /- L&, parameter k WNSTHNITREBELET S, RETNEEE
LWL, EVWS T EMNEIDHES. KR, n >3,

(1.1) g(s)=sP fors>0 (p>1)

DBE, |z[*2f, € L°(RM) £H/=F R* LOFAMEER f, € HI(RM)\{0} KHLT
DL BHENEDEIS, 1<p<p* 25 (P),. W (HIR") ORKTO) —FHZ
fREHD I EMFSNTNS (Deng-Li [1,2]). TIT, p*=(n+2)/(n—2),

(1.2) k* =sup{k > 0| (P), 1ZEZEHD}
TH5.

Wi, f, 4 Radon BIE, E; £ R* LD A+ O (FRERT) BEMEL,
(1.3) do = E1*fy

LB TOLE, pon/n-2) E¥BE, B € LR (1<q<p) THEND,
—f312 ¢ € LIR™) (1<g<p) BEDILD (1/0=00 ERIRT B).

Fact (Sato [5,6]). (1.1) KBV T n>2 &L,

(Ag) fo20(fy #0) inD'(R"), suppfp i compact
WD, BB qy > q.(p) KHLT ¢y € L9(R") LIRETS. ZIT,
p for p € (1, p%),
n(p—1) p'+1 '
m ) 7 fOI' D € p*’2 ’
(14) g,(p) = ax{ 2 (p— (2—19)/(10)1/2)} 22

ax{ n(p—1) (p"+Lp }

y for p € [max{p* 2}, 00)
2 p*+1/(p)/? -
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(¢ V& q DIBIERK. ie 1/g+1/¢ =1) Thd ZDEE p*=(n?-8n+4+8(n—
1Y2)/(n—2)(n—10); &ETBE, RHBMDILD

i) 1<p<p* DEE, 0<K* <0 THU, (P),. B—EHNRBEEDLD.

(i) 1<p<p* DLE, EED s (0,%) ML, (P), W< eEd 1 DfEEDD.
(i) 1<p<p* DEE,EED ke (0,7) KHL, (P), RPBIEH2OMEDD.
(FEOBEKIT ue (L®+Cy)(R™) TH5. AL,

{ Co(RY) = {u€ C(R") | u(z) » 0 as |z| — oo},

1.5
(15) LI(R") = {u € LIY(R") | suppu & compact }

EF B

Remark 1.1. (i) p*<p*<p*ifn>3, p*=o00if n<10.
(7* 1& Joseph-Lundgren (3] &> T SNHREIC—BTS.)

.. n(p—1 p for 1 <p < p*,
(i) a,(p) > max {p, XE=DY 3P =
2 n(p—1)/2 forp 2 p*,

2.(p) =n(p—1)/2 for p>p*, ¢(p)<p+1<p'+1 for1<p<p™
(&t gy > max{p,n(p — 1)/2} W, ZZTOERIIBVWTARARBZLDTHS. £,
fo€ HYRY), n >3 1351, ¢ € H'®R") Cc LPHI(R") THDH5, 1<p<p D
L%, FOBKTO ¢, OUMMEOREIIALEND.)
(iii) B, = (n?-8n+4—8(n—1)Y?)/(n-2)(n—-10) (P, =4/3 if n=10) £B &,
2<p*<p. <p* ifn=3,4, p" <P < min{2,p*} f n>5 TH D,

([ p for p € (1, p*),
——(-B-L?pl/—z— for p€ [p P, if n=3,4,
p*+1/(p) E
(1.6) 2, (p) = ¢ o /
( / 1/2) for pe [pip) f n=35,
p—(2-p)/(P)
n —
\ -2_(p - 1) for p € [p*,OO).

(iv) B prg,(p) Rp=p* KBWTAEKTHD.

ST T, Z2RKTCE n < 9 IHIRL, HRBE ¢ SMERRKNZEREZ B DR
EROEREZERT .

§2. Main result.

WX,
(2.1) h(s) = log[g(s) +1+s] fors>0
EBL &, (HO) ITED, h(0) =0, (0)=1 2D
(2.2) g(s) = explh(s)] =1~ s, h(s) >0, K'(s) >0 fors>0

RO, COEE, RO (H1) kO (B8 L-T) (H2) 2EET S :
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(H1)  lim sh'(s) = oo, liminf —h—(—% > 0. (H2) sup h'(s) < o0.
5500 §—+00 h/(S) 5>0
HREEMRIZBRS 20,
(23) we (L2 + Co)(RO\{0), w20 ae on R
EBET u ok L, BRI L E A ERE

{ _Ap+ =g (u)p inD(R"),

(Eiw)
p#0 onR" y(z)—-0 as |z| — oo

BEZB.LUTF, |l -2 2zNEN LIRY), HY(R®) @ norm &T 5.
Proposition 2.1. (HO) Z{KREL, u,T i (23) AT ET DL, RFLDILD.

: tq e g 17013+ N0l 1pn

(i) N[u] = inf { T | v e H'(R™)\{0}}

@ minimizer o' € HY(R™)\ {0} BHFET 2.

(i) M[u] W (E;u) O (BHZ) BINEEETH . o BEHE N TG 2EHE
BTHoT, o' € Cy(R?) D ' >0 on R” (£7213 ¢' <0 on R*) ZHLT.
(i) (E;u) DEMERE (p; 7)€ (HY(R™)\{0}) xR (i.e. ¢ >0 on R") NEET S5
i, A= My THS.

(iv) v<u,u#a ae onR” 1o, M > M@] TH3.

Remark 2.1. (i) LOERTOBE{EREMEEEALHEE, A =1 EEHEMEICD
& E BB RROIEENREND. LALEMS, A=1 ERNEEEICDDEE
iz, L2R", ¢ (u)de) D ¢ KHT BEREM B TALTS DT ENRN .

(i) M) DERICEDT, linearization inequality

(2.4) Nullg (@)e?l; < IVolid + llvliF = ol for v € H'(R")
MR D ILD.
FEBILAOBEY THB. ZIT, (P), PELIE, (2.3) R (P), #HETHDEND.
Theorem. 2<n<9 &L, (A), (HO)-(H1) BRUEROWTNNERET S ¢
(a) fo BAIRIEEKT, B2 pe (max{1/2,(n—2)/4},2) B v, € HYRY) BHFELT,

1 <y, ae onR™

i

(b) (H2) 2D ¢ € L>®(R").

TDEE, RBROID.

(i) 0 < K* < o0.

(i) (P)y E—BHHE v 215, Mu*l =1 &2HT.

(i) (P), 78 Nu =1 £BTH u £DORSE, n=r" THE.

(iv) HEED k€ (0,£") ITHL, Mu,] >1 &H7ET (P), DFE u, N—EBENIFET 5.
(v) £>0 BEEL, £ED k€ ("¢, k¥ KHMLT, Ma,] <1 BT (P), DR
u, NEET 5.
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Remark 2.2. (i) JEREIEE (1.1) & (H1) ZHZE a0,
(i) h(s)=%((1+s)a—1) fors>0 (a>0)

i3 (HO)—(H1) 287=F. BIZ, 0<o <1725, (H2) bAET.
(i) E (Ag) PFT, f, € LXR?) 54, (a) BHEDILD. T, (a) AEDILDE
51F, ¢p € L°(R") TH5.

§3. Outline of the proof of Theorem.

Z DEi T, Theorem (i)-(iii) PEHADHEBEIZDONTERS. ZDZBIT, Keener-
Keller [4] 12k % continuation method V3%, W&, #7272 parameter 7 € [0,1] %
BAL, k20I1THLT

{ —Au+u=g(u) - (1= 1)g(key) + £fy in D'(R),

)
e u> k¢, ae onR?, w(zr)—0 aslz|— o0

BoEEEEZD. BL, ROBKE (P), LAKTHS.

Remark 3.1. (i) «>0ZHLT (P), & (P), SRAETHS.
(i) 7€[0,1] KML, u=0id(P,) PBTHS.
(ili) &> 0 ITHLT u=rey & (Py), PHETH2.

Theorem DIEFHD=HITIE, ROBHKTO (Q)! OMERDIBIENEETHS.

Definition 3.1. 7€ [0,1] IKHL, (u,p;&) #3(Q)” PETH B &I, u At (P), D%
TH2T, (p;1) 18 (B;u) OEEREBRDILTHS. TOEE,

(3.1) T*={1€[0,1] | (Q)T ¥HEZEDHD}
EB<.
Remark 3.2. (P,), Off u T M[u =1 25T HONREETIL, 1€ T” THS.
EWE T O u IZx LT Proposition 2.1 TH51% o ERVWDE, (u,0h6) B (Q)T D
HTH5.

Theorem (i)-(iii) IERD 2 DOMEN S/ END.

Proposition 3.1. Theorem DEED T, (Q)” DR (u,p;5) Z2HDIRSIE, RIEL
DILD.

() (P,), PEI—BHNTHS.

(ii) 7€ (0,1] PEE, B>k THLT (P )z 3R E BN

Proposition 3.2. Theorem DREDFT, T* = [0,1] A LD.
Proposition 3.2 DFEHNIRD 3 DD step I L 2.

Step 1. T* 32Tzl
Step 2. T*12[0,1] KBIEHEEETHD.
Step 3. T* 13 [0,1] KB DHRETHS.
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7 Step 1 I2DWTiBRD. Remark 3.1 (iii) (R Proposition 3.1 (i) 2k 0,
N[0,] = 1 ZB7F K0 € (0,00) A (—BHIT) BIET B 2 ERREIZEL. =Dkt
12, B (0,00) 3 k — M[kgg] € (0,00) DHEMBMPNDEBETHY, Nkpg] = 0 as &
— 00, M[kgy] >0 as k — 0 BEDIDILERT.

Step 2 IZDWTIE, Remark 2.1 (i) DBRICEDE, BREERZHEATLHZ L12&-
TRTIEMNTESRD, ZZTRELWI &IFRR7zN.

BRIEIT Step 3 ICDNTIRRS. 1€ T* D& ZE, (Q) DRI (¢ DEBBEERNT) —
BEWTHINS, ThE (0,0 ;7)) ERTIEEL,

(3.2) w' =u ~ K¢y, g =g(u") — (1—7)g(k"dy) forTeT”
EBL. ZDEE,

(3.3) 0<g"<g(w) ae.onR" forTeT*

THY, v, w &

(3.4) —A + U =g +Kfy, —Aw +uw =g inD'R") forTeT*

AT, BIZ, RD a priori FHEAKDILD.

Proposition 3.3. Theorem DREDTF T, {w'}, o & R L—8E R DREEEK
Thd.

ZZTIE R LTOREZEATWSED, LOME LI TII T WATHDI L%
RETRERART2THSB. L»L, suppfy #% compact THD Z & &KET L, plane
reflection method EMARHORAZEIZL 2T T* NHATHD I LERT I ENTES.
ZDEE, BR/IMEOER G EICHET2ERNEETHS.

HMICOWTIE [5,6) BRI NV, AR TIX Proposition 3.3 DFERHIC DWW TR
HiTEEDB.

§4. A priori estimate.
ZDEITHBWTIE, Proposition 3.3 DFEBAIZDWTIRRS. £, RMEDILDI &IT
FET5.

Lemma 4.1. 7,7€T* 1 <7 koW, £ >« TH5. ®BIZ,
(4.1) 0< Kk <K® forreT*
ASEL Y MLD.
WX, BRMFFRERK e, € C°(R") T

1 for 0< |z] <1,  Oe
e1(@) = { E,(z) for |z| > 1, or
BRETHDEED, 0<v<1IZHLT
w3 { Eq,(z) = Ei(z) (z)=1- (‘31(33 +£) )"’ 2, (z,y) = e(z —y)e(y)

(4.2) <0 on R"\{0}

v Y
e1(z) © ey (z) e1(z)
for z,y,£ € R"
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EBLZDEE, |l =0 asE—0 THY, EEH ¢, WEELT

(4.4) g(z,y) <c [Ver(@)]
61(17)

BROEDT EIEET B UTIKBNT, 7, BFHTBEBEAR (ie T(T) = v(z—2)
for z,z € R*) &9 5.

Lemma 4.2. O0<v<1 &35&, reT* ZHLT

(i) [wrylerli(z) =/R &z — 2,y — 2)" Eg(z — )9 7z)ler ]l (v)dy,

(i) [wnyletll(z +€) — W'y,)lerll(z)

= Rn{(é (= 2z —y+E Y@ —y+ & —&ly - 27— 2)"fyle — 2) Eou(z - v)

+&@y—-zz—2+¢§)" (Eo,u(m —y+&) — Eg,(x—y) e mlerl(w)dy
for z,2,£ € R™.

IN

¢; forz,yeR"

(4 4) IZHEET 5 &, Lemma 4.2 ))’LU ‘Sobolev D RERERANDZ &IZLD, 5
r>n/2 WRHLUT{HW)T,) el e zern MLTRY) BN THERTH S I EARE
i, Proposition 3.3 AALDILD T EMBMB. TIT,

(4.5) H(s) = exp[h(s)] =g(s) +1+s fors=>0
THD,

(4.6) g(s) < H(s), g'(s)+1=H(s)k'(s) fors=0
DRV DZ LITEET S,

WE, p>0IKHLT
(4.7) H,(s) h, / K (t)2H(t)*dt for s >0

LB, COEE B (ERE ) ;Eﬁ@'%’a{ﬁ% 2k o TRASED LD,

Lemma 4.3. 4> 1/2 &L, (HO)-(H1) #RET 5L,

H,(s) H/(s) _u H,(s) p?
"o~ MRS Hs S5 SR HE S a1
DD, B, (H2) ERETHE, FEO M >0 LT

hl(s) Hy,(s) u
4. I <t
(49) TSP by H(s+1) H(s)™ ~ 2

. '
(48)  lim sh'(s)

N5 A RVASR
COBBEICLD EBO L>0,¢>0 ML, EER C, 11 Cue WHRELT

! A pw+e

(4.10) LH (s < st () (8) + oo () < =5
W(s)H,(s) < esh'(s)Hy(s) + C,c for s 2 0

MR 0T, BiT, (H2) OFT, £ED M >0 WL, EEM Cyop Oy HHFELT

H(s)* +C,,,
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S S ——

B (s+T) 2
H(s+71) < CyH(s) fors>0,0<r<M

h'(s) p+e€ on A
(4.11) { Worn W E H(s)¥ + Cpemrs

RO D. BWE,
(4.12) ollE o) = IVoll3 + 2lloll for v e H'(R")
hBBHREEAVD. COLE NY]=1THD TEREETDHE, (24) 5
(4.13) I(g (") + V)Pl < olldgy forve H'(RY), 7eT”
nESNG. Th5EAVTRERT.
Lemma 4.4. Theorem DEEDF T, % r > n/2 W UT{H )7, )[el]}feT JER
i LTRY) KBWTHRTHS.
Proof. (a) p € (max{1/2,(n—2)/4},2) &L, (3.4) OF 1R A (W) H, (W )T(Z)[e1 “]
EHNFT R AT 3. 0<e<1 &L, L, %(1+%—_—)§)+2(1—5)
& EUg, B R UK Schwarz DAE, Young OARERIZE>T
(F38) > | VI(H )7, [ YDA

B8 L H etV VIOl

e eI + R OB ol

—2¢ pv

2(1—6)|IV[(H( o) led 13

[# 2 ~
+(ne- 82 (1 %——))—)) VH Y7 D12~ Gz, Iolet 113

= (1 - IHW rmlelD 1Az — Cur, et 113
REBLND. —H, (3.3), (46), (41) KT fo KT BEELL ST
(3) < [ () B ()2 Yy + 0llog B ) B s fer™
THY, (4.6), (4.13) 15
(5 178) < \1 D)+ )(EEEH@)™ + G )Tl
N H W) ) 13,2 + Cucllet” i)
ARV IMLD. BiZ, (4.10), (413) %X Holder DA%, Young DARERITL-T
35 25) < o0(g () + Dol (TS H@)™ ! + G 1 ler™]
< K9 () + 1) vz el DI
{2 g/ a) + D el D 1
£, (6 () + Ly 6120}

1

< ¥

1
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Oy, ((M/u(HrTE - o
< Wlleoll g (5 ICH W ) )11 + G et 155 ™)

1 /2u—1\pu-1,u+£e g\2¢
< Z\(H{u" v p 2 I Y 0 2
< SIEE) e Ie + 5 (Fo =) (557 Huollda

~ 1 2--1
+C, e lwoll /o et Ny

THBEMS, 1—e>u/2+e BT {(H(u ) et rerere R HI(RY) KBWTH
RTH5.

2<g<p +1 £TBL, Sobolev DRFERI K> T {(H(W )7, let])*}, cpmzere B
LIR™) 2 BOTHR, (HW)T, o)}, ermsere 1 DH(RY) CBATERCH B, RE
&0, ug>n/2 725 qELBIENTELNS, EFRVKDILD.

(b) n<9 &KV, pe( max{1/2 n—2)/4},2) 2% p #EBIENTES. (34) O
%2 2 B (w")H,(w T)'rl)[el“"] EHITTR LHEAT5. Z0&E, M=k ¢l &
TBE, (46), (411), (413) itk o>T

h' (w'
<|| +1>(““H<w >2ﬂ+cueM)r(z>[e1 gl

(B) < g )h ()

1

1

< B2 @y z)[e1] s ||(1 2+ CuemlietIlG 2

MWD ug>n/2 t’@%é. ZDLE, (4.11) »n ‘5$5’E7§§@f‘5. q.e.d.
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On viscous conservation laws with growing initial
data

LB B
AHE R F R E BB R D1

1 Introducrion
PUTFTok > hiaXo—BrEELE25.

(1.1) { d,u — Au + divG(u) =0 in R* x (0,7),

uls=0 = Uo in R®,
SITH,=0/0tERL, MIHIEu & IFREEG IBEHBEHTHD. — R FIHAE wo
REROL %, (1.1) (EERAERI 2 T RS —BICFET 2FL L <A B TWD (cf.
9]). %7+ [1] CHRFB (1.1) EZEMEBEET |G/(r)| ~ I, luo(e)| ~ |z] 0 & 5 IR
U s HTHMIE uo 25—HE Lipschitz SRR OBy, BRRFTHICBITFES 2FET LI,
BRI 721 T Burgers FBR: Gu— Au+udu=0BHB(IITo, = 0/6, &%
). %7 Burgers FERICBV TR B w = —z & T 5 & u(z,t) = —z/(1 —t) iIZARIC
7%, o0 FHEK (L) KB THMESER TRV E E X — AR AT FX R I AR T
HFELRVERD)NS. - 2T, FIHE u 24k Lipschitz HSERREYET, PHE
up &I G 1T, & 0 —MRAREKEERE L e D F R (1.1) DO—E RS
U, BOBERRIZ o TORBOTHEE 52 5. BT |G ()] ~ |rl, luo(@)] ~ lzl*,
af <1 %#RETS.

- rCiaf <1 BEEL TS, ThERET 5D ES LHRNEERELUT
2B, n=1, G(r) = P & L, u(z,t) = 2 f(t) EHBX (L) DIRET 5. ZDE
FERX (1.1) (XU TFEmT.

2°f/() = afa — 1)z (8) = (@f + @)z f ()7

- IEEROEDE u, B Au - divG(u) THB. &I TEL L ADOEMERE
COMKER B THD L, EDOMKED ¢, HDOWKEL 200t THSH. ZIT
D (N OWKE)> (FUORKE) 2B L of <1 EWETERDDD.

AR A R £ 3 L, ERE G IOV T oMM ERRT . (z) =
(14 [ZP)2, (0)q 1= (a+ |z)/? EBE, LT &

L2 = L2R") = { f € LR | [Ifla:=If(z)/{@le= <00 }
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LEHETD. Fh | flla LEER VD (fllae % Ifllae = 1 (2)/(2)2lle & EET
5 (7L, a>1). 85ICBC, = PR NCR") LEHTE. LT, GHEdD
be(0,1) kL, G= (G, - ,Gn) € CHH(R;R") &L, UTFOL D IEREE
WL,

|G'(r)]

su < 00
R 1+l

(1.2)

Theorem 1.1. a,3 >0 & L, G € C'*(R;R") {3 (1.2) &7z L, up € BCa #RE
T5.

(1) af =1 0k, X (1.1) DI EFM R H R u e L2((0,T); L) H—EHY
“—#ET% EiZ CO = lim SUP|z|—»00 |u0( )l/lx|a CG' = lim SUP|rj— 00 lG ( )l/lrrlﬁ
(Ejb< k ﬁ*@rﬁﬂ#FﬁﬁT iT?J)BT>T0 —I/COCG p¥'ﬁﬁf%é

(2) off <10k, FEKX (1. 1)®B#F3j<iﬁéﬁf;$m@ u € LE([0,00); L) A3 —FH

WCHEETD.

9  Estimates for the heat semigroup in weighted

space
= = G heat semigroup e ([Z O\ T DHEx 2FHEE 52 5.
8; = 0/0z; &R L, multi-index a = (a1, ,aq) € NMIZH L, 0% 0% = oft ... 9%
LEETS. £, G BB

1w
Gl = e

YL, et f=Gi*f 75:—:&@“.
Lemma 2.1. (1) fEE®D fe€ L®, a € N*, t > 012K LT T ORERDBLY L.
10 flla < Ct™F (14 )% ]| flla-
I TCER, a o =0, o DREETDER.
(2) FEO felP, aeN,0<H<L,0<s<t 123 LT T ORERDY L.
06 f — 06 flla < Cs7oV2(t = 5)" (570 + 5177+ £070E) o

ZIZTCEn, a la|, 0 ODHTEET DER.




(3) o = max{a— 6,0} LB<. FEED fe LP(RY), 0<s<t,0<0<1ITHLT
BT RGN Y L.

Hawmf)u)—(&wa)wﬂ550@#%1+Lr—ywﬂ*W”(f‘+f””)m~mﬂump
S I CCHEn, o la), 0 DRIEET DER.
T I TRID3ODOREXDERITERT D.

3 Existence of solution

BIHME uy WERT, 5 0 € (0,1) KL G € CH(R;R7) DB, 2 (1.1) B
Sl AR u € L°((0,00); L) B—BAICHFET 2 HFT L <A LILTWA. £Z

<, p € CP(R?) 1
_ )1 (lzl < 1),
g"(””)‘{o (12] > 2),
BT L, ou(z) = p(z/k) £B<. BiTw € L*®((0,00); L*™) %

(3.1) { Ayug — Auy + divG(ug) =0 in R X (0, 00),

Uk‘t:O = uk(O) = PrUg in R™.

DOEHAELTD.
Lemma 3.1 (RO FEERMOFTMERT D,

Lemma 3.1. f € L (R™) &3 2. Z D

loc

trn [ flla = timsup L2
a—00 |x|_)oo i.’L‘la

=T

Lemma 3.1 DIERAIZEIET D.
Lemma 3.2 b~ 2HNCTo A TO LD WWERTD.

o] 1UCCs  (af=1),
Tl (af < 1),

= 2T Cp = lim supjy o0 luo(2)|/151%, G = limsup o0 [G/()I/ 1717

Lemma 3.2 (Uniform boundedness). uy € BCq,, af <1 EL, {urhe>1 C L>((0, 00); L*™)
BHBR (3.1) DEHELTD. T E {ugtr>1 C L((0, Tp); L) 13 k %t LC—#k
WWERTHS.
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Proof. a > 11Z% L, v = ux/(z)g EB<.

Hk = G'(uk) - a<$>;2.'17,

Ko = (anfa)s? +alo - 20el e + o T8 )

(T)a
b S < L y Uk [
Oy — Avg + V- H+ K =0,
BT v(0) = ug/(z)d EBL. v (0)] e < JJU(0)| L BE L (1) DRRERE
EERAVDE, |ve(t)|lre X

“vk(t)“oo < ”’U(O)Hoo +/(; Cl(a‘)”vk(s)“w + Cz(a)||vk(s)||;3'ﬂds

7T, 22 TC0(a) = a(je—2|+n+a**)/a, C’g(a) = aa®®~! (sup,eg |G'(r)]/(a!/* + Ir}?))
Td 5. [1]® Gronwall DHREE VS & (Ci(a) + Ca(a)|luoll? ,) —Cy(a)]luol|8 ,eT PO =
0 B3 T(a) K LT (0,T(a)) £,

a -1/8
k(oo < (IIU(O)H;ﬁe“"Cl(“) - %&%(1 _ e—tﬂC1(a)))

et 275, [0e®)llee = lue®)llas lue@llas < lu®)lle < ellu®llae ZHL
5 & fug(t)lla 13 (0,T(a)) LT,

luk(®)]le < ( a"/2ﬁC’1‘(a)Huollg,ae‘ﬁcl(a) )l/ﬁ
(C:(@ + Calaluollen) — Co(@) e
R, DEY,
a®PC1(a)||uol|8 1@ /B
F(a,t) = ((Cl (a) + Cz(a)lluollﬂ,a) - éz(a)lluoﬂﬁﬂetﬂcl(a)) 0 < t<T(a)),

00 (t > T(a)).

i< b un®)lla 1,
(Ol < inf Fla.)

B3, BT, atoo DB, T(a) 1 To L7250 T {ue} i3 L®((0,Tp); L) T—HRICH
RTHDHZEDENPND. O

Lemma 3.3 (equicontinuity of {u;}). uo € BCq, aff < 1 L L, {urtrs1 C L((0,00); L)
®HRR (3.1) OEBEML TS5, ZOB {u} ZR" x (0,To) KBV T RETIC RREE
mTH5.
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Proof. {us} iEHERR (3.1) O HARL D TR HEN

ug(t) = e®ug(0) — /t dive® A G (uk(1))dr

B¥E7-4. = OFUT heat semigroup DI Lemma 2.1 &, HAMERE Lemma 3.2 & H
VW5 & FEIREEGE BN D. 0O

Lemma 3.2, 3.3 £ ¥ Ascoli-Arzela D EE % A% & Theorem 3.4 RN B.

Theorem 3.4 (Existence of classical solution). G € C'8(R;R™) i (1.2) 27
L, ug € BC, 75, ZO, FEX (1.1) DE#M u € L2 ([0, To); LX) N C(R™ x
0,Ty)) BEET 5.

Proof. Lemma 3.2, 3.3 & ¥ Ascoli-Arzela DEBENS, 5 {ughexs PEITF {uk, }ix1
tue L?OOC([O,T()); LZO) n C(Rn X [O,To)) Z‘)V?E L/, {ukthl IXutZ R® % (O,To) fﬁ:%

uk(t) = e ug(0) — /Ot dive® "2 G (ug(r))dr

EWITOT, ud
t
u(t) = e®u(0) — / dive~2G(u(r))dr
0 .

BT, BiCu SRS FEROMTHLEL Lemma 2.1 2 VAV R TR Y - Ga ikt
ORETHDHIENEIND. O

4 Uniqueness of solution of (1.1).
O—BHE RO, ETHOW EL, BY, EZERT 5.
Definition 4.1. ¢(z) == &35, Z OB EL EQ, E%#UTFDEIEETD.

ELf)=[  v(@)if(@)ds,

lz|<R

ER(f) = ¥ (2)|f (z)dz,

|zI>R
B(f)= | #@lf@)fde
KICHk Sy HER (1.1) DROMsSOFHli 2 52 5.

Lemma 4.2 (Derivative estimate). u % (1.1) OEBEL 5. ZOREE(|Vu(t)l) €
LL.(0,T) 277 .
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Proof. u i3 X (1.1) DfFRDT, uwi3HEI HBAOM L 72y, £7- Lemma 3.3
L9 wiZ Holder EH72 DT, Vu i

, {
Vu(z,t) = / (VG ) (z—y)uo(y)dy+ / / (VdivG:—s)(z~y)(G(u(z, 5)) -G (uly, s)))ds,
Py n 0 Rﬂ
B, Lo TE(Vu(t)|) € L,.(0,T). O
Lemma 4.2 0 HBEO—BMHE2RTENTED

Theorem 4.3 (Uniqueness of classical solution of (1.1)). G € C'**(R;R") i&
(1.2) 7= L, up € BCy, af <1, 2. u,ve LR(0,T); LY)NCR" x[0,T)) %
FRK (1) oH#EE T Lu=0v LD,

Proof. w=u—v &HB<. u, viIHBA(1.1) DRI DT,
_ . .
/ b (Ow — Aw + div(G(u) — G(v)) deds = 0
e JR®
BT INEHETL L
t
! (E(w(t)) — B(w(e))) + / Y| Vw|*dzds
(41) 2 Je JR™
/ / wVw - V¢ + (wVY + YVw) - (G(u) — G(v))dzds.

L3,
G DIRFEMH, G i

IG(r1) = G(r2)| < Culry = raf (L + [raf’ + |r2l?)

BT w0 5D M = M(To) XL, Ju(z, b)l, |v(z,t)] < Mi(z)® 2T DT,
&)5 ]\42 = MQ(T(),C]) ‘:;(‘T l/,

|G(u) — G(v)| < Ma|w[(z)

1 2.'1/'3
(mme / [ wivufdad

(4.2)
/ M V2 w|* + |Vwl*ypdads
Rn -d

Lied EoT(42)ite0ETBE

(4.3) B(w(t)) < M; / B((x)w(s))ds
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Lien, —F, +HKRERRIIMLT
E((z)w(s)) < (R E(w(s)) + ™™/
DD ILDD T (4.3) 1%
Blu(o) < &%+ My(R? [ Blu(e)ds
& 725, Gronwall DREREAND &
E(w(t)) < e /MR

LhB EoT,Rooo T BLERNOSEST/2M) IERLT E(w(t)) =0, &
Du=v &72%. O

P

[1] Y. Giga, K. Yamada On viscous Burgers-like equation with linearly growing initial
data, Bol. Soc. Paran. Mat., 20 (2002), 29-49.

[2] O. A. Ladyzenskaja, V. A. Solonnikov, N. N. Ural’ceva, Linear and Quasilinear
Equations of Parabolic Type, Amer. Math. Soc., Providence, 1968.
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BEREOAERIZDONT
A T (BB AERERE TR

kino@otani.phys.waseda.ac.jp

0. AFE CIABHTRED 2 RITHOIFERER LR A SR I OV TR
~5.

L Q #BEMAER 00 280 R OFRERE 5. FEMEBIEREO 2
REFEROFBARIC I - TRBSNSD.

%1{-—-(;4+x)Au+(u-V)u+VP=f+2X‘7XU-’, (1)
: %:—’—aAw+4xw+(u-V)w=g;-”i- 2xV x u, (2)
V.-u=0. (3)

ziz, v = (u(zt),vi(z,t)) HEOEE, w = w(z,t) RREPORUML
T OEERE, p = plo,t) REHERL, ThOPRAETHS. £ f =
(1@¢%ﬁu@)xxvg=gu¢)m%ﬁf&n,:nemazanrmab
@&Té.m%ammwiﬁfbé.&ﬁ,hﬁtﬁhé%ﬁﬁﬁ%?x,Vx
HEAXCEBSNS
Vx¢=(§£,—%) (p = #l2),
Gv: Ot

dz; Oz

1 REMERL, IR Dirichlet Foff

Vxv= (v = (v(2),v"(a)).

ulpn =0, wlon =10 (4)

ERATS.

ST CHTGROEE v LML TFOBREEE w O#ZE U = (v,w) EHESZ L
27 5.

FRAR (1)-(4) 2IHRH

U(0) = Uo = (ug,wo), (5)
B\ IR E &M
U(0) = U(T) (6)

Dy ETEZS.
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2. FBRAR (1)-(4) OMOBFELFTINE, KELFTTE20OFEEHD.
#—13 Galerkin 5 Th 5. HETEHERKTOEMHHEAORTEUT 52
LItk o TRD BEEMRT 50O TH 5. Lukaszewicz [4] iX Galerkin ¥IZL T
(1)-(4) OMBMEFTEORBXRMOFEELR L. BB, 4 TRRET +F7
H—DIER Y, B2 REESBELN TV S, B HIBRRREMRRERSEX
LIRAEL, TRl EERESSBRROFEICRE ST, BUGEMEIC L > TR
AHRTA LV FETHE. ORI BB bEASND. TOFEIC
R-3%, Navier-Stokes BN HFBRADEY &V ik L2ZEMICFR B & 72 BASEER
LCOBERICIEES ATV A, BSREERY HINBEROSMY EH2L,
DE LA ERR AT BB LR BFHETHS. ZOEZOFHEIL DM
%313 Otani [6],[7] K LV RRSEDIE, TOBEROBAMLBRA~OLAN
Inoue & Otani [2],[3] KR HNB. [6], [1] iCL 3 L BHMEOHAEDH DRIHEE
Wi LCWNITE B ICOBERBL B Z LN TE DD, BA IXE=ZDOFE
EFRAVWRZLICTS.

3. EMEMERETS. C2(Q) Tav Ay MeRE RO RREMS RS
XHUELO2KTAY MUFORKERT. [2(Q), H(Q) 3ThEh CR(Q)
D L}Q) BT B, HY(Q) KB 3MaRERT. 1(Q) 0/ vaE |-, A
#% (-,-) L7, Poincaré DARERLY,

2) 1/2

2 9 1/2 2
IVl = (/ 3 ) BEG Vo = (fZ
2;5=1 @ =1

H o= L2() x Q) V = HAQ) x H)@) EB<. |- |o (2w BERER

XERER HA(Q), HQ) TBITB I NVAILRS.
HoD/ Vi NEERT.

4. FERF (1)-4) 2 H 2B} BB rERe LTERMLT 5.
P % L}Q) »b L2(Q) ~OEHELT 5. (1) OFRI P 2fEAEEIL
kb, Vp 2lEL, KROBEREFERZE5

P (0) + MU() + LUE) + BUE) = FE) in0,T]. (7)

EELZZiCU=(uw) T, A L, B, F B TERZEIND.

Ow

i

Ou;
6::,-

A(U) = (— (s + x)PAy, —aAw);
D(A) = (H*(®) N HA(®)) x (H*(Q) N (),
L(U) = (—2x€7 X w,dxw — 2xV X u),
B(U) = (P(u- V)u,(u- V)w),
(
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% AT H LOBCHEBRERERARTHY (HIZIZ[8) #8M), H Lk
DILEIE

2
00 (Ue H\V),

BEX a1 &) vul? .
@(U)z{ IVall? + SIVel? (U eV, 9

DEWSERE 08 IC—BT DL PERIHEIODND.

5. 2 LED T >0, §¢[0,1/2), Fe L0,T;H) BLWRU, € D(A®) o3t
L, BUFo @), (), (i) &&= OEmE (1), (5) 0—BMRU BEET 5.

Q) Ue {C([O,T];H)HC((O,T};V) if 6¢€l0,1/2);

¢([0,T); V) i 6=1/2,
) 02050 proenU()), FPLU), BB € IO, T H),
(i) t°U() — Ublm, t2{SU(-)}? € LY0,T) for all q € [2, 0.

L, ZZTA % ERT. £, LP(0,T) = L2(0,T) THY, 1 <g< oo
st Uik v € LY(0,T) i3,

T dt
/ ()% < oo
0 t

EEKTD.

6. BE LBO T >0, Fel?0,T;H) L, LT @), (i) %akdw
FIEIRARE (1), (6) DR U MEHET 5.
() Uec(o,Tv),
d
@) %, AUE), L), BUE) e FH0,T;H).

7. BB HAEDOEK po, pp BEELT, EEDO T>0RIVC F e L*(0,T; H)
izt L,

HF a2t < po

72 &V SRERARTRE (1), (6) OFf U S—BMNCHFET 5. E7e, TOLHHEROH
HUE Uy € H IoxHT 28040ERTE (7), 5)0ME U &35L, $TD tel0,T]
D&

U(t) -~ U(t)lr < [U(0) — Tolzre ™" (9)

DALY L.
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EEL, 2oToe L30,T;X) AL

1 »
I ”q T”v“;ﬂ(O,T;X) ifo<T<1,
v - )
X,qT sup “’U(T)”g{dT ifT > 1.
1<t<T Ji-1

L, d, 4% [laer % lvler EEETS.

8. FMEMERIEER X ORI AMMEOROFEE 5 IS @ ¥ L OB
H B =L+ B MROEMEH T Z L 2R EEIN

(A1) TRTOL>0xLEE{UE H|l|lulg +®U)<L}IEHT
a2y k.

(A2) B i3 8-demiclosed : $7bH, bL Un 2B U C([0,T); H) TH
Wk L, 98(U,) 75 08(U) i L*(0,T; H) THREKL, &5 B(U)
2% v k2 L2(0,T; H) TRIGRT 3R 5iE, v =B(U(")) ALY L.

(A3) B30 (0,1/2) BLO DB fo, 4 : 0, 00) = [0,00) PBAELE
LT, EEDe>0BLRU € D(0%) ITH LKkEHTT :

BU)ls < (V1) |08V + & (3) totwny = + 1]

(Ad) $Bke(0,1) BLV JED BB £, : [0, 00) — [0,00) DIFELT
EED U e D(0%) T LRZEHTZT -
B < K|o2(U)\x + &(1U1x)(2(U) +1)*.
(A.5)(i) @(0) =0.
(i) 0% HPBERERR.
(i) HHEZK>0BLVqe [2,00) BEFELT, EEDOUE D(®)
Rt L K|UIG < ®(U) #8ELY 3L2.
(iv) EOHKIBHFELT, HED U c D(6%) ot LIRBELY (2
(-8%(U) - B(U),U)x + 62(U) < 0.

(A1), (A2), (A4), (AB)BRYILL, (AB)BETDHE (0,1/2) IXF L THR
p sz CiE, [6] @ Theorem L, II, IV # X % Corollary IV 2k Y, 6 =1/2 DHE
LD —EM ARV TERS KB O N RRABOND. K, (A1), (A2),
(A4), (A.5)2SELY SLTHE (7] @ Theorem I PEATAILICEY, EHEPED
B LNnG. L, NHEREORO—EE, 6=10 DBEEOKE, HEALRE
DEEHIZ SOV TIRBICERT ILERDHD.

0. 4k (A1) 22D (A5) BEBRITALY o TWBZ & ERIET S.
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(A1), (A5)(i), (A.5)(iii) 1X Q OERMEBLV () BV O/ VA LERETH
B LEEThEESILALNS.

BYDEWHIZIB=L+BIZoOWTREIEEWS, L & Bizoib T L R@
LASEV. BEMRICOVTHE (4], 3], [8] #BBL TR L.

(A2) ILDVWTHERB. 5l U, X (A2) DREER AL LTV LT 5. BOWD
&Y, (ww) € VICRHL (v, V xw) =(Vxu,w) BRI, ¥frucHDE
x, v,w € H(Q) ot LIESR

(v V)v,w) = ((u- V)w,v) (10)

BERD M. ThbOBEERRAT B L, D((0,T) x Q) BWT B(U,) = B(U)
LRBILBRERICTRES. —F, B(U,) 2 v ic L20,T; H) THIRTS L)
BELY, D(0,T)xQ) TH v IKHLTWS. BRO—BEKIZLY, v=B(U)
BRERAND. .

(A3) BLU(A4)ICBLTIE, £7 8:=(1-0)/(1-20) &< L0 €(0,1/2)
LB>1 EMEMEICRDZ LITEET S, ue HY(Q) AL |Vu|| = |V x| &
2B t, BEPoincaré DREXE AV & |LU) < Kid(U) B3RV I0.
—%, U € D(A) iIZHL,

|BU)I; < K2|U|r@(U)IA(V)|n

RABFERRY LHOZ RO TS, WRIZ, Ea>0, 0<g<riZHL
TRYMI-SOHHRARER o? < a” + 1 BLV Young DFREX ab < ea? + b?/(4¢)
FAVIIZ (A BEED B>1, T4bH e (0,1/2) ITHLRYIMEDOILE, B
LU(A4) DRV SIHZ L BbhB.

(AB)(H) 1X 8% T7hbb A BHREEARTHIZL L, ARILALNIEX
(09(U),U) = 28(U) L b5,

¥7-, Ue€ D(A) ictL, (10) &Y (B(U),U)g =0 28H5. —4,

(L(U)’ U)H = 4an“2 - 4X(VU,UJ)
1
2 sl ~ tx (Jolf + J1Vol?) = v,

ThBEND,
(88(U) + L(U),U)zr > 28(U) — x||Vu|® = pl| Vel + of| Vo||* > 68(V)
LB, U 6=2)(p+x) BV BEREY (AS5)(v) BRY L.

10. MFMERIEDORED —EEDIERLIZAE S Z - OROEOTFHEEHL. UL,
Uy B (1) 8B LTWB LTS, Z0LEW=U; - U BROFBRE ST

i‘gtz(t) +88(W(t)) + L(W(t)) = —(B(U1(t)) — B(Ux(2))-
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O E W LoRFEE LD L,
1d
2 dt
FUDOEIX

W ()5 + 62(W (1)) = —(B(U1(2)) — B(Ua(t), W(t))ar

(B(UL) — B(Us), W) = (&~ V)u1, &) + (& - V)wr, @),
LEREND, ZITW = (4,0) EBWL. Zhk, ue,we H(Q)ITHL
(- V)v, )] < Clluf| 2wl 2NV 1wl 2wl 32
BRYIHDZEXFHAVWTKZES.

2 WL + S8 (E) < CRUL) W (Ol ®(W (1) (1)

hdy
SIW (@)l + 52(W(E)) < CRUENIW (1)l

ERT, $TDte0,T] izl
W) < W) exp(C /0 &(Us(r))dr) (12)

285, Th& ) OERBEORO—BENRRED.

11. VHMERIED 6 = 0 OERIZOVTIE (4] KBWTHLATVWDA, £Z
COBROEAMIIETFRLOILR-TVS, ZIZ Tk 0=1/2 DFREZH LI
LA ERT S &V ) EENRFEEZAVS (1), 8] 23R). ME U e H
REEL, UreV & HIZBWT Uy KIURT 255175, % Uy 29HHES T
ZBE U LT5. Z0LE, (NKU ZRAFETDHIILITLY,

T T
sup (U705 + | a(un(@)et < 0 ([0oly + [ IF(t)I?th)
t€[0,T] 0 0
OO a priori HMEELHS. (12) KBWT W = U™ - U" &BITHE, U B
Cc([0,T); H) LG L*0,T;V) iZ&iF % Cauchy FITHBRZ ENRbND. RIC
o®(U™) % (T) KT B &ITLY,

d 1

EZ‘P(U") + ZIBQ’(U")I% < C®(U™) + [F(t)|% + ClU™H2(U)
¥B5. OBt T

d

3 10(U) + L10B(U™)G < CLR(U™) + U@y + CIU™HE(U™) - £3(U7)
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%85, BAEDD t3(U") OFE UM EE(U") @ LY(0,T) iz 5 / vAid {Uolr
BLC|Flz2(0,1:8) o TENOWEZDNTWAZ L ZBAVWS L, Gronwall
DRZERIZX Y tB(U”) BLD ||t02(U™) 2o,y BPERTHD Z L3 EMPND.
THEDEEFAVWT 300 DEE U, DR U B3RO ZHFBRADOETHDZ
EMWRENS.

12. BRBASROZEL L R THRREBEET 5.

(11) IZBWT U 2RRBARMRE, U, & Ux(0) = Uy € H 252 HIHMERB O L
+5. (11) OELDOHEICEL, [W(t)z®W ()Y < VKB(W(t) LFETE S
DT, §— CVEB(UL(t) > 0 2 (0,T) kig& A EES & Z ARILTHIE Gronwall
PRER LV ROBFEREHED. ROBEIZ L o THEEAHED a priori FHZ
KDDL, supoccr 8(Uh(E) 1 ||Fllaar Lo TENBREABND I LHD
WA, LEBST, |Fllaar B+ E0RGIIAMBOLELR L O—EER
5. '

13. #8 vy % y(0) = y(T) >oFA% [0,T) LOMSHERREYK, - 2 L'(0,T)
DT, w EFHAR [Y0,T) DTE L, 6 >0, a1 >0 &T5. ROWHFERXE
RET 3.

%(t) + agy(t) < |2(2)] + (a1 + w(t))y(t) for ae. t € [0,T].

wZ0Ekita £0DE &L, X5iT||zlir < a BER |lyllir < aaflzllr 2H
=T IEDHK ay DTFEEZRETS.
TDEE, ROFMEHD.

sup y(t) < (a2 +2(1 + a1a3) (1 + —1———» elwliz| 2| 7.

te[0,T) ag — ||wl.r

14. Z O [2] ® Lemma 3.4 OILRICHY, EABRKICLTTED.
BLVEERIT 5] Kd 5.
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An operatorial approach to
the Navier-Stokes equations in a half space
with non-decaying initial data

Katsuya INUI Shin’ya MATSUI
Department of Mathematics Department of Information Science
Hokkaido University Hokkaido Information University
Sapporo 060-0810, Japan Ebetsu 069-8585, Japan

1 Introduction and main res,plt

We consider the Navier-Stokes equations in a half space R} = {z = (z',z,) € R IxR| z, > 0}
withn > 2:

u — Au+ (v, Viu+Vp=20 forzeRY, 0<t<T,

(N-S) divu=20 forreR}, 0<t<T,
u=0 forz e {zn =0}, 0<t<T,
u|¢=0 = Uo forz € R}

where u = u(z,t) = (u(z,t), ¥¥(z,t), . .. ,u™{(z,t)) and p = p(z,t) denote the unknown velocity
vector field and the unknown pressure scalar function at the point (z,t) € R? x(0,T), respectively,
while ug = uo(z) = (ud(x), ud(z), ..., uf(x)) is the given initial data.

Our aim is to construct a time local solution of (N-S) when the initial data ug = uo{(z) belongs to

BUC,(R") ={ feL¥R}) | fis uniformly continuous vector, divf = 0 in R}, flz,=0 =0 }

Here, for a domain £ C R", the space of fuctions or vectors with finite essential bound is denoted
by L°°(£2), which is a Banach space with a norm Il - zeo(@ys o || - lloo for simplicity. The space
BUC,(R?) is also a Banach space with the norm || - |{ e (r7)-

We note that our initial data does not need to decay at space infinity and may have infinite kinetic
energy. Of course, the initial data can be periodic or oscillate at space infinity.

By standard way, (N-S) is formally transformed into an abstract ordinary equation,
(OD) u + Au+Py(u, V)u=0 for0<t<T

where P is the so-called Helmholtz operator in a half space R which will be defined later and
A = —P A is the Stokes operator. Using the solution operator e~t4 of the Stokes equations, (OD)
is transformed into an integral equation

t
(1) u(t) = ey — / e~ (t=9)4P diviu®u)(s) ds  for0<t<T
0

where u ® v is the tensor product of vectors u and v, and divF denotes the divergence of a tensor
F = (Fi;)1<ij<n defined by (divF)' = (V- F)' = Y71 OF;;/0z; for 1 < i < n. Here, we used
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(u, V)u = div(u ® u) when divu = 0.

Recently, Desch-Hieber-Priiss(1] proved that the solution operator of the Stokes equations is
an strongly continuous analytic semigroup on BUC,(R7%) and LP(RY) (which is not strongly
continuous at t = 0 on L&°(R%)). Here, the space LZ® (R%) is defined by

Le®R™) ={ f € L°(RY) | /R f-Vedz=0 forallpe WhI(RE) }

where e
WI(RR) = {f € LE,(R}); VS € L'(R})}

Here, we define the Helmholtz operator in R7, denoted by P... For a scalar function h(z) defined
in R?%, extended scalar functions e*h and e~ h are defined by

h{x) if z, >0
+ _ y n ]
(e%)h(z) = { +h(z', ~Zn), if z, <0.

For a vector field f(z) = (fX(z), f2(x),..., f*(z)) in RY, we define an extended vector field E f
as follows.

(Bf)i =e*f* for1<i<n-1, (Ef)y* =€ " (1.1)

Then, the operator P can be expressed by
P,.f=PEf (1.2)
where P is the Helmholtz operator in R™, that is, P = (d;,; +R;R;)1<i j<n Where 0;; is Kronecker’s

delta and R; is the Riesz transform defined by R; = 6,-(—A)’1/ 2for1 <i<n.

It is well known that the Riesz transform R; is a bounded operator from L®(R™) to BMO(R")
and from BMO(R™) to itself. Here, we denote by BMO(R™) the space of functions of bounded
mean oscillations, which strictly includes L(R"). It is also well known that BMO(R™) is the
dual space of the Hardy space - H'(R™).

Our result reads as follows. ,
Theorem 1 Let ug € BUC,(R™). Then there exist To 2 C||uo||'L'3°(R:) and a solution u = u(t) €
C([0,To}; LL(RE)N BUC(RR)) of (1) satisfying

Ol peomn) + VUt |Lorn) ) S M
OsszlgTo(HU( Moz + 72 Vud)llL Rz ) <

where M = M(||uol|Le(r2 y) > 0 is independent of t and u. Moreover, this solution is unique in
C([0, To); LY (RY))-

Theorem 2 Suppose uo € BUC,(RY). Let u(t} be the solution of (INT) obtained in Theorem 1.
If we set

n
pt) =Y RiR;(Eu)'(Eu)’(t)
"-)J=1
for each t > 0, then (u, Vp) is smooth in R} X (0,To) and solves (N-S).
The crucial point of proof for the theorems is an estimate in L®°(R7.) of operators le~tAP, V' in

this form. By [1], the operator e~*4 is an analytic semigroup, so that e—t4 is bounded in L (R})
and BUC, (R™). However, the operator P, is not bounded in L®°(R") since it is well known that
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the Riesz transform R; is not bounded in L*°(R™). This unboundedness of the operator P in
L*(R7) implies that

P, div(u ® u) does not belong to L’(R%) nor BUC,(R%) (1.3)

even if we assume u, Vu € L®°(R%) in standard iteration scheme.
The property (1.3) means that the term P, div(u®u) does not belong to domain of the semigroup
e—t4, hence does not allow us to multiply the operator e~ 4 to the term P, div(u ® u). Moreover,
one can not apply useful standard estimates given by semigroup theory, especially on fractional
powers of its generators.
In the case of the whole space([2]), an another way worked well to estimate the term e AP div(u®
u) since the operators e~tA P, , and V commute. However, in the case that domain has boundary,
including this half space case, those operators do not commute, so new idea seems to be needed.
To overcome this difficulty, we introduce a kind of smoothed operator P% for small € > 0, which
satisfies

Pidiv(u®u) € L (RY)
when u € LP(R%) and Vu € L®(R%). In proof, we consider an approximate equation in which
the Hélmholtz operator in nonlinear term is repl?x:ed by the smoothed operator P? .
In [8], Solonnikov proved existence and uniqueness of local-in-time solution for the integral equation
(I) with bounded initial data. We believe, however, that our operatorial method using semigroup
theory may be applicable to the case of general unbounded domains in the future.

There is another existence and uniqueness result with non-decaying initial data by Y. Shimizu{7].

’

In [7], the initial data is assumed to have a fixed expression uo = 8;(—A")=*/2vp, where vy €
BMO(RT),0<a<l,andj=1,2,---,n-1 where A’ represents tangential Laplacian.

2 The Stokes equations in a half space

In this section, we summarize known estimates of the solution for the Stokes equations in a half
space;

u —Au+Vp=20 forzre R}, 0<t<T,

(S) divu=0 forreRY}, 0<t<T,
u=0 forz e R%}, 0<t<T,
Ulg=0 = Uo for z € R}.

We first prepare

Lemma 2.1 ([1]) Let 0 < a < 1. Then there exists a constant C, > 0 independent of f and t

such that
lle™* 4 fliLeomn) S Ifllzeomy)  fort>0, (2.1)
1A% flizeo(ry) < Ca t %I fllz=ry)  forall f € LF(RY) and t >0, (2.2)
(€4 = D) fllzeryy < Ca t114°fllzmqmy)  forall f € D(A%) and 20 (23)

where I denotes the tdentity operator.

Remark Desch-Hieber-Priiss[1} proved (2.1). The estimates (2.2) and (2.3) are obtained by the
theory of analytic semigroups and fractional powers of its generators. Even in the situation that
the analytic semigroup e~*4 is not strongly continuous at t = 0, and that its generator A is not
densely defined in LP(R?), the estimate (2.1) allows us to define the fractional power of the
operator A and derive (2.2) and (2.3) (see e.g. [4)).

The next lemma is on boundedness of spatial derivative of the solution for the Stokes equations.
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Lemma 2.2 ([6],[5]) Let f € L (R™). Then there exists a constant C > 0 independent of f and

t such that
Ve A fllpomy) < C t7 2N fllemy)  fort>0. (2.4)

Remark In proof of [6], Y. Shimizu actually obtained the next stronger estimate without stating
it as a theorem. For f € BMO(R™") satisfying divf =0 there exists a constant C' > 0 independent

of f and t such that
Ve 4 f|lLeomn) < C t2||fllsmory)  fort > 0. (2.5)

The estimate (2.4) follows from (2.5) since ||f|lsmomz) < ||fllLe(ry)-

The next lemma gives us boundedness of the operators e *AP .V in this form as one combined
operator even though the single operator P is not bounded in L*°(R7 ). This lemma is obtained

as a corollary of [3].

Lemma 2.3 Let1 < j<n and f € BMO(RY). Then there exists a constant C > 0 independent
of f and t such that

le™*P3;fllLmmy) < Ot fllamomy)  for t>0. 29

Remark (i) Since the Helmholtz operator P expressed by (1.1) and (1.2) includes an extension
operator to R", the term e *4P, 9, f in (2.6) must be written e"*4 yP,8;f where  stands for
the restriction operator to a half space. From now on v will be omitted for simplicity.

(ii) By (2.6) we get

le™4P18; fl|Lomy) S C 72| fllLomy)  fort>0 27

since ||f||emomz) < IfllLe(ry)-

3 Outline of proof

We consider the following approximate integral equation;

t
(De u(t) = e"tug - /0 e‘("s)APidiv(u Qu)(syds for0<t<T

where the smoothed operator P4 is defined by

P.f=P(G.*Ef) (* denotes the convolution in space variables)

for a vector field f and any € > 0. Here, G¢(z) = (47e) ™2 exp(—|z|?/4¢) is the Gauss kernel.
The next lemma allows us to use semigroup theory freely on the approximate equation (I),.

Lemma 3.1 Let f € LP(RY) with Vf € L*®(R%). Then we get
Pidiv(f® f) € LY (RY) fore>0.

Proof. We show only boundedness of P£ div(f®f) in L*(RY} ) since it is easy to see that (P% div(f®
IN*zn=0 = 0 and div(P% div(f ® f)) = 0. For any € > 0, direct calculation yields

PLdiv(f ® f) P{G. * Ediv(f ® f)}

= P{G.+div(Ef ® Ef)}. (3.1)
Shifting the spatial derivative from (Ef ® Ef) to the heat kernel G., one sees that
Pidiv(f® f) = P div{G.*(Ef ® Ef)} (3.2)
= P{(VG.)x(Ef ® Ef)}. '
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Multiplying the operator P only on VG,, we get

Pravse )= (L5 %Gt v (Ef & Bf),
j=1 j k=1

a )« (Bf @ B k),

where (F;); denotes a vector whose i-th component is Fi. Then, by Young’s inequality and the
fact that BMO(R™) is the dual space of H!(R™), we obtain

IIPLdiv(f ® fillLeerny < HVG' ”Ll(R")”Ef®Ef||L°°(R")

i,5,k=1

By ||f”BMO(Rn) < Ifllzeemny, HFllLr@ny < [|fll#1 (o) and the boundedness of the Riesz trans-

form R; in H!(R"), we finally obtain
(P div(f ® f)l|Leo(mn) ClIVGe|lri@mm)|1ESf @ Ef|Le(mn)

G{”f”%w (R})

IAN A

with a constant C,; > 0 depending on &.
We have proved Lemma 3.1.

The next lemma gives us uniform estimates on £ for nonlinear term of the approximate equation
(I)e. By the estimates we can construct unique local-in-time solution {u®}.s¢ of (I). using standard
iteration for u and Vu

Lemma 3.2 Suppose € > 0. Let f € LP(RY) with Vf € L*°(R%}). Then there exists a constant
C > 0 independent of €, t and f such that

et 4P div(f ® Nlze@p) £C t—l/zl'fll%w(ng) fort > 0, (3-3)
and
Ve *4PLdiv(f ® fllizeern) < C V2|V fl|Loma)llfliLemyy  for t > 0. (3.4)
Proof. Similarly as in (3.1) and (3.2), one sees that by Lemma 3.1(1)

e AP div(f ® f) e M P{G. » Ediv(f ® f)}

e tAP{G. x div(Ef ® Ef)} (3.5)
e AP div{G. » (Ef ® Ef)}.

Then, by (2.7) and Young’s inequality we get

lle"*APLdiv(f ® f)llLoo(ry)

|le"*4P div{G. * (Ef ® Ef)}|]

C t2||Ge | s @ |Ef ® Ef||Lo@mm
C t72)|Gell )| Ef 20 (m)

c t'l/zllf”%w(az;)

nIA

Here, the constant C' does not depend on ¢ because of ||G,||;1(r+) = 1. Thus, (3.3) was proved.
For (3.4), similarly as in (3.5), we write

Ve '4PSdiv(f ® f) = Ve "AP{G, * div(Ef ® Ef)}.
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Then, it follows from (2.5) and boundedness of the Riesz transform from BMO(R™) to itself that
IVe P div(f ® fllcerz) = IIVe ™ llBmomy)—r=®y)IP{Ge * div(Ef ® Ef)}zmomn)
C t™Y%)|G » div(Ef ® Ef)l|amomn)

C t%|G. * div(Ef ® Ef)||Loo(r)

C t7V2)|Gellr @IV Fll Lo ey Il Lo me)

C 72|V fll e rep I fll L= rey)-

IAN A IA

Lemma 3.2 was proved.

By the next lemma and Gronwall's inequality, it turns out that the solutions {u®},>0 of (I)c is
a Cauchy sequence as € — 0 in C([0,Tp); L (R7)). Then the limit function satisfies the original

equation (I).
Lemma 3.3 Let f € LP(RY) with Vf € L®°(R%). Then, for any €, with 0 < €' < € there
exists a constant C > 0 independent of €, €', t and f such that
lle™*4PSdiv(f ® f) ~ e PLdiv(f ® f)llze(my)
< Cle = V22V fllpoomp) IfllLoorny  fort > 0. (3.6)
Proof. By (3.5) one sees that
e~ AP div(f ® f) — e HAPLdiv(f ® f)
e Pdiv{G, * (Ef ® Ef)} - e *Pdiv{G. * (Ef ® Ef)}
e *APdiv{(Ge — Ge') * (Ef ® Ef)}.
So, it follows from (2.7) that
lle"*APSdiv(f ® f) - e AP div(f & f)l|z=(my)
< Ct™V3|(G, = Go) % (Ef ® Ef)l| 1o (rmy- (3.7)
Since Ef is defined in R™ we can write

(Ge = Ge) x (Bf @ Ef) = (e — e *)(Ef)(BS)), ;-

Here, e°® is the solution operator of the heat equation in R™. Hence, for FiJ = (Ef)i(Ef ) with
1<4,7 <n, we have

(Ge = Ge) % (Ef ® Ef)llpomm)y = sup [|(€*2 — ¥ 2)F¥)| oo (rmy

1<i,5<n

= sup ||(e® A — [)e A F|| e (m).
1<4,5<n

Then, commutativity of V and e€'2 in R" yields
1(Ge — Ge)  (Ef ® Ef)lzm(mm) S Cle—€)? sup ||V FI|| oo (gny

1<i,j<n

= C(E - 5’)1/2 Sup ”eEIAVFi'j”Lm(Ru)
1<i,j<n

<Cle—e)? sup ||[VF"||Loomn)
i<ij<n

< Cle = V2V | oo a1 fll Loy -

The above inequality and (3.7) yield (3.6).
Lemma 3.3 was proved.

Theorem 2 is a direct consequence of regularity result [9], since the solution of (I) is a bounded
weak solution for (N-S).
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Asymptotic behavior of spherically §ymmqtric solutions to the
compressible Navier-Stokes equations with external forces

Tohru NAKAMURA*

This result is based on a joint work with Professors Shinya Nishibata® and Shigenori

Yanagi'.

1 Introduction

The Navier-Stokes equation with external force for the isentropic motion of compressible
viscous gas in the Eulerian coordinate is the system of equations given by

pt+ V- (pu)=0, (1.1a)
plus + (v V)u} = pAu+ (p1 + p2)V(V - u) — VP(p) + pf. (1.1b)

We study the asymptotic behavior of a solution (p,u) to (1.1) in an unbounded exterior
domain ) := {£ € R™; |£| > 1}, where n is a space dimension larger than or equal to 2. Here
p > 0 is the mass density; u = (uy,...,un) is the velocity of gas; P(p) = Kp” (K > 0,7 > 1)
is the pressure with the adiabatic exponent v; f is the external force; 1 and ps are constant

called viscosity-coefficients satisfying w3 > 0 and 2u; + nus > 0.
It is assumed that the external force f is a spherically symmetric potential force and the

initial data is also spherically symmetric. Namely, for r := [¢|

f-U,(r), U, € C[1, 00),
142] po(e) = holr),  uo(8) = Sdolr).

Under the assumptions [Al] and [A2], it is shown in [5] that the solution (p,u) is spherically
symmetric. Here, the spherically symmetric solution is a solution to (1.1) in the form of

[Al] f:=-VU=

pED) =0l D), ul6t) = Salr, ). (12)

Substituting (1.2) in (1.1), we reduce the system (1.1) to that of the equations for (5, a)(r, t).
Here and hereafter, we omit the hat “ " ” to express a spherically symmetric function with-
out confusion.. Hence the spherically symmetric solution (p,u)(r,t) satisfies the system of
equations * ¥

("'n_lpu)r
—F_T—‘ = 0, (1 33)

rn—l
plua-tuar) = (L20) — PGo) - o, (1.3b)

P+

where p := 2p1 + pg > 0. The initial data to (1.3) is prescribed to be spatial asymptotically
constant:

p(r,0) = po(r) >0, u(r,0) = uo(r), (1.4a)
Tim (po(r), uo(r) = (pa,us),  py > 0. (1.4b)
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We adopt the adhesion boundary condition as
u(1,t) = 0. (1.5)

In addition, it is assumed that the initial data (1.4) is compatible with the boundary data
(1.5).

This initial boundary value problem is formulated to study the behavior of compressible
viscous gas around the solid sphere in a field of external force. We show that the time
asymptotic state of the solution to the problem (1.3), (1.4), (1.5) is the stationary solution,
which is a solution to (1.3) independent of time ¢, satisfying the same conditions (1.4) and
(1.5). Hence the stationary solution (5(r),u(r)) satisfies the system of equations

=1 (Tn_lﬁﬁ)r =0, (1.63)
. (rn—l,a)r _ N
Pl = p |\ —=— | = P(p)r — pUr (1.6b)

and the boundary and the spatial asymptotic conditions

ﬁ(l) =0, lim (ﬁ('r‘),ﬁ(r)) = (p+,’LL+). (17)

700

Solving (1.6) under the conditions (1.7), we see that (5(r), @(r)) is explicitly given by

p+eXP{%(U+—U(T))} for vy =1,

p(r) = v 1 L (1.8a)
{prl + %y Uy — U(r))} for v > 1,

a(r) =0 (1.8b)

for 7 > 1, where U, is a constant given by

Uy = lim U(r) = li}m Ur(n)dn + U(1). (1.9
00 1

700

We see from (1.8b) that the condition

is necessary for the existence of the stationary solution. It is supposed that a vacuum does
not occur in the stationary solution, that is, (r) > ¢ > 0. We also assume that the external
force satisfies

—6 < Up(r) (1.11)

for an arbitrary r > 1, where 4 is a certain positive constant determined suitably small. The
formula (1.8) implies that the stationary solution is a constant state (p,,0) if the external
force U, is constantly equal to zero.

The stability theorem of the stationary solution (1.8) is summarized in the next theorem,
which is the main result in the present paper.

Theorem 1.1. Suppose the initial data satisfies that

n—1 n— n— -~ n—1
rz (po— p), r_l'u,o, r_zl(po — Py T 2lu0r € L*(1, 00), (1.12a)
po € Bt[1,00), up € BZt?(1,00) for a certain o € (0,1), (1.12b)
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(1.10) and the compatibility condition holds. Let the external force U, € Bl[1,00) satisfy
(1.9). In addition, if the condition (1.11) holds for a positive constant § depending only on
the initial data, then the initial boundary value problem (1.3), (1.4) and (1.5) has a unigue
solution (p,u) satisfying

P (p= ), T U, PT (p = By, r T ur € C([0,00); LA(1, ), (1.13a)
p € Byt %([1,00) x [0,T)), u € BE7/2([1, 00) x [0,T)), (1.13b)

for an arbitrary T > 0. Moreover, the solution (p,u) converges to the corresponding stationary
solution (p,0) given by (1.8) as time t tends to infinity. Precisely, it holds that

Jim up (o(r,t) = p(r), u(r,1))| = 0.

Notice that any smallness assumptions on the initial data is not necessary for the above
stability theorem. Moreover, if U, > 0, then the external force U, can be taken arbitrarily
large. This condition implies the case that the external force is attractive like the gravitational
force.

The Holder continuity of the initial data (1.12b) is necessary to ensure the validity of the
transformation between the Eulerian and the Lagrangian coordinates. Actually, we show the
asymptotic stability of the stationary solution in the Lagrangian without the Hélder continuity.
In translating this result to that in the Eulerian coordinate, we need the differentiability of
the solution.

Related results. The first notable research in the equation on the exterior domain is given
by A. Matsumura and T. Nishida in [10], where the stability of the stationary solution is
proved under the smallness assumptions on the initial data and the external force. Another
pioneering work is given by N. Itaya [5], which establishes the existence of the spherically
symmetric solution to the equation for the heat-conductive gas globally in time on a bounded
annulus domain without the external force nor the smallness assumption on the initial data.
A. Matsumura in [9] shows that the spherically symmetric solution to the isothermal model
with the external force on the annulus domain exists globally in time and it converges to the
corresponding stationary solution exponentially as time tends to infinity. The present research
aims to extend the results in [9] to those on an unbounded exterior domain.

The study of the spherically symmetric solution over an unbounded exterior domain is
started by S. Jiang in [6], where the global existence of the solution is established for the
equation of heat-conductive ideal gas. Moreover, the partial result on the asymptotic state is
obtained. Precisely, it shows that, for the space dimension n = 3, lu(®)]l2; — 0 as t — oo,
where j is an arbitrarily fixed integer greater than or equal to 2.

Notation. For a region @ C R and 1 < p < oo, LP(Q) denotes the standard Lebesgue
space over {2 equipped with the norm |- |,. For a non-negative integer [ > 0, H? (©2) denotes
the I-th order Sobolev space over 2 in the L? sense with the norm || - ||, We note H® = L2
and || - || :=|-]2 = || - lo. For a non-negative integer  and o € (0,1), B'*7() denotes the
space of Holder continuous functions over £ which have the [-th order derivatives of Holder
continuity with exponent 0. Bj?(f) is the space of functions belonging to B'*°(w) for an
arbitrary compact set w C Q2. For a domain @r C [0,00) x [0, T], B*#(Qr) denotes the Holder
space of continuous functions with the Holder exponents o« and 8 with respect to z and t,
respectively. For integers k and I, B¥+®!*+#(Qr) denotes the space of the functions satisfying
Atu,8u € BP(Qr) for integers 0 < ¢ < kand 0 < j < I. c and C denote several generic

positive constants.

- 111 -




2 Time local solution in Lagrangian coordinate

2.1 Problem in Lagrangian coordinate

In the proof of Theorem 1.1, we show the uniform a priori estimate by employing the energy
method. For this purpose, it is convenient to adopt the Lagrangian mass coordinate rather
than the Eulerian coordinate. The transformation from the Eulerian coordinate (r,t) to the
Lagrangian coordinate (z,t) is executed by the transformation

4 v
o= [ e e, = neu (21)
1
where v = 1/p is the specific volume. Using (2.1), we deduce the system (1.3) to
v = (r"lu)g, (2.2a)
n-—-1
ug = pr"? ((r___uli) — " 1p(v), — Uy, (2.2b)
v T

where p(v) = Kv™". The initial and boundary conditions for (v,u) are derived from (1.4)
and (1.5) as

v(z,0) = v(@) = 1/po(z), u(x,0) =uo(z), lim wo(x)=uvy:=1/ps,  (23)
u(0,t) = 0. (2.4)

Since the spatial variable r in the Eulerian coordinate depends on the spatial and time variables
(z,t) in the Lagrangian coordinate, the density (r) in the stationary solution also depends
on (z,t). Consequently, the specific volume %(r) := 1/5(r) in the stationary solution is also a
function of (z,t). In addition, let ro(z) := r(z,0), po(z) := p(ro(z)) and dp(z) := 1/5o(x).

In order to derive the a priori estimates, we employ the function ¢ defined by

o(v,9)i= [ " p(n) dn. (2.5)

We consider the initial boundary value problem to the system of equations (2.2) with
data (2.3) and (2.4). Here, the coefficients in (2.2) is given by the relation (2.1). The stability
theorem of the stationary solution (%, %) for this problem is stated in the following proposition.

Theorem 2.1. Suppose that the initial data satisfies
vo — Do, uo, 75 (Vo — To)e, T ‘ugg € L3(0,00)

and compatible with the boundary data. In addition, the ezternal force U, € B'[1,00) is sup-
posed to satisfy (1.9) and (1.11) for a certain positive constant § depending only on the initial
data. Then the initial boundary problem (2.2)-(2.4) has a unique solution (v,u) satisfying

v =75, u, 7"V = B)e, 7" MU € C([0, 00); L2(0, 00)), (2.6a)
r Y, P g, TP B, € L?(0, 00; L*(0, 00)). (2.6b)

Moreover the solution converges to the stationary solution. Precisely, it holds that

lim sup |(v(z,t) = 9(r(z,t)), u(z,t))| = 0. (2.7)

t—oo z€(0,00)
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Theorem 2.1 is proved by combining the local existence and the a priori estimate. In order
to prove the local existence to the problem (2.2)-(2.4), we solve the approximate problem in
bounded domain (0,m) for m = 1,2,... to (2.2). This procedure is necessary since some

coefficients in (2.2) are unbounded over z € [0,00). Following the idea in [1, 6], we employ
the “cut-off-function” ¢,,(x) € C3[0, 00) satisfying

1, for 0<z< =
or —
— ’ =" =g (2.8)
¢m(®) { 0, for m <z,

, C
0< dm(z) <1, |0iom(z)| < — (1=1,2,3) for % <z <m.
The initial data (vmg, umo) on restricted region (0, m) is derived from (2.3) by using ¢y, (z) as
'UmO(-'E) = (1)()(.’17) - 60(:5))(1)771(1) + ’60(1:)1 umO(w) = uO(:L')QSm(:E).

We consider the initial boundary value problem for the unknown function (vm,um) in the
bounded domain (0, m):

Vmt = (T )z, (2.9a)
n—1
Ut = pr ! (M) — " (v )z — Up, (2.9b)
U -
with the initial and boundary conditions:
Um(2,0) = vmo(z), Um(z,0) = umo(z), (2.10)
um(0,t) =0, up(m,t)=0. (2.11)

In addition, the compatibility conditions at (z,t) = (0,0) and (m,0) are supposed to hold.
Here, the functions rmo and r,, are given by

rmo(z) = {1 + n/oz Umo (Y) dy}l/n, rm(z,t) = {1 + n/oxvm(y,t) dy} 1/n. (2.12)

The local existence of the solution to the problem (2.9)—(2.1_1) in bounded domain is proved
by the standard iteration method. See [4] for example. For d > d > 0, D > 0 and positive
integer m, we define the function space as

Xzap(©.T) = {(v,v) | (v - ¥,u) € CU[0, T;; H'(0,m)), u € L*(0, T; H*(0,m)),
(v = 5,u)ll1rm < D, d < v(z,t) < d}, |

(v = B, w)Ollrm = (v = 8, u, 77 (v = B)ay 7" ) (8)| L2(0,m)s
E(T)n = “(Umo - '507’“’7710)”%,1',m'
We see that
EJ* —» Ey := ||(vo — 50;“0)“%,1»,00 as m — oo. (2.13)

Lemma 2.2. If the initial data satisfies Ef* < Dy and dy < Umo(z) < dy for certain constants
dy,do and Dy, then there exists a positive constant T = T(dy,do, Do) such that the problem
(2.9)-(2.11) has a unigue solution (Vm,un,) in the space X;';'/Q 9do.2Dq 0,7).
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2.2 Energy estimate

In this subsection, we obtain the H! a priori estimate for the solution (U, Um) € X;"d D(O T)
uniformly in m by using the energy method. Then, letting m — oo, we get the time local
solution for the problem (2.2)-(2.4) in unbounded domain (0, ). Here and hereafter until the
end of this subsection, we omit the subscript m and denote (v, u,) by (v,u) for simplicity.
To obtain the basic estimate, we employ the energy form £ defined by

1
E = ~u? + ¥(v,9),

2
U(v, D) := p(d)(v — 0) ~ p(v, D). (2.14)
Since the solution v satisfies
d<u(z,t)<d for (z,t)€ (0,m)x(0,T), (2.15)

the energy form & is equivalent to |u|? + |v — |2, that is,
ca(ful® + v ~ 3%) < € < CaJuf® + |v - 5}?),

where and hereafter ¢4 and Cy are positive constants depending on d or d.
In this paper, we omit the details of the proof of the following propositions and lemmas.
For details, the readers refer to [12].

Proposition 2.3. For the solution (v,u) € X™ (0,T) to (2.9)~(2.11), it holds that

dd,D

m t rm 2n—-2 m
/ E(t)dz + u// (n~ 1);”—2-u2 + 1 ” ul dzdr = / £(0)dz. (2.16)
0 0Jo

Next, we derive the estimate for the first order derivatives. To this end, we employ ¢(z,t)
defined in (2.5).

Proposition 2.4. For the solution (v,u) € X™. (0,T) to (2.9)—(2.11), it holds that

d,d,D
_/0 -2 2dz+// rin=42 dedr < COE, (2.17)
/ r2n=2(y — ) dr < COE, (2.18)
/0 P22, 2d$+// rin=8y2_ dudr < CYED. (2.19)

2.3 Local solution in unbounded domain

We return to the initial boundary value problem (2.2)-(2.4) over the unbounded domain (0, 00)
and consider the existence of the solution locally in time. In order to obtain the solution over
the unbounded domain (0, 0) x [0,77], we define

UIm(z,1) = (vm(z,t) — O(r(z,1)))dpm () + (r(z,t)),  Gm(z,t) = um(z, t)dm(z)

for (z,t) € (0,00) x [0,T]. Notice that for an arbitrary positive integer k satisfying m > 2k,
it holds
(Om(z,1), Un (2, 1)) = (vm(2,t),um(z,t)) for (z,t) €[0,k] x [0, 7.
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The estimates obtained in the previous subsection and (2.13) immediately give

t
oL _ L 0
(3 =, DO 000+ | Wimazs O B} (")) < CaEo1+ 7).

Thus, we can take the limit m — oo. Precisely, there exist a function (v, u) and a subsequence
of (D, Um ), still denoted by (U, Tm), such that

(B = B, m) — (v — D,u) (weakly-*) in L=(0,T; H'(0,00)),

('ama:zy ﬁmt» ﬁmt) — (u:z::c, (7 Ut) (weakly) in L2 (07 T; L2 (O; OO)),

rm — 7 (strongly) in L*((0,1) x (0,T)) for an arbitrary [ > 0,

where 7 and ,,, are defined by (2.1) and (2.12), respectively. Furthermore, we see that (v,u)
is a unique solution over [0,00) x [0, T] to the problem (2.2)-(2.4) satisfying

v f)a u, 7"n_l(v - 6)1:, ’r‘"—lum € CO([O, T], LZ(O, OO)), (2203)
r Y, r g, T, 123y, € L2(0,T; L2(0,00)), (2.20b)

where T = T'(inf ¢ (g,00) vo(2), Eo). Moreover, utilizing (2.13), we see that

p2n—2
/ £(t) dz + / / b2+ o dadr < OBy, (2.21a)
/ r22(y — §)2 + r272 2dm+// r2n=tp2 4 pin=6y2 dzdr < CJEy,  (2.21b)
0

where C? is a positive constant depending only on the initial data (2.3) and CY is a positive
constant depending only on d, d and the initial data (2.3). Since these facts are proved by the
standard discussions as in [6], we omit the details.

3 Large time behavior of solutions in Lagrangian coordinate

3.1 Pointwise estimate of the specific volume

This subsection is devoted to showing the pointwise positive bounds of the specific volume
v(z,t) uniformly in time. Combining this pointwise estimate with (2.21b) yields the H* esti-
mate uniformly in time. It immediately gives the time global solution to the initial boundary
value problem (2.2)-(2.4) by the standard continuation argument with the local existence

proved in Subsection 2.3.

Proposition 3.1. Suppose that (v,u) is the solution to the problem (2.2)~(2.4) in"the space
X ad D(O T). Moreover let the condition (1.11) holds. Then the specific volume v satisfies

v<u(z,) < for s>0andte0,T), (3.1)
where v and ¥ are positive constants depending only on the initial data.

The proof of Proposition 3.1 is divided into the several lemmas.

Lemma 3.2. Suppose that the same assumptions as in Proposition 3.1 hold. Let € be a
positive constant. Then, there exist positive constants c. and C, depending only on € and the

initial data such that ade
0<ec < / v(z,t)dz < C; (3.2)
a

fort €(0,T] and an arbitrary a > 0.
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To obtain the pointwise estimate of the specific volume v(z,t), we use the representation
formula for v(z,t). To derive this formula, we employ the “cut-off-function”, which is defined

by

1, for 0 < z < ke,
) n(@) = k+1- ZE”- for ke < z < (k + 1), (3.3)
0, for (k+1)e <=z

for € > 0 and a positive integer k.

Lemma 3.3. Suppose that the same assumptions as in Proposition 3.1 hold. Then the specific
volume v(z,t) is given by the formula

(o 1)" vo(z)” + %’Z [y Ac(z,7)Be(z, 7)dT
v(z,t) =

Ac(z,t)Be(z, 1) , (3.4)

forz e [(k — 1)e, ke) and t € [0, T] where

Ac(z,t) —exp<wE //l:+1 vV dzdr + = // e 177d:cd7'>, (3.5)
B.(z,1) ._exp<2/m (r ndr + — // n—l)—ndwd'r

(k+1)e
0% v
_ L log — ] _
. /k og ~ da:) (3.6)

£

Lemma 3.4. Suppose that the same assumptions as in Proposition 8.1 hold. Then we have

A (z,1)

(ce—de)(t—T1) < 2
¢ A(z,7)’

0 < ¢e < Be(z,t) < Ce (3.7)
forz € [(k—1)e,ke) and 0 < 7 <t < T, where ce, Ce and € are positive constants independent
of T, t, T and k.

Combining the estimates in previous lemmas, we complete the proof of Proposition 3.1.
The combination of H!-estimate of (v,u) obtained in the previous section and Proposition
3.1 gives the uniform H'-estimate with respect to d and d. Namely, it holds that

o0
/ (=92 +u? 4+ 2w -9)2 +r 22 dg
0
t poo u2
+ / / I Al An O dodr < CEy, (38)

where C is a positive constant depending only on the initial data. This uniform estimate
immediately gives the time global solution to the problem (2.2)-(2.4) by the standard contin-
uation argument.

3.2 Asymptotic behavior

By using the estimate (3.8), we obtain the asymptotic stability of the stationary solution
(0,4) in the Lagrangian coordinate. Precisely, we show the convergence (2.7).

Proposition 3.5. The convergence (2.7) holds under the same assumptions as in Theorem
2.1.
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The Hélder continuity of the solution is not necessary in this Proposition. It is necesse.n'y
in order to ensure the validity of the translation of the stability theorem in the Lagrangian
coordinate into that in the Eulerian coordinate. By virtue of this translation, Theorem 1.1

immediately follows from Theorem 2.1. ‘
The proof of the next lemma is obtained by applying the Schauder theory for the parabolic

equations. Here, we borrows several ideas in [6], [7] and [8]. See [2] for the general theory on

this subject.

Lemma 3.6. In addition to the assumptions in Theorem 2.1, suppose that the initial data

satisfies
po € Bito[0,00), ug € BEE[0,00), (3.9)

loc loc

for a certain o € (0,1). Then the solution (v,u) to the problem (2.2)-(2.4) satisfies

v € Boc” %(0,00) x [0,T0),  w e Bet™+*([0,00) x [0,T)) (3.10)

loc loc

for an arbitrary T > 0.
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% 7z Casella, Giangi [3] TIZHEHEBA TOBIRKDREIC Navier-Stokes HRBR % HIRT & TEE
L, DI & 5BIRIEL & Stefan MEDIFBOFENRR SNz, FOFIBRIIHNICE > T,
BT RTHE VbW 5 H&ER L BT, Navier-Stokes FRXEEFBL TWA. 22771, BEIKE
L THEEITHDREZ BIRICEL S &, HEFEN 2 ERTVWHbW 2 BEHER T, MAERIC TN
BROBEI/NE S 2ERERETHo7:. EBRELORX T 2ATOREEEROBE I
T 5., —fZIC Stefan MEOTERP LD T 70— F T3, HHERDEL» SRR TELZ WV
O, MEHEBEZRAEGLELTRETHIENTELR V. 2070 B3] TIEIAORLHBEE N 7/
BESERIN TV, B4, HEBEOEMUBEZERL, FOHBEBTAHY Y FVOMBOTRME
EETHZ ET, TOMBOANE L IZR% 5 FHT Stefan [HIfE & Navier-Stokes HERD ¥ 2 7
LAERZEBETAH. CITIHAVROFEERL A ) VT VOMBORROGEEE L #MET 5.

1 StefanH®E & Navier-Stokes HFE5%

0< T < +00, Qm(t) C R ZBEMIIKE L TERT AEREBTEDOER DL (t) := 00m (1)
BRTOEOPETH. HBOERIEROERCHMICBML THHELPCELALN TV LIRE
T5.
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(A1) BHHFRERQ C R HHEEL, FOERT =00 HT@o2T, EROKME L € [0,T]
LT Qn(t) Q. 85KH2 KRy € CYQ)=C3Q)P° (RZLQ=(0,T)xQ) #*
FEL y(t,) = (n(t, ), 12t ), y3(,0) : 2 — O Giﬁgmﬁﬁt € [Oﬂblﬂljf C3-#4
SEHREBRT y(t, Un(t) = Omo = Om(0) 2L, W21 y(0,) i Qo L, EEERT
H5.

4, FEM A T Lipschitz EH2BE 8 : R - R 2 RDBRICERT 5.

ksr if r<Q,
B(r) = 0 if0<r<L (1.1)
ke(r—L) ifr> L,

I T, ke ke #FLTLIRERKT, ks & by EFNRFNEE, HAERORGERLRTERTH
5. BIEXME (0,L) TEMTHALDTAB/dr =05505. Dk &, BiftH%L & Stefan FIREIL
RO IEFRFEN TOBRMEPDRE SRR ODHEE R ERE TR I 5!

du

Fr Vu—-ABu)=f inQm:= |J {t} xQm(?), (1.2)
86(u) t€(0,T)
£ +npf(u) =q on X, := U {t} x Zp(t), (1.3)
te(0,7)
’U,(O) = Ug in Qmo, (14)

FBOERL YR uwe (0,L) 25EHTIX ~AB) =0 &2 VBB B, E72, fqup i3
SRONTBBTrIZTyL(t) LEMERNRS MV THE. ng REEH. 4, (1.2) DBFE~Z b
vELUTORICRET 5. Qs(u) == {(t,2) € Qm;u(t,z) < L/2} 2B Vb W BEFERTIIH 2
FHAL P ENARY v vp EBAWVT,

v=vp in Qs(u), (1.5)

ELEI. =7, Qulu) := {(t,z) € Qm;ult,z) > L/2} 235V hW 3 HAERTITROME
Navier-Stokes HFERDFafE CHK T 5.

O (v V)V - AV + Ve = g,(B(w) in Qe(w), (1.6)
divv =0 in Qg(u), (1.7)

v=vp onXn, (1.8)

v(0) =vy on Qmo, (1.9)

C T, v BIEER, pe (3R Qe(u) IDES. g :=(91,92,93) : R > R} I35 2 b h -l T—
BRI TH 5. Qu(u), Qu(u) BN EREHRAAEBIEIC B 2 B, WAICHYT 558
BTHY, (1.5) £7213 (1.6), & (L.7) 3ZNFROFEHTOEG FER L BRT L L1on s, X
LIZTHA 2 ENTZRY MV vp = (up1,ups, vp3) RKDRETHE X LN 5,

(A2) vp € C¥(Q) TE LI,
divvp(t,-) =0 in Qn(t) forallte (0,T), (1.10)

Vp:v=uvg, oOn Xp, (1.11)

I T, v, D (t) DERFHOEET, (Al) ORETEH LTy & 20018 x %
T ug, = 8x/0t(,y(, ")) - v CEEENS.

CDYRAT 4L (CZ):=(1.1)-(1.9) IZxf L, KM CHUBEE EHEL L.
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2 HELUBOEREETETE
IPRACEBEMOREL TS,
H:=L*Q), Y:=I%Q), V:i=HYQ) (=W"¥Q), X:=Ww"Q)

TREEL, SHLIKY V*EFLTX*2Y,VELTX DREBEMETH. 72, (,)yy, ()vey
FLT ) xex W CEoTY* LY, V*EVELTX E XD#FELTEL. HIZH RAHK
(-, ) &M 2 7 Hilbert ZM & 2 0, ROBETERNZEORAARDPRILL T 5:

XCcVosYCcHCY - V*cCcX',
I HFID = HRDRAD TN M THBI L EERT S, ORI, RS M VERBBZERE LT
Dy () := {z € CF(Q);divz = 0 in Q},

CH=L3Q), Y:=LyQ), V:=H)Q), X=WrQ),

T I T, LE(Q), LL(Q), HL(Q) £ LT Wi40) 12 D, (Q) DEFNREFNLE(Q) := H3, L4(Q) == Y3,
HY(Q) = V3ZLTWHQ) = X3 ol T2HRTHE. T4, YV ELTX %
Y, VELTXDHEZEEE L, #8313 (-, )y-y PBICTE. b5 AH A (,)u 2L
7z Hilbert 2R T, A% 7 —(ERZEM L MEICU T OBOALDEL L TV 5:

XCVoSYCHCY*—V*CX".

4, (CZ) DEEREE X 5. Stefan HEOES TH 5 (1.2)-(1.4) RBHROBER TR A Z &3
TE, BIZILERI[8] T, B v AT DEOPICEZONE VI RED T THRESHR SN
7z, EBRICIZ (AL) EFBRRIRE L RICHROFEL —BHOBREFBONTVS. T72, I [6]
T, 52 ONBRBTFIES P TROVEEICOWT O EROE RIEICEE T 5 458 & 34125588
DHEEFEIHE S N7z HRBHEMIKE L2 813 Rodrigues 5 253 [16) % [17] 2 & T
EIAFOME I L THEE M2 HE L Tw b, Navier-Stokes FRERICH T 2 58BOEEERICOWV
THUALBRELTEIS. 4, BB (1.6)-(1.9) CQn Ewi=v—vp ZLT Qo L& B LRI
% F R Dirichlet BEFEMBICE T Z L5 C& 5. THEB W & wo ZEMEFEEBONIT 03
RTNE, TXTDLe [0,TIHLT, wit) e HELTwoe HORICR 2T Z L AT E, (CZ)
\281F % Navier-Stokes AT RDBE LA TIRZAET I LA TX 5

T T T T
—/ (n’,w)Hdt+/ a(w,n)dt—/O b(t; w,n,w)dt—-/ c(t; w,n)dt
0 0 0

= [ (a8, mimdt + (wo,m(O)sfor sl € Wi @)

72720, #IBR w=0ae on Qs(u) xENTIIZLZW. £ T,

b

n' € L*0,T;H), 7(T,-) =0 a.e. on 0,
n=0 ae onQ\Qlu)

I/, =0n/0t Thh. CITFAMNIMD 7 SADMBuIEELTVWL I LICEET S, [
BICQ: b Qi(u)(i=¢, s) ERILLTHLC. SHITEBD 0,713 LT, a(,,): VXV o R,
b(t;, ) : Y xVxY->RELTc(t;, ) HxH- R

W(u) := {77 € L*(0, T; X);

3
a(z,m) = vy Z /Q Vz;-Vndz forallz,neV,
i=1
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3
b(t;z,m,z) := Z / ((z + vp(t)) Vn)zidz forallz,zeY,n¢€ Vv,
=178

c(t;z,m) == ZB:/ (z - Vupi(t))mdz for all z,m € H.
=170
$72, g(6()) € L(0,T; H) & g (B(u(®))) = PL [g:(B(u(t))] L EH#T 5. 22T,

0:(8w) - 22— (vo V)vp 4 vebvp o0 Qm

0 otherwise,

gdﬁWD¢={

T& 512 Py LA() — H 13 Leray 51%.

FNFROBPHAD Y AT bk (CZ) OHHRLIRBA L &, ROMBBFNLEL ST T
WA, —42i Stefan HEOBHEL LN T 7O —F TRIEHEEROLF 25 T4 —2#w TS
LidTEZW, #RiED 3 Y, Navier-Stokes FER ¥ # 2 5 MAEEBRLZ b £ AR WY
ZHESDOEPE RV EV) BAZNEBEIR o TVAL W) L THDL, FNIEIFENIC
EXMAONTEE W) OBRICENENTEY, 22 THRAHER Qu(u) & EAHEEQ,(u) &
UToRiGEMNT 5.

I L
Qua) = {2 € Qi e = )t,2) > 2w = {0 e Qmiteruita) < 1
I 2T p BEMEH s BT 5 e-mollifier TINICE N FR MEBDOZ T A W(u) %

n € L2(0,T;H), n(T,")=0ae. on{,
n=0ae. on Q\ Qe (u) ’

PEESELEOOEECVS L TEUMBESELONS. D D RORISEDEZERL, TTIE
HEUEEROTLMEZER S,

W (u) = {17 e L*0,T;X);

T3/ 2.1. TEICEEESN e > 0123 LT, BB {ue, we} Tue € L®(Qm) & we € L3(Q)
725 b DH%(D1)-(D3) 27T & &, LRIE (CZ), DEME L5

(D1) Blue) € L®(Qm), Jo 18(ue()) gyt < +o0 Z7L

te /Q ()ue(t,w)ﬁ(w)dz BEED €€ H I3 LT [0,T] L.
m(t Al a

(D2) we € L®(0,T;H) N L2(0,T; V), w, 12 [0,T] 75 H DML RTHEHT, 51
we =0 a.e. on Qs (ue)-

(D3) u. & we FROFFHER 2 Wz

on
_ /Qm ue-gt—dxdt — /Qm (ve - Vn)uedzdt + /@n VB(ue) - Vndzdt + ng /Em B(ue)ndTp (t)dt

- /Q  frdadt + i qndln(t)dt + | un(0)de “n € W i= {n € B}(@uin(T) =0),
(2.2)
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ZZT, Ve =W+ Vp;

T T T T
_/0 ('n',we)Hdt+/ a(Wg,"?)dt“/(; b(t;wea'rl,we)dt_/o C(t;We,Tl)dt
0

T
= [ (9(Btue)), mimdt + (w0, mO)ss ¥ € We(ue) (2.3
T IGEUMEDTHROTFEICET 2 EEIBLND.

T 2.1. (Al) & (A2) ZIREL, &512 f € L®(Qm), ¢ € L®(Zm), uo € L®(Qmo) TL T
vo € L3 Qmo) Tdivwg =01in Qg &§5. ZNLE EEDe > 0L THIRED—DD
(CZ)e DAL {u., w.} PHFEL e € (0,1) KK LT

T
elzeiam) + [ IVAue)Baanent < Bo,

¢ ’ IWE|L°°(0,T;H) + |WEIL2(O,T;V) < Ry,
%ﬁf:? Z :’G, RO & R1 13 'U()'Lco(gmo), lf'Lm(Qm)’ |q'Lco():m) & |VD,02(6) b:mﬁT%E%ﬁ
Te € (0, 1] IZIHKFE L 2o,

C ORI L TIRALENENSER T, F72 Ly, RERERAE R EOBERICLD (2.3) DEL
BEROITBILENTEL. 72, R, R [6) THRONITHBOEREDOEHE & BOFGEGIKA
BAEDHERIHEETHS (BB [7), [12). &2 T, Lo, REREHECMEL 2V O30
HELHBNTE K@) ={z€eX;z=00n 0\ ()} &L ELIZ,

K:= {w € LY0,T; X); w(t) € K(t) ae. t € [0, T]}, Ko = {w € K;w € LY3(0, T; x*)} .
¥H% A: D(A) = L*(0,T; V) — L*(0,T; V*) # RDMIZEHET 5
(Aw,mhv-v (= (4w, ML Tv) LTV )

= /OT a(w(t),n(t))dt for all w,n € L*(0,T; V).

ELIEED wo € K(0) 123 U TIHMBEMIERE Lu, : K = LY3(0,T; X*) 2 ROBICERT
b EEOWeKITHLTW € Ly,,wThbLIUTEEKRT 5:

1
(w* =, w = nxx = —slwo —n(t)fy for all n € Ko.
CDEEUTORENPEILT 5.
8 2.1 (i)Lw, : L4(0,T; X) — LY3(0, T; X*) B K EFUEHE T D(Lw,) = KNC(0, T); H).
EHIZwe Ky % biTw € Ly,w T w(0) = wp.
(i) b L w € D(Lwy) TW* € Lyyw %2 51E, TAZDEL XIZRY w e Ky, w* € LY3(0,T;X*) T
~{n', whx=x = (W, m)x-x + (Wo,m(0))m for all n € Ko with n(T) =0,

ey, ST dwe COBMBTHEY {w,} CKo LHIEEB RV HFELTw, - w
in L*0,T;X) T& 6

|«W;u"7))X*,XI < R2|77|L4(0,T-,x) for all n € K and n € N.
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(iil) Lwo+ A : D(Lw,) — L¥3(0, T; X*) 3EARBERE. S5 1EEDt € [0,T] & w € D(Ly,)
A LT
WOk +2Rs [ fw(r)dr

t
< wolk+2 [ (W), w(r))xe xdr for all w* € Luow + Aw,

R3 RIEEH.
6>0&¥5. Wi, ERAEALFEMICB, CE#LTF % L4Y0,T;X) %6 LY30,T;X*) ~D
BHBEREL (23) 3 RkDE ) ICEEXET.

Lw,w + Aw + Bw + §Fw + Cw + %P(ﬂ(u))w 5 §(B(u) in L¥3(0,T;X*),

S CT1/6P(B(u))w BAFIH. SOIUTORBELAVL - L CEMBOBELEITEHTE L. &
EROLEBISHBRICLBREFBLLET A 77050 TH 5 (BF [7).

it 2.2. fEBD 0> 01X LT, fEA% By := B+ 6F + C + 1/6P(B()) ¥ (L, + A)-HREH
TERFETH%, T2bb, 48D wy € D(Lw, + A) = D(Lw,) CTUTRW2T b0 % &S 5
Wn — w weakly in L4(0,T; X) TE HICEEE {(Lw, + A)°w,} i3 LY3(0, T; X*) TERT

lim sup((Bswn,, w, — W»X*,X <G0.
n—+o00
0L E, we D(Bs) = LH0,T; X) T

liminf (Bsw,,, w,, — Mx»x > (Bs,w,w —n)

n—+00
+1) U ORI (OZ) 14 L TIRERR {ue, we} DRIRE LCROEECHE T2 = & 4
5%,
ER 2.2. FH21 LFRBIREDT, {ue, Weleno £ TH2.1 THR L7 ET 2. =0 &
HHEST] {en} D5en — 0 (as n — +00) R W THICHEEL :

x+«x for all n € D(Ly,).

ue, — u weakly in L2(Qm),
w,, = w weakly in L2(0,T;V) asn — +00,
6, uid (1.2)-(14) Z vi=w+vp £3I2(2.2) ¥ 4 TOFHRAOERTHZT. »

EH 2.2 DRI 5] TAV b T v 8y MERBEBOFEASEHTH b , SHILEH
21 D—RFHE» BONLH LMD Aubin[l] ¥ 1 DI 27 NENEECHS. =< 2R

R, &5 [7] B,

&k
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%482 Damped Wave Equations D¥HRERRED
RO BHEEE

HHEF M (MK APIRMIBAEAT - 9LREF)
I BF (WA AR IRMIBETTIR)

1 Introduction

ROERIE & DOMB AR TH 3 %47 Damped Wave Equations (2B 2 ¥IHAERE
O2u — Au + Bpu = |u|®u, (t,z) € (0,00) x R,
u(0,2) =uo(z), =z €R?, (1)
Ou(0,z) =wi(z), zeR"
DERRIECHEDOMET , FIZBMFIBEXTORDOERICRENH 2, UTFE (1.1) ORELRR
Ou— Au+ 8u =0, (t,z) € (0,00) x R",
u(0,z) = 'U'O('T)a r € R", (12)
u(0, ) = u1(x), z€eR"
5%, (L1) DIMIAD o [f o >0 £T 3,

Damped Wave Equations IZB83 2 /&R D (v TIE Matsumura [12] D#FFMEIRE (1.2) O
(=34 2 WIEWFME. Nakao - Ono [13] ¥ Kawashima - Nakao - Ono [8] DOXIFFFER T RI)LF —FHEIZ
DLWTDRER. Todorova - Yordanov [18] % Ikehata - Ohta [6] OBERIERICNTIMERE HLE
HAREBIZL>THEFNREINT NS,

Tz TIREM 2 AT HNT, SHME (1.2) OROKESBETRY [P — L9 Fl L HHHAR (1.1)
OABLTIRE S & URORIIEE RS, TAS&EGA LT (1.1) OMEERIZOVTO LP — L9 FHli&
<,

I#T& b Damped wave equation [HGEIBEE 1§D 2 £ HHEMES N TH D . Nishihara [15] & n=3
DFAIT (1.2) LD2VWTROL > & [P — LI FliEE Lo

u(t) —v(t) — e {w(t) + (% + %) ﬁ’(t)} o (1.3)

< Ot (Jluollze + llwallze), t2 1.
T 2T ult, z) 1 SRR (1.2) O, v(t,z) , w(t,z) , B(t,T) (EEYREE S 2 ERRURISE
KOVMEREOR T, v = §(; ~ ;) THB. TaDD ZOFHEIE (1.2) DD ¢t — co D& FIRFEDH
sest s mI SRR OROMIZINET 52 £ &R LTS, Marcati - Nishihara [10] (& n = 1 DBSEI
& Nishihara [15] LEH® LP — L1 WEN85R3C E&T Lk, S$EIFET Nishihara [15] L AHO
LP — [9 Sl 22M 2 RTTRD S,
(1.1) IZBRORVRD AT B A RAOVHERE

By — Av = [v|%v, (t,z) € (0,00) x R",

v(0, ) = vo(z), z €R" ’
[ZONTIEH < M BHRAREATNS N, & bIF Fujita [4] (& (1.4) OEMBHARIANICRRET
BEWS T EET LR, FRADA ZOEM o 1 o > 2 THNEKMAERNEEL o < 2 ToN
(EAHBED Kz RS < RO EREMATARRTHEHHMENT NS, ZOLSBIEN oy = 2 1505
RIEREFENTNBA, (1.3) O & > w5 #REMA (1.1) 125 WTORERIEHRLBAER
LAL a, = 2 THEILHHEEIN D, RiR Todorova - Yordanov [18] [ compact % &DHHAE

(1.4)
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(ug,u1) € (HY(R™) N LY(R™)) x (L}R™) N LY(R™)) d+h&Fhid, $BHHE (1.1) D a D
BEAIEMA 2 THBIL & TN TOEMAT n > 1 TRU. lkehata - Miyaoka - Nakatake [7] TI&
n=120LEZM/MLY 5D compact BEEFLBIVNILYBABEICHLT (1.1) D o OEFEK
2 THBEILETLTN S, SEOHL ORMAEKTHREIINT 28Rt n =2 DERTHD o> 112
HLTHONTWVD,

&S ITHRRME L UNMABK IR ICRT 2R & HBERENSA L T, BCHAUBRDOILET
T IP - LI e E<, SOLSRHERIZET ZHARIGH IR RILBHEX® Navier-Stokes HRERIC
BVWTHRINTED (cf. Escobedo-Zuazua [2], Carpio [1], Fujigaki-Miyakawa [3] )« (1.1) D& 5
D L—RE S = HRAIT LTI Gallay-Raugel [5] MM 1 R T THREMBEOBICERER/ TV 3,
BLDZZTCORRETRTD a>1E8ATL S,

F TR FHBOIERAIZ I Fourier EMEAWLZ M. ZhiE n=2 T (1.2) D% Bessel BMIZL R
T LMD TN R L= TH S, Fourier TRICL S (1.2) DMORRIILCHhTLS (B
Z (£ Matsumura [12]) O T, SEFEIBFEHOICRINEXEEEHA T LIIL-TRON D, #4R
FRRIZ D W T RFBGEMEE AV TROREE, —RIECROBFINEE ST, ZOMHECHREMFIZDONT
BohHlE > THFEMBICHT 2 [P — L7 HEEZM2RTTKRD %,

£5. BRI ONT
B f € S(R*) ZXLT. f @ Fourier &t F[f]. & Fourier ¥# F1{f] & X TEHT 3.

FIFIE) = £(8) :=cn » e ¢ f(z)dz,
P = ) = cn [ e=r(6)d,
Z2Tc,=(2r)"% THhd. k,peRIZHLT. Sobolev Z2M WHP(R™) %

<}

WhRR i= {u: R = R fullyns o= |74 [04at0)] |

£$3, 22T ()= (1+| )2 Thd, £
H*R™ :=W**[R"), seR
TH0. UFLELIEHEDES HR) = H® , W2(R") = W2 LB,
Littlewood-Paley O 2 #8534 : BIKS {¢;(£)}52_o C Cg°(RE) B Littlewood-Paley M 2 #&{i
SBTHB LI

$(€) >0 : BRAH,
$(6)=0, ¢eBjUBy,
$i©)=0(=), Y. $i(O)=1(E#0)
j=—00
EBETELEENS. 520,1<p,0< 002X LT. BesovZM B, &

B3, (R") = {uiR" > R ullgg, = (D 27°lig; » ullfo)
i1

TEBT D, UFUILLIE B, (RY) = B, EMET 3,

Qe

<)
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2 Main Theorem

[F LoIZHEME (1.2) Zo0To [P — LI HEOKREUT RS,

Theorem 1. n=2,1<g<p<oo £T %0 up € LIR?) , u; € LI(R?) & L. u(t,aj) 45
Damped Wave Equations (ZB83 2 #)HAMEMIER (1.2) DRET 3. £ o(t, ), w(t,z) , w(t,z) &%
NENROMABERE (2.1) , (2.2), (2.3) DBET 3,

{aw —Av=0, (t,2)€ (0,00) xR, (2.1)

v(0, ) = up(z) + ui(z), z € R?,

Bw—-Aw=0, (tz) € (0,00) xR

w(0, z) = up(x), r € R, (2.2)
Sw(0, z) = uy(x), T € R?,

Bw—Ab=0, (tz)€ (0,00) x R,

r)=0, zeR? (2.3)
0,z) = uo(z), x € R%

& LTROFMEXH LD LD,

ut) -v) -t {ue + (5 + )w(t)}

< J O  (Jluollze + flurflee), t>1,
Ct™(Jluollze + JJuillze), O<t< 1.

ZG)&%’)’:%—%

Remark n=20&&. v(t,z) IBMHERRO [P — LI FliL D REBET,

1_1
lw@lee < G (fuglly + Jlually), 1< g<p< oo
£ w(t,z), 0t z) TRBARRAD [P — L9 HHL D 2hBhREEET,

lw®lize < CE(IVIFuollg + IVI* ua|lg),
lo(@llze < CEIVIF uolq.

2n+1) 1% 1 2 )
2<p<——~L 4 _=1ly=n(l-=
<—p n+l-2u'p g 7 n( p) .

L7 $ > T Damped Wave Equations Dl t — co DEBIIMABREOROL 5 (ZIRZES, £
regularity. ¥RO5RENS AL TILRBABAOROEENKAE L\, DD Theorem 1 THMEIZ
AMAMEEBER LAV TXVDRRBABROROBH &3 EE->TLWEEHTHS,

RICHFEORE (1.1) 22V T. BEXSKTREOEESE Theorem 2 ITE~ 3,
Theorem 2. n=2,2<p< o0 &%, £k ug€ B} ,(R)NLY(R?) ,u € Bj (R?)n L!(R?)
Elia>1&7%, &L luo, wa | x = HuOHB%1 + lluoll 11 + luillgg, + llullps AR FhiL,
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Damped Wave equations 2889 2 $ 45 O#NAEERIRE (1.1) O u(t,z) € C([0,00); L2 N L) hing
—oBEL T, ult,z) BREEE T

(-, 8)llze < C(1 + )2 jlug, wallx. (2.5)
& 5IT ult,z) &
u(t) € C([0, 00); H') N CH([0, 00); L?) (2.6)
T. ROFHHIEBH=T .
IVa(®)lzz < CL+ 8 luo, uillx. (2.7)

Remark Matsumura [12] (& n =2 D& &2, JHREBADRE o > 1, ug € H4(R?) N LY(R?),
w1 € H3R?) N LY(R?) p+Rihane &z (1.1) OROBEE. — B ERO L2 norm , Lo
norm DRBRIFME®T V2. MHED order (¥ Theorem 2 T p=2,00 L LELDEALTH
3o Nakao - Ono [18] 1% 2 <o < A4 (n23). £ <a<oo(n=12 THh&LyBE
(uo, u1) € H'(R?) x LA(R") 2R LT (1.1) OKREE u(t) € C([0,00); HY) N C([0, 00); L?) D#EZE
&~ BB (|0pu(t)|2, + || Vu(t)|2, < C(1 +)~! R Lo Nishihara [15] & n = 3 THIH
DY 52D (g, 1) € (WHINWL®) x (LINL®) DEEZ, o > 2 51 (1.1) OXBERHMBE—D
BETDILETRL. BORTIFMEAB T2, Theorem 2 DWEBED Y 5T B%,l (& H! &9 Ukkn
ZRITIEH B0 VHAEDTMAMED order £ LIZ LTRD LP norm (2 < p< o0) DRFEHEA B L

W3 ROIBEORREBRLEATHZ. o [COVTHE n=2 TOBRTHS o > | DRHEIZH> TS,
Nishihara [15] D#R% n = 2 (Z#3E L EDHUFD Theorem 3 TH 3.

Theorem 3. n=2,1<p<oo,ug€ B3 (RHNLYR?) ,u; € B RHNLIRH) &L, a>1
ET 20 0(t, z) EROBEOBMAER (2.8) DL L. u(t, z) 1& Damped Wave equations 2887 2
REOUMMERME (1.1) O, w(t, z) , 0(t,z) [FEhENBERE (2.2), (2.3) DBET B,

{E)tﬁ — AT = |u|%u, (t,z) € (0,00) x R?,

9(0, z) = uo(z) + uy(z), z € R% 28)

=BEE |luo, uallx = lluollpy, +lluoli 2 +llurl| gy +ljur |12 FHPIEIFNE, € = min{1, a—(1-2)} >
0 1233 U T T OB AR D 31D,

u(t) - 5(t) - e {w(t) + (% + -é-) w(t)}

Lr (2.9)
1
S Ct—(l_;)—e”u()auln)() t 2 1.
Corollary Theorem 3 D& T D7 TROFEARL D 12D,
1 1
u(t) - MGy — ™% {w(t) + (-2- + é) 117(15)} = o(t"(l";)), (2.10)
)23

ZIT Gy 1385 Gy(z) = e lal/at

M= /}R2 (uo + uj)dz + /000 /R? [u(s)|*u(s)dzds

Thd. kELM A0 £1 5,
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2.1 Fourier £#(Z & 2 EFBERT
BRI (1.2) & Fourier £ L

Aw+ €A+ 0, =0, (t¢) € (0,00) x R,
4(0,8) = 4o(¢), E€R, (2.11)
(0,€) = @1 (¢), £ eR”

F2OBBAFBRTH 2. HEFRRX N2+ A+ (2 =0 OMIE A= ﬂ THhso

Definition
2 _ 1 1
Fla(|VN](E) = a(e) = \/'—51'—: 6> 4
iwfI-kP  lel<}

£¥ %, 2Ok # Damped Wave Equations DE#M% Ko(t) , K1(t) TERT 3. Tab5

Ko(t) := e~ % cos{ta(|V])}, (2.12)
— -gsin{te(|V)}
Ki(t):==e (V) . (2.13)

2D & D Damped Wave Equations O#HAERIE (1.2) OMEL Fourier BRIZKDUTOLSIZ
KRINBZZEDHMLNTLS (cf. Matsumura [12]).

u(t, z) := K(ug,u1) = Ko(t)uo + Ki(t) (%uo + 'u,1> . (2.14)

RHRBAER (2.2) , (2.3) DEXEE Wo(t), Wi(t) £ T3,

Wo(t) := cos(t|V]) = F[cos(t|¢])], (2.15)
_ sin(tV]) _ i [sin(¢[¢])
Wh(t) == v F [ €] ] (2.16)

BREOEBARR (2.2) OBIZDVWTEUTOLSICRTIENTE B,
w(t) = Wy(t)uo + Wi(t)u;. ] ] (2.17)

—7% %48 D Damped Wave Equations O#)BERE (1.1) OfE(X Duhamel DREBIZL D RDL ST
RTZENTES,

¢
u(t,z) = K(uo, u1) +/0 Ki(t — s) * |u|*u(s, -)ds. (2.18)

EEARRICT 200 [P — LY (k4O SEMRCRT 2 EEOEBIZTARTH S,
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Lemma 2.1 '
() ZMRTE n, L+ 5 =180, Wi(f) = F! {-{g}éﬁ} £¥30 2 < p< XU 234 L TROHE

AHAEED LD,

<ot g, (2.19)
P

({H) Bz n=20L&, LFO LO - [ FENRD 1D,

Wi(t)g

” wi(0g|_< tlolle (220

3 Proof of Theorem 1
£ Ro(t), Ri(t) ORBP 5. €] < L . ThbbREREET

(et(_%+ W) (W)) (3.1)

Ryt ﬁésinh (t\/%——fflz)
Vil

e (TR

THd, (3.1), (3.2) BNhZhOEDE 1AL t — co THMRET 2, LENST —3H1/5 = €2 = —Jg)?
(¢l << 1) &b

Rot) = &P, Ry(t) o et

FEhB Ko(t), Ki(t) HEBBRRETIIMLO Fourier @ TEME N B, —F || > 1 OBH. DX 0%
BRBBICENT Ko(t) , Ki(t) % ¢ ZBIZDVT Taylor RT3 &

e~ 7 cos{ta(£)} ~ e~ % cos(t[¢]) + e_%% sin(t[¢]) + O(|¢[2). (3.3)
—isin{tel))  _ssin(tg)) 501-2
® = 4 +Ot°l¢17%). (3.4)
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30T, Ro(t) , Ry(t) tHmusiE Tlass s RRORERR Wo(t) , Wi(t) ® Fourier BT
ENBILNDNB, LENST (2.15), (2.16) , (2.14) &P

mu@—vu@y—a%%dﬂ+<%+§)@@ﬁ
=Ko(t)uo + K1 (t) <1uo+u1> e (o +u1)
{ W+Wmm+(;§>m@w}
{Ko)—e%( ot) + Wﬂt)}m—%éAw

+ ( 1(2) —-e'in(t))(luo+u1) tA(%uo-i-ul)

(3.5)

wh

LERT B,
BARES & CEARERIZHT S cut-off B s, i € C® %

xn(é) = {1’ 1> 2

0, [€l<1,
_Jo klI>3

TEDH 2 &. Fourier TMEAVWTERREBRAR L 2R EROFM%E THIE Theorem 1 [XEEBAEI B,

Proposition 3.1
1<¢g<p<oo,ge LYR?
EH2EDER. v = ¢ -

) ET B, COLEERD ¢t >0 120 L TROFEXAKD LD F2EL §
Lyya,
p

< Ct7"e™%| gl (3.6)
Le

* {Ko(t) —e3 (Wo(t) + %W1(t)) _ %em} g

< Ct e~ gl e (3.7)

Xh * {(Kl(t) - e'%Wl(t)) - etA}g

*{Ko(o—e—% (wngwl(t)) _%em}gl <CO+HT M, £z (8

X1 * {(Kl(t) - e—%Wl(t)) —_etA

Proof of Proposition 3.1
SEPADEERE (L. %9 Fourier multiplier theory I2&" 1 <p < oo [ZHLT LP — [P Flie =L, Th
Ep=00,q=1DHBEETT I LIZL>T Riesz-Thorin DEHRMMEETHHAT 2L WS A#HTH S,
ZZTlE (3.6) Z2WT. p=o0,qg=1DHE0H% Key estimate &L ZFRT , Housdorff-Young

DTFERIZLD

Lr

SCA+t)7"YglLe, t=0. (3.9)

g
Lr

‘ﬂ -

‘f-l MGt (costtat)} — costei) - Sl ) 2o o) N
<7 [ (e (contrato) —eostieh — g 22EED) - St} ]| g
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EhBHE.E>01IIHMLT

Fl [Xh(f){e—% (cos{ta(f)} — cos(t|£]) — %Sl_nl(;_ll@) _ %e—tlﬁlz }]

S Ct—le—tst

EFHEFATHB. £ >0 & || > 1IHUT alf) = /62 — 1 TH 3. [¢] - a(f) = g + O(E]™)
CEBTAL. THEOEEN 552 0<0<1,0<8 <1IHLT

cos{toz(ﬁ)} — cos(t|¢]) — = sin(t[¢])

Loo

81&!
L sin{t (6] + 6 (a(€) — 1)} - 8|§| sin(t[¢1) + O(tlg] ™)

=*t2—1— cos{t (J€1+ 6 (al) ~ 1€D))} + O(PIEI™) + O¢lel ) (3.10)

cos(t|¢]) 1 )
. SO+ O {cos{t (1€ + 6 (al€) - I€) )} — costle]}
+ Ol + 0™, lEl>1, >0

EERTBIEIZLD

”;—1 [Xh(f){e—% <cos{ta(§)} — cos(t[¢]) ~ égl‘r‘l%@> - %e_tlélz}]

7 [ (cottal€)) - contie) - g 2L - ce )|

! {Xh(f) (%) ] oo+”3”"1 [Xh(f)(%e—tmz)]

Lo

-t
<e”?

Le (3.11)
1
+ Ct?e2

Lo

SC’tze—%
LOO

5183, HAFBIKIZAT 3 Fourier £ LMAMAEAV T, (3.11) DHELE 1O L™ norm &
THEDONERADRTH S0

Lemma 3.2 (KX FRRM DY Fourier Eift)
F ARG, THbBERD £ € R" 1THLT

(&) = f(el)
AR LD E &, f O Fourier TR F1[f] &HHIHT

FUf)() = F [f(lal) = Ol % / " f(r) s alletryrtdr, (r = [€])

BAEDID. 22T Ji(s) (s € R) X k IR Bessel B

Lemma 3.3
T8O t>0& € R2IzMLTHD 0<6< % PEEL TROFHERMAED LD,

COS(ﬂfl))]

t2e~3||F! [Xh(g) (—(é_lr < Ce . (3.12)

Lo°
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4 Proof of Theorem 3.

BRIA IR DHEETE TH S Theorem 2 DIEFRFEMT 3, = = Tlh SR EBOROHRRIEXDEL
[ZDVWTHOERTHS Theorem 3 DEHOMBEL T3, (2.8) DRITHEHRER (2.1) O v(t, ) &M
WTUTOLSIZRE S,

t
o(t,z) = v(t, ) +/ elt=98 | %u(s, z)ds. (4.13)
0

0+ (3+5) 20}
“Heor (3+5) 20} "

+/ e~ T Wi (t — s)ul®u(s)ds
+ /Ot {(Kl(t —s)—e T Wit — s)) - e(t‘s)A} |u|*u(s)ds.
& 2T Theorem 1 &P
u(t) — 5(t) — e~} {w(t) + (% + é) u")(t)}
=0t (o1 + lluallz)
t
+ [ e F I - Dlulou(s)imds
“

B2 (4.15) OF3TAIZDOWTHET 5, BRRIFAE Ki(t) , Wit — s) , DD SANBERBORIEAR
THWIERTHZ NS, ROESER

(2.18) , (4.13) &9

u(t) — o(t) —e”

N’It’

Nlu-t

—U

Lp

(4.15)

ds.

{(Kl(t _8) —e FWy(t - s)) - e(t_s)A} ()|

- -=@-bla-b-c)+(a—b—c)c+2(a—bb
ERAWLT

/Ot {(Kl(t —8)— e“'_?Wl(t - s)) - e(t—s)A} || %u(s) Lpds

t t——s) _t=s (t—a)} 5
< K —e 2 W ;
/0“{ 1( 2 2
t— t=s t—s t=s)A
{m(555) - eem (T)‘e(z ueuco)] s (416)

t — —3 t— =S —-‘—

o[ (552) - m (552) - e el it
o 2
¢ t—s — 8

+2/ e” —e

0

=01y + Iy + 215.

Lrp
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EERT D, SITHRIE L IFRDLSIZHETE S,

[ () (5 (5) o () -9

¢ t— t-s t—
SC/ (1+t-—s)7! {Kl ( S) e TWy ( s>}|u|°‘u(s) ds
o 2 2 Lr
t
SC’/ (1+t—-s)" Q1 +t- s)—““%)lllul“u(s)”lgds
0
t —-(1-4H1
<C [[(1+t=87 0P 1 +9)ds]uo,urx.
0
£oTa>1a6lE
I < C(1 + )8 %jug, i | x. (4.17)
L, I 220 T% o> 1 &slE b,
I < 0779 lug, wafix + C(1 +8) 73w, ua | x, (4.18)
—(1—1)—5
Is<(1+8) 7 Jluo, wllx (4.19)

LEMBTE 3o (4.15), (4.17), (4.18), (4.19) £D. 1<p< o0, a > 1 BBIE
— —t 1ty .
u(t) —o(t) —e”2 {w(t) + (5 + g) w(t)}

RN D. ]

1y_
< Ct™ %) 6 g, wy || x
Lp
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EREDMANIEE b DIERTEATERD
BRI AIBBENTFIEIC DV T

i BT (ARBEHRFEZENEHEFELD2)
E-mail:j1102701@ed.kagu.tus.ac.jp

1 F
ROFEBFHEHEHF BRI T L D EMEEER 5.
) ug — Au + (—A)% u— |u|7§1u =0, zeR"“t>0, (1)
U(Oﬁ Z) = ¢(CC), T e Rn’

BLO<O<2,1<y &T 5. FRTIIMIERE (1) 1037 2RMARBBOFEZRT.
MBI (1) 1I2BVT, §=2 DHEXRD L) 2ikAE &I 5 BROIEMREA
R FORDIRIEHFEXOMHEMEIC L5,

ug — Au — |u[""u =0, z € R"t >0, @)
u(0, z) = ¢(z), z € R™

FIRAMERIRE (2) 12X ABEHIDMER & LTI, Fujita 1] 1XBWT v < 1+ 2 DBEFICD
WCEBBOBREFHMONTEY, Ty = 1+ 20BA, ZHRTn = 1,2 DFEIC
3f L Hayakawa [3], —#%RIC n iZ2\2 Tid Kobayashi-Sirao-Tanaka [4] & o THOBRFELS
RENTVE. —Hy > 1+ 2 DFBTIZBV T4V S WIRAE IO T 5 B K
DFEFED Fujita (1], Weissler [6] IZX > T/RENTW S,

T - WEIERIRE (2) DIFBEBFENICH L, FBEEDT TI7 V7 v 2 b OHERK (L
T, 9HES 75 V7 v ABRRLESR) o 2 HIEREIIUTO L) 1% 5.

U + (—A)% u— [u|""u =0, z € Rt >0, (3)
u(0,z) = ¢(z), z € R™.

SHES 75T v ARNRE, WBECBVWTRADERLETILHRLSOBPESET T
RSN TVARENLBITHELAT 200 TH A, FIHAMERIRE (3) I3t T 2 BEHMOBRE LT
i, FEEEOEE A Ay < 1+2 &L, 220 < § £ 2DHBEIT Sugitani [5] 12X > T
FEBOBRENREINTNAS. TDHIZOVTDFRMET Green BEAIEEE 2 ROLHE T
b5 —FH TIEEREFRINZE V2 < § DFEIZDOWVTIE, Galaktionov-Pohozaev [2] DiEH
DBEILN TV A, ZOBRISFERBHEOEE + 1T 5 E£HCBNTEFFZELy £ 148
3t L, HEEFTOBOBRREIREINTVS. Iy TERENy > 1+ 2 03
B A/ S VIR 5 RSB OFEESH 5 TV 5. Galaktionov-Pohozaev
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[2] IEBVTHE, MHED L NL> %§7: Lo, +5/h SWBEIc o TORMAESED
FEGRENTVS. 2O L) CIHGBHEDIEH 121+ 5 &40  HT—&ILEh
ITRTHONTWS (BAERILB) 0FRRICBVTI=2DEETH5).

AR PRI (1) GRS BR CEROSHES 75 27 v EMAHER
THH, AWICBVTIRERL & LT, WHMERE (1) 1o T 2 BEAKBROFELTT.

EEL 0y70<0<2,1+8 << 1+ 2 %72 T b DLIRET 5. T HE 4(x)
1253 L,g € L' 59 ||l 7b>‘+5}/J\'C‘z!bZ> EF 3, ue O, 00);LY) & % B EHERIE
(1) 27T RE RSBl —E I HEET 3.

LDOERLY, ?ﬂﬁﬁfﬁlﬁ%ﬁ( ) COWT DR y 25y > 1+ 2 DB EITREK
BUBESHFEL TWzDI LT, REOMSIESL b o & 1+ ¢ FTHEBOFRF TS Z
EWGr o T, FIBAMERIE (2),(3) Dk > L;~00)777 T UL LK RGHKES S
TIVTVOGERMEN DL p> 1OLP ICAL I L FRELTWADIIH L, 40T
L' THEKBBOGELRT I LA TE,

O THBEM LR OERE TS L ILEFAV 5N Lebesgue ZM £ T 5. C(I; B)
IXBFRIX M 145 Banach Z2M BADERBBOEMERT I L LT . Fo(x) 72 d(z)
i3, BT BT — ) AR L, q‘s(g S [ e g(z)dz TEESN, —F 7~

) LML Fg(z), p(z) TEDL, dz) = 7 [ e o(6)de EEET H. AR TIES
HEOMS T RS b3, ﬁ‘ﬁﬁwﬁiﬁai?»—Ulﬂlﬁ‘&%ﬁilnfﬂ?@i70 EEING.
10:)° = FHe)oF.

IAMERTRE (1) 1o ET 2 ROBHFERX L E 2 5.
o+ [ 6 -nswar (@
B L,
G(t)p = ‘7:—16—(|519+I512)tj:¢’ (5)

fw) = ul" . (6)
EH 1 OB ORNIEERICHV AHEIZOWTHERS. :

2 BEOFHMEICOWT
COEIZBVWTIREL L LTEEBG)p 1PV TOFHEL 5% 2.
B 1. G(t)p = Fle~(8P+HEP g (234 LT,
1G(t)gllLe < CKpoo(t)ligliLe 1B L, Kpoolt) = min{t ™%, ¢~ 5}
Gl £ CligliLe
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—HT, LA TV EBRFBADERRICOVTIIRD L ) it 25,
|Frreeierg) <3G gl (7)

F-0HES TV T AR L TULROFMEXABRL Y Lo e Ao T 5,

FD20DFMAERAVAZ ETHEIIIRDEICBERBIIRTI LN TES.

58 1 OIIAA

G (2) Bl = || -e 0P HEEG|
e |Freitirg|

73G9 |¢ll, BLISpSgS oo

) E |6l

CIT,t21DEEg=p, 0<t<1DPHITg=00 £ THZLIZL>T, ROFHERAT
Bons.
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On blow up rate for sign-changing solutions in a convex domain
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SUMMARY

This paper studies a growth rate of a solution blowing up at time T of the semilinear heat equation
u; — Au — |ulP~'u = 0 in a convex domain D in R with zero-boundary condition. For a subcritical
p € (1, (n+2)/(n—2)) a growth rate estimate |u(z,t)| < C(T-t)"/®V g € D,t € (0,T) is established
with C independent of t provided that D is uniformly C2. The estimate applies to sign-changing solutions.
The same e"étima&e has been recently established when D = R™ by authors. The proof is similar but we

need to establish L" — L* estimate for a time-dependent domain because of the presence of the boundary.
1. INTRODUCTION AND MAIN RESULTS

This is a continuation of our work [12] on a growth rate estimate of a blowup solution of a semilinear

heat equation. We consider the initial-boundary value problem for the semilinear heat equation of the

form
u—Au—juf'u=0 in Dx(0,T), (1.1)
u=0 on 8Dx(0,T), (1.2)
’U,’t=0 =ug at t=0, (1.3)

where D is a domain in R™ and p > 1. As well-known this problem admits a local-in-time solution u
for a bounded initial data ug, i.e., ug € L°(D) under suitable assumptions on D; however, the solution
u may blow up at some T in the sense that limsup,r- lulloo(t) = oo, where ||ulloo(t) = sup,ep |u(z, t)]-
Our main concern is a growth rate estimate of a blowup solution of (1.1)-(1.3) when p is subcritical in

the sense that 1 < p < ps(n) with the Sobolev critical number

_[ (n+2)/(n-2) n23,
pS(n)_{oo n=12
By a solution u of (1.1)-(1.3) we mean that u € C2Y(D x (0,T)) N C(D % [0,T)) solves (1.1)-(1.3) and
that u is bounded in D x (0,T1) for any T € (0,T) (if D is unbounded). Of course all blowup solution

enjoys this property when ug € L*®(D). Our main result in this paper is

Theorem 1.1.  Assume that 1 < p < ps(n) and that D is a bounded, C? convex domain. Then there
exists a constant C depending only on n,p, D and a bound for TV =1 ugl|eo such that any solution u

of (1.1)-(1.3) fuifills
lulloo(t) < C(T = ¢)"Y® 1 for te(0,T). (1.4)
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In these almost two decades an asymptotic behavior of a blowup solution near blowup point has been
well studied. Here we only list some crucial earlier works by Giga and Kohn [9],{10},[11], Filippas and
Kohn [5], Herrero and Veldzquez {14],[15],[16] Merle and Zaag [21],[22]. As already pointed out by Giga
and Kohn [9] the growth estimate like (1.4) is crucial in studying the asymptotic behavior. The bound
(1.4) was first proved by Weissler [24] for a radial solution on a ball with rather restrictive initial data.
The result was extended by Friedman and McLeod [6] when D is a smoothly bounded, convex domain
with initial data satisfying o > 0, Aug +ul > 0 but for all p including p > ps(n). Their assumption on
initial data guarantees that u > 0 and us > 0 for all t < T so that it excludes all possible oscillation of u
in time. For a general initial data including sign-changing data the bound (1.4) was proved by Giga and
Kohn [10] under more restrictive assumption of the form p < (3n +8)/(3n —4) for n > 2 than p < ps(n).
(They also proved (1.4) for all p € (1, ps(n)) under the assumption up > 0 so that the solution is positive.)
Theorem 1.1 is interpreted as an improvement of their result since we impose no assumption on sign of
uo and no further restriction on p other than p < pg(n). Moreover, dependence of C on T and [[uof|e is
explicit compared with earlier results. Similar result has been proved by the authors (12] for D = R".
The restriction p < ps(n) is optimal by the results of Filippas, Herrero and Velézquez [4] for p = ps(n)
and Herrero and Veldzquez [17] for a very large p. For a general domain not necessarily convex, (1.4) is
proved by Fila and Souplet [3] only for a positive solution and for p € (1,14 2/(n+1)). For a Neumann
problem the bound (1.4) has been recently proved by Ishige and Mizoguchi [18] for a positive solution
and for p € (1,1 + 2/n]. In these two results dependence of C on T and ||upl|co is also implicit. By the
way the power —1/(p — 1) in (1.4) is optimal since we always has the converse inequality with different

C; see Giga [8].

Remark 1.2. The boundedness of D in Theorem 1.1 is unnecessary if D is uniformly C? in the sense
that 8D is of positive reach (Krantz and Parks [19]) and that all principal curvatures are bounded on
8D; see Appendix for the definition of positive reach. In particular (1.4) is still valid when D is a half
space. (If D is a bounded C? domain, then 8D always has positive reach (Krantz and Parks [19, Theorem

4.4.10}). By the way 0D has always positive reach if D is a C? convex domain and all principal curvatures

are bounded on 8D. See Appendix for the proof.
The basic strategy of the proof of Theorem 1.1 is similar to that in [12] where D = R" is studied.

We convert the problem to establish a uniform bound for a global solution of the rescaled equation

(renormalized equation)
pws — V - (pVw) + Bpw — plwlPlw=0 in W, (1.5)
with
Wa = {(u9);s>s0:=—logT,e™/?y+a€D}= U Qa(s) x {s},
ply) = exp(~ly*/4), B=1/(p—1), 6 € D, Quls) = {y;e™?y +a € D}.
This equation is obtained from (1.1) by rescaling the variables z,¢,u by y,s,w and

w=w(y,s) =T~ t)%u(a + yVT —t,t).
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As in [12], Remark 2.1 we may assume T = 1 in Theorem 1.1 by scaling so we may assume so = 0. By

a regularizing effect (cf. [12, §3.3]) we may assume that u, Vu, V2u and u; are bounded and continuous

on D x [0,71] for each T} < T. The corresponding w now satisfies

w,Vw, V2w  and (1 +|y]) " ws are bounded and (1.6)
continuous on Us>s>0a(s) x {s} for each S < cc. '

As in [12, §4] Theorem 1.1 follows from the following uniform bound for w (independent of a).

Theorem 1.3. (Uniform bound) Assume that 1 < p < pg(n) and that D is uniformly C? convex domain.

Then there exists a constant Ry = Ry(n,p, D) > 0 such that the estimate
lwlizee (Bryroa(syy <C for 520 (1.7)

holds for all w satisfying (1.5) (with so = 0), (1.6) ang the boundary condition

P

w=0 on Y 0, (s) x {s} (1.8)

with some constant C depending only on n,p, D and a bound for ||wg||ec, where wy is the initial value of

w. The constant C is independent of a € D. (Here Br denotes the open ball of radius R centered at the
origin of R™.)

Indeed, (1.8) implies that |u(a,t)] < Cr(1 —t)~1/(-1) by fixing R < Ry (independent of a). Since a
is arbitrary, this implies (1.4) with T = 1. For a whole space problem we are able to choose Ry arbitrary
[12].

This uniform bound follows from the following integral bound.

Theorem 1.4. (Key integral estimate) Assume that 1 < p < ps(n) and that D is uniformly C? convex
domain. For each ¢ > 2 there exists a constant R; = R;(n,p, g, D) > 0 such that the estimate

s+1
(Agr,) sup / (-, 7); L1 (QB ()| **V9dr < &, a€ D
5_>_0 8

holds for all w satisfying (1.5),(1.6) and (1.8) with some constant C’q depending only on n,p, D and a
bound for E{w](0) and for |fwollBc2(p), Where Q% (7) = Q,(7) N Bp,.

Here BC™(D) denotes the Banach space of all C™ functions on D such that all derivatives up to
m-th order are bounded in D. The quantity E{w]() denotes the energy of the equation (1.5) which is
defined by

1 1
Blul(r) =5 [ (V0 + phul)edy ~ == [ i+ (19)
2 Jawm p+1Jae)

where w = w(-, 7).

The way to derive uniform bound from integral estimate is essentially known by Giga and Kohn [10].
Actually, they proved only (A2 r) which yields a uniform bound (1.7) but they are forced to assume
that 1 < p < (3n + 8)/(3n — 4). To derive (1.7) we apply an interpolation theorem due to Cazenave

and Lions [2] and an interior and boundary regularity theorem for linear parabolic equations found in
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Ladyzhenskaya, Solonnikov and Ural’ceva [20] as discussed by Giga and Kohn [10]. We also need some
regularizing effect to complete the proof of Theorem 1.3 as discussed by the authors (12, §4]. Estimate

(Ag,r) for arbitrary g > 2 enables us to prove (1.7) for all p € (1, ps(n))-

The integral estimate (As,z) (for all R > 0) is obtained by integral identities involving the energy

(1.9) as proved by Giga and Kohn [10, Propositions 2.1, 2.2]. For example we have

2

! a. de’,

d ow
]wslzpdy = ——FElw](s) — —/ V)
/Qa . FEle -1 [ w3

14

where v is the exterior unit normal vector to 8Q(s) and do is surface area element. If D is convex, then

evidently the last term is negative, so we have
2 d
lws|®pdy < —— Efw](s).
Qu(s) ds

This in particular implies that E[w](s) is decreasing in s. Using another identity obtained by multiplying
w with (1.5), we also observe that E[w](s) > 0 if w is a global solution of (1.5) and (1.8). Thus under

the assumption of convexity of D we have
0 < Elw|(s) < E[w}(0) for s>0. (1.10)

To obtain integral estimate (A4 r) for ¢ > 2 it is convenient to introduce a localized energy of the form

1 1
Eplw](s) = > / ©*(|Vw)? + Blw|?)pdy — — ©*|w|P pdy,
2 Jau(s) P+1Jas

where ¢ is a cut-off function of a ball. Of course £,{w] = E[w] if ¢ = 1. Such a localized energy was
first introduced by the authors [12]. An argument similar to that in [12] yields bounds for £,[w}, which
is weaker than (1.10) for global energy E{w)].

Lemma 1.5. (Bounds for a localized energy) Assume that p > 1 and that D is a convex domain. Then
there exist positive constants L; and L, depending only on n,p, M;(j = 0,1,2) and a bound for E[w](0)

and for ||wol|jeo such that
~Ly < EHw](8) <Ly forall s>0 » (1.11)

for all w satisfying (1.5),(1.6) and (1.8) provided that ¢ € BC?(R™) satisfies ||¢llcc < Mo, |Volloo <

M, |Aplleo £ Ma.
We note that the convexity of D is substantially invoked here to prove (1.10) and also (1.11).
For a given ball Bg we fix a cut-off function ¢ of Br defined by

¢(z) = ¢(|z|/R), z€R"

with ¢ € C[0, 00) satisfying ¢(n) = 1 forn < 1, ¢(n) =0forn > 2and 0 < ¢ < 1 on [0, 00); we shall fix
such a ¢ depending on R. As in [12] thanks to a lower bound (1.11) for £, we observe that the following

bound in an L2- Sobolev space W? is sufficient to prove Theorem 1.5.
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Theorem 1.6. (Key W2 bound) Assume that 1 < p < ps(n) and that D is uniformly C? convex
domain. For each q > 2 there exists a constant Ry = Ri{(n,p,q, D) > 0 such that the estimate

s+1
(Bar) sup / (., 7); WH(QR () [#dr < Cpy a€D
8

820
holds for all w satisfying (1.5), (1.6) and (1.8) with some constant C, depending only on 8, n,p, D and

a bound for E{w](0) and for ||woli ge2(p)-

It remains to prove W12 bound. The basic strategy is a bootstrap argument which is basically similar
to the case D = R™ discussed in [12, §6]. The estimate (B2 r) for all R > 0 is easily proved by global
theory developed by Giga and Kohn [10); see [12, Proposition 6.1.]. Assume that (Bg2r) holds. Then by

an upper bound (1.11) for &£, we have

lw(-, 7) WH2QE(r)II? < La(1 + llpwows (-, 7); LHQEF(T))

e
with a constant L = L3(n,p, R, M1, M3) as in {12, Proposition 6.3.]. We estimate pw- part by (Ag2r)
and the interpolation theorem due to Cazenave and Lions [2] and pw, - part by LP — L* estimate for a
linear parabolic equation for which we should be careful because of the presence of the boundary. This
L" — L* estimate (Theorem 2.1) is a main technical contribution of this paper. Upper and lower bounds
(1.11) for &, enable us to prove (B g) for all § € (g,q+ 2/(p+ 1)). We repeat this procedure infinitely
many times to obtain (By r) for arbitrary ¢ > 2 with some R and complete the proof of Theorem 1.6. A
similar bootstrap argument has been developed by Quittner [23], where he established a global bound for
a sign-changing global solution of (1.1)-(1.2) for any smoothly bounded domain. In that case the problem
is global in space so there is no need to localize the energy.

In the next section we shall discuss L* — L* estimate (Theorem 2.1) for a heat equation in a time-

dependent domain which is essential to estimate pw,- part.

2. HEAT EQUATION IN A TIME DEPENDENT DOMAIN

Our goal in this section is to prove L? — L¥ estimate for the heat equation in W,. The convexity of the

domain is unnecessary. To simplify the notation we set
Qasysy = WaN{s1 < s < s3} ={(y,5) € Wa;51 <5< 82}

and
Sasysn = U 0O(s) x {s}.

81<8<s2

For f defined in Qqus,5, We define for 7 € [s;, 53)

I Flle(m) = ( |f1*dy)' /%, |ifllce(r) = max sup |V*f(y,7)|-
a(r)

0<kS2yeqa(r)

alT

Theorem 2.1.  Assume that 1 < h, k < oo and A > 0 and that D is a uniformly C? domain in R™.
Then there exists constants R.(h, k,n, D) > 0 and C. = C.(h,k,n, D, A) such that the estimate

/ " (wallbs) + IV2uf(s)}ds < Cu( / AR+l ga(sn)) (2.1)
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holds for all w € C?!(Qasys,) N C(Qasys,) satisfying

ws—Aw=f in Qasysq, (2.2)
w=0 on Sgss, (2-3)
supp w C Br, X [s1,82) N Quq,, (2.4)

with sp > s1 > 0, s2 — 81 < A. and for all a € D. (In particular constants R, and C. are independent
ofae D)

To prove Theorem 2.1 one way would be to use L" — L* estimate of u; -+ A(t)u = f, where A(?) is
a time-dependent elliptic operator by changing Q,(s) to D. Although such an estimate is established in
an abstract level by Giga, Giga and Sohr [7] and Yamamoto [25], our main purpose is to estimate w; not
us for a fixed domain which is not comparable. So we shall prove (2.1) be localizing the problem and by
reducing it to a half space L* — L* estimate.

For this purpose we recall an L"* — L* estimate for the heat equation in the whole space R™ and the

half space R" = {(z/,%n); T» > 0}; see e.g. book of Amann [1] or a paper by Giga and Sohr [13].

Lemma 2.2.  Assume that @ = R™ or R? and that 1 < h, k¥ < 0o and R > 0. Then there exist
constants C1 = Ci(h, k,n) and Co = Ca(h, k,n, R) such that

ta t2
t {lvell2(t) + V>0l (2)}dt < C1/t llve — Av|[R(£)dt + Callvl|Bea(t) (2.5)

for all v € C%1(Q x [t1,t2)) N C(Q x [t1,t2)) satisfying v = 0 on 9Q x [t1,2)(if 0Q # @) with supp
v(t1) C Br.

In the literature the last term is often replaced by some Besov norm of v(¢;) which is dominated by
BC?(Q) norm by restricting support of v(t;). The second term ||V2v||k is often replaced by a weaker
norm ||Av||? but it is equivalent for @ = R™ or R} with the Dirichlet condition by the Calderén -

Zygmund inequality.
We shall first establish an L"* — L* estimate for the heat equation when D is close to a half space.

For £ € BC?*(R™!) with £(0) < 0 let D be the domain of the form
D= {(y',yn) e R™yn > £(V)}-

Evidently D contains the origin and £4(s) T R" as s — 0o, where
Qo(s) = /%D = {e*/?y,y € D}.

We simply write Qs, s, instead of Qog,s,-

By the definition we observe that
Qs1s2 = {(yl»yms) €ER"XR; yn > gs(yl)’ 51 <8< 82}
with £°(y’) := e/2¢(e~*/2y). Since £(0) < 0, the minimum time for Bp C Qq(s) defined by

s+(R,€) = inf{s > 0; Br C ¢*/*D} (2.6)
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is finite. If

sup |V¢€| <1, sothat sup Ve <1,
Rn—l RrR»-1
we observe, by definition of s, and geometry, that
sup |€°(y)] < (V2+ )R for s€[0,s.]. 2.7)
lW'i<R
Thus
sup |€°(¥")| < e("")ﬂ(\/—i +1)R forall s2 s.. (2.8)
ly'I<R

Lemma 2.3. Assume that 1 < h, k < o0, 0 < A, N, R < 0o. Then there exist constants § =
6(h,k,n) € (0,1), C3 = Cz(h,k,n), C4 = C4(N,A,R,h,k,n) and Cs = Cs(h, k,n, R) such that

[l + 19wlioyds < 65 | " flhte)de+Co [ Iwlibe)ds + Colllha(en)  (29)

for all w € C?*1(Qqys,) N C(Qs,s,) satisfying (2.2)-(2.4) (with R. = R) provided that s —s1 <A, 0L

1 < S2, SUPga-1 |VE| < 6, supga-1 [VZE] < N.

Proof. If 51 > s. where s, is defind in (2.6), we apply Lk — L* estimate (2.5) for R™ (Lemma 2.2) to
get (2.9) with Cy = 0 without any restriction on 4. So we may assume that s1 < ..
We introduce a time-dependent change of coordinates to make S, s, flat and time-independent: let
v(z,t) = w(y, s) with
Ton=yn— W), =Y, t=s
Since V,£°(y') = (VE)(e~*/%y"), the Jacobian J of the mapping (¥, yn) — (', zn) fulfills |J| =1 if
K = supg~-1 |VE| is small, say < & < 1, where §p = do(n). We shall assume that x < 8. Then the

norms ||vl|x(t) and |jwlk(s) is comparable in the sense that there is a constant A= Ak,n)
A7 Hwlk(s) < lolle(t) < Mliwllk(s)- (2.10)

Since w solves (2.2) and (2.3), v solves a linear parabolic equation in R} X (s1,52) with v = 0 on the

boundary. The parabolic equation v solves is easily calculated. We note that

o _ 8 0z 0
ds Ot 0s Ozn’
0 0 0
V 4 = ’ ’ ——— — T ———
v Var + Vyan 8z, Oyn Ozn
with
O0Tn __l S(q! l / —-s/2,/ _ —-8/2,/
5 58 W)+ 3y VE(e*?y), Vyzn =—-VEETTY).
By (2.7) and (2.8) we see that
0z, , ,
Be <C'=C'(A,R) on Bpx [51,52) N Qsyss2 (2.11)

of s3 — s1 < A. Thus (2.2) is transformed into
62 n-1

92 0 ;.
v = Av +p(x,t)5;gv + 2 2p,-(x,t)5;j—a—;;v + g(z,t)gﬁ;v +f in R} x(s1,52)
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with |p(z,t)] < k2, Ip;(z,8)| <k (j=1,...,n~1), |g(z,t)| < C’' + N, where N is a bound for |V%] in
R" 1 and f(z, t) = f(y,s). We now apply (2.5) with @ = R?} and obtain that

ta t2 -
/t {llvellk + IV>0llf}dt < € (/ (M| V20| + C" |l + ||fn7:)dt) + Collvl| Bea (1)
1 ty

with C” = (C’ + N)*. We take § € (0, 6,) small so that C,6" < 1/2 to absorb the first term in RHS to
LHS if k < 4. By (2.10) and (2.11) we see that

lwslle(s) < Alvelle(t) + C' Vol (t), IV?wle < A1 + 26)[|V20llk + AN| Vol
These observations yields (2.1) if we use an interpolation
IVulli < el V20llk + Ce vl

forsmalle >0. O

Proof of Theorem 2.1.  Since the principal curvature of 8D is bounded on 3D , for a given § > 0 there
exists a small number r¢ > 0 such that for any zo € 8D the hypersurface 8D in Bay,(zo) is represented

as the graph x, = £(z’) up to rotation with some ¢ € C?(By,,(z})) satisfying

Vé(zy) =0 and sup |VE(z')| £ 4/2.
|z’ —z51<2ro
Here Br(zg) is an open ball centered at zo € R™ and z¢ = (z{, zon). Note that rg > 0 can be taken
independent of zo. We may assume that D is located in z, > £(z').
Since @D is of positive reach, we may assume that for any z € By, (xo) there is unique z € 0D such
that dist(z, z) = dist(z, 8D) by taking r¢ = ro(J) smaller.
We now take d = 6(h, k,n) as in Lemma 2.3 and fix ry = ro(6, D). We divide D into two parts

D, = {a € D;dist(a,dD) > 1o}, Dz = {a € D;dist(a,0D) < ro}

and take R, = ro. If a is not close to 8D in the sense that a € D, then Bg,(a) X [s1, 52] C Qas,s, SO ODE
is able to apply L* — L* estimate (2.5) for R (Lemma 2.2) to get (2.1). For a € D, there is a unique
zo € 8D such that n = dist(a, o) = dist(a, D). By rotation and translation we may assume that a =0
and zo = (0,—n). We take £ as above and represent D N By, (xo) by z, > &(z’), ' € By (0). We

B

extend £ outside By, C R™™! such that

sup |VE(z')] <6

:c’ER"‘l
Since Br, X [81,52]NSas;s; C Bare (o) X [81, 52)NSas,s,, We are able to apply L" — L* estimate in Lemma

2.3. Applying a Poincaré type inequality

/s’ llw]|2ds < Co (/:2 flwsl|¥ds + ||w||2(31))

s1 1
to (2.9) yields (2.1). O
Using Theorem 2.1 we are able to estimate w,¢ term as in (12, Lemma 6.4.]. The only difference is

that R should be small so that 2R < R, = R.(p1,0da’,n, D). We also need a boundary version of a
regularing effect {12, Lemma 6.6.] for the proof; see also Giga and Kohn [10, Proposition 3.4.].
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APPENDIX

Lemma A. Let D be a C? convex domain in R™ with n > 2. Assume that all principal curvatures
of D is bounded. Then AD is of positive reach, that is there exists 7 > 0 such that for al z € D
dist(z, D) < r implies that there is a unique point £ € 8D with |z — £| = dist(z,8D).

Proof. Let k > 0 be a bound of all principle curvatures of 8D. We shall assert that for each point
2o € 8D there is a ball B of radius 1/ contained in D such that 0B N dD = {z¢}. This is an interior
ball condition which guarantees the positive reach of 8D. Forn =2 such a property is easily proved since
8D is a convex curve. For n > 3 it can be proved by induction on n. If there is zo € 8D, yo € 0D such
that B is tangent to 8D at zo and that yo € B although B is contained in D near zo by the rotation of
the curvature. Let H be a hyperplane containing zo and yo. Then D N H does not satisfy the interior

ball conditioh (of radius 1 /k) which contradicts the induction assumption forn—1 O
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1 Introduction

We consider the initial value problem

us — Au = k(z)u + h(z,t)u? in R" x (0, 00),
(IVP) { u(z,0) = a(:c() >0 in R™.

Here we assume that k € C'(R"™), h € C(R" x [0,00)), h(z,t) > O, initial data a €
BC?*(R") = C*(R™) N L*(R") and p > 1. Moreover, we shall only deal with classical
solutions, that is, u € C*!(R" x (0,T)) N C(R™ x [0,T)).

In the case of k(z) = 0 and h(z,t) = 1, (IVP) is reduced to the so-called Fujita
type, then the results of Fujita {1}, Hayakawa [2] and Kobayashi-Sirao-Tanaka (3] are
well-known, but they are as follows,

e If1 < p<1+2/n,then (IVP) does not have any global positive solution for any
nontrivial initial data a(z).

e If p > 1+ 2/n, then (IVP) has global positive solutions for sufficiently small initial
data a(z).

In the case of k(z) = 0 and h(z,t) = h(t), the results of Meier [4] are known. In the
case of k(z) = 0 and h(z,t) = |z|°t? with 0 > —2 and g > 0, the results of Qi [5] are
known. In the case of h(z,t) = 0, Zhang [7, 8, 9] constructed the fundamental solution,
and has obtained some interesting results by virtue of his fundamental solution. In the
case of h(z,t) = 1, the results of Zhang [6] are known. In this paper, we are studying the
existence and nonexistence of global solutions for more general equations than those of
the preceding authors.

2 Preliminaries and Main Results

We sum up the results obtained by Qi S.Zhang (7, 8, 9].
For some b > 0 depending on k, we write

1 _al2
Go(z,t;y,8) = (—th)—n/Eexp (_b|m yl ) , (1)

t—s

where z,y € R", t > s.
Qi S.Zhang proved existence of the fundamental solution to the equation

us — Au = k(z)u, (z,t) € R" x (0,00) (2)

and obtained the followng interesting and convenient result.
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Lemma 1
Suppose that for by > 2 and a sufficiently small § > 0,

)

< T
0 k(@) < T

or that for by > 2 and a given number a > 0,

a

TR < k(z) <0.

Then the equation (2) has a fundamental solution G = G(z,t;y,0), and G has global
Gaussian lower and upper bounds, i.e.

éG%(x,t; Y,8) < G(z,t;y,5) < CGo(, 15y, )

for all z,y € R™, allt > s and some positive constants C and b.

Proof. See [7, Theorem C|, [8, Lemma 6.1] or [9, Theorem A, Part (b)]. =

Our main results are the following theorem.

Theorem 1
Suppose that for by > 2 and a sufficiently small § > 0,
)
< < - 3
O_k(:c)_l_l_!xlbl, (3)
or that for by > 2 and a given number a > 0,
a
_— <k <0. 4
1+|:E|b1 - (2,‘)_ ( )

1. Assume that for any given number a; > 1, there exists hy € C([0,00)) such that
h(z,t) > ho(t) > (t +a1)?(log(t + a1))", ¢> -1, r € R.

(a) If 1 < p < 1+(29+2)/n, then (IVP) does not have any global positive solution
for any nontrivial initial data a(z) when r > 0.

(b) If 1 < p <1+ (2¢+2)/n, then (IVP) does not have any global posiiive solution
for any nontrivial initial data a(z) when r < 0.

2. Assume that for any given number a, > 1, there exists h; € C([0,00)) such that
0 < h(z,t) < hy(t) < (t+a1)?(log(t +a1))", ¢> -1, reR.

(a) If p> 1+ (2¢9 +2)/n, then (IVP) has global positive solutions for some initial
data a(z) € S when r > —1, where the set S is defined as follows

S = {a(z) € BC*(R") | 0 < a(z) < 6:Gy(z,7;0,0),7 > 0,6, > 0}.
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(b) If p > 1+ (2 + 2)/n, then (IVP) has global positive solutions for some initial
data a(z) € S when r < —1.

Remark 1
We denote the critical exponent by p* = p*(q,n). According to the Theorem 1, in case of

h(z,t) = (t + a1)?(log(t + a1))", if k(z) satisfies (3) or (4), then
p*=1+z———-, qg> -1 (5)

In section 3, we prove that there are no global positive solutions if 1 < p < p*; that

is, we prove the part 1 of Theorem 1.
In section 4, we prove that for p > p*, there exist global positive solutions for suffi-
ciently small initial data; that is, we prove the part 2 of Theorem 1.

3 Thé case | < p < p* (Global nonexistence)

3.1 Preliminary

We shall prove our result by applying the previous lemma. As a preparation, we state
the following definitions and propositions.

Definition 1
T being a positive number, £[0,T) denotes the set of all C(R™ x [0,T))-functions u =
u(z,t) satisfying '

ju(z,8)| < Mexp (o), (@€ R™0<t<T)

with some constants M > 0 and 0 < B8 < 2. M and 8 may depend on u. Furthermore,
X[0,00) denotes the set of all u which belongs to [0, T) for any T > 0.

Definition 2
I1[0, 00) denotes the set of all C(R™ x [0, T))-functions u = u(z,t) such that the inequality

0 < u(z,t) < MGy(z,t ++v;0,0) (z€ R™t>0)
is satisfied for some constants M > 0, b > 0 and v > 0. M may depend on u.

Proposition 1
Let u be a classical solution of (IVP) in X[0,T) for T > 0. Then u satisfies the integral
equation u = ug + ®u in 0 <t < T, where

w(z,t) = [ Gty 0)aly)dy, (6

@)@0 = [ [ Gla,tiv,9)hy, )0y s)dvds. 7
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Proposition 2
Letu € C(R"x[0,T)) be a nonnegative solution of u = uo+®Pu. Suppose that u is bounded
inR" x [0,T). Then V,u,V,V,u and u; are continuous and bounded in R* x [0,T), and

u s a classical solution of (IVP).

The previous propositions are obtained by using the fundamental solution G which has
global Gaussian lower and upper bounds proved by Qi S.Zhang [7, 8, 9] and by applying
the technique originated by H. Fujita [1, Appendix].

3.2 Proof of nonexistence of global positive solutions

This is proved by following Fujita’s [1] original argument. Suppose u is a global positive
solution of (IVP). By Proposition 1, we know that u solves the integral equation

u(z,t) = uo(x,t) + (®u)(z, ),

forallze R"and 0<t<T.
Let T > 1. Multiplying G(z,T};0,t) on both sides of the above and integrating with

respect to z, we obtain
[..6@Ti00ue,tdz = [ [ GT;0,0)6(z 1,0z ay)dy
# [ [ [ 6 T:0,06(, ty,s)ds by, s)uP(y, s)dyds.
0 n n
Using the semi-group property of G, we obtain
./R" G(z,T;0,t)u(z,t)dz > /Rn G(y,T;0,0)a(y)dy
+C’/th (s) [/ G(y,T;0, s)u(y, s)d ]pds
0 (1 R* Yy, 145V, Y, Yy .

Without loss of generality we assume that a(z) is strictly positive in a neighborhood of
0. By Lemma 1, using the lower bound assumption for G, we can then find a constant
C > 0 such that

1

C
>
}y|2§1 Tﬂ/2a(y)dy — T”/z- L

/R" G(y,T;0,0)a(y)dy 2 C
Writing J(t) = Jan G(2,T;0,t)u(z, t)dz, we have, from the last two inequalities,
C t
)2 o +C /0 JP(s)ho(s)ds.

Using the notation g(t) = f§ JP(s)ho(s)ds, we obtain

g'(t)
(T2 + g(t))?

> Chy(t),
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1 T

T DI+ gD

T
>C /0 ho(t)dt,

0

and therefore -
T/ > (p—1)C [ holt)dt. (8)
0

Proof of Part 1(a)
By the assumption that hg(t) > (¢ + a1)?(log(t + a;))" for r > 0, via the Holder
inequality and integration by parts, we can reduce (8) to

> (p-1)C (/OT(t + al)th)l—r (/OT(t + a7)% log(t + al)dt>

~ -1)C 1-r

1 1 "
X {(T + al)q+1 (log(T + (11) - E—-l-—l) + a'{“ (m - log al) }

-1)C
e

y (T + ay)9™! (log(T +a1) — q—h) + adt? ((—]—}H — log al) ’
(T + 01)q+1 - agﬂ

T
Te-D2 > (p—1)C /0 (t + a1)?(log(t + a1))"dt

r

— (p- I)C {(T—i—al)q“ _ a¢{+1}

g+1
1 (T + a1)?+! {log(T + a;) — loga; } }r
X {— +1
VGRS
-1
- P (@ re - a)
1 log(T' +a;) — loga
x{—q+1+ i (_;)L_)”l 1+loga1} . (9)
- T+ay

When T is sufficiently large, (9) is impossible under the assumptions that n(p — 1)/2 <
g + 1. Hence no global positive solutions exist for such p.

Proof of Part 1(b)

By the assumption that hy(t) > (t + a;)?(log(t + a;))" for r < 0, via the Hélder
inequality and integration by parts, we can reduce (8) to

Tn(p—l)/2 > (P - 1)0 {(T + al)q+1 _ ag+1}

- g+1
1 log(T + —loga
o - og(T + a1) q+;g Lt logay b | (10)
9t 1- (73%)
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When T is sufficiently large, (10) is impossible under the assumptions that n(p — 1) /2 <
q + 1. Hence no global positive solutions exist for such p. ]

4 The case p > p* (Global existence)

4.1 Preliminary
As a preparation for the proof of the part 2 of Theorem 1, we state the following lemma.

Lemma 2
Suppose that k(z) satisfies (3) or (4). Suppose that for any given number a; > 1, there
exists hy such that

0 < h(z,t) <h(t) < (t+a1)?(log(t+ay))”, ¢>-1, reR.
Then if p > 1+ (29 + 2)/n, ®p;, € I1[0,00) and there exists Co > 0 such that

|@ps|l < Co, (11)
where py(z,t) = Go(z,t + v;0,0) and we put
t
ol = sup 2D (12)

2ER™,£>0 Pb(x t)

for any function v € II[0, 00). Moreover, ifp = 1+ (2¢+2)/n and r < —1, ®p; € 1[0, 00)
and ®p, satisfies (11).

Proof.
The continuity of ®p, is clear. ®p, > 0 is obvious. From exp(—%ﬁ%ﬁﬁ) <1,
A7 5) = GF V(w5 +7:0,0) < C(s +7) 02 (13)

is obvious. Let ay > a; and 7. Then (s+v) "P~V/2(5 4 q,)? < (s +a})™P~V/2+4, Using
Lemma 1 and the semi-group property of G, then we have, for r > 0,

0< @)@t = [ [ Gty s)hly, ek, o)dyds

C [ [ 669, 5)h(y, 9)(s + )" 2Gy(y, s+ 7:0, 0)dyds
< O [ Gulatin, )Guly,s +7;0,00dy (s +7) 02k, (s)ds
= C/ot(s + )P 2R (5)Gy(z, t + 7; 0, 0)ds

(C /000(3 + ’Y)_n(p_l)/zhl(s)ds) Gy(z,t +7;0,0)

(C’ / (s +2)" D725 1 ay)a(log(s + al))’ds) Gy(z,t+7;0,0)

( / (s + a}) "0~ 1)/2+q(log(s+a1))'ds> Gy(z,t +7;0,0)
< Cops(z, t).

IA

IN A

IA
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We note that existence of the integral is based on the assumption —n(p—1)/2+¢ < ~1.
For r <0 and —n(p—1)/2+ ¢ < —1, we have

0 < (®pp)(z,t) < (C /Ooo(s + a}) P~ D/2H9(Jog (s + a1))’ds> Gy(z,t+v;0,0)

(€ [7 s+ m0=1/244s) Gy, + 450,0)
0
< Copy(z,t).

IN

For r < —1 and —n(p—1)/2 + ¢ = —1, we have

0< (®p)(z,t) < (C fo " (s + a) 7 (log(s + al))’dS) Gy(z,t +70,0)

< (C’ /Ooo(s +a;) " (log(s + al))'ds) Gy(z,t +v;0,0)

B — 1 r+1] oo) .
o = (C’ [r 3 (log(s + a1)) . Go(z,t+7;0,0)
< Copb(x,t)-

Thus we have established. ]
As corollaries of Lemma 2, we have the following lemmas, where C means the same

as in Lemma 2.

Lemma 3
Suppose that k(z) satisfies (3) or (4). Let h(z,t) be as in Lemma 2, and let u € TI[0, 00).
Then ®u € I1[0, 00) and we have

]| < Collul/® (14)

Proof. According to the preceding lemma, we have

14
0< @u)(@t) < [l [ [ 6@ty sk, (s, y)dyds
= [[ulP(@ps)(z,t) < CollulPpo(z, t).
Thus we have (®u)(z,1)
u)(z
AL P
pb(:v,t) = 0““”
Therefore it follows (14). |

Lemma 4
Suppose that k(z) satisfies (3) or (4). Let h(z,t) be as in Lemma 2. Suppose that u; and
uy are in I1[0, 00) and they satisfy

lul <M and jugll < M (15)
for a number M > 0. Then we have

|®u; — Buy|| < pCoMP||uy — ual- (16)
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Proof. Making use of the inequality
| - & <pla — glmax{gd™", &'}, (@1 >0,g, > 0),

we have

PMP by, 8)|ua(y, 8) — ua(ys 9)|
PMP Y |uy — uyl|pl(y, 9).

|uf (v, 5) — ub(y, s)|

VAR VAN

Hence it follows that
'(q)ul)(a:)t) - (@’U.2)(.’L',t)|
t
[ [ 6@ty 9)hly, 9)lul(y,5) - vB(w, s)lduds
t
pMPuy —wll [ [ Gla,tiy, )h(y, s)eh(y, 9)duds
0 JR™

PMP 7 lur — wa|l(@pb) (2, 1)
< pCoMPHluy — ual|ps(=, ).

IN

IN

Thus we have (16). -

4.2 Proof of existence of global positive solutions
By the assumption, suppose that we are given a function a € BC?(R") subject to

0 < a(z) < 6:Ge(z,7:0,0) (17)
for some positive constants v and 6,. We shall solve the integral equation associated with

(IVP)
u(z,t) = uo(z,t) + (Pu)(z, 1) (18)

by iteration in IT[0, 0o0). We proceed to the iteration, setting
Uny1 =ug+ Py, (n=0,1,2,--.) (19)

with ug. According to Lemma 3, we can continue the iteration 1ndeﬁmtely within IT[0, 00).
According to Lemma 1, (17) implies ¢

0<uplt,z) < & /R _G(z,t,9,0)Gs(y,7; 0,0)dy

< §,C ./R" Go(z,t;y,0)Gy(y,; 0,0)dy

= §,;CGy(z,t+7;0,0) = 8,Cps(z, 1)
and thus ||ug|| < 6;C. Thus we have the inequalities

[tns1ll < 6HC + Collual®, (n=10,1,2,--). (20)
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Then we have
“uﬂ” S M) (n' = 1’2a"') (21)

with a constant M = M(4;) for sufficiently small 6; > 0, where M (6,) - 0as d; — 0.

We choose a 4, such that
r= CopMP™! < 1. (22)

Since Uny2 — Uns1 = Punp — Pup, by (19),
ltns2 = Ung1l| < Tllunss —ual, (n=0,1,2,--) (23)

by means of Lemma 4. (23) implies in vertue of 7 <1

00 co 1
3 lunss = unll < 327" flur = toll = flus = woll 7= < o0

n=0 n=0
and the copvergence of

- :
> lnsr =l

n=0

Hence there exists a function u € II[0, 00) such that
lup —ul| >0 as n— oo, (24)

that is, un/ps converges to u/p, uniformly in R" x [0, co).
Making use of (19) and (24), we find that u is a solution of integral equation

u(z,t) = ug(z,t) + (Pu)(z, t).

Therefore the solution u of integral equation u(z,t) = uo(z,t) + (Pu)(z,t) is the
required global solution of (IVP), since I1[0, 0o) C {0, o0) and since a solution of integral
equation in II[0, 00) is a classical solution of (IVP) according to Proposition 2. »
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Bounds for Global Solutions of Some Semilinear
Parabolic Problems on general domains
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1. Introduction.
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2. Main Results
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Homogenization and penalization
for infinite systems of first order PDE
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E-mail address: kshimano@comp.metro-u.ac.jp

1. Introduction

We consider the functional partial differential equation

WO+ 1 (5 Duw(0.6) = F [Hen e -v@ ol (E)
for (z,€) e R" x I,

where € and §(g) are a positive parameter and a positive parameter satisfying 6(¢) — 0
as € \, O respectively, [ is a finite interval of R, H is a Borel measurable function on
R?" x [ such that for each ¢ € I the function H(-, ) is continuous on R®", and k is a
bounded, positive, Borel measurable function on I x 1.

Equation (E). appears as a fundamental equation in optimal control of the system
whose states are described by ordinary differential equations, subject to random changes
of states in I and to control which induce the integral term in (E). and the nonlinearity
of H, respectively.

An evolution equation similar to (E). was considered in Ishii-Shimano[14]. They proved
a convergence theorem in which the limit equation is identified with a nonlinear parabolic
PDE. The second and third terms of (E). indicate the effects of homogenization and
penalization, respectively. Our motivation is to study the interaction in the asymptotics
between the effects of the almost periodic homogenization and penalization in (E),.

In this paper we deal with the almost periodic homogenization. In [13}, Ishii stud-
ied the almost periodic homogenization of Hamilton-Jacobi equations. There are many
references concerning the homogenization of Hamilton-Jacobi equations. However most
of these deal with the periodic homogenization. See e.g., [1,4,6,9,11,15]. Except for the
periodic and almost periodic cases, Souganidis studied stochastic homogenization for the
Cauchy problem for first-order PDE in [17], and Arisawa dealt with the quasi-periodic
homogenization for second-order Hamilton-Jacobi-Bellman equations in [3].

In Horie-Ishii[12], they considered the interaction in the asymptotics between the effects
of periodic homogenization and vanishing viscosity for uniformly and degenerate elliptic
PDE.

Our plan is the following. In Section 2 we explain some properties for the integral
operator of (E). and give our definition of viscosity solutions. In Section 3 we consider
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three cell problems. These cell problems play important parts in proofs of our main
theorems. In Section 4 we state convergence theorems which are our main theorems.
Our main theorems, Theorems 4.2, 4.3 and 4.4, say that the equation, which the limit
function of the viscosity solution u® of (E),, as ¢ — 0, varies according to the ranges of
7y :=lim,,6(¢)/e, ¥ =0, 0 < ¥ < 00, or v = 0o. In Section 5 we deal with functional
first-order PDE including two positive parameters. Theorem 5.2 says that in the case
where v = 0 (E), is influenced by the penalization first, and then the penalized PDE
is homogenized, and that in the case where v = oo it is homogenized first, and then is
penalized. In the case where v € (0,00) we can interpret that (E). is homogenized and

penalized at the same time.

2. Preliminaries

For any Borel subset 2 C R™, B(f) denotes the space of all Borel functions on 2, and
B>(Q)) denotes the Banach space of bounded Borel functions f on Q with norm | f||eo,
where we write || f|lo = supg |f|- I denotes a fixed finite interval, with length |I| > 0,
and also the identity operator on a given space.

Throughout this paper we fix positive numbers kg, 51, with K¢ < k1, and assume that
k is a Borel function on I x I such that ko < k(&,n) < k; forall {,n € I.

Next we define the continuous linear operator K : B®(I) — B*(I) by

Kf§)= [kEmimdn  forgel

We define k by
R = [keman  forgel

and define C : B®(I) — B*(I) and L : B*(I) — B>(I) by
CfE) =k(&)f(§) forgel

and

LHO) = [l st forge
We set " )
l({,n)=—é—%§—;}—) for &, nel.

By the Fredholm-Riesz-Schauder theory (see, e.g., [14,18]), there exists a unique func-
tion r € B®(I) such that

/Ir(f)l(f’ n)dé = r(n) forallne I, (2.1)

/Ir(ﬁ)df =1 (2.2)
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Moreover, by the Perron-Frobenius theory, we see that 7(§) > 0 for all £ € I. Then by
(2.1) we see that

Ko K1
I{,_l—l—_[—l < T‘(f) S fiol]' for g € I (23)
We define 7 by © .
FE) = &) /[T
(&) = E(f) //I 'k-(n)d"l foréel
Then from (2.3) we have
kS K3
~13TII <7(E) < 3T foré e I. (2.4)

For any integrable function i : I — R, we define
{h}-= = {f € B=(D) |, [ h(©)f(e)de = 0}.

&

Since Im(K —C) C {7}, we may regard K —C as an operator from {7}~ into {F}+>.
Observe that the bounded linear operator L — I : {r}+* — {1}** is invertible, where
1(¢) = 1 for all £ € I. (See [14].) Consequently, K — C is invertible. We denote this

inverse operator by (K — C)~!
Before we give the definition of viscosity solutions of

F(z,u(z,§), Dyu(z,€),€ /k Emu(z,n) —u(z,&)]dn  for (z,§) e Rx I, (E)

where F' is Borel measurable on R” x R x R™ x I such that for each £ € I the function
F(-,€) is continuous on R™ xR xR™, we introduce the notation. We denote by U+ (R™x I)
the set of those functions u on R"™ x I such that for each z € R™ the function u(z,-) is
Borel measurable and integrable in I and for each £ € I the function wu(-,£) is upper
semicontinuous in R". We set U~ (R" x I) = —U*(R"™ x I). For any k € N U {0} and
Q C R™, C*(2) ® B(I) denotes the set of functions f on Q x I such that for each z € Q
the function f(z,-) is Borel measurable in I and for each £ € I the function f(-, &) is &k
times continuously differentiable in . We also write C(Q) ® B(I) for C°(Q) ® B(I). We
call a continuous function w : [0, 00) — [0, 00) a modulus if w is non-decreasing in [0, co)
and w(0) = 0.

Definition. (i) We call u € UT(R™ x I) a viscosity subsolution of (E) if whenever
o € CHR"M), £ €I, and u(-, &) — ¢ attains its local mazimum at Z, then

F(&,u(2,£), Dp(@), §) < [ k(€ mlu(@,n) - u(z,)ldn

(i) We callu € U~ (R"™ x I) a viscosity supersolution of (E) if whenever ¢ € C'(R"),
£ €1, and u(-,€) — v attains its local minimum at Z, then

F(z,u(%,€), Dp(£), € /kﬁn Mu(,n) — u(%,€)]dn.
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(iii) We callu € C(R™) ® B(I) a viscosity solution of (E) if it is both a viscosity sub-
and supersolution of (E).

3. Three cell problems

We begin this section by giving our assumptions on H.
(Al) H e C(R™) ® B(I).
(A2) lim inf{H(z,p,€) | z,p € R*§ € I,|p| 2 R} = 0.

(A3) For each R > 0 the family {H(-+2,-,-) | z € R"} of functions is relatively compact
in A(R™ x B(0, R) x I), where A(R™ x B(0, R) x I) denotes the set of functions
f € C(R™ x B(0, R)) ® B(I), with norm || - |Larrx B(0,R)x1) = SUPRrxB0,R)x1 | |
which satisfy for a modulus ux and a positive constant Mg,
£ (2,0,8) = f(0, 0. < prllz —yl +Ip—4ql), |f(z,p,6)| < Mr
for all z,y € R",p,q € B(0, R),& € I, (#)

where B(0, R) denotes the closed ball of R™ with radius R centered at the origin.

(A4) The family {H(- + z,,-) | z € R"} of functions is subset of A(R?" x I), where
A(R® x I) denotes the set of functions f € C(R?") ® B(I) such that for each
R > 0 there exist a modulus ug and a positive constant Mz for which condition
(#) is satisfied. Moreover, for every sequence {z;} € R™ there are a subsequence
{2} C {2} and a function A € A(R?" x I) such that
klim sup |H(z + 2,,p,€) — H(z,p, )| = 0.
=00 (z,p,£)eERMxR"x ]
Assumptions (A3) and (A4) relate to the almost periodic homogenization. Note that
(A4) is a stronger condition than (A3).
Remark. We call f : R® — R an almost periodic function if from every sequence {a,} C
R™ one can extract a subsequence {an, } such that limy_. f(z + a,) exists uniformly on
R™ As an example, f(z) = cos 2z + cosv/2z is not periodic but almost periodic on R.
See Fink([10] for basic properties of almost periodic functions. .
Example. We consider the function H(z, p,§) = b(€)|p|™+ f(z), where m > 0,b € B>(I)
is positive, and f € C(R") is almost periodic. Then the function H satisfies (A1), (A2)
and (A4).
Theorem 3.1. Assume that (A1)-(A3) hold. Let p € R™. There is a unique constant
A € R such that for each 8 > O there is a bounded and Lipschitz continuous viscosity

solution v of
/T(W)H(%ﬁ + Du(z),n)dn < A+0 forz € R",
/j?(n)H(a:,ﬁ + Dv(z),n)dn > A —0 forxz e R™
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The problem of finding a constant A described in the above theorem is a type of the
so-called ergodic problem. We adapted here the formulation of Arisawa|[2].

We can define the effective function Hy : R — R by setting Hy(p) = A, where A is the
constant given by Theorem 3.1.

Proposition 3.2. H, is continuous on R™.
We refer to [13] for a proof of Theorem 3.1 and Proposition 3.2.

Theorem 3.3. Assume that (A1), (A2) and (A4) hold. Let p € R" and v > 0. There is
a unique constant A, € R such that for each 6 > 0 there is a bounded viscosity solution
ve CR"Y®B(I) of

’

H(z, b+ Dov(z,6),6) < A +6+ % [ be,m) ol m) — viz, )] dn
v for (z,€) € R* x I,

Hie.p+ Dev(@.€).€) 2 3y =0+ [[k&n) bo(an) = vl ] dn
for (z,€) e R* x I.

JP

Here we define A, : R® — R by setting H,(p) = \,, where ), is the constant given by

Theorem 3.3.
Proposition 3.4. H, is continuous on R™,

Theorem 3.5. Assume that (A1)-(A3) hold. Let p € R™. There is a unique function
A € B>®(I) such that for each § > 0 there is a bounded viscosity solution v € C(R™)QB(I)

of
{ H(z,p+ Dpv(z,€),6) < AE)+h(E)  for(z,€) eR" x [,
H(z,p+ Dov(z,€),€) 2 AE)—h()  for (z,) eR" x I,

for all (z,€) € R™ x I, where h € B*(I) and h satisfies /1 Ih(n)ldn < 6.

Here we define H,, : R® x I — R by setting H(p,€) = A(£), where ) is the function
given by Theorem 3.5.

Proposition 3.6. A, € C(R")® B(I). Moreover, for each R > 0 there is a modulus wg
such that

|Hoo(p, ) — Hoolg,6)] < wr(lp — q]) for allp,q € B(O,R),£ € 1.

4. Convergence theorems

We state uniqueness and existence results for (E)..
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Theorem 4.1. Assume that (A1)-(A3) hold. Let € > 0. There is a unique bounded
viscosity solution uf € C(R™) ® B(I) of (E)e-

Consult sections 3 and 4 of [14] for the proof of Theorem 4.1. However, note that the
equations considered in [14] are slightly different from (E)..

Theorem 4.2. Assume that (A1)-(A3) hold and that lim._.o 6(e)/e = 0. Let u® be the
bounded viscosity solution of (E). and u be the (unique) bounded viscosity solution of

u(z) + Ho(Du(z)) =0 for z € R™. (LE)o

Then
limsup{fu‘(z,€) ~u(z)| |z € R, § € 1} =0

Theorem 4.3. Assume that (A1), (A2) and (A4) hold and that

. 6(¢e)
(}_1_11%7 =7v€ (0,00)

Let uf be the bounded viscosity solution of (E). and u be the bounded viscosity solution of
u(z) + H,(Du(z)) =0 forz € R™. (LE),

Then
li\r‘%sup{lus(x,é) —u(z)||ze R €I} =0.

Theorem 4.4. Assume that (A1)-(A3) hold and that lim._o 8(¢)/e = co. Let u® be the
bounded viscosity solution of (E). and u be the bounded viscosity solution of

u(z) + /1 7(n) Hoo(Du(z), n)dn = 0 forz € R™ (LE)oo

Then
limsup{ju(z, ) - u(x)| | = € R € € I} =0.

5. Functional first-order PDE with two parameters

In this section we consider the functional PDE with two parameters:

u™(z,€) + H (-E,Dus"s(z,ﬁ),ﬁ) = %/{k(é,ﬂ) w2, m) — u=(z,€)] dn
(E)E,5
for (z,€) € R* x I,
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where € and 4 are positive parameters.

We give a result for the existence and uniqueness of viscosity solution of (E). s without

proving it. (See Theorem 4.1.)

Theorem 5.1. Assume that (A1)-(A3) hold. Let e, 6 > 0. There is a unique bounded
viscosity solution u® € C(R™) ® B(I) of (E)es.

We consider the asymptotic behavior of the viscosity solution of (E). s, as § N\, 0, and
then € \, 0 or € \{ 0, and then ¢ \, 0. We state a main theorem of this section.

Theorem 5.2. Assume that (A1)-(A3) hold.

(i) If u is a bounded viscosity solution of (LE)o, then

1 . 5,5 n
U(.’II)——ll\I.I(l“lsl\I'I(l)u (z,€) for (z,§) e R" x I.

14

(i) If u is a bounded viscosity solution of (LE)s, then

1 : £,6 n
u(m)—lg‘%}%u (z,€) for (z,§) e R® x I.
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Some Remarks on Dissipative Solutions
Satoru Takagi”*

Department of Mathematics, School of Education, Waseda University

1-6-1 Nishi-waseda, Shinjuku-ku, Tokyo 169-8050 Japan

1 Introduction

MWe consider the following Cauchy problem

%E+divF(U) = f in Q:=R*xR",
(CP) g

uw(0,) = g in RY,
where N > 1, and assume that f € L}'(Q), g € L'(RY) and F : R — RY is a
locally Lipschitz continuous flux.

Portilheiro defined dissipative solutions of (CP) and proved the equivalence
of such solutions and entropy solutions in the sense of Kruzkov [2] for (CP)
with globally Lipschitz F by using accretive operator theory. The equivalence
of dissipative solutions and viscosity solutions of Hamilton-Jacobi equations and
several relaxation limits for (CP) were also obtained in (3] and [4]. It is useful
to extend F in order to deal with more general phenomena which written as
equations like Burgers’ type, for example. Our purpose of this report is to extend
the flux F to a locally Lipschitz continuous function.

We consider for simplicity the following stationary problem
(E) divF(u) = f in RV

with locally Lipschitz F. In this case, the mild solution u is unbounded in general,

and the flux function F(u) may fail to be locally integrable since no growth

*E-mail: satoru@edu.waseda.ac.jp. The author is supported by Waseda University Grant
for Special Research Projects §2003A-856.
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condition is assumed on the flux F. As a consequence, the entropy condition
does not make sense, and therefore we need to consider renormalization. In
this report, we shall introduce a new notion of renormalized dissipative solutions
based on the concept of dissipative solutions in the sense of [3], and show that
the equivalence of such solutions and renormalized entropy solutions in the sense
of [1] for (E).

2 Preliminaries

We begin with notations and definitions. For r € R and j € [—1,1], we
introduce these sign functions
1 if r>0,
Sitr) = { § i r=0,
-1 if r <0,

1 if r>20,
J if r=0,
0 if r <0,
0 if r>0,
J if r=0,
-1 if r <o,

and note that
So(r) = Sf(r) + S:j(r) (2.1)

for any r € Rand j € [-1,1]. Forr, s € R and ¢ > 0, we also introduce some
notations r A s := min (r,s), r Vs :=max(r,s), rt :=rv0,r~ = (-r)v0 >0
and Ty(r) := (r vV (=£)) A ¢, and note that r = r* —r~. For £ > 0, the Lipschitz
constant of F on K := [—/, /] shall be denoted by L.

We now recall definitions of entropy, renormalized entropy and diésipative

L3

solutions, and introduce renormalized dissipative solutions of (E).

Definition 2.1. Let f € L}(RN). We say u is an entropy solution of (E) pro-
vided u : RY — R is measurable with u € L®(R") satisfying
So(u — k) (f0 + (F(u) — F(k))-VO) dz > 0 (2.2)
RN

for any k € R and § € CP(RN)*+ := {6 € C*(R"); 6(z) > 0 for any z € RN}.
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Definition 2.2. Let f € L'(R"). We say u € L'(RYN) is a renormalized entropy
solution of (E) provided for each £ > 0, we have

SHunt—k) (fa+(F(uAe)—F(k))-va)dx+2ANedu;€ >0 (23)

RN

and

Se(uV (—8) - K) (£ 8+ (F(uV (—8)) — F(K))-V6) dz +2/R~ bdvt_, > 0

RN
(2.4)

for any smooth function 8 € CP(RY)" and k € K, where py4 and vy are Radon
measures on RN defined by

¥

’ | pre = Sy(uA€—k)(div(F(uAfl) - F(k)) - f)
and
ve—e = Sg (uV (=€) — k) (div(F(u V (-£)) - F(k)) - f),
respectively, and satisfy
}i{f}oﬂie(RN) =0 and eli)rgu,:_l(RN) =0
for any k € K.

Definition 2.3. Let f € LY(RY). We say u € L'(R") is a dissipative solution
of (E) provided for each ¢ € T, we have

|, sou=8)(7 - divF@)as > 0, (25)
where T := CY(RY) N {¢; ¢(z) = k if |z| > R for some k € R and R > 0}.

Definition 2.4. Let f € L'(RY). We say u € L'(R") is a renormalized dissi-
pative solution of (E) provided for each € > 0 and ¢ € Ty, we have

S5 @)~ )/ ~dvF@)de+2 [ dufyz 0 (20)
RN RN
and
Sg (Te(u) — @) (f — divF(4)) dz + 2/ duqf’_z > 0, (2.7)
RN RN
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where T := C'(RV) N {¢; ¢(z) = k if [z| > R for some k € K and R > 0},

Ko and vy _y are defined as above with

lim 47, (RY) =0 and lim v} _,(RY) =0

£—00 €00
for each ¢ € Ty.
Then we obtain the following main result.

Theorem 2.5. u € L'(R") is a renormalized dissipative solution of (E) if and

only if u is a renormalized entropy solution of (E).

3 Proof of the main theorem

We shall prove our main theorem briefly. See [5] for more details.

Lemma 3.1. Ifu € L'(R") is a renormalized entropy solution of (E) then u is

a renormalized dissipative solution of (E).

Sketch of the proof. Fix u € L'(RY) and ¢ > 0. We first assume that u is a

renormalized entropy solution of (E). Then we see from (2.3) and (2.4) that

0 < [, S -0 0+ FO) - F(k) o 2 [ pau,
" T e

and

0 < [ SiTu) - ) (50 + (F(Tw) - F®)-V8) ds + 2 | ot
(3.2)

g ‘ .
for any smooth function § € C$°(RV)* and k € K. We hereafter consider (3.1).

Let 7. be a standard mollifier on R" and (n be a nonnegative smooth function
defined by

_ 1 if |z <,
(@) = { 0 if |z|>2n,

with |V¢,| < Ci/n for n > 0, where €, is a positive constant. We put § =
Me(T — y) ¢ (x) and k = ¢(y) with ¢ € Tx. Integrating in y over RY in (3.1), we
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obtain that

0 < an Sy (Te(u) — @) (f 1 Ca + (F(Ty(u)) — F(9))-Vi(n G)) dydz
. /I;ZN e G d'u;,[
= RON SJ(TZ(U) - ¢) (f Te Cn - dIVyF(¢) Ne Cn + ne(F(T[(U)) — F(¢))chn

 divy (F(T) = F(@) ) s +2 [ ol

4

= Z ]J‘?’n + 2/ Ne Cn d,uI,e. (3.3)
= R2N
Using some technical ca.lculation, we obtain from (3.3) that

¥

0 < thsupl +2]1msup/ N Cn dity g
2N

e—0 e—0

L3

+ — + 'nd
< /RNSO(TAu) OfGars [ G
[ SH(Tuw) - ¢) divF(9) Cada + / (divE($))" ¢y dz
RN Te(u)=¢

+ [ Sf(Tuw) - ¢) (F(To(w)) — F(¢)) Vi dz + 2 /RN e

RN

Passing to the limit as n — oo, we have

0 < [ SHTWw) - 9)(f - divE($)) do + / (F* + (divE(9)* ) dz

RV Te(w)=¢

+2/ dut, + hm/ St (To(w) — ) (F(Ty(u) — F(8))- V¢, da.

We see from Lebesgue’s convergence theorem and N-dimensional Lebesgue mea-
sure theory that
551w~ 9) (/ — divF(@)) dz+2 [ duf, > 0

RN RN

In a similar way, we also find that

ST (Te(u) - @) (f—divF(qS))da:—i—Z/ dvy 4 > 0,

RN RN

and we conclude that u is a renormalized dissipative solution of (E). O

Lemma 3.2. If u € L'(RY) is a renormalized dissipative solution of (E) then u

is a renormalized entropy solution of (E).
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Sketch of the proof. For given f, u € L}(RY), we assume that v is a renormalized
dissipative solution of (E). Then we see from (2.6) and (2.7) that for each £>0
and ¢ € Tk, we have

Sy (To(u) — ¢) (f — divF(¢)) dz + 2/ dug, > 0 (3.4)
RN RN
and
S5 (Tu(w) - 8) (f = dvF(@))dz+2 | dvf_¢ 2 0. (3.5)
RN N

We here show that for each £ > 0 and ¢ € Tk, (3.4) implies
[ S50y~ 1) (0 + B O0) - F()-V0)do+2 [ 0dui 20 (36)
RN RN

for any k € K and any 8 € C°(RN)*. Now we define the following smooth
function. For each 6, € > 0, we choose a function ¥, € C§°(R") such that
_ [0 i |z<s
Vse(z) = { 1/e if |z|>6+e,
and ;. — oo as € — 0 for |z] > §. We put ¢(z,y) := k + 9¥s5.(x — y). Note
that this ¢ belongs to Tx for fixed y € RY. Multiplying (3.4) by an arbitrary y

variable function 8 € C°(RM)* and integrating in y over RY, we have

S (Te(u) — @) (f 6 — div,F(¢)0) dydz + 2 /}RZN 0dus, > 0. (3.7)

R2N
Since S§ (Ty(u) — ¢) — Sy (Te(uw) — k) X{jz—yi<s) as € — 0 for each y € RY, we
obtain that

lim S5 (Te(u) — @) fOdydz = / /’ < Si (To(u) — k) f 6 dydz.

e—0 R2N
As in the proof of previous lemma, we see that the second term of the first integral

in (3.7) implies that

5

So (Te(u) — ¢) (F(Te(u) — F(9)) W0 dyda

R2N
5 /RN /,, ST = B (F(T) ~F(6) Vdyde s & 50

Therefore we obtain that

/RN/ SO Tg ) (fa + (F(Te(u)) - F(k))VyB) dydx

—z|<$

+2/ / 6dui, > 0.
RV |y-zj<é
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Dividing by volume of the ball {|y — z| < 6} and passing to the limit as § — 0,
we obtain from Lebesgue’s differentiation theorem that
. S (Ty(u) — k) (f 0 + (F(Te(u)) — F(k))-VO) dz + 2 . 0du, > 0.
In a similar way, we also see that
/R 53 (T) = ) (f6+ (F(T(w) = F(8)-V0)da +2 [ 0arf, 2 0

These inequalities imply that u is a renormalized entropy solution of (E). O

Combining Lemmas 3.1 and 3.2, we conclude Theorem 2.5.

'S ¥
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o EEHCy & (0,T) LIFBMBETHRSBE go PEELTUT LMY
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en — e, wp,—w inL%0,T;L%Q)).

FEM R B BN D Cauchy FI&E

Oy (W (1)) + 09 (u(t)) 3 gs(t,u(t)) in H, ae te(0,7),

(Pl { 0) = o,

BB DI EMTED, AL, up = () with eo = fo +wo ¥ . LAAoT, BE1EAVIE
(P;h, 00, wo)s PBOFEENVZE. BILEGNT A= — § oL #RT UL, BB 20ERVFTTT
A, ZHhRUTOLHIZRENS: (P; h,80,w0)s D% {95,105} b N {95,’(1)5} [

65(t) + wj(t) + Fo(85(t)) = h(t) in HY(Q)* for a.e. t € (0,T), (2)
iz L, 85I € € a5, ws,wj) ae on Q £%5B & € L2(0,T; L*(Q)) »HFELT
£5(t) + Bs(ws(t)) + vFp(ws(t)) = F(05(t), ws(t)) in L*(9) for ae. t € (0,T), (3)

¥ T. ST IOV TO—HFFEZRB 70T, (2)x60s & B) xwi L HLUT%#E5:
6l + Vsl < {Ihlisier + bz} slsco,
Ki|wlf2q) + — d { |Vws|Zs(q) +/ Bs w&)dx} < 1 f(8s, ws)l L2y lws| L3y + K2 - vol.Q,
ae on (0,T). E5I2, ZOZODOFRERD S, KOFMHER LB 5:
|'w5|L;(Q +1V8s|720) + — d { 1051320y + 5 [Vw5|Lz @ +/ Bs(ws) dm}
< Ks {{66l33(0) + lwsltam) + it + 1)

1 »
< Ko { 2105220y + = [Vwsl2agqy + / ﬁs(wg)dx+1},
2 2 a

a.e. on (0,T), 2T Ks & Kg i 6 € (0,1] \2KFEL2VWEEH. Gronwall DHREE ZOARERICH VR
i3, LTo—HFEsEons:

|ws 1.2 0,7;12(0)) + W6l Foo 0,72 1) + Sg%]/ﬂé we(t
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05|20 (07,13 0y + 1051220, () S K7
o
1651720750 (@)) < K-
ZIT, Ky, Ks 16 € (0,1] KEFLEVERER, LidioT, TRODIHERDS, 8> > 6> &
BB L% 0 RS 5350 {6,) LBIM 6 € L2(0,T; H(Q), w € L*(0, T; H(), £ € L2(0,T; L*(Q)),
ne L2(0,T; L2(Q)) #FELT, K&t
6, := 05, — 6 in C([0,T}; HY(Q)*) A L2(0, T; L*(QY)), weakly in L*(0,T; H'(Q)),
wn == ws, —w in C([0,T}; L%(?)), weakly in L2(0,T; H' (%)),
wn(t) — w(t) weakly in HY(Q), Vte (0,7,
€n =5, > & Bs.(wn) - weakly in L*(0,T; L*(Q)).
L7t T, HRRE (2), (3) KBWT % 6, ELTn— +oo ETHE
9'(t) + w'(t) + Fo(w(t)) = h(t) in H'(Q)*, ae t€(0,T),

E(t) +n(t) + vFo(w(t)) = f(8(t),w(t)) in LE(R), ae t€ (0,T),
AR L. T 2 THMAD demiclosedness 5 n € B(w) a.e. on Q BELND. EHITAER

T T
/ (€nywy)dt < / (¢, w')dt
0 0
BERYILDODOT, £ € alf,w,w') ae. on Q XB 5. L2, {6, w} REFE 2D (1) 15 (4) BT
&% Xl
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EEMRESTCEERREEBETILL
2RAEEBOREME

Bl & CGOUEsK - R

1 #HA

ne{l,2,3}, QCR" 2 HREKL L, n > 2 251 Q OFRA T =00 ZE/LNTH
HELET.

AR T, EICEHE - BEBEBICS TREMEE O L 5 REOREIC OV T
FHRWENOBRLET. B - RISIESORET 7V EIRE CFELE T, RWX
KBV TERORRL T BEF ML, RO K 572 Fix-Caginalp HOBI M HRA T

(0+’U))t - A(t9+u9t) =0 in Q = (0, +OO) X Q,
567—1-(0 + ub:) + no(0 + pb;) =0 on X := (0,00) x T, (1.1)
8(0,-) = in O,

. [ Vw .
w; — o div (W) +0I_1(w) 3 w+0 in Q,

4 g_: 0 on%, (1.2)

w(0,:) =wp in .

(

ZOEMNFRAICK T IRMEEIL 0 L w T, YEAIZIZ 0 ITHENEE, w HBED
WRERIT T A—F (HEH 2RLET. HRORBEETRV S (i) bAZTH
ENTTH, KX TIX

o WifE (BH) DESLTHw=1 (w=-1),
o BHLEMOERELII2HDBAREBOER ETIT -1 <w<d,

EEDET. BRI, FERX (1.2) PIZ 0l_1y(-) EVOIESHY 44, 2B
B [~1,1] OB I_1,y(-) PEWAERRT, w OREEEARME [-1,1) ~#IRT
DDA INT-IBETT.

(1.1) Wb 2 BFRXT, BREMFEOPFIZHTLS B ng REDEHKLE LET. EED
BERATIE, BEOHBIIT TSIV T Y (-A0) Lo TRBEhE T4, Z0EEes
NTREBEOPICREORMMYOE (KR ul, PEIAENTHET. Z O
W DIIIFIZ Z N L Vo B BRI VD, ZITREFORES LI
D3 BDIBRE u EHNSREOEKE LET.

ZHITH L (1.2) iT1 2D Allen-Cahn BHFENT, HIiETI5BHTRXAF—ITIILE
BABEESEENET. (1.2) ZBRHTH —div(l—g—g—,) EWVIIRIT £XBiREK (DF1
£ »PoEHEINBZETTY, FBRRAFORRIIH TTHANL LT MEICIILE
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ﬁﬂlﬂ@ﬁ@%ﬁ&ﬁf’ﬁﬂ%iwmﬁﬁﬁéiénifr REERIRIE 2 F &2 THIT, dw(g—,)

2w OFEROMBERTEENMET 2720, WEBICIREENPRES A F 3
7 A~RIETERALBRTEET. LEBA-To 3F0BEI»RTRE (REBEHER)
EVHZEIIRVETR, ZZTRENEHDITNELREOER L LET.

A, BENERTHD L LTHER (1.2) 0AREZEZ-HE (BIRR) OEEBOE
ERREMIMI [3,4,6,7, 8 RETHLIBRIN, HICRX (6, 7] TH—BEKT
DEEBIPREMEZ R OO DR AENRENKONTREINTWES. Fiz ZBRIKT 1
WIT72 61T WL 5] KBWTHEENERTRWES GESER) bEBRShTEY, Y
ERATCRENERICRD L ) RBEATII SRR TREM L BFOEEMIIIEZRRZT
HLRROREMEZTRT I RO TVET. BER COREMIRR T IEZEIR RO
~NEAIEDITE, BECET2RO—FKARMEL T T ZEBLETTY, ZonKE N
CBIZBLR22OBBFHORIHARAENL TV ARMEETYT. LALERRS, ZEKTH
1%@%‘*&;[&&01@ HEROFRI»DDOT ZOMRABLNRD Y, R 5] T
iTpu=0 PEEDHBEBRORR L éhfu\ifi‘

ARMXTIILEEOEREBEE X, B [5] THALN 1 RTITRIT D REMERDO—K
ZRTORMHL~OYIREZRAET. BETRREZ L 52, Z 2 TIIBORESS8(MHR 7
BEETIERLEVOT, ZRIKRTEZMEOLD 2RITL L, 2IRTERENREL MR
EROTDDOTIEMEESOMRBALET. BEL LT, ELEBERIIBIT 3 2RTEER
PREM Z RO HITI R [6] PBIRR COBRITT SN BMEHEE T TR
+TC, FICER T OMETLOBMLVERBERSLEICRBZ LREANET.

2 MROEFRMH

AEARE, Q1T 2RT2—2 Y v FZER R?2 NOFRERT, Q OFEROQ =T 125
NTHDHELET.
AL TIL AEAR Ar BLUTEOERIE D(Ar) TN TR TERELE T :

D(Ag) = { z € H3(Q) ' g—:}- +n9z=10 } , Apz := Az for any z € D(Ap).
R<Ebond X 51T, Ap 13 L2(Q) OEFNBHF~DHERBRHIERERT, —Ar DI/ 57

IXERRZER L) x L2( ) ATEAERL 2D ET.
E7c, BSZER L2(Q) EOWBE V 2R CEELET !

/ |Vz|, if z€ BV(2) and |2 < 1, a.e. in Q,
V(z) = Q
+00, otherwise.

IDLE, Vi3 LAQ) EOBEETEERMBIKE 20 £, UT, B V 0oFLhESE
ZD(V) LEEET, BB

D(V):= { z € BV (Q2) ' |2] <1, ae. in Q }
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EEDET.
FEHTIEICELFER {(1.1),(1.2)} 0EABOEFNARMEREZBN LET,

T8 2.1 FEOER) 2 5OBEOM {0, w) BUTOEME (pl)~(p3) ZWRET D & &,
{6, w} ITESZFER {(1.1),(1.2)} DBTHB LVWVET.
(p1) 6 € W2(0,+00; H2(R2)), w € C([0, +00); L*(Q)), wy € L(0, +00; L*(12)),

V(w) € L°°(0, +00), Oy € D(AR), Wp € D(V)

(p2) 6(t),6:(t) € D(AR), a.e. t >0, and
(6 + w)e(t) — Ar(6 + ub;)(t) =01in L%2(Q), ae. t > 0.

(p3) oV (w(t)) — (w(t) +6(t) — wi(t), w(t)) < oV (2) = (w(t) +6(F) — w:(t), 2)
for any z € D(V), Z 21T (-,-) iXB9%Ze/ L2(Q) RNOBEONRE LT

R 2.1 T3 2.1 POLE (p3) »OHARND X Y2, HFEX (1.2) ORITEEBIAE
BV 280ESTREROBEA TERESNET. Lo TKREBRRS Z T HidRHE (p3)
PRI R AR (1.2) OBEEERL TV I LIADIFLHEET.

E72, ZOE/FRERILEHRBEHE V OLMAEAREZRAVD RO L S RERY
bW

wy(t) + 00V (w(t)) 3 w(t) + 0(t) in L*(R), t > 0.

ERMEIC 2D ET. LEEBoTHRE (p3) i, FBX (1.2) FOV v FaF VT 41—, &
H —div (Ty) BRBRIZIILEBARE V OL#HS 0V ORMEL TRY LN ODE LT
ML CWVWET.

B 2.1 (FIAMER CE R M) EBOTIHIE 6, € D(AR), wo € D(V) iZxt L, B F5RE
R {(1.1),(1.2)} KiE—BHCERIEELET. BiZ, +ORKEREQEK N, 28T,
fE {6, w} 12OV TRD X 9 2R RIRAIFEAS KL L E 7.

1
|9l%v1-2(o,+oo;n2(n)) + |w|%V1’2(0,+oo;L2(Q)) <Ny (1 + ;) (1+ |00ﬁ12(n) + oV (wp)). (2.1)

il 2.2 (BnaEy) ErFER {(1.1),(1.2)) O {§,w} IOV TKRO 2 2BRY LD
£

(I) QREDIK) 6(t) — 0in H*(N) as t = +oo.

(1) (EEEOEBROES) £8 wd,w) &
3{t;} C (0,+00) s.t. t; 7 +oo0, }

w(t;) = Woo @S ¢ — 400

w(, w) = { Weo € L2(0)

Lo TEDD L X :
(1) w(d,w) iX L2(Q) NOETRVER a7 MRE;
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(i) (EEMEE) EEOBE we € w(d,w) IROEFFEXLH T,
oV (Weo) = (Weo, Weo) < 0V (2) — (Weo, 2) for any z € D(V). (2.2)

R 2.2 AELMETIE Q H2KRTOFEKE ShTWADT, fifF 2.2 (I) 3 XU Sobolev
DEDHIALERNG RE 0 (IRMERATO £ —RNKRTIZ &b h £

7, MR 2.2 (1) (XFFRER A CIREN—E L 257, EXREIIER L HEED
FIZONWTOFEBR (EFFER) TRBLENVIZLEFBRLTHET. REEBREWVES
Eyhil, EWRRE (2.2) BIXKR OO AR MAEOBRIIHE T IO TT:

. Ve .
—o div <m) + aI[_l,ll(’woo) S Wy 1N Q,

OWoo
. « —a;;‘—o onT.

3 TEHMOHEEEDREERN

FZETIIEREE (2.2) ORBOFZRN L, REREROERBRD T T 7 ORE % BT
ZHRBROLERLET. BEAMIC Allen-Cahn B FEX (1.2) ORIZBEHAT XX —
DEZ/PESTIRICHFRFER LETH, FRXTIEHT RN F—DERFIZLEEIN
BEBEEND 2D EEBRO I T RITIIHLBHEE DD 72\ X538 EHIE OB A 2%
BENET RX[3,4,5,6,7,8) BR) . BEIZ=RXAX—DB/ITIE 1 £1F -1 O
LRV ENI Z L bbho TWETOT (Visintin [9) BRR) , BEAROREARNT
TIROARNICE S EREDEEMB EREROMBR LRV T,

ZHOVRHERBEOEE#EEL ROTZFENRNV 1X £ BB V 0L MY1ER
ROV BREMIZEI Vo RAEHFOONEMRBZZLETTR, RF2ELD L ENIT
FEM BB R HRE (2.3) FO~7 b l%fl 2 LA(Q;R?) OMMATEDOBRRERR LR
DOPERALNTTEIILTHHY ET.

W4, 2ESHRBEROLWBITERAROBENRRI (1, 2, 6, 7] 72 & THEMBFTOSIH? S
BLSEMIN, X7 MU Jt= O (R (n 2 2) TORBRDBE-& Y L LEHKT
REINFELE ZhOoDREREBEBIZTIL, ROFBIZREND X 5z ROBERED
BB EREL 2D bD+o&ENEINET.

TH 3.1 BRHONEREOEEME) DC QY 7Ly VERRER 0D 2R L
Ly €[-1,1), k=01, 2 coc <0 & RDBEIR2O0DFEHE LT, ROBNERMED

BA% wp %:
Ci, ifze D,
wp(z) :=
co, if z € Q\ D;

LEDDLE RDADOEM (a)~(d) BWET LD R FB vy € LR AR
SHUIT wp RERME (22) ORTHS LUETEET.

(a) lvp| <1, ae. in Q, divvp € L3(Q);
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(b) (0D LOBAIERRY ML & DBE) ngp & 0D LD M E BALERNZ bl
THEEX vp = inaD, Hl-ae. on 8D, = 212 H! ix 1 ®RIED Hausdorff FEE L

|col
LET,
(c) (T LOHAEH~ST L EDOBUR) nr 2T EosSmEBABERN b ET5
L&, vp -nr=0,H-ae onT;
< wp(z), if wp(z) =1,
(d) —odivvp(z){ =wp(z), if -1 <wp(z) <1, ae z€
> wp(z), if wp(z) = -1,
ZE 3.1 FHEH 3.1 THIHES D BERETHEIBEDAHAEEXLE LIS, —KRIZ D B
OWDOEKEER Dy, -+, D (m € N) OFIEE T, KW ERMEREEK wp 238557 5%

D, BICRRDIEEM e [-1,1] 1 <k <m) 2B O0BAICE L THER L AKROER
BELNET.

EORBEFERLVICTEE, RORRERKBOFIZROTAHZ LK ET.

$1317r>2,D% QAOEIERL L, DIILTOBRKTHER D MHo+4oIcE LT
5L LET:
zielg) lz —y| > 2r.

y€r

ck | =1%&WETERLL, Q EOK (
SHEREDK wp FRTEX T

(@) ¢, if z € D, (3.1)
Wp\T}) = .
i —¢, ifz € Q\D.

D& X, EIE D BRROSKM:

D= U B,(z)
B?e)DCD
- 3.2)"
o\D= |J B/(@@)ny (3.2)
ze\D \_

By (z)n@CN\D

ER TR0 (31) THZ OREEKSH 1

EXERIS wp IXTEHMREE (2.2) OEIZA
DET. 2L, EED p>0,2€ R IZHL, B,(z) XD z ¥4 p OBAKE LET.

R 3.2 S (3.2) 1, MIHRO TV ZIT $iI% D OIMAI L I+ R E 2% r (> 20)
EROMICL TRV SOET I ENHKE L5 4TT2 (M1B8R) , D OEROD
DRBDIZHFEBTHIE Z0FRMBIL 0D OEBRE 1/r LT THEZELREBLTWVWET. &
BEIIZIT 0D IXEAER L REEIROEE (FHE) KHE L TEY 0D LORIIRERE




Mz EBERERLETH, ZOBAICTIo L (3.2) RREBRNPAEICRTEREZ (W
ST BRL TS LWV ) ATRKEVRETHIEVZET.

RXDOEERERIL B 3.1 CEToN/FA TORER vp DEERICETI LD
Tt EEMOREMLEBRT ORI, EEROLEARLRE TEADLENDV E
T, FDT=DITIX B 3.1 TRE L7 RBEDIEZNIC b STERNRN RGN LEL RV F
T, LB oTABI T (3.1) TEXONIRDMERBEDOEERE wp ITX L, FiZK
D4ADODEREELREL LTEMLET.

(A1) 3J: HEREXRM, Iy € C*(J;R?) s.t. D =~(J).

(A2) k(s) ZHMR v() D s € JITBITHHEE (k(s) := det[y'(s),¥"(s)]) £ T DL & k710)
IEc HREOMRMOMESTH D.

(A3) 3r, » 20, 3 : J x (=714, 7.) — OD(r, Y= { z € R? ’ dist(z,dD) < r. } s.t.
dD(r,) C Q 2 ¥ it C2-ROMAFHRER.

(A4) 3G C O EFER st.

(1) EFRE G D1ADREE L LTHLE, lg > 8

(a2) gi,1=1,2,3,4, FEFBK G P4 ODTERALT B L &,
dist(g;, 0D) > 4r., i = 1,2,3,4;

(@3) D c G(r) := { z € G| dist(z,8G) > . } cG;

(@4) D= |J B.(z), G\D= |J B.(@)nG

z€D z€G\D
Br, (z)CD Br, (z)NGCG\D

FRO (Al)~(Ad) ZEET DL, EHRELETER O L (31) TEXALNBRAH
EBEDOEREE wp OM {0,Dp} IKHLTKRDO LI RiIEBEERTE I L BAHEET:

( lmaa) < A Elm@ <e )
H*(Q) _
—w oo 13 <Eg
Uy ((_O ) JE, 6) = <£> € x In ol (\0D($)) > (3.3)
e ") vy | V) <V(@p)+e
\ n=wponQ\G(r.) )

YA >0, Ve >0, V6 € (0,r.).
(3.3) TEBINIEFERZRAVD L, EREOM {0,wp} HELFEX {(1.1),(1.2)}
W L TUTORBICTINORRBERTREREE R/ SBR O T

TE 3.2 (EEMOKEM) up # 3.1) THEALNARSHEREDORESK L L, &4
(Al)~(A4) 2T _THRTLELET. Z0E &, £BO A >0 HL+/h&ER 250
DEL .(N), 0.()) BFEEL, ROFH (x) £ LET.
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(*) FEED £ € (0,e,(N), 8 € (0,6,())) Xt L, ELHFER {(1.1),(1.2)} DR {6, w} 23

HARM |
Wy Wp

EHRT 5513, ket £ 5 RAROEM t,(c,8) > 0 BFEET D:
w(t) = w,, a.e. in Q\D($),Vt > t,(e, ).

EX 3.3 FH 3.21C8\VT, #IHSKME (3.4) 225 HHEIE w 3L 0 IZBWTEEMR Op
ENEFBER G(r,) DIMUT—HE L TWARL TiZA ) RAD, EiX (34) b IEHEE
G DM TIIEBORL CHRER—ETAZ L 28 Z LR ET. LizA-T, (3.3)
TES LB Q OER T OBV TE THRWEHELZEATWVDZ LiITh
DETH RFE2EZNTERT OBROROFERIFENEZITIT I I — b ThEEELX
LELHEET.
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On a system of nonlinear PDE’s for phase
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Abstract

"The paper deals with a system of nonlinear PDE’s which describes a phase - field
model with convection and temperature dependent constraint to the vector order
parameter. Existence of solutions for the system under consideration is proved by
the method of Yosida approximation and fixed point arguments.

AMS Subject Classification Code: 35R70, 35K50, 74N30
Keywords: nonlinear PDE’s, existence of solutions, subdifferential, Yosida approxima-
tion, hysteresis, vector order parameter, convection

1 Introduction

The present paper deals with a class of phase transition models which takes into account
the hysteresis, diffusive and convective effects and is described by the following system of
PDE’s

aw; + Ol k) (Ww) 3 F(w,u) in Q, (1)

(crwy + cowa)s + dug — V - (Vu+ K(w)) = h(w,u) in Q, (2)

where w = (w1, w;), T > 0, @ C R" is a bounded domain with smooth boundary 912,
Q= (0,T)%x%Q; a, ci, ¢y, d are given constants; K : R2 — RV, F': R? x R — R?,
h:R*x R — R, f., f*,g.,g* : R — R are given functions. We assume that 0 <b<l1
is a given constant, f., f*,g., 9" € C*(R), fu(u) < f*(u) on R, g:(u) < g*(u) on R,
fuo(u), f*(u), gu(u), g*(u) are nondecreasing functions on R. Also we suppose that there
exists a constant ko > 0 such that fi(u) = f*(u) = g.(u) = g*(u) = —1 on (—o0, ~ ko)
and f.(u) = f*(u) = g(u) = g"(u) = 1 on [ko, 00).
Define

K(u) = {(w1,wa) : fulu) Swi+bws < f*(u), gu(u) < —bw; + wy < g*(u)}.
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We denote by Ix(-) the indicator function of the set K(u) and 0l (-) denotes the
subdifferential of I (y)(-). The subdifferential 91k () (W) is a set - valued mapping and in
our statement of the problem 8l ,)(w) = {0} if w € intK, and 0l (,)(W) coincides with
the cone of normals to K at the point w if w € 0K.

In this paper we study the system (1),(2) together with the following boundary and
initial conditions

v-(Vu+KWw)=0 onZ=(0,T)x 09, (3)
w(0,z) = wo(z), u(0,z) =up(z) nQ, (4)

where v is the unit outward normal vector on 950, wg, ug are given initial data.

Equations (1) and (2) correspond respectively to the kinetics of the vector order pa-
rameter w = (wj, wy) and the balance of the internal energy; u is the relative temperature.
The system (1),(2) describes solid-liquid phase transitions of a physical system which is
a mixture of two substances having different solidification temperatures. If we consider
melting problem of only one substance then the respective system contains scalar function
for the order parameter. However, in the case when we have mixture of two different sub-
stances, the adequate mathematical model describing their solid-liquid phase transitions
contains two component vector order parameter. Let us note that models with vector
hysteresis are object of active recent investigations (see papers [7], [19] as well as the
monograph [17]).

Various special cases of the system (1),(2) have been already studied. In [20], [21]
Visintin proposed the following system

aw; + OI_1 jj(w) 2 aqw +agu  in Q, (5)
cwy + duy — Au = g(z,t) in Q (6)
as a model for Stefan problem with phase relaxation, where f.(u) = -1, f*(u) = 1.

Further investigations deal with the case of cubic nonlinearity —aqw?® + a;w + asu in the
kinetics of the order parameter, see [6], [9], [10]. The equation

wy + 0, (w) 20 in Q,

including the constraint f.(u) < w < f*(u), was investigated in [3] and [20], see also
(8], (11], [12]. In [5], P. Colli, N. Kenmochi and M. Kubo studied the system (1),(2) in
the special case when w is scalar function, h = h(t, z) and there is no convective effects:
K = 0. Later, M. Kubo in [13] studied the case of scalar order parameter in the presence
of convective effects.

Let us note that in mathematical aspect the present paper has been influenced by
the paper [13] as well as [5] and [18]. Our goal is to incorporate the case of vector order
parameter to the phase transition phenomena with diffusive, hysteresis and convective
effect.

In the present paper we obtain results for boundedness and existence of solutions of
the system (1)-(4). Using the method of Yosida approximation and fixed point arguments
we prove that there exists at least one solution of the problem under consideration.
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2 Preliminary Notes

Denote by H the Hilbert space L*(Q) with the usual scalar product (-, -)s and norm e
and by H the product space H x H. Denote by V the Sobolev space H Q) equipped

with the norm |uly = (u, u)%,/Z, where

(u,v)y = (u,v)n + oy, v),
a(u,v) = /QVu(x) -Vu(z)dz, u,veV,

and by V the product space V x V.
We give the definition of solutions in a weak ( variational ) sense for the system (1)-(4).

Definition 2.1 A pair of functions {w,u} is called a solution of the system (1)-(4) 1f:

(i) wy, wy € WH2(0,T; H) N L=(0,T; V).

(11) u € W”(O T;H)N L*(0,T;V) ﬂL2(0 T; H*())).

(i1i) aw’ + Ok y(w) 3 F(w,u) in H x H a.e.in (0,T).

(w) (crwy + cqws)’ +du' — V- (Vu + K(w)) = h(w,u) in H ae. in (0,T).

(v)v-(Vu+K(w)) =0 in L*(Q) a.e. in (0,T).

(vi) w(0) = wp, u(0) = uo.
For simplicity we denote respectively by w’ and v’ the time - derivatives w; and u, of w
and u.

Note that the inclusion (iii) is equivalent to the following conditions:

(iii)-(a) w € K(u) a.e.in Q.

(iii)-(b) (aw’(t) — F(w(t),u(t)), w(t) — z) < 0 for all z € H with z € K (u(t))
a.e.in  forae. te (0,T).

Throughout the paper we suppose that the following assumptions hold:

H1. a, ¢1, ¢p, d, b are given constants such thata > 0,¢; > 0,¢,>0,d>0,0<b <1,
and bc; < ca.

H2. f.,f* 9.,g" € C*(R) are such that f.(u) < f*(u) on R, g.(u) < g*(u) on R,
fu(u), f*(u), gu(u), g*(u) are nondecreasing functions on R and there exists a constant
ko > 0 such that f,(u) = f*(u) = g.(v) = g*(u) = —1 on (—o0, —ko] and fi(u) = f*(u) =
0.(u) = g*(u) = 1 on [ko, 00).

H3. sup(yuerzxr | H(W,u) | < +oo.

H4. F and h are locally Lipschitz continuous functions on R? x R, K:R?—> RV is

locally Lipschitz continuous function on R?.
H5. wor, woa, uo € L®(Q) NV and wy € K(up) a.e. in £, where wo = (wo1, Wo2).-

3 Main Results

3.1 Boundedness of solutions

Theorem 3.1 Any solution {w,u} of (1)-(4) satisfies the estimate
|’LU1I°°, |w2|ooa |u|oo < M0> (7)
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where My > 0 1s a constant which depends on T, |hloo, |toloo, Ko and Koo

Remark 3.1 From Theorem 3.1 it follows that by cutting outside the set {|u| <
My, |wi| < My, i = 1,2} (if necessary ), we can assume without loss of generality that

the function F is bounded and Lipschitz continuous on R? X R.
Remark 3.2 Because of the constraint for w in the problem (1)-(4) we can assume
without loss of generality that K : R — R" is a bounded and Lipschitz continuous

function on RZ2.

3.2 Auxiliary Problems

In this section we introduce the following problem:

aw’ + 0l k(W) 3 F(w,u) in Q, (8)

(crwy + cowy)' + du' — Au = h(w,u) +V - K(w) in Q, (9)
0 .

515 = —v-K(W) onZ, (10)

w(0,z) = wo(z), u(0,2) =ue(z) in Q, (11)

namely, we have replaced the terms V - K(w) and v - K(w) by V - K(w) and v - K(W),
where W is a given function.

Definition 3.2 Let w € L?*(0,T;V) be a given function. A pair of functions {w,u}

is called a solution of the system (8)-(11) if:

(i) wy, we € WH2(0,T; H)N L>(0,T; V).

(i) w € WH2(0,T; H) N L*(0,T; V) N L*(0, T; H*(2)).

(i3) aw’' + Oy (W) 3 F(w,u) in H x H a.e. in (0,T).

(iv) (cywy + cows)' + du' — Au = h(w,u)+ V- K(v’v) in H a.e. in (0,7).

(v) & =—v-K(W) in L*(089) ae. in (0,T).

(vi) w(0) = wp, u(0) = uo.

We will prove existence and uniqueness of the solutions of the systems (8)-(11) as well as
continuous dependence on the data w.

Theorem 3.3 For any given W € W0, T; H) N L*(0,T; V), there exists a unique
solution {w,u} of (8)-(11).
Moreover, the solution {w,u} satisfies the following inequality
t
0w ()l + 1 (@)E)ds + 1w (@) + [ Vue) s (12
1 i
< N1{1+ [ 1 (5)al Tu(s)] s + /O |Vv‘v(s)|f{ds}
0

for all t € [0,T], where Ny > 0 is a constant independent of W and {w,u}.
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In order to study the system (8)-(11) we introduce an approximate system with ap-
proximation parameters 1 > 0 and & > 0. To this for (w,u) € R? x R we denote

Juw = (Jw, JPw)

= (max{min{w; +bwy, f*(u)}, fu(w)}, max{min{—bw; +wy, g*(u)}, g.(w)})

Consider also the Yosida regularization of the subdifferential graph 0I x4y which is defined
as

O (W) = g (00 = (=bwn 2]}, —1)
e[y + bu) — P (W]*(L, D)

uvbh? +1

1 * +(_
i m[(—bw%—w‘z)"g (W)]*(=b,1)

1 .
+m[fﬁ(u)*(w1+b1ﬂ2)] (=1, -b).

Consider the following approximate system of PDE’s

aw’ — KAW + Ol (W) = F(w,u) in Q, (13)
c + bCQ 1) —bC:[ + Co (2) ’ " N Y .
(———-1 e Jy w4 TR Jyw ) +du — Au=h{w,u)+ V- -K(W) in@, (14)
ou o ow
-5; =—-V- K(W), Ej’ =0 on E, (15)
w(0,z) = wo(z), u(0,z) =up(z) in Q. (16)

The regularization term —xkAw is needed since we need not only existence of unique
solution of the problem (8)-(11) but also some compactness property (implicitly given in
inequality (12)).

Below we give a definition of the solution of the approximate system (13)-(16). For
the sake of simplicity we will denote the solution again by {w,u} instead of {w, x, Uy}

Definition 3.4 Let w € L?(0,T;V) be a given function. A pair of functions {w,u}
1s called a solution of the system (18)-(16) if:
(i) wy, we € WH2(0,T; H) N L=(0, T; V) N L%(0, T; H%(Y)).
(i5) u € WH(0,T; H) N L*(0, T; V) N L*(0, T; H*(Q)).
(iii) aw’ — kAW + Olkw)(W) 2 F(w,u) in H x H a.e. in (0,T).
/ ~
(iv) (g2 JOw + SeFe JOw) +du'— Au = h(w,u)+V-K(%) in H a.e.in (0,T).
(v) & = —v- K(W), & =0 in L2(89) a.e. in (0,T).
(vi) w(0) = wo, u(0) = uo.

Lemma 3.5 For each W € WH2(0,T;H) N L*(0,T; V) there exzists a unigue solution
of the system (18)-(16). Moreover

IU"OO .<_ MO,

for the same constant My as in Theorem 3.1.
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3.3 Continuous dependence of the solutions of system (8)-(11)
on w

Theorem 3.6 Let w,, w € W12(0,T;H)NL*(0,T; V), n=1,2,..., and let {wn, un},
{w,u} be the respective solutions of the system (8)-(11). Suppose that {W,} is bounded
in WH(0,T; H) N L*(0,T; V) and

W, — W in L*(0,T; H).
Then we have that
u, — u  weakly in WY2(0,T; H) N L*(0, T; H*(Q))

and weakly-* in L®(0,T;V),
w, = W weakly in W0, T; H) and weakly-* in L=(0,T; V).

3.4 Existence of solutions of system (1)-(4)
In this section we will formulate the main result of the paper:

Theorem 3.7 There exists at least one solution of the system (1)-(4).
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HOMEBHRERZHBT 2EMAARARICONT

M HE (TEX-BR)

1.
ROEIBREMHFEIAREEZLD.

aw' + bu' + 0I,(w) 3 F(u,w) in (0,T),
cw' +du' = h(u,w) in (0,T),

—~ o~ e
[\

u(0) = o, w(0) = wy,

2T, a,b,¢,diZa > 0,b <0,¢>0,d> 0 BT ER, 06, (w) XBRME (£ (), f*(w
LORTREEOLEOERL, ROLIIZEHEINS.

(o for w > f*(u) or w < fu(u),
[0, +-00) for w = f*(u) > fi(u),
dL(w) =< {0} bnm)<w<fW% (4)
(~00,0] for w = f.(u) < f*(u),
[ (~o0,00) for w = £.(u) = /*(u)

£ fi(w), ff(v): R RIZ(fu < ) EWIETHEBOTERR) v vV B, F, b
RxR—-RIFV 7Ty VBELTE. DidudA Ty w7V Ty hET B
EXATVVADBARERLTNS. EXAT Y DR IEL RBRBICEN DA, 6|2 13tEER
RETIE, BEE, BRAPDREFORE-BEREBICB T 2RELWEDREL R TE
B L OMICBESNS. TNLERBTIEDDOFEL LT, LREOL ) REMSFRE
REEBEX T2 TRETRIEBWT, LEOVAT LR AT IV RERETE LT, &
BRERDRONEHEHELFEN TITONTE L. ZZ TR CVMELZRFE SRS THLE
{2 F, h 2@ E0I2%5 2 & TFig. 1 ® X 5 72 clockwise, anti-clockwise /& #EE % FH
T% B EBDMroTEY, &péﬁ@t ATV VARAZRBTHZ LT HHEDIENRES

Tz,

w w

and
P

Fig. 2

Fig 1
.. anti-clockwise

------ clockwise

© initial data
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L2 L, Fig. 1IZBITBHBETHTXTOYMBMEIIS L TR 2013 Tz, B%
LTLEIRELHY, ZOMEEIC W TOFBED N TE . SEIT, £, (v), f*(u)
WIBWTFig. 1 O X 208 -0y, LY —BEREEIZ OV TOREEIZ DV T
RREET 5.

2. RERVEHE

Assumption

Fig. 1 DX O RHMELZFED f,, f*DEETYH, 0,b,c,d R FAhZELIHDIZ &I
Lo THRAREBMPERTED DT THHM, Fig. 2 DX IRIERHR L, fFITE-T
i, SOIMAELZSETOIZLIEHESSHLTLE Y. T THEIBRD L I RRE
#a,bc,d F,h RO f,, f* BT Lizd 3.

(i) F:sou+pw, h:=yu+bw, o,8,7,6 € R,
ay—~ca=df—bd =0, da — by=cf—ad > 0.

(i) fo, [P IZBWVT, EEE ki k® > 0 BFEL, fi(w) = f*(u) on (—oo, =k,
fe(u) < f*(u) on (=ks, &%), £u(0) < 0 < f*(0), fu(u) = f*(u) on [K",+00)

(iii) I* & I, 2FhEFhw = f(u) & w=fi(u) DZODH—TERTILETH. E
BB % Blu,w) :==u?+w? £ T5. ZDB(u,w)=const £FTHILIZLY, —DD
AZEDD. O EBOr > 0123, I & Blu,w)=r RU T, & Blu,w) =r
EOREDEKIERBTHELTE. bLHLIAKMETHBu,w)=r& T, &
T B—H LTV EHEEE, TORME—2 L1 D.

RE (1)1 a,b,c,d, FARKEBT2H0T, L (1) KEWT Ol (w) DEPENEEI, ¥
sy HRIRFR (1), (2) OREBEIZEIZHHME (uo, wo) ZBDREFHE Y OAIZRY, £O
BEIX By, w) = Blug, wo) EEBIK ZEERIETHLDOTHS. (i), (1il) 1T fo, f* BT
AZRETHAD. ULEDREDL &, kDL D REREZB-.

Theorem

(i), (ii). (ii]) DREDBHEILTNB ET 5. 208, S = {(w,w)|fu(u) w < fr(u)} L&
DB &, Ty Tgy Ty Towy T, 7 (FEMBITAR L) ITHRAF LTZBRIK Siiz0,129) € S BEEMICED D
TENRTET, BEERROLIICRD.

o FIHIE (uo, wo) 2% Sor KB ENDHEDORINELL, BHMAEET 5 &AM 5.
o FIEME (uo, wo) 23 S, LB ENBHE ORIEIY, EERICIRT 5.

COEBRPERTAEDIC, FEES 2V ONDOEKICHEITIHI L2 L, VIHENE
NENOEBIZZEINIBEAICBNT, BBEEZZERBL TV Z LT 5.
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3. fA DS E

P TEERE u— v FEICBVTHET B REXD. W O ORBEEA TRRE
EDDHI LTS,

step 1

EF, FAPLOER JF> 00 Bu,w) =1 £E2 5. RE (i) £ § RAILS OPENIC
HBZEMLT,, It EORAEFERZVAZNIICE DD EMTED. ’@Pmi#ﬁ{x%
Kx < LTWHE, 2oEET, & THZZRER, >0, fi(u) <0 RTu<O, f (u) >
CBNTOD TRAR O EIRB. YL OMRECRRERFONED,, I7 @ﬁﬂkc:ot
3. T, LR EEEORNOAE Bu,w) =1, LRT I EILTS.

Tq = (u’rg)iélr‘ B(u,w). (5)

Z O Blu,w) =r, & T, KBWT, 2 DHEBERFICBNTHE,
u
A
RIS, b L (6) BRI LARWETDE, Bu,w) =71, &Y b/HSBATL, ERR%E
Bor 5 RLORRNTLES. (6) HEOHEMIICRENTE, I, EAIFELTNDSC
LERELTVA. (RE () £ v, £BLHSIERETHI20, * O3B LT u
EORKIE (¢ >0) EFMDILBTET

= fi(u) on 'y with B(u,w) = rq. (6)

q = max{u|(u,w) € I\, B(u,w) = Tahs (7)

LEDD.
(5), (7) & s LT, T* £ RAREHORIMEA B(u,w) =1y &, TOXERICBI D u
BB R/ME (p < 0) KRB LN TE D,

Tp i= (uzl)iélr‘ B(u, w) ' (8)
p= min{ul(u,w) eI, B(u,w) =1p}. , (9)
(6) & R "
- f*fl(tu) = f*'(u) on T"* with B(u,w) = 7p. (10)
step 2

Dl p g #AVT, BANDLEI MRS ZODKER qu — fu(gu = 0 (v 2 )
Fpu-—pw=0(u<0) 55, ThEBWTu—wEEE ZODBBAY, A7K5

B9 5.
A+:={(u,w) quw — f.(gu>0ifu>0 }, 1)

f*P)u—pw <0ifu<O
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qw— fu(@u>0ifu>0 .
Fpu—pw>0ifu<0 [ (12)

4= {uw
step 3

yu+ow =0 (T72LHL(2)ITBNTh=0R5E#H) &T, (u<0), I*(u>0) &LDOX
REBZD. ZHOHDORRIZ(1), 2 KRBITDEFMHITRoTWD., EKE(1), (2) £
BT uw =0, w =095 0TRkOOND. FELIE, 5] ZZHEhizv. Z
& {(us, w) ), {(w',w*)} 2Ty, I* LIZBIT D, EXEMOFHEZHITRELTS.

-
N

{(w" w")} = {(u,w) € T*}yu + dw = 0, u > 0}, (13)

{(us, wa)} = {(v,w) € T\]yu+ dw =0, u < 0}. (14)
RIZINODEFBOFHEZMITREBED L RRERAFLOMEEXD. n, ra. 2%

4

nNEN, {0, w)} KEENBAZES L) RHOFTRAIZLD, BREZLDEEDS.

rei= - omin By, w), 15
(u,w)€{{us,wa)} ( ) ( )

Ths = max Blu,w). 16
(u)w)E{(U‘,‘U)*)} ( ) ( )

R LT, {u,w)} KBBLTH, ZIKBENBA%ES L ) RADH TR LD, &
Kb DE ™, 7 LT 5.

o= min B(u, w), 17
(vw)e{(u*,w*)} (w,w) (17)
= max _ B(u,w). (18)

(uw)e{(uw,w*)}
step 4
SEBEIF B ERELD. 1)1y, Tay ey 7™ DRESEHBTBE 1) < 1" <171y <
o ST EEICH O SO, 1y & 1y, FIEL L r 17 g OVTRT,, T* OBKICET
TB. BT, 1y <Tp Tu > Tp, T* > 7g DBFRITDNTRRD, UDOBFETHU L S 25
T Siti=0,1,23) TRD LB TED.

So = {(u, w)|B(u, w) < rg}, (19)
Sy =8 U8,
St = {(u,w) € SN A*|r, < B(u,w) < r*}, (20)
S o= {(uw) € § N Alry < Blu,w) <.},
Sy =85 US;,
St = {(w,w) € SN A*|r* < Blu,w) < 7}, (21)

Sy = {(u,w) € SNA~|r, < B(u,w) < Tuul}y
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S3 =8 USy,
S§ = {(v,w) € SNAT|r** < B(u,w)}, (22)
Sy = {(u,w) € SN A |r. < B(u,w)},

I, TN ENDFEIK Siji=0,1,2,3) IFKRD L DIZEDH HND.

......,.4“..... g A+

A

FIHMEDS Sp 1 12 DB E DOEEEIL, BFID O HIZTNETNRLRDIPEIIRD HOD, B
BB 2 & BREEIC . FIHHEN S, KhHHEIE, ERARICINRT 25, HREF
MICIR T 280E &, EIREFMI CTIURT 28UEN BN D . S; ITHIHMED H D HEIX, fEEL
EIEIBE®LTLES.

4. FEBAODBLRE

FIED BB Siiz0,1,23) (CBWT, MHFERETNETNOBKICEENDHEIC, FE
BEREDLIITRENERSTNL.

(a). (uo,wp) € Sp DIBE

ZDHBE, Blug, wo) < g B L. fulug) < wo < f*(uo) THDNH, RE (1) &Y, ##
BB REFEE Y T B(u,w) = Blug, wo) EZEI<. Blu,w) = B(uo, wo) < 79 £ Y,
BuBidr, DEDHFPLT,, [* EXbLARV. ZHIC LY, MBELR S EChH2BE, i
BLEIE B(u,w) = Blug, wy) LZENEFETSH. ZOBERIRBHEAY OMOEAHIETH
5.

(b). (up,wp) € S DIFE

(ug, wp) € ST, T, wo = 0, ug = —/P2 + f2(p) £ T 5. MOFEILBNTDH, FHIC
R EMTES. B 6T Blug,wo) = 1p > T, T B, FEBEIISTT, LRAY
Bh, ZIICEET S BELEAE (u, fulw)) EBLZEICTS. Z0OR, f,(u) <0,
S biZ

u

) < fi(u) for u; <u <0. (23)
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RIZ, ST DEDFEDS, EEHEM > 045 RA-EMNTET
Yu+dfi(u) > M > 0on I, with u; < u < 0. (24)
IUTED, (uy, filw)) DO DOEEE I, kDL S IcRENS.

8fu(u
u'=%?)>M, w' = flu' > 0. (25)

(25) IZARBLEA T, 1T o T Lo TV Z 2 2R LTS, EE (23) BRI LT3
KR THNE, BEEIRT, EICB>TER> TV T ¢ RBTRENE, (25) 23 (1), (2) @
MPELZRLTVDZLDERII B 2B8BO &, “hick D, BEVEILT, IZBhEL -
&, (0,4(0) FTLTLESTLLB, bL,(B)BEBIZ0< <@gETRIL TR, X
BIZLL 22T, (g, £:(0) ICBIET 5. (g, f()) WBWTHL, (6) £, £35S DNES
Glﬂﬂﬁﬁé:kﬁﬁé,ﬁ%ﬁﬁ%hﬂ%ofﬂ%L@»#BHﬂﬁmeo=WKX
AYFT T2 Bu,w) =rJIT, LETHRIOHBETH Y, I LIRSS~ 20 o
£Y, (g fu(q) CEIEL%IL, Blu,w) = r, DREEFHE Y OREER B X 8T 2 = &2
5.

BRI, (23) B u > 0BV TR L THRWVEAIT, (0, £:(0)) 2 b REFEHE Y DM ELE
2D DIITH D, B0, £,(0) = r, T, BB/ HOBMBIZE TV B = &im i
9, Blu,w) =r, ORXEFHEY OMBELBX#T 5. £z, B(0, £,(0)) > r, THIIE, B
O, ER[A2RD, AIUEBRETHLicke s, T, EiZiR->THEBERS L2EEYL, w< 0
WCRBWTKEFFHE Y OMELEEH< BEL, U S>S0THBRIENRENhD ¢ E,(4) &0
BREYEITEIC fu(u) Sw < f*u) BROZEND, BEMIZITAREERT (g, f+()) IZH]
ETHI LI 5.

(uo, wo) € ST BT BADTBMEI VT Y, UL 5 2B LY, (¢, £.(q)) B+
BT LIRERS.

(uo, wo) € S DHE S, FHkA2AHRIC LY, SREEI (p, () ICEET B Ltk 5.
(b, f*(p)) 1, I" EETDRAMAT, 0p L0 b2 B wICBVTIE T & Blu,w) = 7,
RER[ERTLZY. THICRY, BEGEE (p, f*(p) 25 By, w) =, O L% KEEHE
DICBIE, (—p2+ [2(0),0) KEET 5. TO%IL, EOBIERLIcAY, e LT
BB (g, f.(q)) \CBIE L 2%, B(u,w) = r, ODMEBEIC 5.

(c). (uo,wp) € S; DIBE

ZDBEX, ROZODT =B B LR TE S,

B(uo, wo) = B(u, w), (u,w) € {(u., w,)} PEA, KEEHE Y DHEE L 2B % BB, TE

ERROFRMEEWHI 4T, ECAREECRET A LoD,

B(uo, wo) # B(u,w), (u,w) € {(u.,w,)} DB, MEEEIIT, ICEET B HDD (w1, fu(wy))
EESILIZT D), EEMLETIIR. F7, (23)Hu < 0RBOTEICET 37~
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, FEEEIED, KR->TE 2 Lo 5. r < Bu,w) < 1 THDZ &6, I, ki
u P ORGE {(ts,w,)} EDEEFuw < u S tp, &, Un, S U< U HiZENENR
BLERTED. 221, uy, u, RENEN, T, EOEEBOEMEE BT HTH
2, Bt fo(ur.)) = ey Blup., fu(tn,.)) = Tes BT ETHS. L, (ug, fulwm)) KB
WT, yuy + 8 (u) > 0 ThiuE, MEE (ur, fu(w)) 225 T, 1 > TEEMRICE -
ThoTnZ iz, T yu +6f.(uy) < 0 THIIE, BIEID (ug, fu(w)) 220 T,
KIS CTEERIZAD S TF2o TV Z2IZRD. WThOBED, EOEFRIZEET
HEEMI R ET R &, EREMIDND I ENTEND. ML 5] 28RO L. FimL L
T, ARG T, ICBE L%, EEARICERIFHE CIIRT 5.

(ug, wo) € S PHALRAKITTEND. Blug,wp) = B(u,w), (u,w) € {(v*,w*)} 25
i, BRI CREEIIT EOEERIIIEL, Blug,w) # B(u,w), (u,w) € {(u*,w*)}
THHEEIT, HEEEITERERM T KR L%, T Lo EFHICERRER TIRT
.

(c). (uo,wp) € S5 DIF/AE

%0 (b) LEKICEINT A2 EASTE S, MM, B L%, (23) BRIL TS
el yu+bf(u) < =M (M > 0723FH) BEIZRVMIOI L2b, fHEIRT, I
BoTTD, BT 5 EWTEND. (uo, wo) € Sf DB, FAELHRA S [ 1F
BLEE IR TLEY, BETHZ LIT2B.
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HhEE AR RTEL MO ERREXE I ML
HEARRICWIESTESMEHAERICOVT

L #KEE (EWIERE - BERTF)

§1. F
HATHLEL M~V MERE L, 20ORBE/ VAeZREN (- )n, |-ln £T 5o

(9] Tix, G2 oM To>0 L. To- R B BRI R R SRR
(P)s W (t) + 0k (u(t)) + Gp(t,u(t)) 3 fp(t) inH, t>s

BEFELL, T, seR, 8ot 13 H LTEZSI NI To- 5 6 B A8 1E T - A B
@ DEHE . Gp(t,-) 3 To-BMEAMSMIERET. f, 35X b7 To-FAHA forcing
term THbo 2F 0. &b, Gp(t,-), flt) 1 To- e B A S 1

o = o5, Gp(t,) = Gyt +To, ), fplt) = fo(t + To), Vte R
BT LT 5, [9) TR BO—FENKL LT T-REAMEE (P), D#FRZEN 2 KI%
W7 hS 7y —DNEPHOER LT

AT, #E T-HHBEMEREERFEX
(AP),  ¥'(t) +0¢'(v(t)) + G(t,u(t))  f(t) in H, t>s(20)
222 b, 2E 0. o, Gt, ), f(t) 1T Bk To-B5 I B A &4
Qot - ‘10;; -0, G(ta ) - Gp(t") -0, f(t) - fp(t) — 0 ast— +00

BT T h, SOLE, BHLHPIZ (P), 13 (AP), DERMBETH 5, FR T, #L
T, BB RS (AP), D#HEREN. RUBRRE (P), L OBRICOVWTERT 5o

§ 2. RE
#E T, R BRI (AP), RUZ OBR T,-RHENME (P), 2LTOREDT T

EBT 5,
KT A—% 17 >0 %52 Ry = [0,4+00) LTEE SN ERRBIR {a,} =

{ar;7 20} C W2(Ry) & {b} o= {brj7 20} C Wige (R+) 1
sup |ar|L2(¢,¢4+1) + SUp 1) |L1(e,e41) < +oo  for each 7 >0
>0 >0

iz ET 5o

T3 2.1. UTO&HLHE-TEET FERMEEOK {o'er, DEWRE 2({ar}, {b:})
EY 5.

(@1) EEOBM t € Ry H L, o & H FOBETHERAMETS 5,
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(92) ¢'(2) 2 Cilzll, V€ Ry, Yz € D(y)
L BIEEH G > 0 BHET Bo

(03) FEDEH k>0, te Ry WKL, LNVES {ze H;p(2) <k} AWH T
Ry FTH5b,

(24) EFOEM r >0, EEOBM s, te Ry & 2 € D(¢?) with |2]s < 7 1K Ly
12— 2l < Jar(t) — ar(s)I(1 + ¢°(2)3),

0'(Z) — ¢*(2) < |be(t) = br(s)](1 + ¥°(2))
27T 5 € D(ot) BT B0

EH 2.2, UTORMLH-TEHEKESMERE Gt,) : D(GE,))) C H - H Ok
{G@t, )}ter, PEHE G({p'}) LT 5 : .

(G1) D(¢t) ¢ D(G(t,")) C Hforallt € Ry, 2L THEDOKXM J C R, L v €
L2 (J; H) with v(t) € D(y*) for a.e. t € J IZXF L.

loc

g(t) € G(t,v(t)) for ae. t € J
E7h J EO (5R) TR g() BPHFET 5o
(G2) BB DT z€ D(¢) LEM t € Ry I3 L G(t,2) 12 H OILEBHEETH 5,
(G3) 191} < Copt(2) +Cs, Vte Ry, Vz€ D(¢*),Vg € G(t,2)
iz T IEE C,, Cs HET 5o

(G4) 2z, € D(¢™), gn € G(tn,2n), {tn} C Ry, {¢™(2n)} AR, 2, —» 2in H, t, — ¢,
gn — g weakly in H as n — +oo % D3, g(tn, z,) — g(t,2) weakly in H asn —
+o00 TH 5,

(G5) EEOEFREE BC HIZHL, s
¢4(2) + (9,2 — b)u = Ca(B)|z]3; — Cs(B),

Vt € Ry, Vg € G(t,2),Vz € D(¢*), Vb€ B
L BIEE Cy(B) & Cs(B) BHET 5o

§ 3. 18R To-A5EI A RAR
(9] Tid, MO—FML LT T-RMEMME (P), OULIKEMRE KIRNT M7 75—
DI ik L72o RETIE, [9) THOLNIHERIIDVTHRENS,
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EE 3.1 J 2PN s b0 R, OFEEORMET A, DX, B u:J - HHJ
LT (P), DBETH B L, ue C(J; H)NWL(J; H), o (u()) € L, (J), u(t) € D(0h)
forae teJZLT

g(t) € Gp(t,u(t)) and f(t)—u'(t)—g(t) € &p;(v(t)), a.e teJ,

eic T ge LL(J;H) WERETHEE R V),

ET, @b Gplt,+), fp € L (Ry; H) 13 To-ReR RIS

loc
oL =, Gylt,) =Gt +To,"), folt) = fot +To), VteR,
BT Ly {eh) € 2({a,}, (b)), {Golt, )} € G{4L}) LIRET Bo TDEE, TR
EEHRE (P), 122V T, uTmiﬁ%ﬁﬁ%{Lrwé :
[A] (cf. [6, 7)) (P)s it 3 B A0HAMEAEIL, 242 Ld 12 uon s, +oo) DD,
ZFLT, FNETNROERES BC HIZxtL,

t+1
sup [u(t)[3 + sup / . lop(u(T))dT + sup |u'|2a i1 + sup |eb(u(t))| < N(B)
t>s t>s Jt t>s+1 t>s+1
£%%5 BIZOKMETS) B NB) > 00 HFET S, 2T uid [s,+00) L
DIFARY u(s) = uo € D(ps) N B Zif7=¥ (P), DETH 5,

[A] DFERICEY, To-BREEAMESENFR (Ut s)} = {Ut,s);0< s <t < 400}
FERTHILNTEL, DD, Ult,s) i Dlpy) 25 D(gh) ~OSMAERE T

ffup e D(gs) XL, %A

There is the solution u of (P), on [s, +00)
such that
u(s) = up and u(t) = w.

Ult, s)up := { weH

IS E 5,
ChtE BHOPIROBEZW/ T 0%,
(U1) U(s,s)=1 on D(y;) foranyse Ry
(U2) U(ty,s) =Ul(tg, t1) o U(t1,s) forany 0<s<t; <ty < +00;

(U3) U(t+To,s+Tp) =U(t,s) forany0<s<t< 400, thatis, U is Ty-periodic.

(U4) 10 < s Sty <400, $p — 8, tn — t, 2, € D(p), 2 € D(93), 2» — 2z in H and
a element w, € U(t,, $n)2, converges to some element w € H as n — 400, then
w € U(t,s)z.
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[B] (cf. [9]) £ED r € R, ¥ L, BEHERU, :=U(r +To,7) LHT HKBHT
N Y— A DHEET B, 2F 0. £F A, (CD(gp)) 1. ROBERDD .
(G) A, 13, H DZETRwary Xy M eBGRETH 5,
(i) EEOERMHSES BC H IZXL,

distH(U,'fz, A;):= sup inf |z —y|lg — 0 uniformly in z € D(ap;) N B
xeUkz yeA,

as k — +oo, where UF := U(T + kTp, 7) for each k € Z, := N U{0};
(iii) U*A, = A, for any k € Z,.

[C] (cf [9) & A= | A LTEDD, ZDEE, ARROUEERD !

0<T<T)
() Aid, HOZTHEWI V7 2 B3EETH5;
(ii) EEOFERMIRE BC H XL,

disty(U(t + 7,7)2, A;) — 0 uniformly in 7 € R, and z € D(p;) N B

as t — +o00.

§4. Bk T,-REEERARIE

AEDBEIIZ, B8 To-ERAYME (AP), O#EREM L BO—EBERZ LT, K&
W7 T2 5 —DUBPLEBETLILTHA, TDA, T3 [5] THES h/-BEREAHE
ZHBNT 5o

COEHEEL. M EToKREVERRE LEART S5, €L T, BEUR

Uy = {¢;

1) is proper, l.s.c. and convex on H,
Jze D) st. lz2lu <M, Y(z) <M

LB, TOEE, EEBD o, Y e Uy 3 L. plp, ;) D(p) > R %

P

p(p,¥; 2) = inf{max(ly — z|w, ¥(y) — ¥(2));y € D(¥)} for ea,cl{ z € D(y)

LEHETH, Tz, EED re M, +oo) I L

pr(p, %) == sup p(p,¥;2)
2€Ly(7)

LEDD, ZZT Ly(r) ={z€ D(p);|2lg <, p(z) <1} THb, BIZ, BEDr> M
12X L,
(%) = pr(0,¥) + 0, (¥, 0)  for o, € Wy
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LEDD, TDLE, [5 Proposition 3.1] I2& D\ B {m(-,-);r > M} 2HVE & Ty +
DEMEMUART ERTH I LASTE,

Tr(Yn, ) — 0 forevery r > M

WL DGR ¢, — ¥ in Uy (as n — +00) ¥ EHET 5o
DF.EBM>0%BEEL., BBV te R, L o ely LIRETH, TDOLE,
W To-H R R S

o=t =0, G(t,-) = Gylt,:) =0, f(t)— fo(t) >0 ast— +oo
DIE &R BX5,

(A1) (Convergence of ' — ¢! — 0 as t — +00) For each r > M,

. 4

J’r(r:) = Sup 7T7-((me0+aA, (pg) —_ O as m — +CX);

UE[O,TQ]

(A2) (Convergence of G(t,-) — Gp(t,-) — 0 ast — +oo) If {7} C [0,Tp), {m.} C Z,,
My — +00, 2, € D(P™T0*™), g, € G(myTo + Tn, 20), {97+ (2n)} is bounded,
z, — zin H, 7, — 7 and g, — g weakly in H (as n — +00), then g € G,(T, 2);

(A3) (Convergence of f(t) — fo(t) = 0 ast — +00)

|f(mT0 + ) - fp‘Lz(O,To;H) —s+Qasm — +00.

8T, WL To-BSRERIRIE (AP), 2B L L), B T,-RREMRIE & [k 6] 1
X0 (AP), 124t 2 MIEBMERIEE 2 C L b 1 DB von [s,+00) 2 b DT ESbR B,
o T. FMERNER {E(t,5)} = {E(t,5);0 <5 <t < +oo} ZEET HI LATE
%o, ZhUx, D(g®) 5 D(pt) ~DEfEIEHAE THRIE v € D(p®) I L, BE

There is the solution v of (AP), on [s, +00)
E(t,s)ug:=¢ we H such that
v(s) = vp and v(t) = w.

ERIDEE 5,
TDEE, o IROME XY .
(E1) E(s,s) = I (the identity) on D(p*) for any s > 0.

(E2) E(ty,s)z = E(ts, t1)E(t1,s)z for any 0 < s <t; <t < 400 and z € D(p?).

(E3) Assume that s,,s,t,, t € Ry with s, — s and t, — t, up, € D(p*), up € D(p*)
with ugn, — ug in H and a element z, € E(t,, + s,, s, )uo, converges to some element
zin H as n — +oo. Then, z € E(t + s, 5)ug.
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T, BEHE {E(t,s)} & {Ut,s)} DEIZIZ, XOBBRIVHEZ L DD 5,
#HR8 3.1. If{sp,}) C Ry, {Ta} C Ry, SER, TER,, sy > s, Ta—>T, {m} CZ4
with m, — +o0o, z, € D(p™To+sn), 2z € D(¢3), z2n — 2z in H and a element w, €
E(mpTo + 1, + 8, mpTo + 8n)zn converges to some element w € H as n — 400, then
w e U(T +s,8)2.

[9] I2BV T, IR To-FeMBHIRME DS MEIEAE (Ut 8)} X L. BEBOIER U, =
Ulr+Ty, 1) 32, KRBT N5 75— 28l Lz, 202 H AR, #HE Tp-
FREIEIHARIRE (AP), . F TR CE R 5, 2 DA, (AP), DAMRRIERE {E(t, s)}
W3t L, B8 - BRESZUTOLIICEHET 5,

E#H 3.1. (E(,) 1203 58EE w-BIRES) B(H) * H DERRFTEEDOKRET 5, Z
NEE, FENDre R, L BeBH)IZxL, £&

w:(B):= (1 U E(kTo+mTo+7,mTp+7)(D(p™P+)N B)

neZy k>2nmeZy
% E(-,-) DT TO B Ok w-BRES LV,
Remark 3.1. 1 € w,(B) THAH I L L, RO&KML (») ILETFTH 5 .

(*) There exist sequences {k,} C Z, with k, T +oo, {mn} C Z,, {2,} C B with
2y € D(pmTo+7) and {z,} C H with z, € E(k,To + mnTo + 7, mp,To + 7)2, such
that £, — z in H as n — +00.

ZDEE, UTOFTEEEE,
EIE 3.1. ((AP), DHEBT V775 —)EED re R L, £5 A= | w(B)

BeB(H)
EEDD, TNEE, A EROUEZRHD .
(i) AX(C D(¢D)) H DETRZVI VY M eEnEEeTH 5,
(ii) EEOFRMAIEKE B e B(H) IZH L,

disty (E(kTo + 7,7)2, A7) — 0 uniformly in z € D(p5) N B

as k — +oo.

(iii) Ar C ULAr C A, for anyle N.

Remark 3.2. B8 w-BRES w,(B) & A DEEDIL, FEDO ne N IZxL A =
rinT, CHDBIEN DL DB, o T, A 3R T,-AMTHE LR B,

KROFHIE KRBT F 575 — A & A OBAETH B,
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T 3.2 0<s<rt7<400 &L, A & A 2% 8.1 CHON/KE se R, &
FER, KBUBMBT 52 5 —EFh, COEE, A CU(Ts)A L% b,

#E 3.3. (AP), DT + 57 5 —) B A = | A LEDE, ZOLE, AEOA
TG[O,To)

RETEE Be B(H) ioxt L,

N U Et+mnDE)NB)CcA CA

§20t>s8,TER,

Ek b,

EHW 3312k, £E A TR T,-BREEMRME (AP), OREBHT F5 275 —Thb
LWi b, fEoT, BHE To-leRE RIS (AP), 3EO—FH%R L THE#EEHIZEET
X MBRR 7-BMEHMEO T PS5 V- AR I DVBEAFITELZ LD 5,
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