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Navier-Stokes HFHER, DFUHEIZOWT

2N
iK% -KERBEFERBRFEK

e-mail:kozono@math.tohoku.ac.jp

ORI 2BONOL D, # 1 BRIFEREBEREOLD LR T 5 Navier-Stokes
FRADFEDY — A 2bkd, F2BIBVTRAFBRX DL O0RBIHRHL L
T, BEOHAMMFEICBI 2 ERY, —BOFRBRERF BRI T 2 BEOHEICH
BTHDHLEMBT 5,

Part I
Navier-Stokes FIE:X

3

n REXL—2Y vy FER R® CBU2BEL2VHEOABIIHEENS bV u(z,t) =
(w1(z, 1), -, un(z,t)) EEH p(z,t) ICEDEBRBEND, SIS, 2= (21, --,2Z0) HR"D
BEEE. t>0 3B EHT. {u(z,t),p(z,t)} 12RD Navier-Stokes FRRIZKEI NS,

& Autu-VutrVp=0, (EREREH)
(N-S) ot
divu=0 RERT

ZIT, BE0EBEELTBEZ .

Jj=1 5;;’
n

Ay = ?,

i=1 zj

(% .. 2)
Vp—(azlv 132:” ’
n .
divu = %



R, MBHEOERFBRL L TIE, RN v, TE p YWREBRL L THASL D, &
BERAT—NVERERBL. FlIBEXZ Py, Ehp ERO X2 L0 ) ERIHB
b3, BFEMTIZ. AT -5 — a(z) = (a1(z), -, an(2)) 25X t=012BVT,

(0.1) u(z,0) = a(z) @EIHIEH)

%727 (N-S)-(0.1) DR {u,p} % B\ 75+ & APIME ( Cauchy RIFE) L7%5, XhEEL
< i,

(L) DA% a = a(z) KN LT, % {u,p} IHEKEIICHFET S5 ?
(1) 2OREBIW—D2N 7 T2, B (z,t) THETHRSTED ?

(I) »285) T, FHFEL T, % {u,p} 3BM 0 <t < T, TIRXFUTRLES P LREAK
THEHD, t2T, TREDBOLIPSEEILFDYELD ?

(@), (I) =2V Tid, WHAKRE [24] I & 2 BN MBA D5, Part | THEDRICREL
7= Navier-Stokes FRANRBT HEARNIFARICOWVT, LEOMEE PLICBRRELRA
VAL

1 BROXISMNFEE —BiE

FTVLKOPORBEMEHAL L), CF, KR LTERENIaX 1Y M k%
LD C®° BR7 FNVERE ¢ = (61, -,¢n) THoT,. dive =0 THZbDehkt T

1/r
5. L HY %Z1ER. CE O L) VA ¢l = ( /R" |¢(z)|'d:c) JHY- ) Va
. 1/r 1/r . . .
18l = (fonl8@rdz) "+ ([ 1V0@Ide)  xpmmibr Tz, soi,

V¢ = (3(}5,'/3:5_1')”:1,...,". —#{Z Banach Zf] XM LT, FR/ V4% |- |x & &S
L&, LT(t,t5X) & X IXfi% LD (4,t2) LMK ¢ = ¢(t) TH T, "¢"Lr(t!’t2;x) =

ta 1/r
(/t ||¢(t)||3(dt) <oo BBbDLEET B,
EMWllacl t¥%, R"x(0,T) LOTHMBEK u = u(z,t) = (u1(z,1), - - un(z, t))
. (N-S)-(0.1) DBMTH B Lk, RDIOo&Hr@lTLEE VI,
(i) w € L™(0,T; L2);
(i) u € L2(0,T"; H}?) ¥ RTO T < T IZ2WTH ) L2,
(iii) HX

T
/0 {-(u(®),8:2(2)) + (Vu(t), VE(?)) + (u - Vu(t), B(t)) }dt = (a, (0))

‘REE -RHES -BRE=E HEMT (GREBENFER®) p. 142 ¢ 8B




FFRTOI(z,t) = A()(z) 172V LTRI LD &2l ¢ € CE, A€ CY([0,T))
PO MT)=0 Thd, ()RR iKB1T5 L-ARERT :

o) = [, 3 wi(@w()d

j=1

0% (iii) 1. (N-S) DE—ROWBL N7 PLENE L0 L2-AkE L), 8BS
AT (—Au, ) = (Vu, V) %17 o7ztk. HEERIBLT (0,T) LRSI H2HICL >TH
bz, ORI, RAMMu ERATIRFERIMTIE oT Ay IVT2HELDR
B e ChiRRBELV)) CERLTELLAIMIOERE " HER" L, &
KRL W TRERMR,. T80 E D, . LoFHERICBVWTEN p PRk
B,

(Vp,¢) = —(p,div ¢) =0

ThoIkitL2,
BROFEIIOVTRRENOERNFAMLN TS,

TE 1.1 ( KBBOFE) EED a e L2 123 LT, (0,00) 28T 5 (N-5)-(0.1) DFF
BuCROURE BT HOWPLLLS—DOFET 5,
(i) ( A VF-F%ER)

t
(L1) lu(e)Z +2 / IVu(r)lizdr < llallf, 0<t<oo,
0

(ii)

lu(t) —aflz >0 to>+0DEE
BEITOHOLIA, TR 11 CHLALERI—BNTHLHL) Mk, KBRTH S,
Foias-Serrin-Masuda [9], [30], [23] X —E# KV LD 2 5 R L LT, ZM L*(0,T;L9) %
AL, KDER¥E,

Eg 1.2 aGLi aTao
(i) &M uv % (0,7) ICBIF S (N-S)-(0.1) DEEMLT 2, u iZ&H

(1.2) v € L*(0,T; L7, s,qit2/s+n/g=1DDn<g<oo k51
Rl v BIRANF-FER (L) 20<t<T CRcTeEd s, 2NEE, R*x(0,T)
BT u=v Thad,

(i) CERIME) (1.2) BT 258 u ICHL T,

Su  §uttany

% B © C(R" x (0,T))



7){& D :\ZOO cZ [N (al, Tty an) ‘iﬁﬁoglﬁafh%o

BEE (1) LoEE 12 12BWT, v i} (1.2) 2 WATLEREV, —H. 752 (12)
CERTA258 u 3R AF-%K

¢
(1.3) lu(@)I3 +2 /0 IVu(r)iZdr = Jlali}, 0<t<T

%iﬁf:"-o
(2) 6B 5,9 PREVE, 75X (1.2) CRTABMu 3BOITH S ERLES,
EELLICINEDLNT:, —BOTR w LT

(1.4) u € L*(0,T;L%), 2/so+n/go=n/2
BRED, HiIS. n=2 DL &iF ue H2(R?) IS L TORER
lulley < Cllull®?|Vul;™®? ( ClER)

I2&h g>2¢8in5, foT, EH1.2 L) FHE R? (CBVTHE (I). () XHEMIC
BRENTVE, COERIMEL T, ~KOBWHI TRV F—FER (1.1) 2 EICHT
PEI DL, BRDHIMELEDbRS,

JIRAD " AT —LVAFE" LIBELPLOLEETH S, A FEDNFTA—5—
ELT, KUK {ur,pa} %

ux(z,t) = Mu(Az, N%t), pa(z,t) = Ap(Az, N%t)

TEDD, MERHEICLD. {u,p} 2% (N-S) OMTHIL, TXTDA> 0700
T {ur,pa} bFRICRTH B 2 LATED, uy OEEITL Y.

(./ooo(/R,. lua(z, t)"'d-“’)%dt) M
= \-2-% (/Ow(/R" Iu(z,t)|qdz)§dt)§

X
* |{ull £+ 0,00;L9)

'6560 fE~T, ||u,\||L.(0,°°;Lq) = "‘u”L-(o,,x,;Lq) BITRTDOA>0 K LT Diog
IZid, ERX0X DIEEHY O, T2bh 5,q13(1.2) DEBE2/s+n/g=1 Wi T I LAt
LETZTHE, BVRihZ, 25— VER uy(z,t) = Au(z,\%) (IZBBLT, 752
(1.2) RAELZEMTH %, Navier-Stokes HRERX % M, JEMF Schrodinger HER, M
EROFBALLED” HEELV " ERERUTHBRCII LEOBR R 7 - VERIFSH
5, COBRE, AT VERIIBLTAELZBBZEMT,. B2RETIZL0ERENSER
HilEoh T3, ZoOhYHEA -NEOREL V) ( Ozawa [28, p.345, 5 i) o HFiC.

lluall Lo 0,00;L9)



ux(z,t) = u(z,t). pa(z,t) =p(x,t) BITRTDOAS> O IV THEYILD LD %8 {u,p} %
BECHELIME L V2, Navier-Stokes TRADHE .
1 z 1 z
u(z,t) = %U(%), p(z,t) = ;P(W)

LARDOR {u,p} ZEHCHUBTHLZ LD FHh b, ZZII. U=U(y). P=P(y) &
!I=(y1,"',yn)€R" J)N&'éﬁéo

75 (1.2) DERT— A, Thbbs=o00. g=n DHFFIOVWTR, kDX LH
EE/LA TS,

£ 1.8 (Kozono-Sohr [17]) a € L2 &£ ¥ %,
(i) (—E#) u,vi2(0,T7) £D (N-S)-(0.1) DFEMT. u it

(1.5) u € L®(0,T; L™

THY, v BZFNF-FEX (1.1) 2WMT25, u=v R x[0,T) THRYILD,
(i) CERIfE) HIEEH o PHFELT. 2T A (15) KRBT 2588 u 554

(1.6) lim sup lu@liz < llu(tdllz + <o
ETRTD L, €(0,T) THT46IE. v i3 1.1 (i) L2 IERIHEET 5.

2B £ (1.6) 3RR L, ICBIT2HM u D L™ VA |lu(t)|ln EEEER Hliﬂ . llu(®)ln
DRUOEIPEVIERZERL TS, ThEIVEFIC, ue C(0,T); L) Thhdbid,
—BEOOERITH L LA,

RERHD, BEITOLIAZ SR (L) LR 5T TORMA, EHI2 &) pidsk
BRGHETHS, Chid,. BROHCHURIC L 2B RBOFEFE L BFELRMENED S,
2 BEROFETE

MHOER 12 T/ A (1.2) KBRT2HRMO—BHRUFEAMMELR LD, £0F
EIZOoVTR, ROUROBEEVFANTH 5,

T#F211<r<nil.a€el?nNL] LT3, u=u(z,t) 25 S(0,T) BT 2
(N-8)-(0.1) DM TH % L i,

(@)
(2.1) u € C([0,T); L7 N Ly);



(i)
(2.2) Bu, Aue€ C((0,T); L3);
(iil) wlXLPIZBVT, &R
{ Qu+ Au+P(u-Vu) =0, 0<t<T,

(2.3) w(0) = a

iy,
CZT, KEOHAETL LI, PRIRTODI<g<oo LT, L8 5 LI D E~OS}
FEBETHH, BEMICIZ P = {Pik}ik=1,-m ETBHEE. Pjp =i+ RjRy &7 %,
SIS, S i Kronecker DFERTH O\ Ry = F-LLHEF), j=1,--,n £ Riesz TH%
F¥ FR7-VIER), LI, P(Vp) =0 ICEE SNV, A i3 Stokes FEE L I

i¥h, A= —PA TEHEXN3,
WBOFLEL —BHII OV TRRDERSASLAT VS,

EH 2.1 (Kato [15], Giga-Miyakawa [13], Brezis [5])

() ( BBBFMOBIE) acLPnLl. 1<r<n iZHLT. T>0 & 5,0,T) BT
% (N-S)-(0.1) D& u D —BEMIHFET 5,

(i) (M KBROFE) 1<r<n LT, §=68(n,r) PHFELT, ac L2NL] B
D llalln <8 ZWEFHIT— 5 — 1235 LT, 5,(0,00) iBT 2 (N-)-(0.1) DHM u H—
BEOCHFET 5,

AR LOEBIIBWTr =2 LT, ue $0,7T) 3EELL ICBIFIHMCY
oTWwd, (i) IKBWT, &bilacll(n<g<oo) LTHLE, HERET i

29
T=C/lall§™ tEHEBHFITONE, 22, Cidn g DAIKETIERTH S,

TR 2.1 OERFORRE

DTRBWT C READEEREEIOLTLL. LIZC =C(%,---,%) LB/ EE
2, FRRORIOAMEETHIEERERT LT 5, Kato [15] ILX 5 HEEBML LS.
(2.3) OME R\ /T Z L. Dubamel DREBNI L ), DEORFHEAEM I LIHE
Fanz, .
(24) u(t) = e *a + /o e CTIAR(u)(r)dr, 0<t<T

™ 2
T ZIZ, F(u) = —P(u-Vu)o  Stokes ¥:8f {e *4},5 1. Gauss # Gy(z) = (4nt “3e %
FRAVWT e ta=Gixa L EEMOETHITS, $E-T. Hausdorff-Young OA%R? 12 &
0. RO LP — L9 @AY D,
{ lle=*4afly < Ct=2A/P~Y/D|g),, 1<p<q< oo,

2.5 n
25) Ve~*all, < Ct~2W/p-1O-1/2g), 1<p<g<oo

tE BB p. 256 HIE 7.11 £ 8®R
‘[ p.119 &M 4.5



BFRTDae IR, t>0 DV THY 2D, ZTI2C=C(n,pq) o (24) DEEERE
BPETRDE I,
{ uo(t) = e,

(2.6) wiaa(t) = wo(t) + /'ote_(t-r)AF(uj)(T)dT, j=0,1,---,

4. n<qg<oo B qgRVEDLVEAET S,

Kj= sup 20/"Vuit)l,, K} = sup t3|[Vu;(t)ln
0<t<T o<t<T

ETHEE, %j =0,1,--- I3 LT, K,-,K} BAERLETHSH, EBE. j =00n& &L,

ac Lt XD, (25) 58 E. Kj, K <oo LIRET 5, BU (25) L Holder DR

HRXIM 5,

lgs®lle < luo@lla + [ e 6-DAF ()t

n t n
3/ YOKG +C [ (¢ = 7) B/ 7)oty ()
0

IA

IA

~§0/n-110K, 4 CIGK] [ (¢ = 7y A/
0
(Ko + CB(1/2,n/2q)K; Kyt~ 3(1/n=2/0)
T 22 B(,-) it beta B E R Y. HWBOFMIcOVTH (2.5) &V,

l

V4510l < [Vs0(0)ln + [ " Ve D4R (ug)() ndr

IA

t
4G+ [ (6= ) W2 (1)) Vit ()
0

< ‘%(I/n—l/G)Ka + CK_-,'K; /t(t _ T)-ﬂ/2q—1/21.n/2q—1d1_
0

(Kp + CB(1/2 - n/2q,n/20)K; K})t "%
iz, Kjp1e Kiyy %
(2.7) Kjn1 = Ko + CBK;K}, K}, = Ky+CBK;K;

LB, TRTD 122w T K. K} #HROBTHZ I Lttbhs, (ST, B=
B(1/2 —n/2q,n/2q) > B(1/2,n/2q)) %2 L; = max.{K;,K}} LEONIE(27) XY,

LJ+1§.L0+CHL?’ J=0,1’

/35, L L.
(2.8) Lo < 1/4CB

SE® RN p. 15 B 1.1 ¥ EE




Loid,
1-1T-4CBL,
2C8 ’
&0, BO{L}2, RARFITHL. COMEHRMER. (2.6) TEDZBBI {u;}32,
DEERHE v TROVREBTOLDOHEELRET S, Thbb,
(2.9) t3(/n=1/0y() € BC(0,T); LY), tiVu(") € BC(0,T); L")
(BC([0,T); X) 2 [0,T) £ XA FEFKMBEEN L TEE). »O.

(210)  sup 30/ VOui(e) — u(t)ly >0, sup £3]|Va(t) — Vu(t)lln — 0
o<t<T o<t<T

L;

IA

j=0,1a"'

HUZ (2.6) IZBWTHD j = 0o & FHIT, (2.10) 12X D ERME u IMSTFER (24) O
RTHDILNFH 5B,
FA#%2HFET, a e L, THOIZL,

sup_luj(t) — u(@)ll- 0, sup t3||Vu;(t) — Vu()ll — 0
0<t<T 0<t<T

AHPRATED, BIZ (2.9) iICETVT, M HER (24) DADLE (2.5) T AV TFET
N n <1< g %3 1IZo0nT 30/m=-1M+3yy(.) € BC(0,T); I') 3¢50 b DFK
RBREAVIE, BL2288MH0AL206F. u BIXUVu i, #hFh, L'NL>®, L['NL
% L5 (0,T) Lo Holder ERMMTH B LA Thb, #oT. EHEE Fu(t) 12
L3-ED Holder E&xBIKTH h. FMERX ||Ae *alln < Ct Y alln 2EBITNIE, u 1B
(22) WL, EHIRDPHER 23) PDRICH L > TWVB I EHRERY, hd b, u
X275 X 5.(0,T) \=B¥ 5 (N-S)-(0.1) DM TH 5= LMD,

BRIC. 2K (2.8) PREIER -T2, ShZBRT >, 739 F—% a L
I WA lallp DOFhDP—FETFPEMBLICLVRESND, EB CB X LD
THETHLIRILLD, HBacCPE FENT, la—adl, <1/8C%8 LT HILHNTE
B, MiZ. 25) 2L 0<t<TIZBWT,

t30/n-1/D)|e~tll, < ¢3An-1Dje~tA(q — 5)||, + t3O/-1/D|| 45
< Clla = dlln + CE3A/m=1/0)3),
< 1/8C8+ CTEU/m-1a) 5,

< tH|Ve A (a - )lin + 3|V M|l
< 1/8CB+ CT3|Vil,

Wiz, BFICER e LD IHLT. T %

t}||Vetal,

7= hin. (ko L)
8C28 " \[lalia’ IValln
TE® XM p. 258 T 7.20 £ B8




LB, (28) BRY LD, 7 (25) Ik,
t3(1/n-1ad|le~t4q)l, < Cllafln, t}|Ve*ally < Clialla

BFRTOE> 0 KHLTRYLOHE, |lafls P TADEVRER, T =00 & LTEHHE
(2.8) PRI ENDB T LAFD B,

3 BCHURRC X 3BRBOFEFE

4B ORETCHCHUMIZ OV TN, T 2 Tl Leray [22] DREL/-HCHB
BOEELBZVIEER L), Leray 13 3 KTZEM RYIZBITS (N-S)-(0.1) D (0,00) LD
BT uThoT, A TTRRT LSO HCHUROB THREL £ 5 LA~ Bu(z,t),
plz,t) L LT, KEOHLMBEEL LS,

1 T
—U(—— 0<t<T,
u(z,t)=¢ vT -t (\/T—t)
0 T<t<oo
1 T
e P(——= 0<t<T,
p(z,t): T-t (\/T—t)
0 T<t<oo

T ZiE. Uy) = (i), Va(y), Us(¥)), P(y) (y = (1, %2, 43) € R®) RROEEHBAOK
ThoLT 5,

3.1) —AU+U-VU+%y-VU+%U+VP=0, y € R?,
div U =0, y€R?

OB uEELL ICLEBRMTHEEOLETTEME (3.1) OB U P HZERT S
i, Thbb, UVUeL? THEIENBHIIHBIrOONS,

Leray OME H'2 CBL., U#0 %% (3.1) DFHBER U 3HEETHH ?

COMBIRIANF-FRER (1.1) 2 #2775 RACBITIBRBOFEL LTHKSD
BRITLRL. —REAIBOBR Sy — A THEHEHR 1.3 LBELRRIIDS, EB. ¢>3
Dt &, .

_[@-oF i, o<t<T,
| —
lu(®)liq {0 T<t<oo
THhb, WHoT, ueL®0,00;L3 TidH225, 2/s+3/g=1.¢>3 %5 s,q
WAL Tids u ¢ L*(0,T; L9) TH 2, “hid, ER12 CFBELEV. EBE v i3 t=T



THOPEEZRIN. 77X (1.2) KRBLTVWRWALALTH S, H, TH13(3G) 12X
D, uiz—BEHTHE I LIZEESAIY,
LD Leray ORIBIIBEMNIZBE ENT:,

EH 3.1 (Necas-Ruzicka-Sverdk [25]) (3.1) PR UT L} iBTHbDRRU=01%
5LDIZR S,

BOAR HY2CL2NISC L3 2k ), ZOEEH,H Navier-Stokes HREAD B EHA
BCI2BRETHITMIFEL LI LGP D, SO LICHEL T, KORIMIT R
TEo

RIS (N-S)-(0.1) DT u T, LO(0,00; L") XT3 b DXERD ?

ER 1.3 (i) 2 XL, HmEHF (16) Db LT, LOMBRELV I EHFSPoTAS
. —BDu e L®(0,00; L") ICBLTIREDEIHRBRTH B, b LIOMEIEEY
ERRE T, BCHBLBERICH LTI VRV R, S EOFEEZTHTE S,

BHiC, LEOMEICHEL THROKRINKA S S LRETHREIC OV TERLARE
DRWIXEBALTBEI Do BT, kXTkn=3 LT3,

£ 3.2 (Neustupa [26]) (N-S)-(0.1) D5 u I28 L TEOHRANES S(u) %
S(u) = {(z,t) € R®* x (0,T); u ¢ L®(B,(z,t)) for Vp > 0}
TEET Do ST, By(z,t) = {(y,8) € R®®x (0, T);|ly—z| < p,|s—t| < p}. &t €(0,T)
I LT Si(u) = {z € R3(z,t) € S(u)} LEDD, REDEBEFEY LD,
HHEH o BHFEEL T, ue L®(0,T; L%) %5 (N-S)-(0.1) DEENTEM u i23F LT
1 \°
#Se(u) < (e— - sup Ilu(f)lls)
0 0<7<T
BIRTD € (0,T) IZ2VTHEY ED,

LEROEHRIZE 2T, 3 REICBVTit L®(0,T; L) BT 2R/MOEEH t € (0,T)
LB 2ZMNLRRADERIB AERBTHEI LTINS, BRORFHES BV
WEBLZODLTRAEDERYH S,

IR 3.3 (Kozono [18]) X ENURK L W= TEM eo BHEET 5. (N-S)-(0.1) DR
u Bt (zo,t0) € R® x (0,T) i2BWVWTE&H

limsup |z — zollu(z,t)] < €0
z—z0,i— 0

-10 -



S BIA R OIE. BB p> 0 BHA LT u € CXB,(z0, ) PBD L0 B
1
(3.2) u(z,t)=o0 (m) y T—To

At (0,T) i LT—RICED L2 % 61E, HBp >0 123 LT u € C¥(By(zo, b)) #*
#Io

3 T 32 33 3B u ORFNLHREERLALVOTH S, (12) R u €
L®(0,T; L3) 2 EIcHIE LT, (3.2) R EDBL B 2 HMOEHTO u DRFTVERDIRED
T, u HEDHADEHECTEICE ) ROEREHO» 28w ) B (N-S) DHBE. Rl
ECMETII RV, 20BHIE, SBRICBERE VI E2OKARE p (EN) DRFBZ
BROIBVERITT L ENEMTHLLIcH D, KB, pid Riesz B Ri(j=1,---,n)
PHWCu=(u, - ,tp) & 2T

n
p= Z R;Ryupu;
jk=1

LERSNBD, oL X p ORFWLHRZETERL TS, u DR 1281 5 KRB 2 WEAL:
EThd, COBTEBREERRL. p DEFNLESHVEERLLHLL LT Taniuchi
[32] Dt %, EH 3.2, 3.3 DIEFHI [32] DHERICHEFL T2,

-1 -



Part 11

BMO, Hardy %[ &FBEHREHER

F
Banach 22/ X 1281 3 R EOMBMFERLRRTRREE L 2.

(E) ot

O Au+Fu=0, mX,0<t<o0,
u(0) =a.

ST u=u(t) i3 Bl t € [0,00) 2 BHET S X-ELKARKTHD, a it X OFET
5200707 -5 Thb, AREER DA CX b2 X LOBRERETH L5,
—RICIFEREARTHS, Ful3FERBEEET,

1 0.1( RE SV 1% L 2 WG (HHF))
u= “(3”"-) = (ui(z,t),-- -, un(z,t), un1(2,8)), z = (Z1,---,2Zn), t > 0. 727501,
2= 3" ul = 1. A Lapleace (A, +%h5 A= A= -3 g FREEFu

k=1 =1 9%;
2 N+1 N+1 n B‘Ukz
Fu = —u|Vy| =—ukz:quk-Vuk=-—u’§1 X_:E’;
= = j=1

Thb,
0.2 GE#H Schrodinger 73 (NLS))
u=u(z,,t): (,t) ER"X R - C. A= —iA JBIFE Fu i

Fy = ~ijufP~ly

Thbd, ZZilp REHTHS,

f1 0.3 (Navier-Stokes /# (N-S), (2.3) )

u = u(z,,t) = (ur(z,t), - ,un(z,t)), z = (21, -, Za), t > 0. A I Stokes fEHFE LI
N, A=-PAT EHEND, 222, P IBEEEETH Y, BHENICIE Riess TH
Rj= 2 (-A)2(j =1,--,n) T

P=I+R®R=(djt+ RiRk); ;¢

&Y%, FEWEEFu id

= Bu
Fy=Pu-Vu)=P jgluja—zj

-12 -




‘(‘é%o
4 0.4 (Euler 58X (Eu))
u = u(z,,t) = (u(z,t), -, un(z,t), z = (1,++,27), t > 0. A=0. FERFH Fu i3
(N-S) LFBTHE °
Fu = P(u-Vu).

oM. %< OIERERBT HFEINIHRNIC (E) OB II»IT 2 d0BFn, FERX
(BE) CBLTHRRED 200EBRL M ZENETRINT 7U—FTh b,

TR 0.1 ( AMOBMEAERE) 52X oh LB T -5 —ae X IIHLT. T=
T(llallx) >0 (||-llx & X &/ Ma%kd) L L. u e C((0,T); X)NC((0,T); D(A))
%% (E) ORET limy, 40 ljult) — allx =0 27T b OX—EEICHFET 2o

X EICBEIFHICBL Tk, (HHF), (NLS) 3L Tid X = WH2, (N-S) iZxd LT
B X=LPp>n. (Bu) KHLTIEX=W*?, s>n/p+1 DL & T& 0.1 DEOKHE
REBOFESALNR TV S,

FHO01IIZL oTHBONTMIIFOXRL L 2ZM X CROBELI L EDRV R
FoTWwd, LIAH, X ONHEEROCT, S HEVEBY #E1 % LEMAEN LB
BohaZLitHd, TNHFREDERTHS,

TR 0.2 ( BROKXRHFAER) 52 onEEOMITF—F—acY(X CY) L
T, 4 € Cy([0,00);Y) DTETH > T, HER (E) 2 REDERTHIT 0P Ld
—DOFET5: .

(u(t), B(t)) = (a, B(0)) + /o = (4,8,8) + (u, A*®) + (Fu, )}dr 0,¢ < oo

FFRTD & € C([0, 00); D(A*)) KH LTRD I Do SIS, () BY L ZDORBEEM
Y* BB EEL, A° it A ORBIEARTH D, 72, Cy((0,00);Y) K YOFHH
HIZBIL T [0,00) LEFD V-ERBLSUNEKETH D,

EE (1) LicEF2AICB L Tk, (HHF), (NLS) (KL Tid Y = w2, (N-S) ioxt
LTRY = L2 I LTER 0.2 OFOBRAARNBROFES QLN TV 5, (Eu) I8
LT, BEITOLIAn>3 DEEZEMYRBLATV R,

(2) M AKBROFHEERICIIHVBIE u(t) KBTI 2BOBMEEN L RFED
BEHPEELBRBLET S, S TREICETALNDIZOVWTRLTBL,

(i) (HHF) DB4&

f feel

(z,7)

2 2
dzd1'+ 3 /R" |Vu(z,t)|*dz = 3 /R" |Va(z)|*dz, 0 < Vt< oo.

- 13-



(i) (NLS) %4
/R" |u(z, t)[>dz + /R" |Vu(z, t)|2dz
< [la@Pds+ [ Va(e)de + [ la(e)Pdz, 0< Vi< oo

(iii) (N-S) DF&

1 2 ¢ 2 1 2

- v == Y .

zjnlu(z,t)l dz+/0'/n| y(a:,‘r)| dzdT 2‘/‘”[a(:t:)l dz, 0<Vi<oo
(Eu) ML CIIBREER

2 - 2
/R" u(z, t)[? dz = /R" la(z)|%dz, 0 < Vi < oo.
ThHH, SO L-BEOHTRIFRBEELHHTEF, KRNBRILES LTV,

BE. S1E LI HER (B) OIS Z8 L7245, Part I FORME (1), (I1), (I1) 2
HELT, ) —BOEREOMBEERNTHS,

M (I) ©H 01,02 ICBIF2ZH X, Y 2 FhFRE4OFBRXTLICRRT L,

(II) (5MO—FIERIE) TR 02 ISk > THONLM u(t) iX—F» ? F#hizdb o
ERWER BT X) CRLAY, t CROTEILYTELD ?

(L) (EMDHER) TR 0.1 1L >THOLNZ[0,T) LOM u(t) ZRETE22 7 ¥
bbb, BT >THFEEL T u(t) 2[0,T) LORETHZ LHTED» ? 4T =0
TR ENHELD ?

Part I T2 LRCOMEE (N-S) 2 0ICAICETF - TBRRCMLTERT 2. 20
PR, Part 1 L R4 250, RBE Fu O X RY 285/ VAR FET 24 %R
% Hardy 22/, BMO MEBO#EE» LR L TH D, ZDHEIAHMHTER Fourier
FROFRERICHE CEF L. EMBENTES (E) OBECHYDTH I L9 5,

AR WEHFEXDOBEY) Fu=00L &, (B) 3BEHER

at

O Au=0, InX,0<t<oo,
u(0) = a.

Ehb, THOLEM u(t) IBRMIZ u(t) = e ta(0<t< ) D13, Thabb, BF
HBRADFE. (BE) DURER —A DX T C-¥B {e o PEBREARCR 22 7&
VH)MBICREESNS, ThICBL TIdE L2 Hille-Yosida DERINH 5, CO-LB LY

TREZE -ERRE -PRASE RMRN (SHEERNEEE) p224 ©8 7.6, p.228 BB 7.7 L BR

- 14 -



DRVWIFTAELT, BIABHERIL VI LN DL, HBICERRZESHIHE. -A D
AT EBROERERECL 2D 1LV MELR40FBRCH L TERT S LRREAN
Thb, Fic. (N-S) DERICEEL Stokes EHFE —A = PA PEFERTRITHERE
AR5 ENRENDIEBMBETH S (Giga [12)).

4 Hardy ZR& 2 DIGH
Hardy M. BMO-ZZM%* AT 58I, =M LP, WP IOV THBLTBI Jo

74
Lm

M

1/p
iz R 5 @ eCilflp= ([ f@le) <o}, 1<p<on,
{f:2€ B+ /@) € Cillfloo = sup 112 < .
z€

LP D3RR (LP)* 122 TIRRRDOMERA Y L D:

(4.1) ()" = 1~
(4.2) (IP) = I*, 1<p<oo, p =p/lp-1).

Z OBTBAFRIXIK D Holder DAFERIERE 2 oT5 ¢

(4.3) I(£,9)| = | /R,. f(z)ﬁ(-r)dz| < Ifllpllgily

BIRTO felP,ge LI CHLTREIT S, SCTROBEICEHL L I,
E®gelLltt¥s,

(4.4) f-gel? HFETH felP X LTHYILD

1HOLELFRBEIE ge L™ Thd,

EoEELS, BEZEMOK IP, 1<p< oo IXBWVWT, EHEOMBWLTAL TS
Fhbb,"fH" L23) b, L IIRE, ZOZ Lh b, FRERMTHERNOR
DL FHiEEII L, MHoME B RADT Ta—-F L kb, —FK. W TR
Xz, (B) 2B 2WEIEAE A i3 Laplace ERIE L LOBBORSEAETH %,
20 EERE LT, PIRHYIZ Sobolev 22l WP H¥MA S NG,

WP ={f:z € R" - f(z) € C;||flwsr = Y IID*fllp < 00},
lal<s

IMRMEIT  p.246 TR 7.13,7.14 2 BR
HEEN 87 A K 1222w LT, |g(z)ldz < co.

-15 -



- alel
2T, Da=m, a=(ay, o) BZERY. la| =1+ +a, TH

%o WP 12DV Tid, KRDERD3AHA ( Sobblev DEEEEE) 45N TV B,

L®NC* s>nfpDE &
4.5 WP c n
45) {L;%F O<s<n/fpDL’

Z 2T, CHIEH o O Holder EMEB Nkt E T, LOBOAAERT s=n/p BE
2R WP CBITABEREEBL V), TOLE, W IEBD p<r<oo iZLTL
ICBORAINDY, r=oc0 b THILIRTELV, BREBDBESOBOAALICHL T,
#7:% 220 BMO (bounded mean oscillation) % ¥ A 3 LEHH 2

EM 4.1 fc Ll 3 BMO ioB+5Lid,
_ 1
I7ls0 = sup 2 [ 1£(@) ~ folde < o0
FRIT L ThD, TII. B R B AMREEL, fp= ﬁ/Bf(y)dy <H B,
|B] i& B Dfkfk. EHEXICBVTLERIZ R® 02 THORK B 2BV Tl5,

ERDPOHALPIZBMO C L™ Thb, BOBESBBIREY I, EE, f(z) =
log|z| & L® 2B &2 vidS, BMO DTETH 5 I LPBIrOLNS,

&T BudBatk (4.1) #EFR T HiX. BMO ORI ZMiZ L! L h VLD THE
LGB,

E# 4.2 (Hardy 2B #!) ¢ € S ¢, /R"qﬁ(z)dz:l E¥Bot > 0 HLT,
e(z) = tlﬂqs(z/t) LD D,

' ={f: B > Billflha = [ suplée+ f(o)lde < oo}
(2L Y. Hardy ZMH H'ZRET 5o ZII2. ¢+ f REBRMEET

EESSBLPIZ, H C L TH S,

EE EH 421 g S OWMY HIKELTWB, UO@/R" Hz)dz=1%% €S
LT, |Ifllae < oo WD LTI, EiMORUBEESD ¢ 1SHLTD ||flsn < 00
PR, POINGIEFEL S VA LRSI EAMLN TV B, ##lit, Stein [31, Chapter
Iy g ashicv, ERROBERSRK

Myf(z) =sup|¢e * f(z)|, z€R"
>0

PIERER s IKMT 2 WP OFRICBL T 6 HTHRE,
1S BR® LOSRAVRNSHEERT

-16 -



¥ f ORKBEEV,
RIZBMO, H! BXUFRiesz B# R; = aizj(—A)-l/z(j =1,---,n) KPVWTHHEEHR
2B %o
£ 4.1 (Fefferman-Stein [8))
(#')" =BMO, (VMO) =#!

- ).
\..s..‘_‘

. 1 -
VMO = {f € BMO; |311151ooW/B |f(z) — fBldz = 0}-

AE CP ©® BMO-/ VAICBTAMEIX VMO I—HT 5,

TR 42 (1)
H > H,
(4.6) R,—;{ P 5P, 1<p<oo,
BMO - BMO
BENENEREHNEHETH S,

(2) (Coifman-Rochberg-Weiss [7]) R; & B% b DR FEEE [R;,b) % [R,b)f =
Rj(bf) —bR;f TEETH. 1 <p<oo LT, [R),b] #° [» LOARBREIEREL 2
0L EBTAEHIEbe BMO ThH5, ZDE A,

C7||bliBaro < II[R;, B)llLe—1» < CliblliBao

Thdo, TIUI |- lrrare RIEAE/ LV LEET,
B)feH LT, BEA2DI/NL |flin LRARDOEAD ) VL XFETH S,

(4.7) 17l = WA+ D IRl

=1
@) feH DL &,
@) /B If|log(1 + |f|)dz < co DB B C R™ 1=# L TR Y L2,
(i) f PEHIZECTHD /R" f(z)dz =0
(iii) f o Fourier Z# f(¢) = [gr e "¢ f(z)dz (I LT, FER
Jre FEEIde < Ol

FEYVD, S, C R fICERELRZEERTH S,

-17 -



Holder DA% (4.3) 26, feLP,ge LF IZ LT, f-ge L' H¥BH Lo, BIEIE
LgDEDKLEEHRTT, f-geH LubhThb, FNCBELTIRROEEND 2,

EH¥ 4.3 (Coifman-Lions-Meyer-Semmes [6]) 1 < p < 00, B = (By,--,Bp) €
LP,E=(Ey,---,En) e L¥ ¥ 5,
n i R
divB=Z?£J-=0, rotE=(%—a—Ek-) =0
i=1 6z,- 3:61; a::,- 1<jk<n

n
%5i¥. B-E=) Bj-E;eH' Thh,
i=1

B - Ella < C||BllpllElly
PO D, ZIIZ. C=C(n,p) i3 B, E i("EBRELZEERTH 5,
ABA ¥Y. felP,gel, 1<p<oo iCBLT
(4.8) f- Rig+ (R;jf)-g € H', |f-Rjg+ (Rif)-glsa < Cliflpllglly 5=1,---,n
PEYLOI L ERT. EBE. b,f,g€ CP I L THBAIHBICL D,

/R,. [R;,b]f - gdz

[ Bs6) — bR, 1) - gda
_ 9 (_a)y e
= [ (5;;(—4\) 12(b) —bRJf) gdz
= [ (=bf - Rig —b(R;f) - g)ds
BEYILD, IS, Holder DOFRSRX L EH42(2) &b,

| 8 - Big + (Ra) - 9) ]

IA

([R5, 5] flipligllp

Cllblismoll fllpllglly

CP® VMO Tdense THYN, EE 41 &b (VMO)Y = H! THadhbH, EXXD
f-Rig+(Rif)-geH' »2 |f Rig+(R;if)gllan < Clflipllglly

BIRTD f,ge CP KM LTHI LD, CP izZhEh LP, LF Tdense Thoh b,
% (4.8) 2685,
ST, REL Y ERBOEKT div B=T7, 5 =0 THE15. BHRM LY

IA

n n
B . ddr = — 9 Ay1244 = 0
/R”ZR,B, oz = /R",._Z_:IB’az,-( )4z =0, Ve CE.

j=1

- 18 -



%O—C\ ) n
(4.9) Y R;B;=0.

j=1
—}/.Ee€Ll”, 1ot E=0 XY, E=Vh = V(-A)"Y3(-A)?h L &T B, 2212,
hell,Vhe LI¥. 22T, f=(-A)Y2h gD, feLP D E=(Rif, -, Raf)
Thb, Bit (49) 1oER

B-E=) B;-Ej= BjR;f =) (BjR;f + fR;B;)

i=1 =1 j=1

PO, LROEDIC (4.8) LAATILIRRE#5, GHBDLD)

EH 43 DR (D) u= (v, ,uy) €L divu=0ThHhH, veW? LT3, 2Dk
é u'VUGHI ﬂ*ﬁibioo

(2) v = u(z) = (Wi (z),- -, un(z), un+1(z)) : R* = SN & W2 LR T2 EREAE
BOFBROBMLET 5, T4bb, v HBR -Au=u|Vu]? 2 BREOERTRLT
75 IR MO01EBR), OLE —AueH! FHHELD,

HH (1) ESR rot (Vo) =0 X W EE 43 X h 2251285,
2
( ) N+1

(4.10) —Auj=u; y Vux -Vup, j=1,---N,N+1
k=1

THhd, T2 V = (8/82,---,0/8z,), - BR® DHRMERT, [u2 = TV 1u? =1

hn. _ N
+ +1
(S Ewiz) -

ZRE(410) £

N+1 N+1
—-Au; = Z ujVuy - Vug — (}: ukVuk) - Vu;
k=1 k=1
N+1
(4.11) = Y (uVup — uVuy) - Vay
k=1

j=1,--,N,N+1 %853, EROEBIZONVT &5 ILANEROFBRE Bl
' n a auk au,)
div (u;Vur ~ e Vu;) =
iv (u; Vg — uVu,) Eazz( 02~ " oay
Su; Ouy
= Z;le dz;
= u; (ukIV‘UIz) — Uk (uj|vu| )
(4.12) =0

+ u.,Auk Z ﬁﬁ - ukAuj
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lu=122>VueL? &b
(4.13) ujVug — uxVu; € L2, jk=1,---,N,N +1

Thd, (411), (412), (413) &) ZoEED (1) OHERLHEAA T, -Au; € H,
ji=1,---,NN+1%832, GEHFEHBDH)

LEDERA3 DARDIERAE LT, 28D 2 REXKBHERNERICMNT 2 ERIEER
¥H oo

EE 4.4 (Hélein [14]) u: R? - SV * W2 LR T2 ERMUEROBRE 6T,
u € COO f&%o

i EXRBAEROFERIE ~Auv 2 EEEE L, Vu ICBL T2 RDOERTA — 7 —
THI¥REMABRRSFTBRNTHI05. ue W2 2[RI C® ThodHdItiE,
u € COR") THhII+ATHB, DI LiZDwTid, Bl 2T Giaquinta [10, p. 190,
Theorem 2.2 ] 2B h iz,

—7. ER43 D% (2) LD -AueH! 25D, s, B8 4.2 (3)-(ii)) TAVIUE
L
€2
Thib, uecCUR?) %83, GEHBDD)

= ——Aue L}(R)).

5 BMO ZRIC &1 3 =KX & Navier-Stokes FERX

HHOZIBIIBVWTERBLIBC. EEDO fe P LT f.ge IP 251021
GEL® RBILPLBETHTHE, FI T, geBMODEEIDHENE) 2550
PIEL %5, TR 43 CLZ2MBMOKRT 22/ HIOTXMEE LT, RO#HEIDH 5,

68 5.1(Kozono-Taniuchi [19]) (1) f,g € [’ NBMO,1<p<oo £T5, D&

(5.1) If - gllp < C(IfllpllgllBaro + | fliBroligllp)

o A/ RTAS N
(2 f,9€e’,1<p<oo »D, Vf{,Vge BMO £ ¥ %, ZDLE f-VgeL? THY,

(5-2) £ - Vally < C(I£llplValiBro + IV fllBaollgllp)

A Y LD,
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3) f,g e WMPNBMO,1<p<oo,m>2tT%, ZNDLE, ZEIEHa =
(al,"‘,an)yﬂ=(ﬂly"',ﬂn)T|a|=al+‘+an217|ﬂl=ﬂl+‘+ﬂn21'a|+lﬂ|=m
LBbDIZH LT, DOf-DPgeI? TH Y,

(5.3) D25 - Dgllp < (IIflBroll(—8)% gllp + 1(~2) % fllpligll 2aco)
PR LD,

LOWMBDIEA & LT Navier-Stokes 58X (N-S) NEHMRO—EIEAIESE L U, BEF
FEAMOBERERNHFON S,

2 5.1(Kozono-Taniuchi [19]) (1) a € PL%, u % L*(0,T;L?) n L*(0,T; W'?)
BT (N-S) DFMRET 5o b L u € L30,T; BMO) 25, u E—ETHY, 7o
Co(R™ x (0,T)) V- &¥ 5o

QaeI?,p>n. vk ueC(0,T); L) NCY((0,T); W?P) %25 (N-S) DL ¥ 5,
bL. ’ -

(5.4) /0 llcot w(t)llBacodt < 0o
RO, BB T >T FFELT u i C(0,T'); ) N CL((0, T'); W2?) =&+ 5 (N-S) ®
WL D,

EE 5.1(2) Dk (EAMOBR) asell,p>ntT2.u% ueCo,T);LP)N
CY(0,T); W??) 2% (N-S) DML T2, T M BAFERML T,

T
(5.5) [} ot w(®)lamodt = oo

Thbo LI,
lim sup fjrot (¢)llBmo = o0
“T

Tha,

EHE 5.1 OE (1) €851 (1) K2 Tid, €8 1.2 12X 2T u € L0,T; L?),
s/2+nfp=1,n<p<oo Z5HIL, FMull—FHIOERITHS I LHPREINT VD,
LOERIEs=2,p=c0 DFGOURICZE 52TV 5,

(2) Beale-Kato-Majda [1] 2 5.1 (2) DHOBMDES % (N-S) B U Euler HERX
(Eu) DM AL T, &%

T
/ lrot u(t)||codt < oo
0

DFTRLTWE, FOEHORLLEAZDEIVILIATN X7 VG uw ICBTAHRD
BREEC B 245 B Sobolev FERTHS .

(56)  IVulloo < C (1 +lrot ufjoo(L +log™ Jlullwe+1s) + lIrot ullzz), sp>n,
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Hdivu=0THETXTDue WP, 5> n/p I LTED LD, I, logt ¢t = logt,
t>10LE,=0,0<t<1DEE,

EH 5.1 (1) DFERA 3ER 4.1 BIUHE 5.1 (3) AV, FLEVOTRRX [19) %
EBRENIV, T TR (2 KOWTERT %,

EE 5.1 (2) OHBAOERE (N-S) OHE., M ac?, p>nicidT s, 201
DFNBROBFHERE Tiz. T = C/||a|ZF/®™ Li#oI R T2 (Giga [11] B
U Part 1 €2 2.1 DEEEM), =212, C=C(n,p) ¥ a 1ML ZVWEEK. 8. [0,T)
E DM u(t) 123 LT, supgeper llu(t)llp 2¢ llallp 3 & O ST |irot u(r)|| paodr THAMET
ENiT XV, Dubamel DEEIZL D, u(t) RRORFFER L W1

t
u(t) = e *a - / e ¢DAp(y. Vu)(r)dr, 0<t<T.
0

{e7t4}in0 i PLP ICBUY2WAEBRTH Y, S5 CHEERE P 3 P COERBAER
XTHIPH, HES1(2) zHBLT

[l < lleall+ [ =4l Va)r)lpar

IA

4
lalp +C [ lhu- Vu(r)lpdr

t
llallp +C /o lu()lpliVu(r)llBrodr, 0<t<T.

IA

LERIZ Gronwall DA%ER % #HT L.
T
(5.7 lu(®llp < llallpexp (C/o "V“(T)"BMOdT) , 0LSVt<T.

—7% . Biot-Savard D] X b
(5.8) Vu = R(R Arot u),

EPiyB, SZiZ. R=(Ry, -, Ry), Rj=3‘3—j(—A)'1/2,j=l,-~,n. #iZ. Riesz B
O BMO B2 HERE EH42(1) »56

(5.9) IVullemo < Clirot ulismo

BES. (5.7), (5.9) £ b,

T
sup_ [[u(t)lp < llallyexp (c [} ot u(T)IIBModT)
0<t<T 0

235, GEHOERELDY)
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6 Besov Z[ICH T3 HE! Sobolev DAFR

Besov 2 By, s€ R, 1< p,q< 0o B&U, FK Besov M B;,q 137Kk Besov 22
TMHAL LS, i3 Bergh-Lofstrém [2] 2 BB SN/, £07:82F ¥, Littlewood-
Paley % {pr}2 oo ¥BRT 2. REDUR LRI IH ¢ = ¢(¢) € CP(RE) 2W5 .

61)  swppC{EcRu12<iE<2), Y 42O =1 foré A0,
k=—00
B3 Bergh-Lofstrom [2, Lemma 6.7.1) % R &,
or = ou(e), ¥ = ¥(z) € S(RD) %

o) = d(27%¢), k=0,%£1,£2,---, () =1-Y 27
k=1

TENEFNERT 5. FIONI. 0 €8, k=0,£1,£2,---,p € S TH Y. suppy € {|¢| < 2}.
(6.1) LVFRTD feS VLT, f= ) gp*f BBHILD,

k=—00
#ZT. s€R,1<p,q< 00 4t LTHXK Besov ZM B, ¥ L U Besov 2 B, %
RETEHRT %o
1

{7: R = Cillflls,, = ( > (2l *fllp)") < oo},

k=—o00

28
BIMI

i

1

By = {f:R" > Cllflg;, =¥+ flp+ QZ@"’II% : fup)'I)" < 00}

=1

261 (1) KEPILE-T. s i3 f ORFTREME R X T, EB. 1<p< o0, 8€ERIC
#LT
"(_A)“Pk * f"p S C2k‘“‘Pk * f"pa k= Oa :tla i2) |

FEDIED, T2, Clids, k CRENELZEERTH S,

2)1<p<oo,8=0,1,---, I8 LT Sobolev 2] WP % §E—& CEH LA, FE
EBs>O0HLTE, Wr=B2, tLEDS,

(3)8>0,1<p,q<oco D& &, By, =LPNB;, ThY, /AL TEERR

£,  1£llp + 17115,
ALY LD,

. o %
B 0 > 0 H LT Wfllwes = Wflwis + ( J e L= e M

" gn %yl EDrn

la|=[s]

WP = {f: R" = C;||fllws» < oo} L EXETHIEL, EIZ WP = B DB UL,
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wH6.1(1)s <8,1<pg<c0DLE, B3, C By, A DD,

(D1<q1<g<0,8€R,1<pL0 DL &, By, CB;, »K)iLD,

(B)1<p<m<0,1<g<q<0,8—n/p=s1—n/pp L&, B}, CB3, »
Y2,

iE32 6.1 (Kozono-Ogawa-Taniuchi [21]) 1 <p< o0, s>n/p, 1 < g< oo IiZxFL
TIEEX C =C(n,p,s,q9) ¥HFEL T, FER

r=1
(6.2) Iflle <C {1 +11£ligg, (1+108" 1£l5;,) * }
BERTOD f € By N B, WWHLTRILD, S2I, 1<r <00 Thho

X (62) ICBVTEHRC idr CENRBIZLNS, HiZ. r=11lBwTIREA
Shi-AER
I flleo < Cllfllsgo'l

BEDID, T2, r=00 DL X,

Iflleo < C{1+1fll5e _ (1+10g" Ifllzs,)}
il A AN

EH 6.1 DA (6.1) LVEBEOHAKM N I L TESER

N o0
1=9Q")+ Y ¢+ Y #(27%¢), €#0

k=—N k=N+1
PEIVLD FEZTfERDEHIZHWTS
k=N 0
fo= FRRE")«f+ Y aexf+ Y xS
k=—N k=N+1
(6.3) = fi+h+h

Ji, fo, fa D L®- JVAZEEL X 5. & fi ICBL Tid Holder OARERITE D,
Ifilleo < 177 (B2%1) Iy li£llp

(%) 7% iy £l

(64) = c27 V| fll

:);Jfgzoo P 222 C=C(n,p). 22, fo CEALTIE, fUXT % Holder DRSS,

k=N % k=N ';.!r
(6.5) I f2ll0 < ( > IIm*fllZo) ( )y ) < 2N;l’||f"§g°‘,

k=~N k=—N

19 €8, A> 0 KHLT IF (gl = A" D)|F 2|,
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fa DEEMEIC LTIt RKOSRICEET S
er*f=(pr1+ox+Prs1)*@e*f, k=0,£1,---.

it suppp(2F) C {6 € R 221 < g <2641} BIU(6.1) L W HED. #iCs>n/p
Dt Xk,

o0

Ifslle < X llor * flico
k=N+1
oo

= Y Pr-1+ 0k + Prs1) *0x * flloo
k=N+1
[ <]

3" llor-1 + ox + Crsally lor * Flip
k=N+1

) 1
> Y UIF T (6@D)) llpliew * £llp

k=N+1l=-1

(o) 1
= (Z 2("“);"7"'14’"#) llew * fllp
k=N+1 \i=-1
o0

Cc Y. 27F|ion* flip

k=N+1

< c( 3 (ﬁ"-z-"')f)q ( 3 (2"'ll<pk*fllp)")

k=N+1 k=N-+1
(66) < e fll,
ZZIZC =C(n,s,p,q) ThHbt, (6.4), (6.5). (6.6) 5% 6.1 (3) ¥ FERIT L, EE
¥ C =C(n,p,s,q) PHFELTFRER
6.7) 1flee < C@ ™ IIfllmz,, + N7 I fllg )

PERTH f€BNBY,, 1<r<o0 LT RTOEKRK N IS L TRY LD LA5FH
5o ZZIZ. y=Min{n/p,s —n/p} TH2, LRIIBVT HLOEK C (& r IZERRIC
s LicERESRL,

Ifllg;, 1 DEEIR(6.7) iKBVT N=1LtBIJI,

(6.8) Hfllo < C(1 +1I£ligg, )

%50 ||fllp;, >1 DEER (6.7) DELHE—FA 1 L HASRBMUIN ¢ RE T
bbb

IA

IA

IN

-2 tog | files
N = |5t fllsg, +1

Hij - ISR
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fs DFBEIH LTI, ROERIEETS

‘Pk*f‘—'(‘Pk—l+‘Pk+§0k+1)*<l’k*fa k=0vi11

THid suppp(27F) C {¢ € RM 251 < [¢| < 261} BEU(6.1) LW HEH. BUSs>n/p
nkE,

00

> ek * flloo
=N+1

[ o]
= Y (k-1 + 0k + @r+1) * @k * flloo
k=N+1

[ o]

3" Nek-1 + ok + rrallpllex * £llp
=N+1

oo 1
> 3 IF (@) ek  Flp

k=N+1l=-1

00 1
= 3 (E 2"‘*"an-l¢n,f) ek * £l

k=N+1 \l=-1

"f3"oo

IA

IA

IA

00

C Y 2¢Mlew* fllp

k=N+1

IA

< c( > (2%"-2-"’)'f)q ( T (2"‘Il<pk*fllp)")

k=N+1 k=N+1
(6.6) < c2 Mg,

CZIEC=0C(n,s,p,q) THaT, (64),(6.5). (6.6) »Hit¥ 6.1 (3) ¥ ERT it Ex
BC=C(n,p,s,q) "HFELTHER

(6.7) 1flee < C@ ™ i£llg;,, + N7 Ifll3g, )
BT RTD fe€BENBY,, 1<r<co LTRTOHRK N IZHLTRI LT Las5d
%o ZZIC, y=Min.{n/p,s —n/p} TH2, LRIBWT GADER C & r (ZEMEIC

ENBIELEEEINIV,
IfllBs, <1 D& X (6.7) ILBVT N =1 & B,

(6.8) Ifllc < C1+1Ifll 5o, )

85, |Ifllgy, >1 DL & (6.7) OEDE—ANF 1 L AS LM N 28R, +
Zbb

,
N= [@—2 log ufus,-,,,,] +1

TH~— VMR
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ELIZEH 6.1 DICA & LT, Beale-Kato-Majda [1] DR % &t Euler 78X (Eu)
DEROEFRERIR/ONL,

¥H# 6.2 ac H*? s>nfp+1,uecC(0,T); H*?) N CY([0,T); H*~**) % (Eu) ®
[0,7) LoWtds, bL

/OT ||rot u(T)ll,;gcmdr < 00

RHIE. T > T #HEELT, u i C([0,T'); H*?)n CL(j0,T'); H*-1#) i &¥ % [0,T') L
)] (Eu) @gve&)%o

T 6.2 OIHANRIE MEN/D, p=2,s% s> [n/2]+2 2% L TEBT
5,1<p<oo,s>n/p+1R25—KD ps 22w TIEBOETELEBR IV,

He=H*? LB, TRO0L1IILD, B uD@iEac H IHTHR/HFERE T
it flallge THTZLAWEZDL

(6.14) sup, [l < Cllalla, | ot u()lg,_d)

2 B MlE R H Th Do (Bu) L0 dH5DRAA T —BIM n #HE4E L TER
Bu+u-Vu+Vnp=0, 0<t<T

DY LD EROWDICRTEBE D (|a] < s) THEIE,

(6.15) 8(D°) + u- VD + VD% = —F,

B85, T, Fa=D%u-Vu)—u-VD% ThHb, —H. s> [n/2]+2 THEhbH,
H7'CL® ICEEL T, XRTFOFME

(6.16) iD%(fg) — fD%gllz < Clifllaellglico + IV Sllooliglgs-1, laf <'s
HfeH, ge H VIS LTH YLD, (6.16) i f = u, g = Vu AT I,

(6.17) IFallz < Cllullas | Vaslloo

MY I T, (6.15) & D% L L2-Afk%k L hif, Schwarz DARFR L (6.17) & Y
(6.18) %%HD"uII% < [(Fa, D%)| < [|Fall2llD%ullz < CliVulloollull g | D%ull2
282, 2T, divu=dive=0%25u,veH XHTHEFX

(u-Vv,9) = —(u-Vv,v) =0, (Vh,v)=0
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BV, (6.18) PWB% |o] < s CELTHIR & 1T

- 2@l < CIVu@lolu@llz, 0<t<T
765 . Gronwall DGR b
(6.19) lu(®)lze < llaflz exp (c /0 ‘ IIVu(T)Ilood‘r) , 0<t<T

B2, 3-1>n/2 Thoshbp=qg=2,r=0c0 & LTER 6.1 % ||Vuljoo PFHIZH
Bihid, X&)

@z < Nalaexp {C [ (1+196(l,, Togle + lu(r)la)) dr

- . o Beo.oo

PHD LD, y(t) = log(e + [u(t)l|g-) £ BHE, ThED
t
y(t) <y(0) +C /0 (1+1Vu()llgg, _u(r))dr, 0<t<T
Do BHU Gronwall DAERX 25
(620) v®) <yOexp{C [ (1+1Vu(r)lgy )dr
0

PTRTDL € [0,T) 18 L TR Y L Do —F. Riesz B BY,  EOHREAETH B

& (Bergh-Lofstrom [2, p.165, 19], Triebel [33, p.241, Theorem 5.2.2) % £8) | Biot-Sarard
DERNZ L 2%5K (5.8) & )

(6.21) IVullz _ < Clirot ullzy _

THb. B (6.20), (6.21) X b

T
(6.22) y(t) < y(0)exp {C /0 (1 + llrot u(r)ilzg, ) d’}

HFRTDLe[0,T) IS LTHRD IO, Th&D (6.14) #5H. EE 6.2 DEHDE
MBbbh)

AE 1<p<oo,s>n/p+1%5—KD p s 72V TOER 6.2 DHEHFHICOVTH
X%, (6.19) (ST 5 b D& LT Kato-Ponce [16, Proposition 4.2] i2& o T

t
(6.23) lu@®)lze» < llallror exp (c / nwmumdr), 0<t<T

PRONTVD, Zhid, TEHREOMFICBI BT OFM (6.16) = [P ZETHLT
BILICENREND, KE [Vullo P |lullger 1= & 2 BBFMRAIIOVTEEL
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£, 1<p<2DLEITERG6LIIKBVT g=2,r=00 £ B, TNLE, BORAA
H*®»C B,y 2% Y,
(6:24) IValleo < € {1+ [Vullgg _ logle + llullzrr)}

BEDID, 2<p<oo DL &iZ, FEHE6.1IIBWVWTg=p,r=00 £BLo TNELEIIH
BDREH H® C By, BB Y LH, RikD (6.24) FELWI L FH7 5. MEdb EROE
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Classification of the structure of positive radial solutions to
a semiliner elliptic equation in the ball and its applications

Hitoshi Myogahara
Graduate School of Science and Technology,
Ryukoku University

In this paper we consider the structure of positive radial solutions to the semilinear
elliptic equations
Au+ Q(|z))w? =0 in B,

Au+Q(jz))? =0 in B\ {0},
Au+Q(jz|)v? =0 in R™\ B,

-where B = {z € R*;|z| <1}, n > 2, p > 1 and Q(r) is a given nonnegative function.

First we treat the first equation in B. Since we are interested in the structure of
positive radial solutions, we will study the structure of solutions to the initial value
problem

{ e + QU =0, T e (0,1), "
u(0) = a > 0,

where r = |z|.

Under the conditions Q(r) € C*((0,1)) and Q(r) = 0 on (0, 1), it is known from the
result of (3] that the initial value problem (1) is solvable if and only if rQ(r) € L*(0,1/2)
(see (i) of Theorem 1). We denote the unique solution by u(r; ). We can classify the
solutions according to the following three types. We say that

() u{r;a) is a crossing solution if u(r; &) has a zero on (0,1),

(1) u(r;a) is a singular solution at r = 1 if u(r; @) is positive on [0,1) and
lim,; u(r;a)/(1 —r) = oo,

(#43) u(r;a) is a regular solution at r = 1 if u(r; a) is positive on {0,1) and
lim,_,; u(r;a)/(1 — r) exists and is positive.

Under the conditions

Q(r) is continuous on (0, 1);
Q(r) 2 0 and Q(r) # 0 on (0,1);
rQ(r) € L(0,1/2);

(1 =r)PQ(r) € L*(1/2,1),

we can introduce the functions G(r) and H(r) by

G(r) = ——(1 - r2Q(r) = 222 [7 pn=1Q(0) dp ,
p+1 2 Jo

-32 -



_9ql
H) = (= 2ptareeding(r) - 22 [ - rtpp¥iph=(e-2eQ(eydp
T
Moreover we define
rg =1inf {r € (0,1); G(r) < 0},
ry = sup {r € (0,1); H(r) < 0}.
Here we put r¢ = 1 if G(r) > 0 on (0, 1), and rg =0 if H(r) > 0 on (0, 1). Thus we
note that 0 < rg,r7¢ < 1 by the definition.
Now we state a structure theorem to (1). ‘
Theorem 1 Suppose that Q(r) € C1((0,1)) and Q(r) > 0 on (0, 1).
(3) If rQ(r) ¢ L1(0,1/2), then (1) has no solutions with u € C?((0,6)) NC([0,4]) for
some & > 0.
(i) If rQ(r) € L*(0,1/2) and (1 — r)PQ(r) ¢ L1(1/2,1), then structure of solutions
of (1) is of Type C : u(r;a) is a crossing solution for every a > 0.
(#3) If
Q(r) —c- r!n—ﬁm—gn+2! (1 _ rn__z)_%a
for some ¢ > 0, which is equivalent to G(r) = H(r) = 0 on (0, 1), then the
structure of solutions of (1) is of Type R : u(r;a) is a regular solution atr =1

for every a > 0. In fact, the solution is represented by
2

o =all 2car! rn—2 B
u(r;a) =a +(p+l)(n—2)2 T2 .

(w) IfrQ(r) € L'(0,1/2), 1—7)PQ(r) € L'(1/2,1), G(r) £0 0n (0,1) andry < rg,
then the structure of solutions of (1) is completely classified as follows.

(a) Let g = 1. Then the structure of solutions is of Type C.

(b) Let 0 = ry < rg < 1. Then the structure of solutions is of Type S :
u(r;a) is a singular solution at r =1 for every a > 0.

(c) Let 0 < vy < rg < 1. Then the structure of solutions is of Type M :
There ezxists a positive number o, such that u(r;a) is a crossing solution
for every a € (a.,o0), u(r;a) is a regular solution atr =1 if @ = a., and
u(r;a) is a singular solution at r =1 for every a € (0,a.).

(v) Let a and b be any given numbers with 0 < a < b < 1. Then there ezists Q(r)
with rQ(r) € L1(0,1/2), (1 - r)PQ(r) € (1/2,1), r¢ = a and ryg = b such that
the structure of solutions of {1) is not of Type C, Type S, Type M or Type R.

Next we investigate the equation in B\ {0}. We will study the structure of solutions
to the initial value problem

{ 1 {Tn—l‘ur}r + Q(-r)up =0,r¢e (01 1)1 (2)

-1
u(l) =0, u,(1)=-a<0.

Now we state a structure theorem to (2)
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Theorem 2 Suppose that Q(r) € C1((0,1)) and Q(r) > 0 on (0, 1).

() If(1-r)PQ(r) ¢ L*(1/2,1), then (2) has no solutions with u € C2((8,1))NC([6,1])
for some 6 > 0.

(i) If (1 —r)PQ(r) € L*(1/2,1) and rQ(r) & L*(0,1/2), then structure of solutions
of (2) is of Type C : u(r;a) has a zero on (0, 1) for every a > 0.
(sd) If
Q(T) —c- r(n-:!z;gn+2z (1 _ rn_2)_%3
for some ¢ > 0, which is equivalent to G(r) = H(r) = 0 on (0, 1), then the

structure of solutions of (2) is of Type R : u(r;a) is positive on (0, 1] and
lim, g u(r; @) < 0o for every a > 0.

(i) IfrQ(r) € L'(0,1/2), (1-r)PQ(r) € L'(1/2,1), G(r) £0 on (0, 1) and rg < rg,
then the structure of solutions of (2) is completely classified as follows.

(a) Let rg = 0. Then the structure of solutions is of Type C.

(b) Let 0 < rg < rg = 1. Then the structure of solutions is of Type S :
u(r; ) is positive on (0, 1] and lim,_gu(r;a) = co for every a > 0.

(c) Let 0 < rg < rg < 1. Then the structure of solutions is of Type M :
There ezists a positive number a, such that u(r;a) has a zero on (0, 1) for
every a € (., 00), u(r;a) is positive on (0, 1] and lim,_,ou(r;a) < oo if
a = a, and u(r;a) is positive on (0, 1] and lim,_,gu(r;a) = oo for every
a €(0,a,).

(v) Let a and b be any given numbers with 0 < a < b < 1. Then there erists Q(r)
with rQ(r) € L1(0,1/2), 1 —r)PQ(r) € (1/2,1), r¢ = a and ry = b such that
the structure of solutions of (2) is not of Type C, Type S, Type M or Type R.

Finally we investigate the equation in R"® \ B. We will study the structure of
solutions to the initial value problem

{ rnl—l {Tn-lu""}f + Q(r)up = 01 TE (la °°)a (3)

u(l) =0, u,(1)=a>0
Under the conditions

Q(r) is continuous on (1, c0);
Q(r) 2 0 and Q(r) # 0 on (1,00);
(r —1)PQ(r) € L*(1,2);

o 1=(=2PQ(r) € L1(2,00),

we can introduce the functions G¢(r) and Hé(r) by

1
p+1

G(r) = (1""’2—1)”*27""““"("'2’"Q(r)—nT_2 / (@21 =2PQ ) dp
1 .
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n—2

B(r) i= — ("2 = )y H-0-(r) - 222 [7 gi=tn-22g () g

p+1

Moreover we define

rge = inf {r € (1,00); G*(r} < 0},
rHe = sup {r € (1,00); H%(r) <0}

Here we put rge = 00 if G*(r) > 0 on (1, 00), and rge =1 if H%(r) > 0 on (1, o).

Theorem 3 Suppose that Q(r) € C1((1,00)) and Q(r) > 0 on (1, o).
(3) If (r—1)PQ(r) ¢ L'(1,2), then (3) has no solutions with u € C%((1,8))NC([1,4])

for some 6 > 0.

(#) If (r — 1)PQ(r) € L'(1,2) and r"~1~("-2pQ(r) ¢ L(2,00), then structure of

(444)

(i)

(v)

solutions of (3) is of Type C° : u(r;a) has a zero on (1, c0) for every a > 0.
If

Q(r) =c- rn—4+(n—2)p(rn—2 _ 1)—%:5

for some ¢ > 0, which is equivalent to G = H® =0 on (1, 00), then the structure
of solutions of (3) is of Type R® : u(r;a) is a rapidly decaying solution, ie,
u(r;a) > 0 on [1, 00) and lim, o0 7™ 2u(r; @) < 00, for every a > 0.

If (r = 1)PQ(r) € LY(1,2), ™ =("=2PQ(r) € L(2,00), G*(r) # 0 on (1, )
and rge < rge, then the structure of solutions of (3) is completely classified as
Jollows.

(a) Let rge = 0. Then the structure of solutions is of Type C°.

(b) Let 1 = rge < rge < 00. Then the structure of solutions is of Type S¢:
u(r;a) is a slowly decaying solution, ie, u(r;a) > 0 on [1, o) and
limy—.c0 7 2u(r; @) = o0, for every a > 0.

(c) Let 1 < ryge < rge < 00. Then the structure of solutions is of Type M¢:
There ezists a positive number a. such that u(r;a) has e zero on (1, 0o) for
every € (a.,00), u(r;a) is positive on [1, 00) and limy .o ™ 2u(r; a) < 0o
if @ = au, and u(r;a) is positive on [1, 00) and lim,_.co T~ 2u(r;a) = 0o
for every a € (0, ).

Let a and b be any given numbers with 1 < a < b < 0. Then there ezists Q(r)
with (r — 1)PQ(r) € L'(1,2), r"~1-("=2PQ(r) ¢ L}(2,00), rge = a and rge = b
such that the structure of solutions of (3) is not of Type C¢, Type S¢, Type M*®
or Type RE.

As applications, we investigate the structure of solutions to (1) and (3) with the
coefficient Q(r) = r7(1 — r™~2|~".

First we treat (1). If o < —2, the initial value problem (1) is not solvable, since
rQ(r) ¢ L*(0,1/2). Now we state a structure theorem.
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(2)

(i)

Theorem 4 Let Q(r) := r°[1 — v 2|~7. Suppose that 0 > —2, then the structure of
solutions of (1) is as follows.
Casel: 1<p<(n+2+20)/(n—2).

(i) If 7 > (p+3)/2, then u(r;a) is of Type C.

(#) If 7 < (p+3)/2, then u(r;a) is of Type M.
Case2: p=(n+2+20)/(n—2).

(i) If > (p+3)/2, then u(r;a) is of Type C.

(@) If = (p+ 3)/2, then u(r;a) is of Type R. Moreover the solution is written as

2o+2) a+2 ‘:_I;
1 o n-2 Tn—2 n-—
u(ria)=al+ mFo)m- \T=m? .

(3 If < (p+3)/2, then u(r;a) is of Type S.

Case3: p>(n+2+20)/(n-2).
If T > p+1, then u(r;a) is of Typel f < (p+ 3)/2, then u(r; a) is of Type

Remark 1. If 0 > -2, p> (n+2+4+20)/(n—2) and (p+3)/2 < 7 < p+ 1, then it is
hard to determine the structure of soluitons. However, we suspect that the structure
of solutions would be of Type C by numerical experiments.

For n = 3, [1] has obtained existence and non-existence results concerning this
equation. We can know that precise information by Theorem 4. Especially, we can
know the uniqueness of regular solutions at r = 1.

Finally we treat (3). Now we state a structure theorem.

Theorem 5 Let Q(r) := r°|r™~2 — 1|77, Then the structure of solutions of (3) is as
follows.
Casel: 0 <2(n-—3).

() If T > p+ 1, then the initial value problem (3) is not solvable.

(%) If (p+3)/2< T <p+1, then u(r;a) is of Type S°.
(45 If (n+2+20— (n—2)p)/2(n—2) <7 < (p+3)/2, then u(r;a) is of Type Me.
() If 1< (n+2+ 20 — (n—2)p)/2(n - 2), then u(r;a) is of Type C°.

Case 2 : 0 > 2(n— 3) and 7 > p+ 1. The initial value problem (3) is not solvable.
Case3:0>2(n—-3)and (p+3)/2<7T7<p+1.

(&) If T2 (n+2+20— (n—2)p)/2(n — 2), then u(r; ) is of Type S¢.
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(#) fr < (n+0—(n—2)p)/(n~2), then u(r;a) is of Type C°.
Case4: 0> 2(n—23) and 7= (p+3)/2.
(3) If 7> (n+2+20 — (n—2)p)/2(n — 2), then u(r;a) is of Type S°.

(i) If T = (n+2+420— (n—2)p)/2(n—2), then u(r; a) is of Type R®. Moreover the
solution is written as

n_2 o=2(n-3) 23 e e
U(T' a) - a(r - 1) 1 2a n-2 ( n—2 _ 1 2(n-2
’ =2 (c+2)(n-2) '

(#) If T < (n+2+20 — (n—2)p)/2(n — 2), then u(r;a) is of Type C°.
Case5: 0>2(n—23) and 7 < (p+3)/2.

(i) If 7> (n+2+ 20 — (n—2)p)/2(n — 2), then u(r; a) is of Type M°®.

(i) If T < (n+2+ 20 — (n—2)p)/2(n — 2), then u(r;c) is of Type C°.

Remark 2. If 0 > 2(n—3), (p+3)/2< 7 <p+land (n+o0—-(n—-2)p)/(n-2) <7<
(n+24 20— (n—2)p)/2(n~—2), then it is hard to determine the structure of soluitons.
However, we suspect that the structure of solutions would be of T'ype C*® by numerical
experiments.

For 0 = 0 or 7 = 0 with Q(r) = r|r — 1|7, Hashimoto-Otani has obtained some
existences and non-existence results concerning this equation.

‘We have omitted the application of Theorem 2. For details, see Myogahara- Yanagida-
Yotsutani [2].
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& % B{LFREHA G RERD
IEEEDOTIRN & ZEHIZDOWT

R EE (BREI) T

1 @U®IC

QEFRV(N22) OFREHEEL, 0eC* 0<a<l) 2 2DHERET S,
ROBIBARFEXOBREMEEER S ©

AApu+ f(u) =0 in Q,
Ph{u=0, #0 in Q,
u=0 on d1.

ZTTARED/NT A =%, B A, i3 p-Laplace BT Ayu = div(|VulP~2Vu),
FISHE f BOYRT 4y 28

flw)=w" (1~

EL, E¥p, q, rdp>2¢>2, r>02WTdb0eT3. XBEOHNIL, B
LB E U VA7 1y 7BORISE OMERAPBRREIC LD L) X BERIZT
PERABILIIDHD. 2B, FWOEBERIIOVWTOFMIIESE (15, 16) %, (P))
PEFMBL LTROBWEFBRICOVTIIESR L Yamada (18], %3 13, 14)
%, 72 (P)) B L7RBRAEIIERE (13,17 28BS hi-w,

P i20nTid, p=q DEEZDHMENVODLENRTVES,

Ao = min { /ﬂ VulPdz / /,, [uPds | u € WiP(@)\ {0}}

*This work was partially supported by JSPS Research Fellowships for Japanese Young Scientists.
tE-mail: 697m5041@mn.waseda.ac.jp
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EBL X RECHABATVS X HIT —A, ? Dirichlet £ F TOH—BEFHET
BB, PriZ A1/ DEXEREDLT, A</ A DL EIIMu, EH—DD
2 (Hl2iX Diaz & Saa [2]) . N=1 D& Zi&, Guedda & Veron [5] %% phase-plane
method (2 & ) uy, DEIRR layer DFHBEHMEHFICHART V5. FiZ, Ta/hE v
IZxF LT, & uy (CAF LT flat core & LiITh A %4

O, =0(uy) = {z € Qur(z) =1}

BRETRVEVIZREBTEY, RELBOBEICRROWZWRAKE LTHREK
V>, F7: Kamin & Veron [6] 12 [5] D&EREZIEL, —KD N iZBWTH A ¥
FTHRAETFNIE Oy BETRVI L, BIUDHLERC >0 DBFLELT, layer i
dist(0),00) < CAVP LEHMBEE NS Z EZRL T 5. HOLDIEHATIE, -4, D X
Xt A EAEBREEFE L TLEFE Vv lower solution ZHEL, N ICBHLTE u=1
vy b—RIEETAIE (EREFRO AT u=1 CEFLTWS) FEE
TH5. &5iC Garcia-Melidn & Sabina de Lis i3, Q #*MDBE ([3)), #LTHR
i, — D Q OFE ([4) BT dist(0,,00) ~AN/P THHZEERLT[6] D
BREEZIVEBECLL. BOodbFIEFOLBRBEBELTIALDZ L LN
L7zbiF 7255, [6] L 3BN—RLTOFBAOBREFAA L TBEL TS LI 5%
FBREE .

KiZp>qDPEEY, p=q DBELIILALFROERIZLY, £EDOA>0
WXL TR uy B—BICHFEL, T AW ELLIT 0\ RETEVTE, BIT
dist (0, 80) ~ AP THH I EN—D N IIHLTRENS ([3,4, 18] 28HE) .

FNTE p< q DHPAREIBoTVRIDTHAI P, TNk EiXETHRAT:
p>qDBELIILLBMENRLS. RETENERTVI ).

2 p<q DFE

UFTid2<p<qg r>0¢&75.

MBI p =2 122\ T, Rabinowitz [12] iX N > 1 DFEIC, EFELE Leray-
Schauder degree & DEFRICL VT OEREZ®/Z 1 H5 A>0DPFELT, (P)a
BASALZLIEMEL A< A LZLEPLREDTONREDD. ZOHKRIE,
p>q DESIEF—ENTHSZ L LIIHBHT, KISHED source term uf™! M
superlinearity BOBEICED L ) 2B L5 502 M5 LTHRERRE. 2,
A<ADEEDINLERDORIZOWVTIE, Merle & Peletier [8,9] ICX > TED )
IZET AELEEHITAONT VS, F7- Q dMEICKDOHE, Ouyang & Shi [10]
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X (P)y PRESOSEBMEEZTLIIRELL 1 HD A>0FFELT, (P), i
ASALOIIBE L A=A2bLIE—FR A< ALZLEbL )o@ E L.
DL, REHLHOBEIIHLA LRI ENbIPoTVE,

BILHE p> 2 122V TiE, N=1 DORAICEE L Yamada [18] #* phase-plane
analysis #4T\*, L@ Ouyang & Shi D& Z 5 TR/ DL F Uok#lE o
ZEFDbPoTWE, FLT A > 0 B+5/hEnE Z0RKE 4, 212 flat core
O\T) PFET DI EERL. ST N >2 0Ok Zi3EE [15) 45, [18] THL
NI e H IS L 72 lower solution EAWT, p>q DL ED |4 DEERE%E p<gq
DFE~LHERL:. AFRBLUTOLITH S

Theorem 2.1 ([15] MABEDTFIE). Let 2 < p < g and r > 0. Then there egists
A > 0 such that

(1) if A > A, then (P), has no solution;

(i) if A < A, then (P), has a mazimal solution Uy;

(iii) if Ay < Ap S A, then Ty, < Uy,

(iv) the mapping A = Ty is left-continuous on (0, A] in CYA(QQ) for some B € (0, 1).

Theorem 2.2 ([15] BKBRDHK). Let 2 < p < g and r > 0. Then there ezists
A* € (0,A] such that

(i) if X < A%, then O, is nonempty;

(ii) if A < A2 S A%, then O,, C Oy;

(iii) for sufficiently smalle > 0, there ezists A < X* such that {z € §; dist(z,6Q) >
&'} C O,\.

Furthermore, O, satisfies

p— 1 /e p1
}\irr(l) X~VP dist (0, 00) = (._p_) / (F(1) — F(s))~7ds,
- 0

where F(s) = [; f(t)dt.
- RIZ (P)y PEDEEFIEIIOVTRRE, [15] Tid 7, A OBOFEIEHNX M
0,7) (n<ARBDIEE KBVTFRENTEY, et 5AMK
A —
o) = SIvulg - | Pz

(22T F(u) = [} f(s)ds 2»2 F(s) == f(s) in [0,€] ; = 0 in (—00,0) ; = f(£) in
(€, +00), €> 1 IXBEFLERY) 124 L THE¥ D Mountain pass theorem % B L
5] Tid £=1 L LThHAY, FRTRETLE>1 L LTHL.
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T3, ZOB, T5/hEVA>0IXHLT0=8(0) > &@) (Tiobbu=0
PEELLTVS) LRBIEEZHVTWADY, TITORESLLAZLES,
BT RE L AR O T L E o Tz, (10,12, 18] DER»LHER XN B X H i
EBIIRL n=ATdhY, TNERT-OIE T 2BALTHONEATHS.
LHL2DS, T, 258 D (WP TD) local minimizer i2% 3 = & 2R3 DI (4
ZEDRICIR) EETHo 7.

4-[l, Brézis & Nirenberg [1] # 7 4 77 & Lieberman [7) DIERIHE DR ICED
%, RKM(0,A) (Zhid Theorem 2.1 (i) IZ & WROBAELEBHETH S) 2B 3
ZOoBOBOGELZIEET A LK. EHOKEE, T, A5C THMIL LR
THEH/EDOAREZNIT LIV EICEEL?, FT20OHEICITT, 45 C 2B
% & O local minimizer 2% > TWAZ &, XRICEIZEFNIEWIP IZBVWTD local
minimizer {Z% > TW5A I & %KL, Pucci & Serrin T X » THIR & L7z Mountain
pass theorem [11] Z V5. 2B, FEADEFE (1] O Wir ~NOIF B2 ILIRIC
ZoTwa,

Theorem 2.3 ([16] BARE ZRE SEOFE). Let2<p<gandr > 0. For
any A € (0,A), (P)a has another solution uy < Ty, # Ty.
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LHAMEAEICXE S W AIREREFERD
BRI ET7 FS5742—1CDWVWT

WsEEE  (TEX - #F)

§1. ¥

Ee VANV MER H EOBETHEROBEE o OFBMOIERZICKESI N SIER
ERRHRERA
u'(t) + 0o (u(t)) + g(t,u®)) > f(t) in H, te€R, (1.1)

REET D, JIT, 0¢t i ¢ OLBTERET. g(t,-) ¥ D(g@t,))(C H) 25 H~
DERMERF T 5 —EBEHE T, fe L (R H) Thb,

FRTIR. oul?), 9t ), f@t) CHIEDEFREZRETH L&, (1.1) OKBHA
REBOFELRTELE DI, (1.1) OWNAEMEOROEEEE 2 KINT 52 5 —
@E%ﬁ‘%%gj.éc

FREBELT, HZEL VSNV I EBHELEOARL / VAZEREN ()5, |- |8
THETo
§ 2. BE

DT O&MEIRET 50

E#H 2.1. UToLMGE2H-TEETEERMBBOK {¢her DEHE o({ar}, {br})
E¥5 :

(®1) HEOBM t € RISH L. o i3 H LOBETLESMBERTH S,
(92) EEDOEH k>0 12xf L.
LRVES ze H; |24+ ¢ (2) <k} BIRHTavNy b Thb,
(23) EEOEH r >0, EEOKH s, t€ R & 2 € D(y®) with |z]g <r IZX L.
|2 — 2lu < lar(t) = a()|(1+ |@*(2)]2),

©'(2) — ¢°(2) < [br(t) = b ()I(1 + I¢*(2)])

%723 2 € D(¢t) BFET Do ZZT {a,} :={ar;7r >0} & {b} = {b;;7 > 0}
3. FhFh WEAR) & WEH(R) OEBEMREET

sup |a; |2 .e+1) + sup |b)|p1(ge41) < 00 for each r >0
teR teR

%iﬁf:?a



(94) HAHEER Mo >0 BHFEL T,
Lo (t) :={z € D(¢"); |2ln < Mo, ¥'(2) S My} #0, VieR
%iﬁf:?o

T3 2.2. YT OERM %M+ REEAREE ot,) : D(g(t,) C H — H O {g(t,-)}
D&kt g{et)) LT3 :

(g1) D(¢') € D(g(t,-)) CHforallte R. ¥ LTEEDRM JCR & ve L} (J;H)
with v(t) € D(¢*) for a.e. t € J IZxF L.

g(-v(-)) 1 (38) T& on J
TH5%,

(g2) A%
lg(t, 2)l% < co®(2) + 1|z} +c2, VE€E R, ¥z € D(y)

EBLTEER 00, 1,02 PHFET 5,

(83) {th} CR {m} CH t,»t(-c0<t< +0), 2z, > zin H (asn — +o0) LT
{p"(2,)} BDEFRZOIX, FDLZ

9(tn, z,) — g(t,2) weakly in H, asn — 400
TH5bo
(g4) BEEOER >0 L,
[(9(t, 1) — 9(t, 22), 21 — 22)m| < €(2] — 23, 21 — ) + Cel21 — 2%,

Vt € R, Vz; € D(¢%), Vz! € 8p%(z), i =1,2.
L BEER C. >0 BFEET S,

(g5) EEDOERKS BC HIZHL.
©(z) + (9(¢, 2), 2 — b)g > Co(B)|2|% — C1(B), Vt€ R, Vze€ D(¢*), Vbe B
L BIEER Co(B) & Ci(B) BHFET 5,

§ 3. KIRHNFREBOFHEN

ZOWTI, {¢'her € B({ar}, (b)), {9(t,)} € G{e'}) KH L, Eer~u b 2zm
H FOBETHEESMBEE o OLBTERE 00 () KXBRSNIHERNER

(E) /(t) +0¢ (u(t)) +g(t,u(t))> f(t) inH, teR
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DRBHIBERL2BOFERIIOVTERT 5,

EH 3.1. (i) BFEOIZ N FEM T = [to,th) CRICH L., BB u:J - H» (E) ®
BTH5B LI, ue C(J;H)NW2((to, ta]; H), ¢ (u(-)) € L(J), u(t) € D(8¢?) for a.e.
ted, £LT

f(t) — g(t, u(t)) — v'(t) € 8p*(u(t)) forae teJ
%ﬁf:#& & %‘l‘;)o
(i) EEORB JCRIINL, u: J—» H A (E) DETHAH LI, ud'J OEEDI
Y7 VERARELET (E) DB THHEEE V),

ER 3.1. {¢'} € 2({ar}, {b:}), {9(t. )} € G({¢*}) &F %o 1 f € L (R H) #*

Sy := sup|flra(eee1:m) < +00
teR
EMloTETh, CDLE, (E) IKBHICERLBERD.

THE 31 DFEERILLY, B) 0REREXERTHILNTES,
EE 3.1 £ED —co<s<t<+o0 XL, E(t,s) it D(p*) 5 D(pt) ~DEET,
THME uo € D(p*) IIH L u(t) € D(pt) I EE S, ZITT. u IZWHIE u(s) = uo
TH5 (E) DBTH b,

DL E, BERE {E@t,s)} ={E({,s); —o0<s<t<+oo} BWROUE %Fo
bbb
(E1) E(s,s)=1 in D(p%) foranys€R.
(E2) E(tz,s) = E(ta,t1)0 E(t1,s) forany —oo < s <t <ty < +00.

(E3) L —00<8p <t < +00, 8p = 8, ty =t (—00 < 5 <t < 4+00), 2, € D(p**) ¥
LTz, —z2zin H 26X, #DOL &

E(tn,sn)zn — E(t,s)z in H as n — +00
kb,

§ 4. BRKEXRBHNT FS 72— 20BEOY

FEH TR, ERDFER E) OFAREREKEBNT 725 —-DUBPLEET S,
LoL, BADFERNFFR(E) TR 2, 5] KRRENBNERDT 57 5 —D—8KH
PEHATE 2V, 2¥%2L6, ARDFER (E) OFRER D(¢') PBEME L bIi2ELL T
WVERLTHS, fEoTEHAIE, TR 31 CERSN - BEEHEIHTET IS5 —
DEE - BMELWMETHLENDH S,

FITRMETEERBREFORREAX {Et, )} T 2BMEFRBNT b5
F—IlOVTHRT D, FLTENIL, HRDOT +F 75 —0OBE (L, 2, 5] DHIRICZ -
Tl{‘%o
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FTHMtec REBELALEED, RBIEAEK {E(t,s)} ® attracting set *° w-limit
set %ﬁ*?éo

E&E 41 ()EEDNte REABEETS. COLE, K(t) C HHXHEtIZBIF3
attracting set TH 5 & ik, EEROFERBSES BC HIiTx L.

disty(E(t,s)(BN D(¢®)),K(t)) — 0 ass— —co
EblEEWV), TIT, H OTHEE A, BIilxL.

disty (A, B) := sup inf |z — y|y
zEA yeB

E¥ %,
(i) EEDEF RS %S BC H IZHL,

w(B,t) = N U EG (BN D(p)

T<ts<T

PERR ¢ 12BIT B w-limit set & & &,

Remark z € w(B,t) TdoHI L t, ROEH (x) ILEBETHTHS .

(x) There exist sequences {z,} C H;z, € D(¢*)N B and {s,} C R such that s, = —co
and
E(t,sp)zp, - zin X asn — +oc.

ROERIZ, AFRNER E) SHTHREEET 775 — At) DFEEET. £
Wi 1] ORMEET 779 —OBMERIWRLIZBDTH 2,

T 4.1. {E(t,s)) 2EHS. 1 CEEBEN-REBEAELT 2, 20L& EROKE
te RISH L. REWTHESE Al)(C H) ¥HETS

(i) A(t) 3. H OZETLZa N7 M ERSTH S,

(ii) FhENOERBTRE B(CH) LEEB >0 L., H2HENHMG s, € R
PHEELT,

disty(E(t,s)z, A(t)) <e, VzeD(p*)NB, Vs< s,
%iﬁf:?‘o

(iii) & A(t) &,
E(t,s)A(s) = A(t), Vs, t€e Rwiths<t

k\/")) Zzﬁ‘&%ﬁc ’Cllxéo
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M. EEOKMte R ¥EETS, L&, KE (2) & (g5) 25, Bt e R
T compact attracting set K(t) B"HEET B2 &Hb2 5%, #oT. KB Alt) %

A(t) = |J w(B,?)

BCB
TEEITNITLV, T2 T, B:={BC H;Bisbounded in H} TH 3, o

RiZ, EB A1 THBONLET IS 79 —DBBRITE2T57:0, XOKEL2EZX 5,

E#H 4.2. (i) (E) O global bounded solution D% K L EET 5, 2F 1,

u is a global solution for (E) and
K := {y: there exists a positive constant C, such that
suplu(t)ls < Cu

(ii) FEE DKM t € R IZ3F L. global bounded solution D% K DB ¢t THYHO%
Kt) &35, 2%,
K(t) .= {u(t); u € K}.

ROEEIL, TE 41 TRONBMKET 525 — At) OBBHITH 5,

EE 4.2. FNENOREM te RIIFL. Alt) 2EHE 42 THOLNteRTOT IS
75 -tFh, TDLE, AL X KE) L—ET A, 2%,

A(t) = K(t)
b,

§ 5. HRBREAOICH

EE T2, BHIRE 0 =0(t,z) L WROMDIKEE KT order parameter w = w(t, )
IZXBLE N5 Penrose-Fife ¥ 1 7OHMEBET IV (PFC) 2 E8BT 5,

( [0+/\(t,x,w)]t—A(-—%+u0) —qlt,z) mQ=Rx,
wt—nAw+ﬁ(w)+a(w)+)‘w—(téz—’1i)30 in Q,
(PFC) 9/ 1 1
— (—5 +,u9) + g (—5 +,u0) —h(t,z) onZ:=RxT,
{ -g%=0 on X.

ZT. QR RVIKNLI) OEREABRTHLILERT =00 2/ DL L,

B(-) ¥ R x R ® maximal monotone graph TH %, 7=, ng, &, u REDEKT. ¢, h
RE5Zoh/ LT 5,

ST, KDL ERBEREL T, COHEBETVOERNERYEET S,

{



e A RXR" xR LDH®OLDP BT, FREFND (t,z) € RxRY T L A(t, z,w)
HweRIZHALTHTH S, ;

o X\ EZDORRES Ay i= gw’l, A= %* it RxTx[-1,1] LCHERTHB, 0F D,
LA = SUP {IA(ta x, w)' + |/\w(t1 za 'lU)l + |At(t$ z, w)l; x €|u€2|,<tf R } < +W;

e g€ L} (R; L*(Q)), h € L2 (R; L*(T)) such that

sup |qlz2 e+1;22(0)) + SUP || L2 e41;02(r)) < +00.
teER teER

ET, [4] L ERICHERT TV (PFC) BRERBHER (E) KERENRAZ L4
bbb, o TEE3L 41, 42 2BATAILICL Y, HEBETNV (PFC) DER
HERICHL,

o KEMAERLBOEFEY

o Bl tc R TOKEBHT F52 5 — A(t) DEREN

o KIBMARLZBOENY H X A(t) L —&T 5
b b,
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Stability of stationary solutions to the half-space problem
for the discrete Boltzmann equation with multiple collisions

Yoshiko Nikkuni

Graduate School of Mathematics, Kyushu University

1. Introduction

This note is a summary of the joint work [14] with Prof. Shuichi Kawashima,
Kyushu University.

The aim of this paper is to investigate the asymptotic stability of stationary solu-
tions to the initial-boundary value problem for a general class of the discrete Boltz-
mann equation with multiple collisions.

We consider the following initial-boundary value problem in the one-dimensional
half-space z > 0:

8,F +Vo,F =Q(F), >0, t>0, )
(1) F*(0,t)=B*, t>0, (1)2
F(zv 0) = FO(x)i z>0. (1)3

Here F = (F})ica is the unknown function of the problem, V = diag(vi)ica; A =
{1,...,m} is a finite set and A, = {i € A;v; > 0}, A_ := {i € A;u; <O}, Ag :=
{i € A;v; = 0}, each v; is a real constant and denotes the z-component of the i-th
“velocity. Each F; = F(z,t) denotes the mass density of gas particles with the velocity
v; at time ¢ and position z. Put F* = (F});ca,, B* = (Bi)iea, With B; being positive
constants. The collision term Q;(F’) in the multiple collision case is written as

@) QuF) = z Q(F), icA,

where each QY (F) is called the p-th order collision term and is a homogeneous poly-
nomial of degree p with respect to F = (F;);ca. In this paper we consider the case
where the initial function Fy(z) satisfies Fy — M € H'(0,00) for a given constant
Maxwellian M so that

3 Fyz) =M as z— oo

Here the Maxwellian M = (M;);ca is defined as an equilibrium of the collision term
Q(F),ie., Q(M)=0and M; >0 fori € A.

The stationary problem corresponding to the above problem (1) for Fy(z) satisfying
(3)is

“ V8, F® = Q(F®), z>0,
Fco+(0) -— B+’
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(5) F®(z)=>M as z— oo

The stationary half-space problem (4)-(5) has been studied recently in [11,16] (see
also [2]). These papers have proved the existence and uniqueness of solutions near the
Maxwellian M in (5) under the smallness condition on |B* — M™|. The result obtained
in [11] is an improvement on the result in [16]. On the other hand, the nonstationary
problem (1) was discussed in [6]. It was proved there that the problem admits a
unique global-in-time solution without any restriction on the size of the data Fo(r)
and B*. This paper is, therefore, to prove the convergence for t — oo of the global
solution obtained in [6] toward the stationary solution constructed in [11,16], when
Fo(z) — M is suitably small in H'(0,00). Such a stability result has been established
in [13] for the Cabannes model with 14 velocities. We are to generalize that result to
the general models described by the equation (1);.

2. Main result

To show a stability result, we assume that (1), verifies the following stability con-
dition (see [15]):

Assumption (stability condition).

(6) Let pc M and Vo= Ap for A€ R. Then ¢ =0.

Here, M consists of vectors ¢ = (¢;);ca Which are orthogonal to the collision term
Q(F), that is,

M={peR™ < ¢,Q(F)>=0 for any F € R™},

where <, > denotes the standard inner product in R™.
Concerning the stationary solution F*°(z) of the problem (4)-(5) constructed in
[11,16], we have the following property (see [11]):

Remark. The solution F>(z) is in C™[0,00) and verifies the estimate
W) |(F°(z) - M)| < Clele™™*, z>0, (j=0,1,2,...)
with a positive constant C, where o is some positive constant and

IEI = Z IB, - M,I

i€A+

Then our main result is

Theorem. Suppose that the stability condition (6) holds. Let M be a constant
Mazwellian and assume that Fy — M € H'(0,00). Moreover, we assume that Fy(x)
satisfies the compatibility condition: Fg (0) = B*. Let F*(x) be the unique stationary
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solution of the problem (4)-(5) satisfying (7) under the assumption in Kawashima-
Nishibata [11]. Then there exists a positive constant 8o such that if ||Fy — M|, < &,
then the problem (1) has a unigue global solution F(z,t) satisfying

F — M € C%([0, 00); H'(0, 00)) N C([0, 00); L*(0, 00)).

Furthermore, the solution F(z,t) converges uniformly in £ > 0 to the corresponding
stationary solution F®(z) ast — oo, i.e.,

(8) sup |[F(z,t) — F®(z)| 0 as t— oo.
>0

3. Outline of the proof of Theorem

In order to prove the above theorem, it is convenient to reformulate our problem
(1) by introducing a new unknown f as a perturbation from the stationary solution
F>(z). Let us seek the solution F(z,t) in the form

9) F =F®+ Iyf,

where Iy = diag(M;)iea. We substitute (9) in (1). Then the problem (1) is trans-
formed into :

IM(atf + Vazf) = Q(F) - Q(Fco)’ T > 01 t> 0, (10)1
(10) f+(0’ t) =0, t>0, (10)2
f((b‘, 0) = fO(I)7 > 07 (10)3

where fo(z) = I~ (Fo(z) — F>(z)).
Now we shall show the a priori estimate of solutions to the transformed problem
(10), which plays an essential role in the proof of Theorem.

Proposition. Suppose that the stability condition (6) holds and let M be a
constant Mazwellian. Let T > 0 and let f(z,t) be a solution to the problem (10},

which satisfies
f € C°([0, T]; H'(0,00)) N C*([0, T}; L*(0, 0)).

Then there exist positive constants 6, and C, > 1, which are independent of T and
€|, such that if

sup ||f(®)ll, + le] < 1,

0<t<T :

then the solution f(z,t) verifies the estimate

) @I+ 1O+ [ 10O + 10 (dr < Cllfoll?

for t € [0,T], where || - ||, denotes H'-norm and || - || denotes L*-norm.

-52 -



Point of the proof of Proposition.

The a priori estimate (11) is given by the L?-energy method which is developed in [13]
for the Cabannes model. This energy method is based on the previous consideration
in [8]. A key to derive the estimate is to use the Boltzmann H-theorem. We also make
use of a new Poincaré type estimate together with the property that the stationary
solution approaches a given constant Maxwellian exponentially at infinity, i.e., (7) in
Remark.

Let us introduce the following notations:

N(t) = sup [|f(7)ll,,
0<r<t

t
M) = /0 18- F(PI” + 18 (I + |~ (0, 7)dr,
where t € [0,T]. We will show that the left hand side of (11) can be bounded from
above by C||foll + C(N(2) + |e[) M (t)>.
Now, we will explain the use of the Boltzmann H-theorem, which is the first point
of the proof of Proposition. The Boltzmann H-function for (1) is defined in terms of

h(n) = nlogn (n > 0) as

(12) H(F) = 3" FiogF.
i€A
Note that h(n) is a strictly convex function of > 0. The equation for H(F) is
(13) 3:(_ FilogF;) + 8:(3_ wiFlogF;) =< log F, Q(F) >< 0,
i€A ieA

which is called Boltzmann H-theorem for (1);. We put

{ ®(1,¢) = nlogn — Clog¢ — (1 +1logC)(n - ),
¥(n,¢) = logn — log¢ — 2%
for n,{ > 0. Then we can modify (13) as

i€A i€A
=<logF —log F*,Q(F) — Q(F®) > +Y_v:d.F° - ¥(F,, F{°),
i€A
where we used (1);. Obviouly, we have
(15) clfif® < ®(F;, F°) < C|fif?,

(16) [%(F, FP)| < CIA,

provided that N(T') + |e} is suitably small. We see that each term on the right hand
side of (14) is estimated as

(17)< log F — log F**, Q(F) — Q(F*) >< —c|Q(F) — Q(F*®)| + C|F*® — MP?|f}?,
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(18) |3 il FY° - U(F, F{°)| < Clo.F|| 2.

i€A
Integrating (14) over [0,00) x [0,], and using (15), (17), (18) and (10)2, we obtain
(19) £ @I +/ 1£70, 1) + IQ(F)(r) — QF)|*dr

< 00 2 00 2 .
<Ol +C [ [7(F= - MP +10.F=]\fPdadr
In the above inequality (19), having the extra term of the form O(|8%(F> — M)||f|?) is

only different from the estimate obtained in [8]. Accordingly, we next need to estimate
the term O(|2(F> — M)||f]?) ( =0,1,2,---). This is the second point of the proof
of Proposition. We can estimate this term as
t roo

i (oo _ 2 < 2
(20) [ [ 18iF= — M) ffdmdr < CleM ().
To derive the estimate (20), we use the following inequality:
(21) |h(z)| < 1R(0)| + VZ|IOzhll, = >0,

for h € H'(0,00), that follows from the fundamental theorem of differential and
integral:

c d
hz) = h(0) + [ .
The above inequality (21) together with (7) shows that

@2) [ [T181F= — MO(SHP + | Pazdr
< Clel [, [Te (1P + 1 Pdodr
< Okl [ [ e o= (alon @) + allous~ (DI +1£(0,7) P)ddr

< Olel [ o f I + 150, ),

which gives (20) for f* and f~. Here we used (10);. On the other hand, concerning
the estimate for f° := (f;)ica,, Wwe make use of

(23) 171 < CUF* + 171 +18ef°D,

provided that N(T) + |¢| is suitably small. Consequently, we obtain (20) for f° from
(22) and (23). Therefore we have shown the L2-estimate for the solution f by applying
(20) to (19).

Concerning the other estimates for the solution f, we can show in the same way as

in [7,8,13,etc.,]. We omit the details and refer the reader to [14].

we can show the global existence and uniqueness of solutions by combining the local
existence result together with the a priori estimate. The asymptotic convergence of the
nonstationary solution toward the corresponding stationary solution can be proved by
applying the uniform estimate of the solution which follows from the a priori estimate.
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LOCAL SOLVABILITY AND SMOOTHING EFFECTS OF NONLINEAR
SCHRODINGER EQUATIONS WITH MAGNETIC FIELDS

YOSHIHISA NAKAMURA  (UNIV. KUMAMOTO)

1. INTRODUCTION

In this report, we consider the following nonlinear Schrodinger equation with a potential in a
magnetic field

Oy = % ]z:;(—-iaj — Aj(t,z))2u+V(t,z)u + F(u) 1)
= H(t)u+F(u), (t,z) € RyxR",

where v = u(t,z) is a complex-valued function, A(t,z) = (Ai(t, z), Aa(t, z),... , Ap(t,2)) is a
vector potential, V(¢,z) is a scalar potential and F(u) = F o u is a local nonlinear operator given
by a complex-valued function F' on C.

For the local Cauchy problem of Eqn.(1), we construct weak solutions u and to show the local
smoothing effects for H'-solutions. In Yajima(7]{8], he studied the corresponding linear equation

z'a,ur = % ;(-iaj - Ait,2))*u+ V(t,z)u (2)
= H(t)u, (t,z) e Ry x R",

and he proved that Eqn.(2) generates a unique unitary propagator in L?(R™) under some assump-
tions for A and V. In this report, under suitable conditions on the nonlinear term F, we construct
the local weak solutions of Eqn.(1).

We need the following assumptions;

Assumption (A) For j = 1,---,n, Aj(t,z) is a real-valued function of (¢,z) € R! x R® such
that 82 A;(t, z) is C* function of ¢ for each z and for any multi-index c. For la| = 1, we have, with
some € > 0

|82Bjk(t, )| < Ca(l+|2l) 775 Gk =1,---,m, 3)
|62 A(t, )| + |028:A(t, 7)| < Ca, (t,z) €R' xR", (4)

where Bji(t, z) = 9;Ax(t, z) — OpA;(t, z).

Assumption (V) V(¢,z) is a real-valued function of (t,z) € R! x R" such that 82V (¢,z) is a
continuous function of ¢ for each z and for every a. For |a| > 2 we have

102V (¢, )| < Cas (t,z) € R! X R™, (5)

Assumption (F1) F € C}(C;C), with F(0) = 0.

Assumption (F2) For ( = & + in, [IDF(Q)| = max{|8F|,10;FI} < M|([P~}, for [¢| > 1,
1 < p < oo, where 8 = (8 — i0y), 8 = (8 + i0y).
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Under these assumption, we can construct a weak solution for an initial data which is a L%
function. We define the following function space

X(I) = (L*(5; L9) N C(I; L?),
where [ is the intersection in (g, s) satisfying 1/¢+2/ns=1/2and 1/2-1/n < 1/g < 1/2.

Theorem 1. Assume (A),(V),(F1) and (F2) with 1 < p < 1+4/n. Then for each ¢ € L2, there
exists a unique solution u € X(I) of Eqn.(1) with 4(0) = ¢ where T > 0 depends only on ||¢||2.
Furthermore, the local solution u € X(I) depends on ¢ € L? continuously.

Next we construct Hl-solution and consider the local smoothing effects.
We set S(k) = {f € L*| Tjarpck 12 FI3 = (FI24) < 0}, k = 0,1,..., where 2%u =
{252 - - 28y for a multi-index o = (@1,02... ,05). And define

YI) = {ue X(I)|8ue X(I),zu € X(I)} C C(I;Z(1)).
Then we have the following theorems;

Theorem 2. Assume (A),(V),(F1) and, if n > 3, (F2) with 1 < p < 1+ 4/(n — 2). Then for
each ¢ € (1), there exists a unique solution u € C(I; £(1)) of Eqn.(1) with »(0) = ¢ where T > 0
depends only on ||@||x(;)- Moreover u € Y(I).

Furthermore, u € C(I;X(1)) depends on ¢ € (1) continuously.

Remark 1. If the nonlinear term F satisfies so-called “sign condition” and “Hamilton structure”,
then we can prove the existense of the global solution to Eqn.(1).

Theorem 3. Let u denote the solution to Eqn.(1) in Theorem 2. Suppose & > 1/2. Then, in
the case 1 < n < 6, the following estimate holds;

/1 ) ~~3/%( D) 2 3dt < oo, (6)

where || - ||z is the L? -norm, (z) = (1 + |z]?)!/2, (D) = (I — A)Y/2.
In the case n > 7, if p < 1+ 2/(n — 4), then the above inequality holds.

Many authors studied nonlinear Schrodinger equations with power nonlinearity. In particular,
we note Kato[1][2].

There are various results on the estimate as in Theorem 3 of smoothing effects. In Sj6lin[5], he
obtained the following inequality; For some C > 0, depending on ¢ € C°(R%+¥),

/R /R _16(t,2)(1 - B)*e™ flPdzdt < Clflfa, VS € L2 )

This inequality manifests that the free Schrédinger propagator €*4 has the smoothing effect which
can improve the differentiability locally in time and space.

Later the similar properties for e~®#  where H = —A + V was a self-adjoint operator with
various asumptions on scalar potentials V' = V(z) or V(¢,z), were studied by many authors. In
particular, Kato and Yajima(3] obtained the inequality replacing ¢ in (9) by (1 +|z|?)~Y/4~¢, ¢ > 0,
and Yajima[8] obtained Proposition 5.1(see later in Section 5) where he proved the smoothing effect
for Eqn.(2).

This type of smoothing properties for nonlinear Schrodinger equations in the caseof A=V =0
were studied in Nakamura[3], Sj6lin{6].

For I = [0,T], put L%* = L*(I; L), where 1 < ¢ < 00, 1 £ s < 00, with its norm denoted by

[1£llg.s = ( /I ||f(t)||;dt)%.
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Setr=4(p+1)/n(p—1),ie. 1/(p+1)+2/nr=1/2. Andsetr' =r/(r—1),1e 1/r+1/r =1.
S = S{R") means the space of rapidly decreasing functions. We denote various constants by C, M,
etc. They may differ from line to line.

2. PRELIMINARIES

Proposition 2.1(Yajima[7]) Let Assumption (A) and (V) be satisfied. Then there exists a
unique propagator {U(t, s)|t,s € R} for Eqn.(2) with the following properties(a)(b):

(a) For every t # s, U(t,s) maps S(R™) into S(R") continuously and extends to a unitary
operator in L2(R™) and satisfies U(t,r)U(r, s) = U(t, s).

(b) For f € £(2),U(t,s)f is a £(2)-valued continuous and L2-valued C? function of (t,s), and
the following equations hold:

iU (L, 8)f = HR)U(t,s)f, 1i9:U(t,s)f = =U(t,s)H(s)f.

Proposition 2.2 (Yajima[7]) Let Assumption (A} and (V) be satisfied. Then there exists a
positive number 7" such that for 0 < |t —s| < T, U(t, s) can be written in the form of an oscillatory
integral operator;

Ut s)f(z) = (2mi(t — s)) ™2 / Stz eo(t, 5, 2, y) f(y)dy, (8)

and if we set U(t,t) = 1, the identify operator, then {U(t,s)| |t — s| < T, for t, s € R'} is strongly
continuous in L2(R™), Here S(t, s, z,y), e(t, s, z,y) are uniquely given functions, respectively. (See
Yajima[].)
Lemma 2.3(Yajima[8]) Let T > 0 be sufficiently small and let 0 < |t — s| < T. Then for
2<¢<L oo,
] U2, 9)fllg < Colt — s| /21| £ || (9)
where ¢’ is the index conjugate to g, i.e., 1/g+ 1/¢’ =1, and the constant Cp does not depend on
t, s, and f € S(R").
We introduce the following spaces as in Kato[1][2].
X = X(I)=L>®nLr,
Bulx = liullzo0 V lllp+1rs
X = X(I)=cC{; L) NI+
X/ — XI(I) = L2,1 +L1+1/p,r"
i fhx = inf{|| fill2x + I folli41/pe) f = r + 2}

Set s = 0, for simplicity, we define two linear operators I' and G by

(TH)t) = U006, (GAH(E) = /0 U(t,r)f(r)dr, tel.

Lemma 2.4 (Yajima[7][8]) T is bounded from L? and G is bounded from X’ to Xto X, which
satisfies

iCohx < Cldll2, ¢ € L?, NGflx < C'lflx, fe X',

where C, C' are independent of T. Moreover, ['¢ € X(I), Gf € X(I), for any ¢ € L?, f € X' on
any interval I.
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3. THE PROOF OF THEOREM 1

Lemma 3.1 (Kato[2]) Assume that F satisfies (F1) and (F2) with 1 < p < 1+ 4/n. Then
F e CH{X;X’) with
IF(wlix < MiTjullx + MyT?Jully, ue€ X, (10)
IF (wpolx < (MIT + MTPhlly Divlx, wveX, (1)
where M; and M, are some constants, § =1/r —1/r' =1-2/r > 0.

Remark 3.2 We mention the outline of proof of Lemma 3.1. Choose ¥ € C§°(C;C) so that
¥ = 1 in a neighborhood of the origin. Set F; = ¥F and F, = (1 — ¥)F. Then we have

F=F +F, F,F,eCYCC), Fi(0)=F,0)=0,
RO S ML, [FIQ)] < My,

IO < MpICP,  1FR(O] < MpI¢P~,

for some M; > 0 and M, > 0. Then we have the following estimates
IFi(W)ll2y € MiTllullzeo »  IFi(w)vlle < MiT|vll2,
IFp@)lhis/pr < MpTlllullpyy s
IE@olhipr S MpTllullpii ollprrr.
Combining the above estimates, we obtain the inequalities (18) and (19).
We introduce the following integral equation, which is equivalent to Eqn.(1),
u=®(u)=I¢ - iGF(u). (12)

We prove the theorem by solving Eqn.(12).

Proof of Theorem 1. Let E[E] be the closed ball in X[X] with radius R and center at the origin.
It is easy to prove that, if R is sufficiently large and 7 is sufficiently small, ® maps E into E & is
a contraction map in the X-metric. Since F is a closed subset of the Banach space X, it follows
that ® has a unique fixed point « € E. Actually we have u € X since ® maps into E. Moreover,
since GF(u) € X(I) by F(u) € X', we have u € X C L®(I; L2 N LP*!). Then we conclude that u
is a solution of Eqn.(1). It is easy to prove uniqueness and continuous dependence of solutions on
initial data. O

4. THE PROOF OF THEOREM 2

Before constructing H!-solution, we introduce the following spaces;

Y = {ueX|dueX, zue X},
fuly = lulx Vv I0ulx V Jzulx,

Y = {ueX|0uelX, ue X},

Y = {feX|ofe X zfe X'},

Iy = 1flhx v iofix v iz flx,
Lemma 4.1 Let ¢ € S(R%) and f € S(R¥™¥). If v =T'¢ — iGf, then

[(0k¢) — iG(%(ak(diVA))'U +i(OkA) Vo + (A-OA+KVIv+6cf), . (13)
D(zi¢) — iG((Ok — 1Ak)v + i f), (14)

Opv

Trv
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for k=1,... ,n, where divA = 1A+ &gA + - - - + O 4, Vv = (612,00, ... ,8p0).

Proof. To prove (13), we note that v satisfies the differential equation i8v = H(t)v + f. Then
we have

10,0kv = H(t)Ov + [Ok, H(t)}v + i f, for k=1,...,n. (15)
Here [, | denotes the commutator. Since v € S(RX*¥), we have, for k=1,... ,n,
(B, H(t)]v = %(6k(divA))v +i(8kA) - Vo + (A - A + 8V ).

Noting that 8;v(0) = Ok, we obtain (13) fork=1,... ,n.
For zxv, we may estimate in the same way. O

Lemma 4.2 Let T > 0 be sufficiently small and let 0 < [¢| < T. Then

L : (1) —Y, (16)
with [Toly < clldlisqy, ¢ € Z(Q),
G : Y'Y, 17

with JGfly < ¥fly, feY'

Proof. First we begin with the assumptions of Lemma 4.1. We obtain from (13), (14)
10vllx < Cl|6xdll2 + C'10xflx + C*Thvlly,

Izivlx < Cllzidllz + C'lzeflx + C'Tloly,

where C” > 0 depends on T. We note that In view of the mean value theorem, Assumptions (A)
and (V) imply that, for fixed t € I = [0,T), |A(t, z)| < 1 + 2z, |GV (£, z)| < c3 + calz|, for some
constants ¢;, j = 1,2,3,4, depending on T. While, it is obvious that Jolx < C|l¢llz + C'iflx -
Since T is sufficiently small, we have

vy < cliéllsq) + <Ay, (18)
with constants c¢,c’. and, by a standard approximation procedure, (18) holds for ¢ € X(1) and
fey'.o

We assume n > 3.

Lemma 4.3 Assume (F1) and (F2) with 1< p<1+4/(n—2). fu €Y, then F(u) € Y’ with
IF(Wly < MTluly + M;TJull}, (19)
where § = 1 —2/r > 0, M, = C] M, for some C] > 0 and M;, M, are as in Remark 3.2.
Proof. We use the decomposition of F in Remark 3.2. It is easy to show the inequality(19) for
Fi(u). We estimate Fy(u). By 1 < p < 1+4/(n — 2), Sobolev’s embedding theorem implies

lullp+1,00 < Cullullpoor;m1),

for some C; > 0, which is independent of T. Hence we have, using Holder inequality, Remark 3.2
and the above estimate, we have the following estimates;

10k (Fpw) hist/per S NEL(w)Bkull1s1/p s
Mp|[ullP7] oo 10k ullp+1,
CiM,T 2l

for k = 1,...,n and for some C' > 0, which is independent of T. We may estimate Fy(u) and
zgFy(u) in the same way. Thus we obtain (19). O
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Proof of Theorem 2. As in the proof of Theorem 1, we introduce E|E), which is the closed ball in
Y[Y] with radius R and center at the origin. Since F is a complete metric space in the X-metric,
we can apply the contraction map theorem on F to the function ¢ defined by (12), and obtain the

solution as in the previous section.
When n=1,2, weset 1 = F, F, =0 and X = L?*®. O

5. THE PROOF OF THEOREM 3

Proposition 5.1 (Yajima8]) Suppose that (A) and (V) be satisfied for Eqn.(2). Let T > 0 be
sufficiently small, u > 1/2 and p > 0. Then there exists a constant C,, > 0 such that for s € R!

s+T
| W DU 1B < Coul DY, f € SRY. (20)

Proof of Theorem 8. We adapt Proposition 5.1 to u = I'¢p — iGF(u). Hence it suffice to prove
F(u) e LMI;H) forueY.

Lemma5.2(Sj6lin[6]) Assume (F1) and, if n > 3, (F2) with 1 < p <1+ 4/(n—2). Suppose
u € Y(T) = {n € X(T)|oNn € X(Z)} with T < oo, where X(T) is defined in (6). If 1 < n < 6, then
F(u) € L)(I; HY). If n > 7, under the additional assumption p < 1+ 2/(n — 4), F(u) € L}(I; H?).

Proof. Tt suffices to estimate Fp(u) when n > 3. To estimate L>!-norm of F,(u) and 8(Fp(u)),
we may find (p1,71), (p2,72) which satisfy

1/2-2/n<1/p1 £1/2-1/n,1/2-1/n<1/p2 £1/2, (21)
and
i/;i+2/nry = 1/2-1/n, (22)
1/p2+2/nry = 1/2, (23)
(p-1)/m+1l/p2 = 1/2, (24)
p-1)/r1+1/ra < L (25)

Then, by (21), (23) and the definition of X(I), we have X(I) C LP2™2, and, set 1/ps = 1/p; +1/n,
then, from (21) and (22), it follows X(I) C LP*™. Hence, by Sobolev’s embedding theorem, we

have Y,(I) ¢ LP*"1. And, if (24) and (25) hold, then we have, by Holder inequality,

IFp(wllzr < MpT= Y73 |lufBoY flulip rss (26)
I0Fp)llzy < 1F5(w)Bull2y (27)
< M H7s|fufB=L (18ullpy e,

P1,71

where (p—1)/r1+1/r2 = 1/r3 < 1. Hence the right hand side of (36) and (37) converge, respectively.
Solving (23) and (24), we obtain that 1/p; = 2/nre(p—1). By 1/2-2/n < 1/py < 1/2 - 1/n,

we have (n — 4)(p — 1)/4 < 1/ry < (n—2)(p — 1)/4. By 2 < r2 < 00, thus we need the condition

that p<1+2/(n—4). O
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Nonexistence of weak solutions of nonlinear
biharmonic equations

Takahiro HASHIMOTO

Department of Mathematical Sciences, Ehime University.

1 Introduction
RO 4 BEOWSEREZELHBEREER 5.

A% = |u|%u in Q, 1)
u = % =0 on Jf, (2)
u = Au=0on . (3)

ZITQIRELILER IO 2EO RN 0FRER, ¢> 1 LT 5. EBOBSHE
F i biharmonic operator & FHIN, WOEE BT 5 FERICHNS. MRRH
LT, (2) bLCHE (3) 2515
RIS (1), (2) 1%, Sobolev DAIER
N
lullzee < CllAulln@ Yu € WoP(Q), Vg < 5= _pzp,
DEEEH 52 5BE2ROAMBELEEL Tn5. O EFEICB L Tid Pohozaev
[4] % Pucci & Serrin [3] % DRIV H 5.
R (1), 3) BN 25R %M v = Au= 0 on 0Q i3 Navier boundary condition &
iEh3. ZOBEE 2 BOBMSHERR
—Au = |vff~% inQ,
(8){ —Av = |u|?"% inQ,
u =v=0 ondN.

CEXE LTI ENS Z L5\, FFEICH L T, Clément, de Figueiredo & Miti-
dierii [1] 12& 2T, 2 < ¢ < 2N/(N —2) DFEORHERFBLNA TS, FEFEICBL
Ti3, Mitidieri [2], van der Vorst [5] FORERYTH 5.

A% i3, biharmonic operator % &tr 4 BEOFERAEABBHBRIIH L TTEL L
FIEWZ 5 ADRBITH T HFEFEICOVTHRE LT L.
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2 Main Results
RIE (1), (2) IS LTI TR RAFHFEDER LB

Theorem 1 Let §) be star-shaped. We set

Pp = {u € H3(Q) N LI(Q); [ul?"%u € L¥2(Q)}

as a class of weak solutions. If q¢ > Nz—]_vi, then the problem (1), (2) has no nontrivial
solution belonging to Pp.

Mitidieri % van der Vorst DRI (2), (3) 1Zx+3 2 IEFHEEEDIEHIZ Hopf KK
EORBIIETHTVIDTHWERBRELETHS. HeIBAHRELRET 2E
&Y, BROFFEDEREE.

Theorem 2 Let Q = Bg(0). We set

P = {u € H¥(Q) N H}() N LAQ); [u]*2u € LF3(Q)}

as a class of weak solutions. If ¢ > N2_]_VZ, then the problem (1), (8) has no nontrivial
solution belonging to Py.

Remark M& (2), 3) XL T, HLADEZTVE2 5 A Tk Au D trace AT
Fihohwv. L LR SEDORE [ul9-2u(=: f L BL) I2d3BEDOTRIMEE
BRETAHETEAEDERLY Au D trace ERTX 3.

Proposition 3 Let f € L*(Q). then u € H4(Q) N H}(Q) and Au = 0 in a sense of
trace.

proof Cg(R) I3 H*N HL(Q) T dense 7245
— 2 1
/ﬂ Aulgdz = /ﬂ fodz Vg € H? N HL(Q)

A :={Dirichlet zero R 5 T Laplacian}, £ T2 & D(A) = H2NH}Q). A =
ATV L3(Q) — HEAHNQ) %% ¢=Ah LB L

| /Q(-Au)hdz=/ﬂf-/xhdz=/QAf.hdzVheLz(n)

W12 —Au=Af in L*(Q). Af € H2N HY(Q) THH25 Aue H2N HL(Q).



3 Pohozaev-type identity

2T, 4BEDFERIIHT TS Pohozaev BNEX+ ¥ X EHEHXBTS. 7
(1) KEREH v =0 DA TRELHEVEER LR THL.

Lemma 4 Let u € W*"(Q) be a solution of (1), ((2) or (3)). Then the following
identity holds.

- /89(:1: - Vu)(V(Auw) - 7)dS
+ [ duv(z- vu) -r'i)dS -1 > 18wz Ayas
= o [tz + 255 [ jauipas. 4
Proof. %7, [ult-?u € LN+ (Q) ZREENTVEDT, ue WHNW+(Q) &
2y, ERFRAOBITRA L 252 ERERLTBL. [ () Vu)ds LT 5.

N
q—2 . = — [}
/n [l 2u(z - Vudz = -~ /Q |u|dz.

/n A(Aw)(z - Vu)dz
- /aﬂ V(Au)ii(z - Va)dS — /Q V(Au) - V(z - Vu)dz
= /m(x - Vu)(V(Au) - R)dS — /m Au(V(z - Vu) - 7)dS

+ /Q Aul(z - Vi)dz
I= /n AuA(z - Vu)dz
5L,

I = /9 Au(2Au + z - V(Au))dz
= 2 jaufdr+ | x-V(%]Aulz)dz
= 2f |Auf?dz + / Az - 7)ds — X > [ 18updz
- / |Aul(z dS+— / |Auf?dz

XoT (4) PEEY L.
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Proof of Theorem 1
¥, (2 OFRIERFHEERFTMIIHTITEZLE Vu=0003Q P2 5. E&
E_HOMRBETIIONT,

V(z-Vu) -fi=Vu-i+ z;D;Djun;
1,7
u=Vu=00nd0 &9, .
DiDj'U, = B2 gy il
oT,Vu=00n 00 2EEL T
. .n —3 2 .n
/a _Au(V(z- Vu) - A)dS /an |Aul(z - 7)dS

Lemma 5 & ¥,
]. 2 -
2/@9|Auz (z-7)dS |
N 4—N
= - q P
. /(;Iul dz + /Q|Aul dz. (5)
#+-]!<04=>q>N2 THaHH, 6 Q HF star-shaped ie. -7 > 0o0n 0N %

6&4)(@@#5%%%%t&w

Proof of Theorem 2

u=Au=0 &9,
d(Au)

Ou
D,'U = —Ty, D,(Au) = -—6n—nj

on
THHDT

/ (z- Vu)(V(Ay) - 7)dS = / Ou B(A“)( . 7)dS.
Q = Bg(0) THRARMHEOBEITIZUTO L S 2 L THRARS OEEEA 2 5.

Ou 3(|AufP2Au)

Lemma 5 Letu be a radial solution of (1), (3) with Q2 = Bg(0). Then o B

< 0 on 0.
Proof. u #° (E) DEN#HMEL i, u,v(= —Au) IATOEEFIFTBERROBIZL2 5.

—(rN WY = ¥y in (0, R), (6)
—(rV WY = rY"Hu|?"% in (0, R). (7
uw(R) = v(R)=0. (8)
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(6) 1= rN~ly, 2T [0,R] THAT B L

R
/('rN'lu,)r'rN‘lv,dr = —/ r2N=Dyy, dr
0

- _/ PAN= 1) ]vlzdr

R
- _ [TZ(N—I)EI,UlZ] +(N—1)/0- PAN=1D-1 12,
0

R
= (N-1) /o rAN=D=11y 2 gy

i, .
R*™-Vy (R)u.(R) — /0 Nl (PN, ), dr

ERBDOT (7)IC rN-ly, 25T [0, R] THWA L /=R
R no1 N-1 _2N=1) [R aN-1) g
/0 (" )oY Trudr = 7 /0 r |ulddr

EEbEDLL

R .
R*N-Yy (R)v,(R) = /0 r2N-1)-1 Glu[q + %|v|2> dr > 0.

Ou 8(— Au)

B B ndQ. oFh

N 4-N
== q
(q+ )/|u|d:z:>0

YR BOT (i) HEEH SN

£oT

SEXE

9)
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ETECL HFERERATHTBRXOEEMO S EFEICOWVT

RiE - (BRMEAFAFERD2)

SERELHERERIG, BPfxEE (RRET) LOXEHE [ATL) cE5<.
0. Introduction
ROFEBREBARFEROEEROFLELEFERIIOVWTELS |

—Au+u=a(z)v” + f(z) in RV,

u>0 in RV, (0.1)

u € HYRY),
. N+2 _
TIT, 1<p< ¥ (N23),1<p<oo (N =1,2),a(z) € CRY), f(z) e HI(RN),
f@)>0THB. &5 a(z) KBMLTRERET S :
(H1) a(z) >0 VzeRV,
(H2) a(z) — 1, |z — oo,
(H3) 5T >0 C>0¥HFELT

a(z) —1> —Ce~(2+9)iz| VzeRY,

(H4) a(z) € (0,1] VzeRM, a(z)#1.
7, f(z) =0 DHEIIOVTER 5.

—Au+u=a(zr)u? in R",
u>0 in RV, (0.2)
u € HY(RN).
HER (0.2) DIEERIFERE Schrodinger HERA R Klein-Gordon FBADEERIBET 5.

(0.2) DEBERDFLER a(z) OHRICERICT Y 7r— MEET A LithhoTw5. A,

a(z) =1 DFE
-Au+u=u? in RV,

u>0 in RV, (0.3)
u € HY(RN).
FER (0.3) i3—EH2 EERNSHR w(z) = w(jz]) > 0 HFEL, (0.3) DL THOEMR u(z) it

w(z) =w(x—1z0) Jz0 €RN.
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DF]ZT B Z Wb o T 5. (Kwong [K], c.f. Kabeya-Tanaka [KT]). L#L a(z) #1 o
e, 2R a(z) & 1 DEFFFIIECEORRIZFE 272 ED>TL 5. (cf. Lions [PLL)).
BlziE, a(z) #*

a(z)>1 YzeRY, (0.4)
Z#7-7 &£ &, Mountain Pass Theorem (2l > TH52bNB3I=vv 7 X — MP L~V —
#% Palais-Smale £H#FENIFADL AL LYV RIZBVI LD L, LTI DES,
Mountain Pass Theorem #*5 (0.2) D8 %85 2T&5. —F, a(z) 2° (H4) 2#727 &
&, MP L ~)V7F Palais-Smale £EPBIABRADL NNV EL L) EELL AT LAbhD,
Mountain Pass Theorem 25 i3 /%52 LT &%\, T2 T, Bahri-Li [BaYL] & »
T (0.2) EE (H1)~(H3) b & THARL LBV EDEEBPFRET A LIRERT VA,
(c.f. Bahri-Lions [BaPLL]).

TR, f(z) 20, f(z) £ 0DREER). BLADBEIL (0.1) D& 5254 TDOBEHS, FE
BROSEFESIOHBEADLILTHS. T0L) %2 HERIR Cao-Zhou [CZ], Hirano [H],
Jeanjean [J], Zhu [Z) Adachi-Tanaka [AT2] 512 > THESES T &7, Zhu [Z) i a(z) =1
DFEEHREL, HLEBR M >0 PFELT

0<|Ifllg-r1mry <M

25, RE (0.4) Db LT (0.1) Ta(z)=1 & LAFBRIEIEC &b 200 EERERO &
FFRLE. BH M > 0 305+ 2 AR :
1

1 R
Ly =slulfs ~ — [ «§de— | fuds,

(i
(v
A

1
3
fulls = ([ | 193 + P dz)  and uy = maxfu, o),

?* mountain pass geometry ¥ 4 2% j IKEHOLND. 2D, ||fllg-1gyy S M 26T
(1) 2EB po >0 BFEELT

L s(u) 20 V |ullg @y = pos

(i) {ue H'RY); llullrrmy) > po, Inp(u) <0} #0,
(111) inf Il,f(u) <0,

"u"};l.(RN)<P0

#@7:¥. Zhu [Z] O#RiE Cao-Zhou [CZ), Jeanjean [J], Adachi-Tanaka [AT2] i2& > T—
BRI Tws. BOR—BEDOIEREE g(z,u) KHTIBLULEGT CROFBRAIIOVTHELT
w5
-Au+u=g(z,u)+ f(r) in RV,
u>0 in RV, (0.5)
u € HY(RV).
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Cao-Zhou [CZ], Jeanjean [J] iIFIZRDIRE :
g(z,u) > g(u) (: l lllm g(z, u)) foralze RN andu >0 (0.6)

DL ET || fllg-1myy PHEHIRECLC (LAL 0 Tidew) HIET 2B mountain pass
geometry Wz & &, (0.5) B LB 2ODEMERER O L ERLE. KE (0.6) id (0.4)
KHIET 5. 2% (0.6) & (0.5) 2EFETHR VR TLLTWA,

TITiE, (H4) ORENS LT (0.1) #8x 3. [CZ)], [J) LiZRAFL BB, Faid
(H4) DRED S ETL WS DIEEROFELRT I ENTE.
1. Main results
BAIROERER.

Theorem 1.1 ([AT1]). (H1)-(H4)Z2RET 2. THLHHEH 6 > 0 ¥FELT,
0 < I flla-1cam < do ZHI (0.1) BH% < &b 4 DDEMRIFET 5.

& 512 Theorem 1.1 THLNLBED ||fllg-1gy) — 0 DE EDOERITOVTROGR LB,
Theorem 1.2 ([AT1]). (f;(z))2; C HY(RN) # k% ®7 T ERBERBII T 5

Wfill-1@gry = 0,  j— oo

T3 BB (f;(2)2) — BEFG (f;(2)R, EHSDT — PFELT f(z) = fi(z) T
3 (0.1) D4 2OBOF (ui)(2))jen (k=1,2,3,4) KHLTRERET

@ I @y =0, §— oo

(i) RY Woas (522, 052, CRY #HELT, j—oo DL &

k k X
] = 00, [[u{(2) - w(z -y )_)”HI(R") -0

@i T(k=2,3).
(ili) Bahri-Li [BaYL] i2& o TH 57 (0.2) DEMM vo(x) i< L T

1u$ (@) - vo(@)mrmry = 0, §— 0.

Outline of the proof of Theorem 1.1. 4 REFHFELAWVT (0.1) OEMMEE RO
5. a(z), f(z) CHLTRORKEBEEET S :

1 1
Lg(u) = 2llullfy - — [ et dz— / fudz : H*RY) — R,
2 p + 1 RN RN

Jo.s(v) = max L s(tv) : B4 — R,
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ZCT,

S={ve H'RY); Wlm@~ =1}
2+={U€2;v+$0}'

B I, s (u) : HHRY) = R % Jo,(v) : 4 = R O critical point & (0.1) OEMMI3TIE
FTHI LIS,

Fe4 it I, 5(u), Jof(v) O critical point ERDLHIXLTR2ITS. ¥, RONEME
# uM(a, f;2) = Uoe minla, f;z) % I p(u) ® 0 D L Thlocal minimum % attain ¥ 5
critical point & LT#H5. RiZ, I, s(u), Ja,f(v) ? Palais-Smale condition iXRD L XNV TD
AENDBIEEF 2V ITH

I f(uo(z)) + tho(w) £=1,2,...

T Lio(u) BERAER (0.3) KT HARE, w(z) id (0.3) DIEMEIRNHE, uo(z) X
I, ¢(u) @ critical point T# 5. %i2, Palais-Smale condition i

Lo, g (”loc min(a, 5 :z:)) + Il,o(w)

ENEBEVILARVTREILDZEFDIS.
RIZceER KHLT

Vo< ={u€Zy; Jos(u) <c}

LWHRSLEATS. f(2) 20, f(@) 20 T ||flg-r1mm) PFADELE, 31 E2e>0
X LT
[Ja,5 < Lo, (w0 min(a, f32)) + Lo(w) —€] #0

Thh
ca't([Ja,f < Ia,f(uloc min(a7 £ 1’)) + Il,O(w) - 5]) =2 (1.1)

THBHIEHbH,B. T T cat(-) i Lusternik-Schnirelman category %% 5b3. LizdtoT
Category BRah 5F 4 i2 2 2D EMER uP (a, f;z), u®(a, f;z) %

Ia,f(u(k) (a‘7 f; :1:)) < Ia,f(uloc min(a7 f : z)) + Il,o(w), k= 2,3. (1.2)
2 MTOOLLTRS. 2T, bL f=0%6iZ,
Uloc min(a7 0; fE) =0

Thh,
[Ja.,O < Ia,O(uloc min(a,(); :L‘) + II,O("J)] =0 (1'3)
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EnB0T, (1.1) R4 DEFOEEZRYE 25, (1.1) 2B570ic, Raid [AT2] (c.f Bahri-Li
[BaYL], Bahri-Loins [BaPLL]) & F#i2 L TX® interaction phenomenon ¥ A\ % . +4%
K&z |y >1 LT

Ia,f(uloc min(aa'f; I) + w(:z: - y)) < Ia,f(uloc min(ay £ z)) + Il,O(w)-

4 OBDOEEREBRD DI, il J, f(v) 28 LT Bahri-Li [BaYL] ick53=2v X
B METSH. KDI=T v I/ RE:

bas = Jof sup, a5 (7(9)),

ZoT
w . ——
I={yeCRYTs); 1(y) = nwﬁTﬁ? for large y]}

LHEBL, by CHIETHEMR u® (o, fiz) EBBC LHTE, u®(q, fi7) B
Ia.,f(u(4) (a, £ 1‘)) 2> Ia,f(uloc min(av f; .’L‘)) + Il,O(w)
7.

References

[AT1] S. Adachi and K. Tanaka, Four positive solutions for the semilinear elliptic equation:
 —Au+u=a(z)uP + f(z) in RY, to appear in Calculus of Variations and PDE.
[AT2] S. Adachi and K. Tanaka, preprint.
[BaC] A. Bahri and J. M. Coron, On a nonlinear elliptic equation involving the critical
Sobolev exponent: the effect of the topology of the domain, Comm. Pure Appl
Math. 41 (1988), 253-294.
[BaYL] A. Bahri and Y. Y. Li, On the min-max procedure for the existence of a positive
solution for certain scalar field equations in RV, Rev. Mat. Iberoamericana 6 (1990),
1-15.
[BaPLL] A. Bahri and P. L. Lions, On the existence of a positive solution of semilinear elliptic
equations in unbounded domains, Ann. Inst. H. Poincaré Anal. Non Linéaire 14
(1997), 365—413.
[CZ]) D. M. Cao and H. S. Zhou, Multiple positive solutions of nonhomogeneous semilinear
elliptic equations in RN, Proc. Roy. Soc. Edinburgh 126A (1996), 443-463.
[H] N. Hirano, Existence of entire positive solutions for nonhomogeneous elliptic equations,
Nonlinear Anal. 29 (1997), 889-901.
[J] L. Jeanjean, Two positive solutions for a class of nonhomogeneous elliptic equations,
Differential Integral Equations 10 (1997), 609-624.
[K] M. K. Kwong, Uniqueness of positive solutions of Au — u + v? = 0 in R"®, Arch.
Rational Mech. Anal. 105 (1989), 234-266.

-73 -



[PLL1] P. L. Lions, The concentration-compactness principle in the calculus of variations.
The locally compact case, part 1, Ann. Inst. H. Poincaré Anal. Non Linéaire 1
(1984), 109-145 and 223-283.
[PLL2] P. L. Lions, The concentration-compactness principle in the calculus of variations.
The locally compact case, part 2, Ann. Inst. H. Poincaré Anal. Non Linéaire 1
(1984), 223-283.
[T] C. Taubes, Min-Max theory for the Yang-Mills-Higgs equations, Comm. Math. Phys.
97 (1985), 473-540.
[Z] X. P. Zhu, A perturbation result on positive entire solutions of a semilinear elliptic
equation, J. Differential Equations 92 (1991), 163-178.

- 74 -



Superlinear-sublinear type M IEFREITE % ££ 9
R RRADBOEE I OWT

NKE R
RRBREFRZRETEHAER M 2

1 UK
BACROER IR ST ERIE

{—Aqb = Al tu+glP1g, z€Q,

1.1
¢ =0, : z € 00 (L.1)

¥E2%. ZITQCRYBELHLLHER 00 b OFFRERT, EHEE
0<qg<l<p%BT. 610\ REBNTA—F5—Th3. (11) BT
BAOFEHLHE & L Tid Ambrosetti-Brezis—Cerami [1] 25&iF5h 5. [1] T
Hp<oo, N=12,p< (N+2)/(N-2),(N>3) DL, HHEK )\ #*
FEL A€ (0,0) 251 (L1) 2% &b 2BOEMR ¢(z; ) < 3(z;)) %
bOZEARENTWS. 2B Ouyang-Shi [6] iX, EFTOHMEGDOT, 8K
Q={zeRY;|z| <1} DHBE, A€ (0,\) DEEDEEBILED2EICEL N
HBIERRLTVAS. 40, H4iF (L) THICQ=(0,1)CR & L7-ME :

(SP) {"% = Agl* o+ o9, z € (0,1),
$(0) =¢(1)=0

DIFEEE TEICRE L7 ([5]). #MIZRE TR, FEFERICOVTOAT
EDBEDTFOEHIIIHS ‘

HEEE M BIURE A BFEL, X0 (I)-(iv) 2#7.

DA>A DL & (SP) iIEEHEEE b -2\,

() 0<A< X OLE (SP) b1 ) L2BEDEMBE ¢(z;)) < ¢(z;)) £
5, INHE A ICKEALT Cl0,1] DMHATERTHS. E5IC limy_y, () =
lim)‘_,)‘1 Z(x\) BIU lj.m,\_.oé()\) =0 %ﬁf:T

() A1 SAS0DEE (SP) X—EMLRIEMHEM o(z;)) b5, Thbid aic
BLTCl0,1] DEMHTERTHS.
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(iv) A< A, DEE (SP) DIREROBELEREL 2D, A\ PBITBLL
LICRDOEY S B Y~ Bidmt 5.

KIZZZTHRONI: (SP) DEMOEEHRIZOVTRNRE ). #ZTROLHEH
BB O HME S FAERT

U = Ugr + Mu[97 U+ [uP~ly, (z,t) € (0,1) x (0, 00),
(P) < u(0,¢) = u(1,t) =0, t € (0,00),

u(z,0) = up(z), z €(0,1)
*E25. (P) OBMTTHEEEL DI, FIZ X > 0 D & & sublinear term Ajuj?1u D%
RIZL Y (P) DRFRO—EMIZ—RRITIIR Y S22V SI12H % (Fujita-Watanabe
[4] BB ENzv). —H AeR DL EDBFBOFLE, BITASODLED
BFRBO—EHRIREND. LELLHES, 4D 7 5 RIBET 5 OEME u
X LT (P) DHRERBFHRO—EBRER L. ZOKRITEE: Sattinger [7] O
B L 2 REMHEEE BV, (SP) OFRERNI B, Ae (0,)) D& DB
EIER ¢(z;0) BET AL O DL ENEBEBIRTETH D LI BB B~

2 TEEME (SP) O #igd

(SP) MD###§& (L phase-plane analysis IZ& > T O 5. UTFTCHWANES
FELTB HAeR TLD (SP) DMEKEE SO LB, 5512

Sy (M) = {¢ € S(\)| ¢ has exactly (n — 1)-zero points in (0,1) and ¢'(0) > 0},
Sy (A) = {¢ € S(A)| ¢ has exactly (n — 1)-zero points in (0,1) and ¢'(0) < 0}.

EEETH. BOICA>0 DL ED (SP) DREEE RS,

Theorem 2.1. There ezists a monotone increasing sequence of positive numbers
{An} as n — oo with the following properties:

(i) If X € (0, An], then
SHA) = {Ba(-i ), 6. (- W)},

where ¢,(z;)) and @ _(z;)) satisfy B,(i/n,A) = ¢ (i/n,)) = 0 for
i=12...,n~1and [[$a(-; Nllec = lI$,(*; Mlloo for A € (0, 2s]
with $,(2; An) = (23 M)

(ii) If X € (An, 00), then S;F(A) = 0.

Moreover, S;(A) = {-¢|¢ € SF(N)} and S(A) = {0} UUZ, SE(N).
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L£® Theorem 2.1 I2& ), EED A > 0 I LT (SP) RUMERBOMR %
b LAbhD. SHLICHLIEED A > )\, KL, (SP) DEBHBERIZLT
(0,1) LTn BULEDBEE DI LdbhD. RIZ G, (;A) BEU ,(-;0) D
A€ (0,),) BT AEBREICOVTOERERRS.

Theorem 2.2. For each n € N, ¢,(-;)) and ¢.(-; ) are continuous for X €
(0, \n] in the topology of C?[0,1].

Theorem 2.1 BL U 221250, 2> 087 % (SP) OKIBH 2 @il % EE
ZH R xC0,1] TRAERDELHICFLDOLNS ©
Iy ={(\¢) o€ SN}, T, ={(\9¢)lseS; (N} (2.1)

EEETHE, T (resp.I;) 1 (N, 0) = (0,0) HFUEL (A, 6) = Ay 6p(An))
(resp. (A, @) = (An, —n(Mn))) % —EEI % turning point & ¥ 5 EFE (O-B
branch ) &% 5.

ASO0DELED (SP) DEBEIETHMEE 2. UTT,LEZpBLITqIC
IoTEIAHHIEEREHODLT. BAICST(A) BIU S, ()\) OBEEZ RS,

Theorem 2.3. Foreachn € N, define A_,, = (2nL)*P~9/®~1) Then the following
properties (i) and (ii) hold true :

(i) If X € [A_p,0], then SF(X) = {4,(-; )}, where @,(z;)) vanishes
atz=i/n,i=12--- n-1.

(i) If X € (—00, A-p), then SH(A) = 0.
Moreover, S;(A) = {-¢|¢ € S;(N)}.
Theorem 2.4. Foreachn € N, §,(-; ) is continuous for A € [A_p,,0] in Cz[O, 1].

Theorem 2.2 3L 24 &Y (21) TEELZT], I BEhETh A=A, F
TESHRE LTERSNLZED DDA,

A<A DEERSO) X120 (0,1) £T compact support % b 2% Lo
TEREN ESHE D,()\) 280 L)1k 5

Theorem 2.5. For A € (—00,A_;) set M()\) = L|A|~®-1/2(=9)_ Then for any
z1 € [M(A),1 = M())], (P) has a non-negative solution ¥(z; A, ;) such that

Allp + 1)) V-9
R - 5 020 loo = z2: A, 2) = {l T )} and

supp'd;( : §/\7$1) = [Il - M(’\)7$1 +M(’\)] c [07 1]7
Moreover, the set of non-negative solutions is generated by ¥(x; A, z1); that is
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Z 9 o7z compact support % b O, cubic-like type DIEHMBITE S
porous-medium AEADEEHMEICBVTHEF S Tv>3 (Aronson-Crandall-
Peletier [3] 2R 3=\,

Z Z T Theorem 2.5 THH M7z, (0,1) £ T compact support % b2 (SP) D
¥(z; A, o) D support DEIH A\ KL THBABRLSTHAZLICERTS. 20
LEEIRMO) =1/n A=A, LEMETHEI DD, A< A, DL E 5()
IEEOBAR j <n 3L (0,1) £ T compact support % 2 j EOREK: b
KXo TERSINLERE D;()\) 286 L 51025

Corollary 2.6. Let n and j be positive integers such that j < n. For \ €
(—00, A_n), assume that T1, o, - -, T; Satisfy

0<z1<zZ2<:--<z;<1land
z,-—z,-..1>2M()\) fOTlSZS]'f'l,

J
with 2o =0, T4, = 1. Then Zaiw(x; A, z;), where a; =1 or —1, satisfies (P).
=l
ZNDEE Corollary 2.6 12L& 1, & ne NI LTD,()\) EEMHIZERDLS
I -3y (%

i oy oA |0=%0<Z < - <y <Tpp1=1and
{._ (-3 2:) lz; — z;] > 2M(X) for ¢ # j }
D""(A)== =1
if A € (—o0,A_p),
0if A € [An,0].

D,(A) DETIZ (0,1) ETH2IEnBED O TLVRELZ DO LI bH S, &
HIZ D, IR A< A, IEBWTROERTERTDHS ©

Theorem 2.7. LetneN. If\, ue (—oo,)\_n), then
dist (Dn(A), Dn(k)) — 0 as |A — p| — 0,

where

dist (Da(A), Da(W)) = sup ( inf n¢-¢mm).

€D (N) \¥YEDR (1)

Theorem 2.3 LR T &2 L A<0DE XD (SP) BlEEIXRDIHIZT L
HoNnb

Theorem 2.8. For A <0,
o0 =] oo
s ={rulJstvulJssmulU b
n=1 n=1 n=l

where SE()\) # 0 (resp. Dn(X) # 0) if and only if Dp(A) = 0 (resp. SE(\) = 0).
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3 }EXME (P) DEO—BHEICHTIER

(P) PRFRO—BHERICOVTERL L. BEICEED ) e R I L THH
i up € C3[0,1] THNIBHMBIFET 5. EHIIHA 2T, FIRBEINE L 2 7%
& &IZHVv5N % Banach DAB S EED D Y I, Schauder DABIHEHE % H
VBI LWL TRENS. RI—FEBTHAY, ST A<0DEEZFIZIESIC
RENDE. —F, A >0 Dk & sublinear term A|u|?"lu DEFRIZL Y wo =0 ITK
L CIEERAT# u(z,t;0) B L URERFE —u(z,t;0) P*FET S ([4]). 2ozt
i (P) ORFABRO—BHIZ—BRICBEY L2 2w E2EKRLTWAS. L2 LE
5, FAIIFEHBIE Aul?u + |ulP~'u D Lipshitz EFEH u=0 DATL?
BN TWRWEICER L, THME uo LT ORE (C) 2W/-F & & (P) DHFAME
BFR#BO—BHEEZRLL.

(C): uo € C3[0,1], up > 01in (0,1), uy(0) > 0 and ug(1) < 0.
ERO—FBEHIROLBER, LB OND !

Theorem 3.1. Let u (resp.v) be any non-negative solutions of (P) with initial
value ug (resp.vo). If up satisfies (C) and uo > vp > 0 in (0,1), then u(z,t) >
v(z,t) in (0,1) x (0, 00).

Theorem 3.1 i o =0 £ ¥ 5 &, BICBRI-—BREOBNP LB Y L2k, —
H, CORBERTEE (C) X u#0 FTHDHLNL P L) Pi3RBRD 5 HIE/Z
BEDLZAbho T, %28 Cauchy FIBICK T 5 BEDOFFEAH Aguirre-
Escobedo [2] 2L o THOLNT WA,

4 EMRE (SP) DROREM

2HTH7: (SP) DD LIAEL D DOREHRICOVWTELS. T
HTRRAZEIITA>0 DL ZHRME uo =0 IS LT (P) DHEALBHMEL
BETH ZOZELEA>0DLED (SP) DHERBOARER 2 EH®RTS. —
% (SP) DALDOFHAEMOREMIINT T 5 EEIL, Theorem 3.1 oM /=Z & T,
Sattinger [7] 12X A B V- RERDHEREHVA I LIZE-oTEDLNS.

B A€ (0,\) DL 20 (SP) DRIEMR ¢ (z;)) HEETHBI L&
N5
Theorem 4.1. For each A € (0,)1), ¢,(z; ) is asymptotically stable in the fol-

lowning sense:

For any € > 0, there exzists § = 6(¢) > 0 such that if |[uo— ¢, (A)llcr < 6,
then the non-negative solution of (P) satisfies ||u(t) — ¢,(M)|leo < € for
allt > 0 and lim;.oo [|u(t) — 8,(M)]lc = 0.
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EHOBRERRS. FTEBICEEINZ A (0,0) KHL ABIUX %
0<A<A<A<N ZWATLIICEBE, ¢ () i (SP) O sub-solution 38 & T
8,(3) i (SP) ® super-solution TH 2 Z LICEETS. DL E,

8,(z:2) < ¢,(z;A) < 8, (z; X) for z € (0,1)

#¥ phase-plane analysis IZ& DR END. LzAoT ¢ (M) & ¢ (A) TlREFhi
BRICHFET 5 uo THMEL L7z (P) O u(t) i, limyos [[u(t) — 6,(N)]|oo = 0
2W7-7 ([7]). 85I Theorem 2.2 * EBT 2 LFTEDOKREHBS.
FRDEZERET, A e (A, A1) DL EOEKEME 6,()) BEU ) € (—o0, Ay
NEE DI(A) KEINDZEBOEEMOARLERDIRENS. /2 ) € (—0,0]
NEEDEBHEBOFALRERIRENS.
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On the Cauchy problem of the Time Dependent
Ginzburg-Landau equations

By
TAKAHIRO AKIYAMA', HIRONORI KASAT? AND MASAYOSHI TSUTSUME
TDepartment of Mathematical Science, Waseda University.
IDepa.rt’.mem: of Applied Physics, Waseda University,

1 Cauchy problem.

We consider Cauchy problem for the Time Dependent Ginzburg-Landau equa-
tions in R3:
N _ D2y AL - [P+ DY, in (0,00) x R%, (L1)

ot

08 - —rot?A — {B(Da¥) - (DA} + V8, in (0,00) x B, (12

¥(0,z) = Yo(z),  A(0,z) = A(z), in {0} xR?,  (1.3)

where D49 = (Vi — iA%), 9 is the complex order parameter, A is the magnetic
vector potential,  is the scalar electric potential and A is a real positive constant
called the Ginzburg-Landau parameter of the substance. ), and A, are initial
conditions. The system (1.1)-(1.2), which we call the TDGL equations below, was
proposed by A.Schmid [8] or L.P.Gor’kov and G.M. Eliashberg [5]. The TDGL
equations have an important property, namely, that of gauge invariance. We consider
this problem in the Coulomb gauge, namely,

divA =0, inR3 (1.4)

For 1 < p < 0o, L?(R?) denote the standard Lebesgue space. LE(R?) = {A =

(A1, Az, A3) : A; € LP(R®) and divA = 0 in the sense of distribution} which is a

subspace of LP(R?) = {LP(R%)}® . LP(R?) is defined as LP(R®) @ L2(R?) where &
implies direct product. We denote the norm in £LP(R?) as

1/p 3 1/p
101 = ¥l + 1Al = { [, WPaz} "+ 32 { [ 1apa} ™, 9

Q
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where U = (3, A).
Since divA = 0, the TDGL equations (1.1)-(1.2) are rewritten as

% = ag~ 24(A- VY) - |AI% + A1 - W) + iy,
OA F — .
5 =BAA+P, [—% {#(Vv) - v(V4)} + I¢I2A] ;

AP = div {%{E(DML‘) - ¢(BA_¢)}} )

where, P, is the projection B, : LP(R?) — L2(R3).
Using (1.8), We have the following proposition.

Proposition 1 We have

@lsws) < C |5 (FDav) - v}

L2(R?)

Proof.

”V‘I’”%ﬂ(pé) /113 |VO|%dz = — /R3 A®Ddz
- fptv {50 - 9O 2
/Rs {%W(DMIJ) - ¢(DA"/))}} - Vodz

L B0 - U

IA

Using Sobolev-Gagliardo-Nirenberg’s inequality, we have

18l Lsmsy < ClIVR|lL2msy < C "%{E(DMIJ) —9(Da¥)}

Lz(Rs) :

Q.E.D.

7)) I L

(1.6)
1.7

(1.8)

(1.9)

(1.10)

(1.11)

We employ the Semigroup Theory. (1.6) and (1.7) with the initial conditions (1.3)

are expressed as an abstract evolution equation as follows:

d
EfU + AU = B(U),

U(O) = UO = (¢07 AO)ta
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0 -BA

B0 = ( ~2(A - VY) = [APY — A +i8(s, A)Y )
T\ B3 {0(V) - (T} + [vPA]
The operator —A generates a semigroup e~*4 = (S(t), S2(t)). (1.12)-(1.13) is
then converted into the integral equation

where U = (1, A)* is a pair of functions, A = ( A=Al 0 ) and

- t
U=0+ /0 e~=94B(U(s5))ds, (1.14)
where U = e~*AU,. For the 1 < p < g < 00, the basic estimates we use are
~3(1_1
1818l agrey < Ct 2679l o), (1.15)
~1_3¢1_1
1081 (&)l oy < CtH 26D 19 Lo, (1.16)
12(8) Alleg sy < CE3579 )| A g ey, (1.17)
185 (8) Allyges) < CtH 2G| Al ps), (1.18)

where 8 = 8/0z;(i = 1,2, 3). Here and elsewhere, C denotes various constants that
do not depend on the individual function U. (1.15) and (1.17) follow from the fact

that the LP-norm of the heat kernel is proportional to ¢t~ 3G~%). (1.16) and (1.18)
follow from the property of the derivatives of the heat kernel.

2 Main results.

We have the following theorems.

Theorem 1 Let Uy € L3(R®). Then there is a T > 0 and a unigue solution U
such that

t5%U € BC(0,T): LYR®)) for3<q< oo, (2.1)

#7580 € BC(I0,T): LYR3))  for3 < g < oo. (2.2)
Both take zero at t = 0 except for ¢ = 3 in (2.1), in which U(0) = Up. Furthermore,
U has the additional property

UeL(0T:: LY(R®)  with % - % (1 - %)  3<q<9,  (23)

Jor some 0 < T1 < T. Moreover, if there is § > 0 such that ||Us||s < &, then the
solution in Theorem 1 is global, i.e. we may take T =T} = oo.
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Theorem 2 Let Uy € LP(R3) N L3(R®), where 1 < p < 3. Then the solution U
given by Theorem 1, has the following additional properties,

U, t20U € BC([0,Tz) : LP(R3) N L3(R)), (2.4)

with some 0 < Ty < T. Moreover, if there is & > 0 such that ||Uslls < &' < 8, then
the solution in Theorem 2 is global, i.e. we may take T =T, =T, = oo.
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Nonlinear Schrodinger equations with monotone nonlinearities
Tomomi Yokota

Department of Mathematics, Science University of Tokyo
e-mail : yokota@minserver.ma.kagu.sut.ac.jp

1. Introduction

Let © be a bounded or unbounded domain in R¥ with compact C2%-boundary 9 (in-
cluding RY itself). In L2(f) := L?(; C) we consider the initial-boundary value problem
for the nonlinear Schrodinger type equation with monotone nonlinearities: '

(1.1) %% —iAu+ (1+iB)uffu=0, (z,t)€Q xRy,
(1.2) u(z, t) =0, (z,t)€0QxR,,
(1.3) u(z,0) = uo(z), z €.

Here u is a complex-valued unknown function, i = v/—1, 8 € R, and the exponent p > 1
is a constant. In particular, if 8 = 0, then (1.1) is written as

(1.4) gt—u —iAu+uflu=0, (z,t) € 2 xR,.

In this special case the global existence of unique strong solutions has been established
by Pecher and von Wahl [7], Shigeta [8], and Okazawa and Yokota [5] (for weak solutions
see Lions [3, Chapitre 1, Section 10]). Equation (1.1) is a mixed form between (1.4) and
the usual nonlinear Schrédinger equation d;u — iAu + i[u[P~lu = 0. On the other hand,
(1.1) is formally included in the complex Ginzburg-Landau equation:

(1.5) -g—: - (A +ia)Au+ (k+if)uflu—yu=0, (z,t) €N xR,.
However, (1.5) is usually considered for A > 0 excluding the limit case A = 0. In [5] we
proved the global existence of unique strong solutions for (1.5) under condition
0 LY
kK ~p-—1
without any restriction on the dimention N > 1 and the exponent p > 1.

The first purpose of this note is to prove the global existence of unique strong solutions
to (1.1)—(1.3) for o € H%(Q) N H3(2) N L?(£2) under condition (1.6) with x = 1 by
employing the theory of nonlinear semigroups. To do so we need a careful analysis of the
computation in a perturbation theorem prepared in [5).
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The second purpose is to discuss the relation between solutions of (1.1) and those of
(1.5). Namely, we consider the following initial-boundary value problem:

6u,\

(1.7) v A+ ) Auy+ (1 +iB)ualPtuy =0, (z,t) € Q x Ry,
(1.8) ur(z, t) =0, (z,t) € 0N xRy,
(1'9) UA(iL', 0) = ’u.o(ID), T € Q:

where A > 0. Let u(t) := u(z,t) and u,(t) := ux(z, t) be unique global strong solutions to
(1.1)~(1.3) and (1.7)—(1.9), respectively. Then we shall give the convergent rate of u(t)
to u(t) as A | 0. In particular, if § = 0, then our result is the same as in [5].

2. Results

For the abstract setting of (1.1)—(1.3) we introduce two operators in the complex Hilbert
space X := L%() with inner product (-,-) = (-,-)z2 and norm || - || = || - ||zz. Namely we
define operators S and B as follows:

Su = —Au for ue€ D(S):= H*Q)NH}R),
Bu := |[uff"'u for ue€ D(B):=L*Q)NL*Q), -

where H?(Q2) and H(S) are the usual Sobolev spaces of L2-type. Then (1.1)-(1.3) can
be regarded as one of initial value problems for abstract evolution equations in X:

(2-1) z—z +Au=0, u(0)=u,

where A is given by
A:=iS+ (1+iB)B with D(A):= D(S)n D(B).
Before stating our results we give definitions of strong solutions to (1.1)-(1.3).
Definition 2.1. The global strong solution to (1.1)—(1.3) is defined as an X-valued func-
tion u(t) := u(z,t) with the following properties:

(a) u(t) € D(A) for all t > 0 and Au(-) € L®(0, 00; X).

(b) u(-) is Lipschitz continuous on [0,00): u(-) € C%*([0, 00); X).

(c) The strong derivative u'(t) exists for a.a. t > 0 and is bounded in X on [0, 0):
u(-) € Wh*(0, 00; X).

(d) u(-) satisfies the equation in (2.1) a.e. on [0,00) as well as the initial condition.

Our main results in this note are now stated as follows.

- 87 -



Theorem 2.2. Let —¢;' < 8 < ¢, where ¢, := (p—1)/(2\/P). Then for any initial value
up € H%(Q2) N H}(Q) N L?(Q) there erists a unigue global strong solution u(t) := u(z, )
to (1.1)-(1.3) in X such that
u(-) € L®(0, o0; H(R)) N L*(0, 00; L*(R2)),
u(-) € C™/3([0, 00); H3(Q)) N COHE+1([0, 00); LFHH(Q)),
lu@lla < lluolla:,
llu(®) — v(®)llz2 < lluo — wollz2,
IVu(t) = Vo(t)lZ: < Ki(llAuollz2 + || Avollz2) lfuo — o2,
llu(t) = v(@IT: < 2P~ Ko(l| Auollze + [|Avollz2)lluo — voll.z,

where v(t) is a solution to (1.1)~(1.3) with initial value vo € H2(Q)NH}(Q)NL?P () and
Ky =1+ K1 +if], K2 := (1+¢)/(1 + cB).

~ Theorem 2.3. Let 3 be the same as in Theorem 2.2. For ug € H3(Q2) N H} () N L?*(R)
let u(t) := u(z,t) and ux(t) := ux(z,t) be unique global strong solutions to (1.1)-(1.3)
and (1.7)-(1.9), respectively. Then fort >0 and A >0,

llu(®) — ur@®llze < (A¢/2)%|Vollze,
IVu@) = Vua@)ll2 < (A/2)2 K1 (M| Auollzs + 21| Auollz2) | Vuollz2,
llu(t) — ur@liFn < (A¢/2)22P7 Ka(Al| Auollz2 + 2|| Auol|z2) | Vuall 2.

Remark. 1) In the case where 8 = —c, the situation is more delicate: we will investigate
this case and report our progress in the future.

2) Let N < 3. Then the solution to (1.1)~(1.3) seems to be of class C?; this can be
shown by regarding (1.1) as a semilinear evolution equation (cf. [7]).

3) The Neumann problem can be dealt with in the same way as the Dirichlet problem
mentioned above.

4) Our method can be also applied to (1.1) with generalized nonlinear term g(z, |ul?)u.
Here we assume that g € C(Q x [0, 00); R)NC(2 x (0, 00); R) with 0 < s(8g/8s)(z, s) <
og(z, s) and |V, g(z, 3)| < k1g(z, s) + k» for some constants o, k;, k2 > 0 (cf. [6]).

3. Preliminaries

This section is devided into two parts: in the first part we review the abstract Cauchy
problem with maximal monotone operator and its relation to the theory of nonlinear
semigroups; in the second we consider the maximal monotonicity of linear combinations
of a nonnegative selfadjoint operator and a nonlinear maximal monotone operator with
complex coefficients.
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3.1. Nonlinear semigroups and evolution equations

Let X be a complex Hilbert space with inner product (-,-) and norm || -||. An operator
A with domain D(A) and range R(A) in X is said to be monotone (or accretive) if
Re(Au; — Aug, ug — ug) > 0 for uy, up € D(A). If, in addition, R(A + {) = X for some
(and hence for every) ¢ € C with Re{ > 0, then we say that A is mazimal monotone (or
m-accretive) in X.

The next theorem is fundamental in solving (1.1)-(1.3) regarded as (2.1) (see Kato [2]
and Showalter [9, Proposition IV.3.1]).

Theorem 3.1. Let A be a nonlinear mazimal monotone operator in X. Then for any

ug € D(A) there ezists a unique strong solution to the initial value problem
du

(3.1) I +Au=0, u(0)=up,

in the following sense:
(a) u(t) € D(A) and ||Au(?)|} < ||Auolf for allt > 0.
(b) llu(t) — u(s)ll < llAuoll-It — sl, 2,5 > 0.
(c) du/dt ezists a.e. on [0,00), with ||(du/dt)(t)|| < ||Au|| (a.e.).
(d) u(-) satisfies the equation in (3.1) a.e. on [0,00) as well as the initial condition.

We can define the solution operator U(t) : D(A) — D(A) by U(t)ue := u(t), t > 0,
where u(-) is a unique solution to (3.1) in the sense of Theorem 3.1 (a)—(d). Denoting the
continuous extension again by U(t), we obtain a one-parameter family {U(t);¢ > 0} on

D(A) (the closure of D(A) in X)) which satisfies
(@) U() =1, Uit+s)=U®)U(s), t,520,
(b) U(t)v = v (t 4 0), v € D(4),
(©) U1 — U@l < llor — vall, 1,92 € D(A), t 2 0.

The family {U(t);t > 0} is called a contraction semigroup on D(A) generated by —A.
3.2. Perturbations of maximal monotone operators
An operator B in X is said to be m-sectorial of type S(c) if B is maximal monotone
and sectorial of type S(c):
Im(Bu; — Bua,u; — u2)| < cRe(Buy — Bug, u; — us)

for uy, us € D(B) (cf. Goldstein [1, Definition 1.5.8]). This implies that the monotonicity
of B is preserved to some extent under rotation. In fact, let 8 € R with |3| < ¢™!. Then
(1+4B8)B is monotone in X: '

Re((1 +i8)(Bu1 — Bug), u1 — uz) > (¢ — |B]) [Im(Bu; — Bug,u; — ug)| > 0.

Now we state a perturbation theorem for maximal monotone operators which is a slight
extension of [5, Theorem 2.3].
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Theorem 3.2. Let S be a nonnegative selfadjoint operator in X. Let B be a nonlinear
m-sectorial operator of type S(c) in X. Assume that D(S) N D(B) # 0 and for u € D(S)
ande >0,

Im(S,u, Bu)| < cRe(Scu, Bu),
where S, is the Yosida approzimation of S: Se ==& }[1 — (1 +&85)7!]. For € R let
A:=iS+(1+1:8)B, D(A):=D(S)nD(B).

Then

(a) A is mazimal monotone in X, provided that —c™* < 8 < ¢ .

(b) For v € D(5Y?) and ¢ € C with Re¢ > 0,

1524+ Q) o]l < (Re()HISY 2.
(c) For ug € D(A) andt > 0,

l+¢
1+¢8

where {U(t);t > 0} is the contraction semigroup on D(A) generated by —A.

|BU ()uol| <

| Auoll,

Corollary 3.3. In Theorem 3.2 assume further that D(A) is dense in X. Then U(t)
leaves D(S'/?) invariant and for v € D(S'/?) and t > 0,

IS*2U@)ol| < 1S*2]]-
In particular, if 0 € D(B) and B0 =0, then forve X andt >0,
1U@)v]] < [lvll.
By the same way as in the proof of {5, Theorem 2.7] we have

Theorem 3.4. Let S, B and A be the same as in Theorem 3.2. Then for A > 0, v €
D(S'?) and ¢ € C with Re¢ > 0,
(4 + Q)7 — (AS + A+ Q)70 < (A/4) 2 (Re ) ~3/%|| SV 20||.

Let {Ux(t);t > 0} be the contraction semigroup on D(A) generated by —(\S + A). Then
for A>0, up € D(A) and t > 0,
1+c¢
B < —
I1BU Bl < -5
Assume further that D(A) is dense in D(SY?) (that is, D(A) is a core for S/2). Then
for A>0,v € D(S?) andt > 0,

IU@)v — U@l < (At/2)1/2]|S™20]],

I(AS + A)uoll.

where {U(t);t > 0} is the contraction semigroup on X generated by —A.




4. Proofs of Theorems 2.2-2.3

Let S and B be the same as defined in Section 2. Then it is well-known that S is a
nonnegative selfadjoint operator in X := L?(Q2). On the other hand, we have

Lemma 4.1. B is m-sectorial of type S((p — 1)/(24/p)) in X : for u;,us € D(B),

-1
Im(Buy — Buy, u; — u)] < 1—;7_1’—Re(Bu1 ~ Bug, uy — ug).

Here the constant factor has been determined by Liskevich and Perelmuter [4].
For the next lemma see [5, Lemma 3.2].

Lemma 4.2. Let S, be the Yosida approzimation of S. Then for uw € D(S) ande > 0,
p—1
< _ .
|Im(S,u, Bu)| < Wi Re(S:u, Bu)

Now Lemmas 4.1 and 4.2 show that the assumption of Theorem 3.2 is satisfied with
¢c=¢ = (p—1)/(2y/p). Let —¢;* < B < ¢;*. Then it follows from Theorem 3.2 that
A =158+ (1+1p8)B is a maximal monotone operator with D(A) = D(S) N D(B) dense in
X. Hence we see from Theorem 3.1 that for any uy € D(A) there exists a unique strong
solution to (3.1). This implies that (1.1)-(1.3) admits a unique global strong solution
u(t) := u(z, t) in the sense of Definition 2.1. Thus we obtain Theorem 2.2.

Theorem 2.3 is a consequence of Theorem 3.4.
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HEBRKOTEREICRNSZESHBEL TOROKE

FEX-BRX Bl &
TEK-HF A FF

HA
ARX TR, ROFMBHBAUCOVTEET 5.,

KAV (w) 3 w + Gy in L%(0, L). (0.1)

ZZC. K, LIZERH. 6 i35 X b2k, 0V i L3(0,L) LONBIK V @ (L2(0,L)
TOD) HWAEART. Vid|w<1lae ZWETERD LB w OLEB XIS E
WA THD, FERX (0.1) IROAMAE (BB RLF—)

L
F%@%:nV&}—%L|z+%F¢mz€L%Qm

@ Euler-Lagrange FBA.Th 5,
FEX (0.1) iX. ROFEREHEHEOFBAR

(6+ x)t — 0z = 0in Q := (0, +00) x (0,L), (0.2)

Xt + 80V (x) 3 x + 0 in L*(0,L), t > 0, (0.3)

CRBWTESREA R, T EERX.
6(t) = 6y in L?(0,L) as t = +oo

LR LEBOBERBEICARIS LTS, ZOH%¥RIT A. Visintin ([6] BF) 12
& o THE - BERIEBREO HMARE (mesoscopic length scale) TOEBET VL &
LTHREINTBY., T TR X (8x) BEOLMBEKT. x HHROKEE (K
hBEE»E) XTHEAKE Sh3, o THER (0.1) OBOMELRADILIX. B
%% {(0.2),(0.3)} DERMOLEELHRT IRIB OMBEELDHOT, FEEIC
BER,

ARFSOENIZIZoHY., F1IIHER (0.1) OROWEL W3 T, R (0.1)
ORIZTRTW A HRBEOTERS L HOMLKEEEY (W1 8R) THOHIENTSE
nd,
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F20HNIE, BRTRIVX— Fp ORNTOMEEHALNCTIZLTHSE, Z0
RAEIZBA L T Visintin i2 & > TEERBFR S M TR Y. #iX co-area formula (1] B8)
ZIEA LT Fy, OB/ w, 134T |lw,] =1 ae ER2EEF—BREBRTEMOBEITT
Lice FWS T, ZM 1 RTICRE L THEX (0.1) OMOMEEFA L, Fy, OB/
TN &L VRERMELMRD, FRE LT F, OBITHEHTRTHL2ERADOAZEB
T1ERR -1 28K (D2 B8R) THIENRENS,

1. E¥RLEBHIRILF—OB/NTOMWE

KRS EELT £, L REFKT, 6, BEXbREERET S, V, : I3(0,1) —
[0, +00] 1 L2-BIS DS TR 2415 & ¥ 5 FLBIK T,

¢ € C'0, L],
Vo(z) := sup /o - 2, dz | supp ¢ C (0,L): compact, p,Vze€ L?(0,L),
lol £1a.e. in (0, L).
TEZX BB,
TE 1.1 k<BLNhB LT, z€ L20,L) DLER Vo(z) 1T

na

Vo(2) := sup 3 |z(zk+1) — 2z(ze)|, BL
AED k=g

D::{AIA:={0=$0 <:171<-"<$,.A=L}, nAEN}

ELTEATHRY, £, FiC 2 B2 622K THNIE,
L
V(@) = [ |zl do

&2%,

LI TL2EMBFRLZBK. WO I ARELRERLEOZEME BV[0, L] (&L,

-1 )
BV([0,L] == {z € L*(0,L) | Va(2) < oo}

ThB, EEROERESEK f € BV(0,L] REX z € [0,1] IR\ AR, R
o5, ThHEEENER f(o+), fa-) THT, Bb

flz+) = !}l\rg f(@), flz—) = },i;;f (¥)

15,
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iz L2(0,L) LORBEE YV ¥R TEET 5,
Vo(z), if z € BV[0,L], |]2] £ 1 a.e. on [0, L],

V(z) := {

V ik [2(0,1) LOBETFLEEMEKTHS (1, Chapter 5| B) . LT, V OFEP

#gx D(V) LRET 5, BIb
D(V):={z€ BV[0,L] | |2| £ 1 ae. on [0,L].}

+o00 otherwise.

&%,
&, EX G #E5EZXDTLILROKERYFEX (Ple, 25X D,

(P)s, KOV (w)d w+ 6 in L*(0,L),

ZZIiZ OV XV D L*(0,L) DR TOLMIERETSH D,
ek 1.1 £FEROEE 6, € (-1,1) & ne NU{0} iIZxL. BV[p, L] O#4532EM S,(6)

EROLSICEDD (H1 88),

(I) 50(00) = {_17 _00, l}a
(I) EEBD n € N X L. Sa(0) HKD 4 >OFHEWI=T [0,L] DA {2k, 27|k =
17 M n} tﬁm&;ﬂ {ck | k= 0,1,--- ’n} c [_1, 1] \ {_00} 73‘#&1‘5%&5%%

5% 2 DRETH B,
Ho<st<zl<--<zf<zf<.- <z <<,
[0,zF) for k =0,

Jy =% (zR,zf,)fork=1,---,n-1,

(zE, L} for k =n.

(ii) (cx—1 +6o)(ck +65) <0, k=1,---,n.
(iii) oke {0,n} DBE.

K K
sl 2 530 e 0,0 {005 -

el |Jk| BER Ji ORI THD,
eke{l,-,n—1} (n>2) OBEA.

2K 2k

¢ - 2K Gy —2E gy}

Ick +00”Jk| >2 B¢ € {1, 1} U { |Jkl o, iJkl 0}
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(iv)
¢, fre Jy, k=0,1,--+,n,
z(z)=q

—0p, fz €2k, 28], k=1,---,n.

X1

FIZ Ny, :=sup{n | Sn(6) # 0} & L. BV[0,L] D&M S(0y) 2K TEHET 5.
[ {1}, if 6p > 1,

{1,-1}, if 6 = 1,
Ne,

S(60) ;=14 Y Sk(6o), if |6o] < 1,
k=0

{(~1,1}, if 8 = —1,

L {—1}, if Gy < —1.

FE 1.2 B0 € (-1,1) IR L. Ny iZARTHD, EBE Sa(bo) #0 (n>1) 726,
E# 1.1 0 (II) O (i) » 5

2K

> — k=1,---,n-1
ol 1l 2 T ger el 2 g n
LiRBDT,
Jil <L
1+leo|—,§,’ k|
#/5, #-T

1<n< (14 16o]) < +oo,
HiH Ny, I3ERTH 5,

Z 2T, FERR (P)y, PROBEIZOVT, RAITKROEREB,
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TR 1.1 KO 2 ODOFFEIZEVWICFHETH B,

(i) w € BV[0,L] X (P)y, PEETH 3,
(i) w € BV[0,L] i3t L. B w° € S(6y) BHFEELTRD 2 >DO&EL2MRT S,

(w°(z+) — w(z))(w’(z-) — w(z)) <0, Vz € [0, L]. (1.1)
Rz €[0,L] T uw »EMRLIT w(z) =w(z), (1.2)

KICAFO L > 72 [2(0,1) LORBEE (BBTiA¥—) F 2EX5,

1 rL

kV(z)— = | |z+60f dz, if z € D(V),

Fgo(z) = 2 /‘;
+00 otherwise.

LT S(f) P 2OOEWHZER M(6o), Minc(6o) ERTEET S (K2 BH),

{1}, if 6o > 0,
M(6) :={ {1,-1}, if =0,

{-—1}, if 6 <0,

({1}, if 60 > 1,

{1,-1}, if0 < 6p < 1,

\

( z DEMR z ITBWT |2(z)| =1 T,
HL z€S,(0) (1 <n< Ng) 201K
zk=z (k=1,---,n), .
Mioe(60) ;=4 { z € S(0) Y, if 6 =0,
|J0|a lJﬂl > K, {Jkl > 2k (k = 11 e, 1))
el zk, 28, e BT _TEH 11T

RWERETH S,

\ 7

{~1,1}, if -1 < 6, < 0,

| {-1}, if 6 < -1
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OB, RN (BETZFLX—) F, OBPITOMECELT,. ROBRERELE
bhite,

TE 1.2 (i)w B Fy OBRPETHIBOLETDREIT we M(6) LRDETHD,

(i) w B8 Fy, DN Th D Z & OBRE+IEMIT, 28 My (6) NIk (1.1), (1.2)
RMET SR v BEETIETHE,

& WK

[1] L. C. Evans and R. F. Gariepy, Measure Theory and Fine Properties of Functions,
Studies in Advanced Mathematics, CRC Press, Inc., Boca Raton, 1992.

[2] N. Kenmochi, Systems of nonlinear PDEs arising from dynamical phase transitions,
Lecture Notes Math., Springer, Vol. 1584, Berlin, 1994.

[3] N. Kenmochi and K. Shirakawa, A variational inequality for total variation func-
tional with constraint, to appear Nonlinear Analysis.

[4] A. Visintin, The Stefan problem with surface tension, pp. 191-213, Mathematical
Models of Phase Change Problems, ed. J. F. Rodrigues, Birkhauser, Basel 1989.

[5] A. Visintin, Nonconvex functionals related to multiphase systems, SIAM J. Math.
Anal.,21 (1990), pp. 1281-1304.

[6] A. Visintin, Models of Phase Transitions, Progress in Nonlinear Differential Equa-
tions and Their Applications Vol. 28, Birkhéauser, Boston, 1996.
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A Phase-Field Model with Hysteresis

=iE EA (TEK - B%)

Z ORI, AGHEEL (EEK - BT) &IIEE (TEK -EF) LOXRPIFRTH 5,

1. ¢

PIF®D & 5 75 hysteresis fEAF % 3 UIFRERS FERREEZ 5,
Problem (P): find u and w satisfying that

u +wy — Du + pu = f(z,1) in @ =0Qx[0,+00), (1.1)
wy — kAw + 01, (w) 3 g(w,u) in Q, (1.2)

—g% = %1:— =0 on ¥ :=00 x [0,+00), (1.3)
u(z,0) = ug, w(z,0) =wq. (1.9)

2T\ QI OIEHRIOERFDO RY (1 < N<3) DEREHE L. 4, vZFEEH. B
Bo(w,u) =w+u ELTER S, YEBANTIE. o ITHEBERE. wiSHORELYX 4488
BEMREND, 2F 0. (1.1) RABIRIVF-DNS  ZEERL. (1.2) 11w ZASDT
N whHkE S XF LT, wDEHHERELEL S,

Froue [HQ) I LT, B8 K ERD &S IED,

K. = {w e L*9)] folw) Sw < fau)}.
T indicator function I,(w) ZRD K S IZEHET 5,

0 if wekK,,
+00 othewise.

1w = {
ZZT fu, falEA SN hysteresis loops TH 5.,
CORREICBELT [1] Itk ). BOBEHDOERNHIN TS,
EE 1.1 (f [1])

nonlinear hysteresis loops f,, fs0 regular T% % &9 3,
Z D& &, Problem (P) {3MAFFD,
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LD UL hysteresis loops fa, fa2's FEBETH 2 0URO—EH T TiIbDI 67T,
ZZ T\ A, —ERAF OWSEHELIBEIIOVTHRT S,

22D obstacle NEHTHAIWHIZDOWTEERT B0, f,& [ RO L IITEHKT S,

fo:=au+b,,
Ja:=au+ by

T dIEEMET B, BVBRINL, £, fuld wwFEICEIT 5B E . TIF 5., 04T

HH>—RBYLEZ B,
ZORREITH LT ROBERIVED IO EERLTINS -
(i) Problem (P) DRI —BIHFET 5,

(ii) BAKIRIIHRER B,
(iit) KBIIT N5 7 ¥ —DFHET B

2. MOFEL—E

Z Z T+ Problem (P) DI 81,(-) % u IZHKF L7Z4 > indicator function DHHAMERHE
12783 & D IS KRABIMDBIE LB E1T )

W= w — ou. (2.1)

ZIZ T\ aldfiETERLU/IEMTH S,
4 v
bd
w=au+tby i —< €
L. .3 o
o f ” -
bg

w=autb,

3

—
&

Il ¥

L) ¢ o
¥

Zhil & > TER I N7-FIE% Problem (P) &£ 5,
FEEXITI (1.1 (1.2) IRRD K H T8 5,
[(1— a)u+ @], — Au = f(z,t) in Q, (2.2)

(@ + au), — kA(@ + au) + Olp, b, (W) > u + W + au in Q. (2.3)



Hil, (2.3) DAu I (2.2) HRALTERT D & ROALE S,
fu + c(1 — ka)w], — ckAw + cOlp, p (W) — e — c(1 + a + Kpa)u
3 —ckaf(z,t) in @, (2.4)

CIT. clRak ki BIEENTH 5.
R, (2.1) OERERT. SREH (13). MNEH (14 bENChBERL 3,

ou  Ow
= on 0 on X, (2.5)
u(-,0) = ug, w(-,0) =wp—auo in Q. (2.6)
DI IEBRINI-RIE (2.2), (24), (2.5), (2.6) % Problem (P) &9 5%,
K 2.1
w*(t) € Olyp(w(t)) & w*(t) € Olp,py(@(t)) i3 RTORERM ¢ iTHL TS
REE 725,
TR, HFRSDERISHOMTH S,
D&%, Problem (P) i3\
%(AU)(t) +8p(U() +GUE®) > FE) n H @7)

EVIRBICELEIN B Z &b b, T2 T. A id Hilbert ZH H EOBIE. self-adjoint
positive "XAEFIFRT. Oy (3HIE TG o ODEHS . Gu(t)) ZBB TR VERET
< F RS2 oI N NRTH 5,

EBRITIZ. HZ () OEBZEME L. KDHI3BU%

- ()

LEEL. A,G FRRDXHITILS,

[ 1+ta 1
A"( 1 c(1 — ka) )

. 0
GU) = ( c{—w - (1+ a+ kau)u} ) ’

[ f®
Fo=( 19,

- 100 -



i, o(U) %

1 . ..
2 Vults + Slultay + o{ 51Vl + [ Tnusa(@(®)ds},

w(U) := (u,w € HY (D), T, 0 (1)) € L}(S))
+00 (otherwise)

LEBTBE, dpU(t)) BRDE IS Etbhhs,

—Anu + pu )

dp(U) = ( c(—KAND + O, 3, ()

TR 2.2
(i) (P) DR —BITHIET 5o
(ii) B fiTs 31;0p| Fliagernm < +oo ZGET S &\ (P) OREIRFRHIAIRIIC
FRENLS,
Proof.
LETRUILEI IS, MR8 (P) it FEBBREAHER 2.7) ORIERTE 5,
B-T. [5] OREEZEATHZLickD. (P) OROFE. —EHRUKBHE RN
*B5, =

£ 2.3
FEH 2.2 IXL D\ D(p) 15 D(p) “DBHERRDOEEH {E(t,s);0<s<t< +oo} %
EET D, ik, FIIRFRICH LT, ROt ICBIT AR EXNIESESHOT, M
SIMIROUEEMIZT
(E1) E(s,s)=1I in D(p), Vs>0 CCZTIHICEYAESEARTHS,
(E2) E(t,s) =U(t,7)oU(r,8), V0<s<T<t

3. MOFEER)
Z DO Tid. #IE £ Stepanov sense T f* € L*(Q) IKPERL T3 EGEL. (P) D
BOWELEYEEET S5, D& D,
If(-) = f®lag 19 — 0 ast— +oo (3.1)
DL %, (P) DROEBZABIT 57 5 —DIBh SRAT 5.
(3.1) ITk D\ B~ i3R0E (P) DRI AER (P), EA HBWHTE S,

Q- a)u+ @), — Au= f> in Q,
[u+c(1 - Ka)W), — ckAW + cOlp, p (W) — e — c(1 + a + kpa)u > —ckaf® in Q,

% %— =0 on 2,
u(-,0) = ug, W(-,0) =wp — aug in Q.

(P)eo
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T5E, FERKIC, (P)oid

U(0) = Us
EEFT A ENTED, ZI T Foid. HEDBRUEELLVWHEEL D, ERBRIIK
DEHiIzHT 3,
0 ._ f®
(00

P> T\ BRAER (E,) ZABRE LD, (E,) DFHME Uyl L. Bt TORU(t)
2 X B3 D) S D(p) “DRBIEARIL semigroup{S(t);0 < s < t < +oo} &ML B,

& ){ LAV)) +0pU (D) + GUE) 5 F> in H, >0,

BEAEBR (E.) IS L. ROEEEH®S,

EH 3.1 (cf. R. Temam , J. K. Hale)
(P)oo ICIZIRD 3 MR- TFIBINT b5 7 5 — EBHEINS AL DEET 5,
(1) A (3. HIZBOTETRVEEMWESTH S,
(2) $(H) A = Ax ,Vt 20,
(3) VB : EFHEE € H, disty(S(t)B, Ax) — 0 as t — oo.
Z ZTC. distx(A, B) := sup inf |z — y|g EEEKT 5,
z€A VEB
Proof.
(P)oo b3 L
VB(c H) : FR®EE, Itp < +oo st. SG)BC By, Vi > 1p
&15 3 absorbing set ByYEHET 5 &b, W5 T KEBNT 575 — A, %K
D& I SITHT B w-limit set TEHET USLU,
As = ws(Bo) = (| U 5(t) (D) Bo)- .

820t>s

BRI (P) OMDWEERYH L. ROEEERT

EH 3.2
(a) EEDOHFRES B(c H) iz L

we(B) := [ |J E(t + 5,8)(D(¢*) N B) C Ac.

>0 t27
T 2>0

2% Y. Ve >0, ITp, s.t. disty(E({ + 5,5)Up, Ax) < €
forall s >0, Upe D(p)NBandt>Tg,

(b) 3B-(C H): compact s.t. wE(B) = -Aoo
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B~ T, EE321TL Y. B (P) DROMEERYIBISER (P),, DRBHT F 57
5 — A, THE ST 6B 2 LT,

t £ pd

1. P. Colli, N. Kenmochi, M. Kubo, A phase field model with temperature dependent
constraint, Preprint

2. A. Damlamian and N. Kenmochi, Evolution equations associated with non-isotermal
phase separation: a subdifferential approach, Annali di Matematica pura ed applicata
(IV), Vol. CLXXVTI 1999.

3. J. K. Hale, Asymptotic Behavior of Dissipative Systems, Mathematical surveys and
Monographs 25, Amer. Math. Soc., Providence, R.I., 1988.

4. N. Kenmochi, Solvability of nonlinear evolution equations with time-dependent con-
straints and applications, the Bulletin of the Faculty of Education, Chiba University
Vol.30, December 1981.

5. K. Shirakawa, Large time behavior for boubly nonlinear systems gererated by subd-
ifferentials, to appear A. M. S. A., 1998.

6. R. Temam, Infinite Dimensional Systems in Mechanics and Physics, Spronger-Verlag,
Berlin, 1988.

7. A. Visintin, Differential Models of Hysteresis, Applied Mathematical Sciences,111,
Springer.
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ROBEBIC BT M
A ER O RKE

HLEOWEIIHEMZA D LERT D, DEMRAA202RDbLbricdblE
o TDE)LMEEEEL ), WL b OWEE M4 L X5, Hikke X,
BEEEHLEEDI LRV, BOREDD LOREL LD ThEST & X8, B
EEFTFMENEVCETRERRE LV, BEZEZHEL VD, g% s
HELOBE, FIREDLIBRRII—RICHELBECES DI o TV S,

WL EHMEICOWT, ENENOETHENTTEIENDOBHEYXZEX TA S,
HWEEOEMIZET AT LT—BHNICETA0T, ENOBHEZEVE WL S,
—F. MEOEMITETHICH LT 2ATOHBAEZF> T b, #2T, HkIC
DWTE, RYPFBEICES, CIT, BAMRD 2o L3, FORMMPFEFMAIC
E£HLTWVWEI RNV,

—RRICEDTEEY LD LRSI B, WK OBE, AL S 8
TDOATH->TH, —REICIIRGEE L THE L REOMAESEHNSL, DX I,
BEOBENFEDLLHES 2 Mode DEME I 5, BEXEEYOHAEICH Y = HEE
REIFE V) . SHUBGLED LHEROBE. EEERIIN L THHED
SEEAPOIC AT S L, Mode ODEHUIC X ) KA BEEWICEET 2 FEICHELT
EHFFRE S, DL E, BEYDERZED HHKICMode NEMPERZ 5T, &
EYMOER D HEEEONTICEP > TRET 2MELF RN L, BEYOERZED
LEBREERICRERE LA LTS, 5084, BINICL Y Ebh - REKIX.
R EBBEOES LRI Lo TVE, COBRICIBVT, BEWIC AT AHIEIYR
2 TWVBERET S, COLE, HHRL LT, BMCE WV BREREEIR-> T
Tl FORHOFEL. AFHEORY OFMEFELTEE S L b,
T, BEOERMLICOVTENS, SHEEEEEED > WHEOEI,
3 x 3 RMERHMS HERR Lu=0 itk hiEd&h s, 22T,

L=8?-A;) in R;xR2,
A(8z) = pA + (A + p)grad div in R3
A, p o EDEHK.
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WM R D DK, MBIRZh TR P . S k& Lidhs, R, xRS i3
7% 200 scalar ERHAEBED,, n=1,2 2 0,=082-c2A c&Y
E#TD, 22T =0 +2u)Y?, co=p?2 THB, P . SKizEh
Fh Lup =Thup =0, Lug=[us=0 &7/ vectre MEEE up, us &
LTERILE NG, ZhHoDFERR, P K., S BOEEEESELEFNR ¢y, ¢ T
HHEZEERLTWVS,

FEREIBVWTEETHHAREERNTHHBERRIRD LS 1225,

{Lu:O in RxQ

u leaﬂ =g

(1)

Q C Rg . ﬂgﬁ%ﬁﬁo

TIT QIEEEEERDY, QIOVTRREKRET %,
(H.1) 89 3BT TH %,
(H.2) R3\Q i3 strictly convexT® %,
RERDEEZERT 2D, W 2»DEFT2HERT 5,
5e.
N=R x 00, ADjsa: 00 EDLaplacian,
o(Daq) : Don DEERR. '
gn €C®(T*N,R): ¢u(1,0) = —72 — C%U(Aan)(ﬂ) , n=1,2,
TeER, BeT*(60) I2XhEXIhDHE
m: T*N 6N ~DOFE.,
pET*N\0: q1(p) =0, =(p)=(0,2), z€ NEWTEAES A,
v : v(s)=exp sHy (p) KELNERINBT*N AOMMR (FREHFHER)
8/0n : N DERFMEIE o /.
m: 1Sm<3%WTEHESINEE.
W F4(x) : BITRREES,
WPFE(*) : Gevrey k BKEEE,

FE1. (H1) & (H2) PBEYIALDERET S, 0< 89 < 81, 81 id+57h.
wCT*N\O , pew, wid+a/h wﬂ’y([so, s1']) =9, WFA(g) Cw,
u it (1) @ outgoing LT %, TDEE, RO (i), (ii) HEY I,
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(1) v([so0, s1)) NWEFZ((8u/0n) |N) = ¢
(i) ¥([so, s1]) "WEF((Ou/0n) |N) = ¢ F7id
V([so0, 1)) C WEE((8u/0n) |N) H#*BY I,

& 512, unilateral ERRZ BV TEEEROED 2ERLT 5 Z LT & h i&wgas
Bohs,

KEEDZHOERIIOVT, ER2FLOTEL, g, € C2(T*N, R) Y
BIBE T, T*N\0 RO LS KAHE D,

2. T*N\O 28T, {¢1 <0}, {g1 =0}, {1 >0} ckEErk
ExENEhP-OMAEER., P-Glancing fi%. P-HHRERE X 8, F 7o,
{2 <0}, {g2=0}, {@2>0} CEVEFZHEE% TR TRS—REBER.
S—Glancing 3%, S—HEABERL L&,

EEICELY T*N\0 = {P — R#iBIFE} U {P — Glancing 3} U {P -
BREEER} = {S — Rl BEER} U {S — Glancing #18} U {S — BARER) 2
BYiID, 2hbit, #hEFND disjoint union 122> TWwWb, FHEDEE
%. P—Glancing BIRIZBIT5 (1) ® outgoing fED Gevrey BERMEIEIBLE L
TERBLADOFERL- (i) ThHsb, Tz, €B1- (i) 1. (1) D outgoing &
i3 P—Glancing FBICBVT #IZ Gevrey 3 BDOBELPE2HE-TVWE I L%
ARLTWw3, Zhid, BRE L TiZ. AFHED Energy OKXESIZEEY OMRE
2o BEHEEOABICEPo TEoTLEIFEIHIEL TS, EH2iB0
T, PERU SEIZELTT*N\O % FREN3IODEBIHFFLH, 22T
{P — Glancing #&} C {S — REBEER} * RV Lo TV B I LHFEETH 3,
IOZEd, SEOERBEE THR x W\0 45 P—Glancing i AR b
Z &, ¥/, P-Glancing 25 T*(R x Q)\0 2@ > T SEOHH#LE S
Bhaledbhd, TOILE, BRELTE, SENFHLHESSHH0IC AT
5& PEOAHFFEI LI L, RUPEOEIICX ) Mode DERMSET - T, B
EVDOHEFR D O BEEONTICE > o TEET ASEIENS Z LiTxIE LTS,
%£B. P—Glancing HBIIBWT (1) O #ABEBRT 5L 212, PERU SE
IR CT ABEA 2 0 LRiC%S (T [9]. Stefanov - Vodev [24], M [19]
) o WEVHRBRICH L TEE 1KY LD Lid Lebeau [16] ik o T HEHS N
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-
-

+
a8

h

o- EH 1%, #itFERXD Dirichlet ME% kB 5ER D Dirichlet M /B
% Stefanov - Vodev [24] OF & & Lebeau [16] 2 @A &hE¥5H I & ITX ) FEH
ha (F&M [19] ).

EORD 122w Tid, Dencker [3] ICBV TEREAERAEC L 2ER{LAR &
2o SEEBLTVWARERICOVTHR, BYMSERAEL unilateral EHE

[l

(Lebeau [16, §4] ) icBE 22725 2 T, [3] Ko TERILET o

REFERENCES

. C. Bardos - G. Lebeau - J. Rauch, Scattering frequence and Gevrey 8 singularities,
Invent. Math. 90 (1987), 77-114.

C. Bardos - T. Masrour - F. Tatout, Observation and control of elastic waves, (J.
Rauch - M. Taylor eds.) Singularities and Oscillation, IMA volumes in Math. and its
Appl. 91 (1997), 1-16.

. N. Dencker, On the propagation of polarization sets for systems of real principal
type, J. Funct. Anal. 46 (1982), 351-372.

G. Eskin, General initial boundary problems for second order hyperbolic equations,
D. Reidel. Co. Dordrecht, London (1981), 19-54.

F.G. Friedlander - R. B. Melrose, The wave front set of the solution of a simple
initial-boundary value problem with glancing rays. II, Math. Proc. Cam. Phil. Soc.
81 (1977), 97-120.

C. Gérard, Réflexzion du front d’onde polarisé des solutions de systéme d’équations
auzx dérivées partielles, C. R. Acad. Sci. Paris 297 (1983), 409-412.

7. L. Hormander, The analysis of linear partial differential operators I-IV, Springer.

8. M. Iwashita - Y. Shibata, On the analyticity of spectral functions for some exterior

10.

11.

12.

boundary value problems, Glasnik Mate. 28 (1988), 291-313.
. M. Kawashita, Master thesis (1988).
O. Lafitte, The kernel of the Neumann operator for a strictly diffractive analytic
problem, Comm. P.D.E. 20 (1995), 419-483.
O. Lafitte, Second term of the asymptotic expansion of the diffracted wave in the
shadow, Asymptotic Analysis 13 (1996), 329-359.
O. Lafitte, Diffraction for a Neumann boundary condition, Comm. P.D.E. 22 (1997),
319-359.

- 107 -



13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
24.

25.

26.

B. Lascar - R. Lascar, Propagation des singularités Gevrey pour la diffraction,
Comm. P.D.E. 16 (1991), 547-584. _

G. Lebeau, Deuziéme microlocalisation d croissance, Séminaire Goulaouic - Meyer -
Schwartz (1982-1983).

G. Lebeau, Deuziéme microlocalisation sur les sous-variétés isotropes, Ann. Inst.
Fourier Grenoble 35 (1985), 145-216.

G. Lebeau, Régularité Gevrey 8 pour la diffraction, Comm. P.D.E. 9 (1984), 1437-
1494.

G. Lebeau, Propagation de singularité Gevrey pour le probléme de Dirichlet, Ad-
vanced in microlocal analysis, NATO A.S.I. published by Reidel (Garnir ed.) (1986),
203-223.

R.B. Melrose, Microlocal parametrices for diffractive boundary value problems, Duke.
Math. J. 42 (1975), 605—635.

T. Morioka, Régularité des ondes élastiqgues dans la région Glancing des ondes P,
to appear in Publ. RIMS. Kyoto Univ..

Y. Okada, Second microlocal singularities of tempered and Gevrey classes, J. Fac.
Sci. Univ. Tokyo Sect. IA. Math. 39 (1992), 475-505.

M. Sato - K. Kashiwara - T. Kawai, Hyperfunctions and pseudo differential equations,
Lect. Notes Math. 287, Springer (1973).

J. Sjostrand, Propagation of analytic singularities for second order Dirichlet prob-
lems, Comm. P.D.E. 5 (1980), 41-94.

J. Sj6strand, Singularités analytiqgues microlocales, Astérisque 95 (1982).

P. Stefanov - G. Vodev, Distribution of the resonances for the Neumann problem in
linear elasticity outside a strictly conver body, Duke Math. J. 78 (1995), 677-714.
M.E. Taylor, Grazing rays and reflection of singulaities of solution to wave equation,
Comm. Pure. Appl. Math. 29 (1976), 1-38.

K. Yamamoto, Singularities of solutions to the boundary value problems for elastic
and Mazwell’s equations, Japan J. Math. 14 (1988), 119-163.

- 108 -




ELtSBRA D GALERKIN/RUNGE-KUTTA il

w0 RE (KEXE - I - SA%HH)

1 LY
RS AREAK 2 CR? L0 Keller-Segel FRX

% = div{aVu —ub(p)Vp}  in 2 x (0,00),

%=Mp+fu—gp in 2 x (0, 0),

Ou _dp _
3—11_—%—0 on 812 x (0,00),

u(z,0) = ug(z), p(z,0) = po(z) in R,

® Galerkin/Runge-Kutta ;fl##X 5. ZZTa,d, f, g REDEE, bp) iX (0,00) TEMS M
572 BA%, n(z) RAATRVEERR 2 € 02 BT IAMEER<Z A LT3, uy(z), po(z) 13918
BIMKT, 8o >0 #EKELLT,

{uo, po € HY(2) = {u € HA(9); % =0on an},
uo(z), po(z) = 8o on 2, '

M b0LT 5. u=u(z,t), p= p(z,t) iTRDBETHS.

Keller-Segel 51X, MMEMEOE{LE ((LRPRICS EFE LN IHR) L MEUTBROER
BT 5701, Keller and Segel [8] itk > THRIHI N, u(z,t) ZMRERSEOEEL, o(z,1) IX
{LEHROBEL HODT. B b(p) OFERZITMNBK L ETh, FORBERIL LT bp, blogp,
1—’;ij BHD. ZOFBXORBRBIMOFES—EiE, BRMAEROFEEORY, FRNATOROBER,
EERR LOEERLZERIL[7,9, 12,13, 20] ¥ TRROATWS (KN, B0 AREFBAEE LS
T—@ER, pp.140-145 LBROZ L),

. ZTIZ T (KS) OBMMITIZ OV TRAS. B Eh RS TRAOLSMRGEEUZ OV Tk Thomée
[17] 2 TbMh oh TV, (KS) i positive type Tiid 525 monotone type TR\ \ed, Fhbo

(Ks)

(1.1)

HREEATILEEETHD. I TRHBX (KS) 8%, LV —BHIY positive type DIIER

WRFBA~OLEAEERBTHREED 5.

2. EX(L:EER
FBX (KS) UTOL 5 iz LT [2-MEM X = L2(2) = L3(2) x L3(0) D LOBRERB SR

{%+A(U)U=F(U), 0<t<T,

U(o) = UO)
ELTERLENS. #E%eec (0,]) #ERCEEL, Z=H'**(2) L3<. TIT(11) & Sobolev &
MORMDAHERIL Y, MBI U = [‘;g] it ZC (@) oxTHE. EMZ OROMR K %,

(2.1

Rep{z)>6 on 2 for U = [:] €K

ERMRINANER (KEX¥) LOXMARICESILDOTHS.
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EWETEIR6>082hBL5E r>0%+0/0&<E5T,

k= {v= 2] € 2100~ Gols = /= sy + 10— ol <7}

LERTS.
£U= [';] €K X LT X ORWIEAR AU) %

{D(A(U)) = D=H(%),

Ay = [45-B03] 5 _[a
Azp ’ '

"Co

(1

TEETS. =

Azp = —dAp+dp,

Ayii = —aAii + adl,
B(U)p = —div{Reub(Rep) V5},

b5, FU)= [g%] i

F(U) = au,
FB(U)=dp+ fu—gp,

CEZLND U= [:] €K OBETHE. 7 (L1) 1KLY Upe D Tha.
S5iT (1) BROBHRICEE 2B+ L RTEB,

02 {;t-(v, Vi +a(U;U, V) = (F(U),Via, 0<t<T,V eH(R),
U(0) = Up.
T
o(U;U, V) = o(Va, Vi) 12 + a(ii, ) 12 — (Reub(Re p) V5, V)12 + d(V 5, Vi) g2 + d{p, i) 12,
U= [:] €K, U= [’;] V= [Z] e HY(D)
it A(U) 2B 3 HY(R) LOZKBRTHS. oU;--) XU e K itBLT—Hic
| la(U; 0, V)| < o5 Ul [V im, U € K, T,V e B\(R),

ollUlign — a5 llaliz,

R.ea(U;ff,ff)Z{ ~ L
U — ag 1A,

Uek, U= [’;] c H\(%),
[a(U; W1, W2) — a(V; Wy, W2)| < anl|U — Vigase | W flgn [[Wal |,
U,V e H'*(Q), Wy, W, € H(92)
BT LRERICRANS.

I 2 BMODPTHLERE, HRR (2.1) OFMMHMOFE L —RIEIT [20) TREA TV S, [20,
Theorem 3.4] IZ &1L, (2.1) i (L1) ORHTT, ¥ ne (0,15%) 2EBICBAIT, HEBHEM
[0,S] C [0,T] izBWT—E2BEMBATM U € C"([0, S]; Z) nC([0, S]; X) N C([0, S); D) &#&~.

Galerkin HREREIZ L > TEMMEBRILE T5. {n}e>0 & € = max{ds; 0 € T¢} > 0 ¥ 1 X5
A=5,TD QOZABHBOKETD. XL o il CRTIZAKE, d, ZTOEBERT. =
ITRORMEERET .
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(G) {re}ero HERMDPOREEL W, TRDOLHIER v 55T € IL—HIZ
VE<ps Sdy STe SV, oET,
BRIAITD. 72U ry & ps RENTN 0 OAER, REAOXELRT.
Ce(R) = {veC(); & o €7 T vl %P }

EL, X = {C(@)) L<. X iz {C@)) OWH/EMTHS LRBC, BED [2-AREBATS I L
T X =L%(2) DRBRKTHBIZME 2T LB TES. pe : L2(02) — Ce(R), Pe = pexpe : L} () — X
% [-EENELT5. )
zhiv 22 Ga.lerkin ERRERRTCEX bR S.
23) <U V2 +aU;0,V) = (F(0), V), 0<t<T, VeXe,
U(O) PUs.
RITBAKOZER X BARKTE DD, £ UK KHLT X, O LORAMEERR A(U) ¥
(AT, V2 =(U; 0,V), U,V eX,,
TEETHILRTES. ThETHRETS L,

o= [8 40). v-[]

ERBd. T Cg(ﬁ) LOERRFEEAE Axg, Az, Be(U) k¥R TH
(Areth, D)2 = a{Vi, V)12 + alth, D)2, 4,0 € Ce(N),
(A%ﬁ’ ﬁ)Lz = d(Vﬁ, Vﬂ)L"' + d<ﬁ1 ﬂ’)L’a b€ c{(n)y
(Be(U)p, %) 12 = (Reub(Rep)Vp, Vi) 12, 5,9 € Ce(),

TERENSD.
“hEvEPFERX (23) i1

(2.4) {gg + 4O = F(D), 0<t<T,

U(0) = Py
LB, R FU) = BFU).
EIRBHFBAR (24) I RungeKutta X% —A (A4,B,C) 2MATS. XL

ai ... Qs b1 (5}
A: ' ., : ) B: .. .. .
Qg1 --- Qss b, Cs

4T IIMAATH, e=([1,...,17T L¥3. ZZCUTOABEEETS.
(RK1) ZOR%—Ahizdhbd 0<6 < n/2 tbou\-c LO)-EETHD, Thbb (T-24A)"! XMAHA
B Ey={z2€C; 2] >0, |arg(—z)| < 8} DEHFTERT, REMK r(2) = 1+ 2TB(T - zA)te
2 r(2)] £ 1in Xy 5 r(c0) =0 W7
(RK2) TOAF—ADKKIE p> 1, MIKKIL g (= max {¢; AC*le=Cre/k, k=1,...,¢}) T,
1< q<max{p—1,1} k=¥
xS b >0 TORF—L2#@ATEIL, BATEILNZLMIGELIZBS :

Opir = +heTB{ Ae(V,.)V,.+F€(V,.)} n=0,1,...,N-1,

, €=

(2.5) Vo =el, +hA{—A<(V,.)Vn+Fe(Vn)}
Uo = PUo
ARL Vo= oo Tadlly EEV = 4 UIT ISHLT AcV) = dinglAc(). ... Ac(Va),

Fe(V) = [Fe(W),.. Ff(v )]T ThHY, NI N-h<T 2 REdE8K
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UEDRAOTCROER LMD,
Theorem 2.1. %fF (RK1-2), (G) #{REL, EM ho, & & S € (0,T] B+RIENETD. TDEE0<
h < ho, 0< § < & 25, EEHFBA (2.5) 2 EM [0,5] CO—REM U = [Uy,... ,Un,Vo,...,VN_i]
0. EBIC U BERXERET :

(26) omax  {ITalxe + 1 4e@n)Tallx } < €,

IITC>0E A IEELRVWERTHS.
Theorem 2.2. U i3 (2.1) DT, U € CPH([0, S];L3(2)) NCT+1([0, S}; H2(R)) W+ 2+5. #7
L ¢ =min{g,p—1}. %# (RK1-2), (G) ZREL, E ho, & & S€ (0,T] B+Hh&ENETS. =
DELEO<h<hy, 0<t<& 2D, BEE,=U, -Ult,) RRATHEEND :
@7) _max  10n = Ult)llmee < Cu [0~ 6" WU llce o520

+ BTV |0, s5102) + K U ""“)Ilc([o,m;m)] ,

EELNZLS/h ZZTo>0 I XEEOER Cy>0ik ”U'HC({D,S];IF); ||Ul|cqo,sl;n=) IEELTRE
D & hICEELRZVERTHS.

3. EBOEH

RUBIE, UFORERRIT S LicERTS. “hICLY (2.5) 25, Banach ZM X EOMSME
BB EBR (2.1) A5 Galerkin Runge-Kutta il & LTEREENS. EAUTICR~RSER
BARBIC, BBOEALICES bOTHEME, EROERITL Y — M2y — R IERICHLBEN
55 LB

(Aul) p(AU)) R U € K BbLT, HBRE0<p < § ORI Z,_, ¥8%, LI/ AU H

(A — AU))™! i3

- M -
IO - A Moo S priye A €S UK,
Wt
(Ap2) AU) DEERIZI U e K I2E5T—% D(A(U)) =D T, A(-) i3 Lipschitz %4
{AQW) - AWVIAWV) ey < LallU = Viiz, U,V €K,

T
(Fy) F(-) iX Lipschitz 4
IF(U) - F(V)lix < LellU - Viz, UV €K,

il

(Sp) ¥ a= 1—;—‘» IZ2oWT, D(AUp)®) 1% Z It Edyic@wid xh, FEX |- ||z < D||AU)* -lIx
k7T

(In) Up i D(A(Up)) DETHS.

(Spe0) FRTDE>0IZHVWT X C 2.

(Avel) p(Ae(U)) U € K cBbbT, HbBREO0< < F OARE Z,p 285, LYARY b
(O~ Ae(0)* i

; M
A = Ae@)) lleexe) < mﬁ Ag3,UeK

EWT. TIT Ma TR LRVWER.
(Ave2) Ag(-) 1X Lipschitz &4
[{Ae(U) — Ac(V)}Ac(V) Hlexg < LallU - Viz, UV EK,
14¢(U){A¢(U) — As(V)}HIcexe) € LallU - Viiz, U,VeK
M. DT LaiectkFELREVER.
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(Aue3) Ag(U) o/ VAl
lAe@)llepxy S Nat™2, Uek

THREEND. Z2T Ny i3 £ iTikELRVES.
(Ayed) TEAR Rg(U) Ag(U)_I})eA(U) UekK, it
{1 - Re(U)}YAW) Yl exy < MrE?, U €K,
I{Re(U) — Re(V)}A(V) Yiexy < LrEPIU - Vilz, U,VekK
2W7d. ZZT Mg, Lg 13 € IR LAEVWER.
(Ing) +2hER &E>0HB>T, 0<E<EH NEE PUpe K.
(Spel) 1Pellcexy & lAe(PeUo)PeA(Uo) ig(xy 13 € llo”‘f—ﬁk’-’é‘ﬁ‘t‘b.{)-
(Spe2) ¥ a=a= 4= 2o T, £ I—HIZTBK |- ||z, < Dl Ae(PeUo)® - lix, BRILT 3. =
ITCZ X T ZD/NLeRWATERNTHS.
INLORUEVRRITDZ LETTEDILE, WSAFRRKLO Sobolev ZMOAMR, EFAROIU~E,
Y8R D Sobolev ZM ENDHBENEORRR VRLETHHHS, T CRFRTS. EBIZOWTIE
[11) 28RO &
Theorem 2.1 ORSEE. ED%&M: (Ayel-2), (Ing), (Spel-2) & (Fy) &9, % £ T &I Nakaguchi and Yagi
[10] @ Theorem 5.6 #ICHTAZ LB TES (PO, BI9EARBSEBXNEF I - —#@5%K, pp.125-131
LBROZL). T, ThLORFIERNDIERSTRT £ ILEKFLRVWI 25, [10, Theorem 5.6) TS
ZBNB hy b EIEKFELLZWERTHS. ZhizkY, ne(0,1-6) #BEELEL &, SE+Hh&E< N
i, EED ke (0,ho), £ € (0,60) & N < S/hITHLT, HEK (2.5) ITMEM Xn(S) = 271 x (Z7)V
OSSR S

Ken(S) = {U=Do,....0n,Vo,... ,Vn_a] € 28+ x (21)";
Uo = P:Uo, NUn — Unliz, < |(n —m)R|",0<m <n <N,
IVn ~elallzg <A™, 0<n < N -1}
DRC—BREMRIMR U 285, U 1x (26) LWET. S5I—EMORRAK

( n—1

On = S n(l;n,0PUo +h Y Sea(lin, €+ DT I (V) AF(V)),
=0

n=0,1,...,N,
(3-1) 1V~ = Jea(Va)eeatdin, 0)Pelo + hlea(Va) AFe(Vn) |
+h ”z: Ten(Va)eBea(lin, £+ 10T T (V) AF(V ),
L = n=0,1,...,N-1,
BB LNB. =T
1, n=m,

Fea(llinm) = { {1~ heTBA;(vn-l)Je,..(vn_ﬂe}
x {1- - he"BAc(Vm)Iea(Vmle}, n>m,

HRERRERIERXR, Joa(Va) = (T +h44,(V,))! ©hH5. O

Theorem 2.2 OMSEE. B3 E, % E, = PEp+ (1 — P)Ey L 53M¥ 3L BE, = U, — RU(ta), 1~
P)En = —(1-P)U(ts) £72%. HREREOERIZ X >T max, [[(1-P)U(tn)lz < CE WU lleqo,s):0)
iﬂﬁ-énéo)‘c, % 18 PE, ORESALhITL.

ITRUATOREEANS : Un = Ulta), Voi = Ultn + ), Voo = [Var,. -+, Vool Un = Peln,
Vo= PV, U=[Oo,-..,Un,Vo,... ,VN_1}, En = PiEn=Upn - Doy Do V'~ Vo
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KA CERSNDR €n, dn, 0<n< N—1, 2 #ATS :
Unt1 = Un +he"B{-A(Va)Va + F(Va) } +en,
{v,. = €U+ hA{~A(Va)Va + F(V,) } +
ZORIC P 2ER &S LO% (25) 631K E
Ensr= En+ heTB {—A;(f’,.)f),, +Ge(V, + D, ‘7,.)} ~ heTBé, — Peen,

(32) D, = eEp + hA{-A¢(Va)Dn + G¢(Vn + Dn, V) } — hAZ, - Peda,
Ey=0,
*»B/5. T

&n = P{~A(V)Va + F(Va)} ~ {~4(Va)Vo + Fe(Va)},

Ge(V, W) = — {4c(V) - AW} V + {Fe(P) - Fe(W)}.

E=|Eo,...,En,Dy,... ,Dy_y] £ = OXHBEFBK (3.2) OMEE X, (3.1) LRARORALXLE
3Z2i&H-T, BRIE T ARG ERT LN TES. 0
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X B R OB FERE I T 2 BOERIEICOWT

HF BHE
(RREFKEF)

1. Introduction

I TREFVHFEN P OSEE—ELREE T T 2B MR OFURBE S R ERIE I
2V TwmL5b.

Q% R, n2>2 DRFARE, EORRT ZBODPET B, Ay A BHFHTHIEL, —
AR OVERZE L * RTEDA.

L = Aoat + ZAJ-(?,- + B

j=1
RODYEHFMERIELE 2 5.
Lu=F in[0,7T] x Q, (1)
Mu=0 in [0,T] x T, (2
u(0,z) = f(z) for z € Q. (3)

KRABRE v = u(t,z) X X7 PVERETHS. v(z) = (n,v,--,v) ¥ T LOX
z ICBITHAMEIBNERNS PVEL, BERTHE A, = i=1ViA; TEDD. A, oF
singular T2 [0,T] xT LTSV /P~ THH L &, HMEIEENPOLEE—ET
L) MIBT EFV/—FeT5h RIBBZMOERLFT.

2. Function spaces
FZEH R = {r € R%z, >0} XL T HM(RY) 2EET 5.
IV, 0 € ZF ITHLT, 0% = 07105282, 83, = 072052 -+ (p(20)0n)>» LET.

CCI0: = (01,0, -+, On), 0 = Oy, = 0/0z;, p(za) &
z 0<z Sl
p(zs) = 2’
1 Tn>1

BT ELEEET S,
Definition.
m,p>0&F5. ue [AHRE) IS, HMRD) 2RKDE ) ICEHETS.
u € H*(R:) & 82.8u € L*RY), |a| + &G p) < m.
=720, €143, . )
b J < K

£(j; p) = {
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£¥%. Ff:, HPHRE) O/ VAN - sy (RR ] - llap) R TED B

“U”%:"-"(n';) = Z Hafanay’zu ”Lz(ag)-
lal+£(m)<m

—fREE QIR LT HM#(Q) ¥ & TS ARER QIIHLTT o B2 HRE
BlE (O}, £¥5. BiC O = {z € Qdist(z,T) > 6} £BE, {03, 0{Q) #*
Qs ORBEELZBLII26 >0 2+FhELED. COBRBEBECRET S 1 D5R%
{xi}le £T5. BB {x;}/Lo 1 supp x; C O; (1 <5 < N), supp xo0 C Qs THoTHhD
S‘_,;-‘;oxj =1inQ 2W\=TET5. {0_7‘}_,1;,:1 PORBREROE[ORS2PLL LI-EE
r D%% BEL, 0;n0 25 B, = BART ~OMSFAHERY -, £ +5. 0L X,
u?) = (xju)or;t 3By TERSNIBBUCES. HM(Q) ¥R TEET 5.

ue H™#(Q) €5 xoue H™Q) #2 oY € H™#R2), j=1,---,N.
RUEH: 2 SO -BEEMEAD L) ICEET .

Xm0, T},0) = () CH([0,T}; Hr-(@)),

=0

() W (0, T; Hm=3#(2)).

j=0

72751, Wie(0,T; Hr=()) WA TE52 5.

Y0,T;9)

u € W0, T H(Q)) & due L°(0,T;H(Q)), 0<k <.
LD Xmu Y ) VAR TEET .
[lfelllmpse = sup {[u(t)lmus-
0<t<T

72720, |[w(®) llmpus BRTER 5.

w17 = Z Il 870t I 3m-s.m -

j=0

ROBBEMOEEL THL.

ZH0,T; Q) = (| W0, T; HI74(Q)).

j=0
F272L, WHL(0,T; H™i#(Q)) iR TE5 X 5.
ue WO, T; HM(Q)) &5 dfue LN0,T; HM(Q), 0k <.
Zmbk D)V BIERTE 2 5.

oz = [ U106) Hinge
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3. Main result
QFR DEFRER, FOERT BBLI LTS, KOFEEEBL.

ARE 1

(i) A (0 <j<n), BRY*»0,T;Q) KBTI xI THERKTHS. 72751,
s > max{m, 2[n/2] +6+u} LT 5.

(i) &R (t, z) € [0,T] x Q TA;(¢, z) (0<j <n) iX Hermite 3R $iC Ay, x) 12 IF
EEE LB,

(i) &2 (t,z) € [0, T] x T THFTH AL(t, z) 1T Ker M(z) L TR SR,

(iv) N(t, z) € C2([0, T)xT) 5 Y, £&(t,z) € [0, T] x T IZxL, Ker A (t, z) =
N(t, z) BBV ID. N(t, z)* DAz e T it STl € (0,1) TH3.

(v) M e C®T) TMiE) DI 7idz e TiICEoT—FEl TH5.

RE I

pREXZON-FERLL, M2 1< W< pu bW THEEOEERET5. OHHESE
FIERIRE (1)-(3) 2°KRD (i) LRE IO (ii) 25 (v) FTRW=L, 7—% (f, F) 5%h
FRH™Q), Z™0,T; Q) ICBL, »2 M — 1 ROESEHEEF/AETE51T, (1)-(3) i
X7([0,T]; Q) BT 5M120Fu %%,
I, ROFFHERL@W-T.

Is@lllz < CUflgzg + Il mgee + IFONaL) 0St<T. (@

7275L, C' it Aj(j=0,---,n), BT EHETIERTH 5.
(i) A; € C™([0,T] x Q) (0<j<n), B e C™[0,T) x 0) TH3.

Theorem.

p212EEHEL, mE m> u 2BETHEROTERET . OEERENE
(1)-3) *LRE I, BE I 2##=L, F—% f, F B FnFh HM(Q), Z™*(0, T; Q)
CEL, #om-1 ROESFEHERWMI-TEHIE, (1)-(3) & X™#([0, T); Q) BT 50
—DOD@EDD. T/, ROFHERIKY IO,

Hu@lllmus < CUSllams@) + 1 Fllzrsose) + HIFO)lm-1us}, 0St<T. (5)

2L, Cid A;(j=0,---,n), B, T BT HERTH 5.
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4 Sketch of Proof

SEHRIE m KT ARMETHAVAS. B, m=pu+1,---,k =1 T Theorem 5 Y
Y2ETEH m=kil20THERSL. AREABR QLTI OBL L2 HBAKEL &
D, ZOREBMIHEET S 10F7ELEL. BMOFBERLANEOTHRETI L, u i
suppu C B, = BNRT % &7=¥. TOL S MBERAMERZEITRD L S i12% 5.

Lu=F in [0, T] x B, (6)
Mu=0 in[0,T] x (BNR"?), - (N
u(0,z) = f(z) for z € B,.. (8)

ST M BERBTHTHY, WMATH A, =-A, 3 A, DT 2% ), £THE, REH

=Y.
11 I
An = ( A;I A;n )
A4, A,
A;I, A},‘I, Agl, A,’l,lll iEhEFNn ll X l1, ll X (l - 11), (l—ll) X ll, (l —ll) X (l - ll) fﬁ'ﬂ’(‘
0, AUz [0,T) x (B, NR™1) TIE4E,

Al =0, AT =0, AN =0 on [0,7]x(BNR™Y

ThHhb uku=T(u, up) ERT. 72720, wid [ X7 PVERE, up i (I-4) X7 P VE
BMEELT 5. ue XPH4(0,T);By) THHI LRV AL OMR LD, u € X™4([0,T); B)
LB il EELTSL.

FTBRDIC =D, |o|=k—p tBE, D* % Lu=F ZEH&E5. ZnL Xk,

Lu® + Z Ca,guﬁ = H,.
1Bl=k—p

LEbED. KEBiE ZH0,T;B,) KWBLTWBI L, Cop 13 CH([0,T) x By) IKBRLTWA
Tl Eut LTI p ROBEEGFZWALTWAI LD, u* e XH([0,T];B,) %
%5,

KIC Bl +€Gp) =k v+1<i<[(k+w)/2 %5 (B,4) LT DGy €
L*([0,T) x By) B LD T L %RT.

Bl +&(p) =k~1, p+1<i<[(k—1+up)/2] L% (B,i) 23 LT DEBiu = uP*
¥R5. D0 % Lu=F s s¥5 L,

S AMougt + BULE + ST Cauyt = Hp;
J=0 [y +€Gu)=k~1
MWELND. Kk ZH0,T;B,) CBLTWwA. T ZTid, Yamamoto [9] ® Theorem 1
PEBATET, udd e X1([0,T);B,) B o 5. 5T, ust™ e L2([0,T] x B,) &5
nas.
k+p BSEE 512, LD 5. BHTHIBEIL, 0nF ug € L¥((0,T) x B,) AR &
k+,
TR\, 8,2 % Lu=F IEESER L,
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n Kty kbp kip
S TG0 Tur + BT ur + Cuge (BT T = Huge
3=0

End. EDE 2'0,T;B,) KKT 3. Bnt luy IEH LTI 1 ROBAEHIR Y T2,
Yo T REL &Y 8,2 lug € XN0,T); B,) #56E5 .
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T, EEORROEBIZOVWTHLA ARSI L BT, EEOFRRL - h
T CORFEL OBERFEO5D Open problems IZ20WTHENS. HEORKEDI

1 Introduction

QCR*"n23) %2NeC®0<a<l) 22ERAMLEL, ERNDIF R
wh2(Q,sm1) %,

Wh(Q,8"1) = {u € W'(Q,RY)] [u(z)| =1 (ae.)}
IANF-ARKE: Wwh3(Q,s* 1) —R %

_l 2
E(u) = 2/ﬂ]Vu| dz
TEDS.

Definition 1 (energy minimizing map, harmonic map)
(1) u ?* energy minimizing map (EM.M) TH 5.
& E(x) < E(v) (Vve WH2(Q,5") with u ~v € We(Q,R?))

(2)u #* harmonic map (HM.) T$ 5.
;Z‘ u * E O Euler-Lagrange 5%

/Q {(Vu, Vo) — [Vul*(u, )} dz = 0 Vi € W2 A L®(Q,R™)
L2 TAN

Remark 1 EMM. R U HM. GG EMEICBIT2ERLHENRTH Y, — I
i1 200 Riemann FHEMOERICOVTERSNILNTH 5. EEIREL T
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ZRHAEROMELZITD DICITRD 200 ENDH 5.

(1) RE I WAEROBRICBVTERBRE Z & HFVIE#MED Riemann SHEE L
TROME (L, Bbha)L2bDTHS.

(2 HERLHRE o TFNVE V) BB LMBICHKEL TS,

EFIFEMM 3—RICIERTILZV. EB 2 >3 25X 3RTHREB” 226 S
~DER z/|z| 12 EMM. L 224, ChiZBEPICRESICBVTERTII RV, (—F,
2 RTCERD 5 n KTKEND EMM. RU HM. 2T89I1C7% 5 & & 4%, F. Helein,
C. B. Morrey 5I2& > TRENT WA, [4, 7] /2, —#iC HM. RERDOAH T
it O™ L% LHR. Schoen 12X » TREATW 3. [13])

FITH 4 EMM. OFREGRADES (CNEHRESLIRE) ICEET 5.

Reg(u) = {x € $ju is continuous at x}
Sing(u) = @ — Reg(u) £ 7 5.

R ® R.Schoen-K.Uhlenbeck D& HRIZL ), EMM. ORRESEIHI YV KEL 20
T Ehhs.

Theorem 1 (R.Schoen-K.Uhlenbeck) [14, 15]

M : mKTC R4+ & compact Riemann £#4& (m > 3), N : nRIT compact Riemann
Rtk LT 5.

u € WH2(M,N) 2* EMM. % 5 ¥, dimySing(u)N IntM <m -3

E52, m=3 Dk X, Sing(u) NIntM i discrete

F 72, ulon 25, C2e B il u id, 0M DHHEHL, C* & ThH5.

—%, HM. T3k L) LRAKREVWERPALR TV 5.

Theorem 2 (T. Riviére) [12] .
HM.u € Wh2(B3,S?) T Sing(u) = B3 L 25 bOVHFET 5.

TDEHIKBRESDOKRERIIDOVTII EMM. OFADKE SOFEEUF,EMM.
& HM. DBED gap 2 LWL DERPBLI TS, £ TUTRHRESOER
IZHEBk 2D, TR0 2 00#RICEEHTA.

Theorem 3 (H. Brezis, J. M. Coron, E. Lieb) [1]
EMM. u € WY3(B%,S?) Tulg s =id| : 25 bDit u(z) =z/|z} DA TH 5.

Theorem 4 (C. C. Poon) [11]
HED 2B IZLT, 5% HM. ue WHA(B3,8?) BFEL TREWI2T.

(1)Sing(u) = {x} (2)ulp s =id| 2

CZHDEHICLT, HFERBSORRBRIZOWVWTH HM. & EMM. OMICIL gap 255
EHEbhrB.
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2 L. Mou O#ERE, z/|z| DREM

Introduction TR X )1, — 0 HM. DERESOERIZOVWTIIRAELEE» S
PHITIRPIVFELVWCLEZDPOEWVESTHSE. TZTHM. OERESOUNE
& LT, L. Mou A" L7 RDMEICHKBET 5.

Problem 1 (L. Mou) (8]

BHED {p1, p2, -~ o} CHLT, BRFER QCR® £ HM. ue WH2(Q,8" 1) ¢
REBIzT HDIIFEET H0?

(1) {p1, p2, -~ , Pk} CQ

(2)Smg(u) = {ph P2 - apk}

Z T L. Mou DEREBRDBHIC, WO DEREENTHLC.

Definition 2 u € W1?(B*,S"~!) HM. T Sing(u) = {0} 25 bD LT 3.
(1) u FBEE & 02E(¢, 4) > 0 V¢ € C}(B™, R™) with (u,¢) =0
(2) u PHEREE & IA>0s.t.

S2E (4, 6) 2 A /Q r=2¢|2dz Ve € CL(B",R™) with (u,¢) =0  (2.1)

Remark 2 (1) ¢ 2% u ([CEXT 5 &) &3, BT DHM ¢(z) 2°S*! D u(z) T
DEZEBMIEINILVIFRMTHS.

(2)(2-1) DHELDOMS - weight =2 HSDIFTH B D, A DA scaling 12X > TH
Bil2BEICTHLDTHS.

Theorem 5 (L. Mou) {8]

b L, HM. u e Wh2(B® S5-1) TRD 3 o4&tk % #7-1 b DT iZ, Problem
1 REENTHS.

(a)Sing(u) = {0} (b)u iZXE 0 DEKRER (c)u ZREE

MEEIL (a) 25 (c) 27T HM. BPEBRICFEET S0 THS. L. Mou k2D k%
HM. B35 5 S ICREBFETHIERHEBL TS, (BLRBICERS) L
PLAa>4DEE B'DL S ADZDL 5% HM. BFET L RIIo2nTiAD
BRTVWRV, FZTSEIIB S $%1 (n > 4) ~D HM. T (a) B5 (c) 2 W=
bODHEELXERETS. B EMM. u(z) =z/|z| KEBT 5. u iZBPIZ (a) & (b)
T, Lo TR (c) 2 W1oT2THS. CCTuid TRANVF-ARMOBRIS
THHEHPL, PREICILZ. $/5,n=3 T L Mou ICX o THEETH B Lot
RENTVS. FITEER n >4 DBBIIOVTHELROER /B

Theorem 6 (N) [9]
T n>7 OBE, uz) = z/|z| HEBEETH S5, n=4 OBE, u(z) = z/|z| iTBEE
Tz,
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Theorem 6 I2& ), n>7 D& XiZid Problem 1 R WENTHS Z L2bhs. -,
RDO2ONDEEE A D L, ZORRITKERERP.

Theorem 7 (L. Mou)
EENIeZ-{0} XML T, 55 HM. ue WI2(B3 SO I HFELTUT 277,
(1)Sing(u) = {0} (2) u IR 0 DEREMR (3)deg(u,0)=d

Theorem 8 (H. Brezis-J. M. Coron-E. Lieb) [1]
u € Wh2(B3,S?%) D'FEEMED ORI 0 DFR%Z EMM. THbHLT5 ZDLE »
5ReO) FHFELTRE@/LT.

uz) =R (I:—[) (z € B — {0}).

Zh & D, 8% deg(n,0) = £1

CHRIZI D n=3 DL ZIIFEEMIPOXREODERLER/TIX, EMM. I EICHEE
TH5HT &, RV, EMM. T2V HM. BERICFETE L322, . —H, n=4
T z/|lz] DL ICHREOE (AHELV) EMM. TEX, BREICR 252\,
COZ LR, REPEROURICERTBLIZTES L L TAEEEEV.

Conjecture 1 (1)n=5,6 D& & u(z) = z/|z| FREE TR &V
Qn=4 DL E (a) 25 (c) BT HM. BREEL 2n

3 S#OME

EMM. DBBIZBVTRERIRMONDFERERIALEELLDOTHS. T
Problem 1 @ (2) #2228V T, FRL BbNBFEIIOWTAHARTEL. BT
TRRIEBBIIOVTR I TLELRFHREN LD ERREZLICTE I THE
blow-up 2DV THN3S,

Theorem 9 (R. Hardt-F. H. Lin, S. Luckhaus, R. Schoen-K. Uhlenbeck) [3, 6, 14]
u € WH3(B4,S%) : EM.M. p € Sing(u) £ ¥ 5.

ZOLE BB BH {u}R, C (O 1) &, 5% EMM. up € W2(B4,S%) L H 5
ac(0,1) *FELTREMT

(1) up ZRH 0 DERE R

(2) uy, 1 WI2(B4, %) T ug I BIRT 5.

(3) uy, 1 WI2(BY,S?) T up i BATRIET 5.

(4) u,, 1 CE (B, S%) T up ICIRET 5.

T IT, uy,(z) = u(p + piz)

el @%ﬁﬁ‘-’i’ blow-up &R, up % tangent minimizing map (T MM.) LS.
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blow-up VI BERBMB-oTHERADEIDLY ZHARTIRETHS. Lo,
TMM. PEREOTDLYORRERBRL TS LHAFTLDREARTHS. ZC
THEIC % 5 Dk T.M.M. ® uniqueness (ug %% {u;} C (0,1) PMY FiILE b=wnZ
E)YTH5. LI B 5 S0 EMM. OHEINI LIZRD 2 ODERD LRI S
ha.

Theorem 10 (R. Schoen-K. Uhlenbeck, T.Okayasu) [16]
ue WH2(B4,S%) % EMM. &¥%. TDk ¥, Sing(u) i discrete

Theorem 11 (L. Simon) [17]

N % C¥ #& compact Riemann S84, u € W'(Q,N) ¥ EMM. &L, p€
Sing(u) £ ¥5. DX, b L p TH T.MM. up € WH2(R", N) T, Sing(uo) = {0}
AELOVHFETIE, w idu D p TOM—D TMM. Th5.

BlE% A% 45 & 4 RTEBS S 3 KTREND EMM. DRSO ICIIRE
0DFERZ EMM. OBRFFEEL 25 LBbN5S. $7, Problem 1 O (2) DfFR
HRDEETHbNE L FREND.

Conjecture 2 (1) BEEMH L V) %KX blow-up KX o TAETH 5.
2Bt 25 S8~ KO0 OFKR% EMM. THREEL b OREELZ V.

T ITRRDIE, B 225 S AD EMM. DEREORETHH Y, BREHEDN
scaling o X o TAELURLZILTHHILEERXDHL, 2N ) RFARIZ—BKD 4
RTEE» S §2 ~D EMM. ORUERAOBIT~NBICHS NS, 72, 361K
DBED EMM. OUVEREOBIFT~OEHIZ b REIF - HHETH 5.
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THE NONRELATIVISTIC LIMIT OF THE
NONLINEAR KLEIN-GORDON EQUATION

SHUJI MACHIHARA
DEPARTMENT OF MATHEMATICS, HOKKAIDO UNIVERSITY
SAPPORO 060-0810, JAPAN

October 27, 1999

ABSTRACT. In this paper we consider the nonrelativistic limit of the nonlinear Klein-
Gordon equation. We study how the solutions of the nonlinear Klein—Gordon equation
converge toward the corresponding solutions of the nonlinear Schrodinger equation when
the speed of light tends to infinity. Especially we consider the rate of convergence. We
use Strichartz’s estimate for the Klein~Gordon equation.

1. INTRODUCTION

We consider the nonlinear (and linear) Klein—-Gordon equation in space-time R"*!

2 2
(1.1) #u" - %Au + mT&u + Ay lu=0, zeR" teR,
where /i is the Planck constant, m is the mass of particle, c is the speed of light, and "
is the second time derivative, and A > 0. When n = 3 and -y = 3, the equation (1.1) was
introduced by Schiff [1] as the equation of classical neutral scalar mesons. If A = 0, the
equation (1.1) is the linear Klein-Gordon equation.

Substituting

w= ve—c‘mc’t/h,

we obtain from (1.1) the following nonlinear Klein-Gordon equation for »:

. h?
-2—"?’0” bt Zh’l)l - %Av + AIUI"_I’U = 0.

The aim of this paper is to study this equation, particularly in the limit ¢ — oco. We
regard the procedure of taking limit ¢ — oo as "nonrelativistic limit.” Formally, the limit
equation is

2
—ihv' — ;—-mAv + A" w = 0.

This is the nonlinear Schrédinger equation. So we expect that solutions of the nonlin-
ear Klein~Gordon equation converge as ¢ — oo toward the corresponding solutions of
the nonlinear Schrédinger equation. We may think of the Klein—-Gordon equation as a
relativistic generalization for the Schrédinger equation. From this relation, we have a pas-
ticular interest in the convergence of solutions of two equations. In this paper we study
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this problem in detail. For simplicity, we set A = —A, ¢ = 1/c2, f(v) = Ajv[""lv, and
k= 2m = 1. Given initial data, we rewrite the equations in question as

(12) €’U” - iU, + Av + f('U) = 07 'U(O) = ’qﬁsv 'U,(O) = Vye,
(1.3) —iv' + Av + f(v) = 0, v(0) = vgo.

We denote by v, and vp the solution of (1.2) and (1.3), respectively.

We investigate how v, converges to vy as ¢ — 0. There are a few results on the problem.
The convergence in several modes has been proved, see [2] [3]. In [15], we have proved
the convergence in L>(0,T; L?). In this paper, we consider the rate of this convergence.
When ¢ tends to 0, how rapidly does v, converge toward vg 7 We show in Theorem 1 the
upper bound of the order for nonlinear case. For linear case, we give the upper bound as
well as the lower bound in Theorem 2.

This paper is constructed as follows. In Section 2, we state the main theorem. In
Section 3, we give a sketch of proof.

We close this section by giving several notation. We abbrevitate L¢(R") to L? and
L™(I; LY(R™)) to L"L? , where I is a time interval. We denote by H*? the Sobolev space
of order s. For any p with 1 < p < oo, p’ stands for its Holder conjugate, i.e. p' = p/(p—1).

2. MAIN THEOREM

We state our main theorem.

Theorem 1. (Nonlinear Case)
Let n=3,1>0and 1 <~ < 21/5. We assume that

(2.1) voe € HY, vy, € L?

(2.2) v € H,

(2.3) sup([jveellm +e"*[[viellz2) < oo,
(2.4)  llvee = voollz2 < g™,

Then for every T > 0, there exists ¢ such that

(2.5) llve = voll zmo,sz2y < '/

Remark 1.
In [15], we have shown only convergence of the LHS of (2.5) without specific rate. The-
orem 1 gives an upper bound of the rate of this convergence.
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Theorem 2. (Linear Case)
Let A = 0. We assume (2.1),(2.2),(2.3), and (2.4).
Then for every T > 0, there exists ¢ such that

(2:6) l|ve — voll pogo,r;2) < e
Moreover, for any a > 1/4, 6 > 0, there exist wvg. and vgg such that

(27) ”'UOs - ’Uoo"[,z S C€a,

(2.8) ||v£ - 'U()”Lec(o,T;L‘.’) Z C€1l4+5.

3. PrROOF OF THE MAIN THEOREM

From Duhamel principle, the solution v, of (1.2) satisfies the integral equation,

(3.1) ve() = L{t)voe + Jo(t)vne — % /0 C Tt = 5)f(ve(s))ds,

where

I.(t) = e¥ (costA, — éAE‘I sint4,),

Je(t) = e;_:A;1 sintA,,
1 1\1/2
The solution v of (1.3) satisfies

(3.2) w(t) = Io(®)uuo — i [ Tt~ $)f(va(s))ds,
with

Io(t) = e—iAt.
We study v, — vg. Subtracting (3.2) from (3.1) yields
(33) wlt) ~ w(t) = 3° PO,

=1

with
(3.4) PO(t) = (L(t) - Io(2))vo,
(3.3) PA(t) = L(t)(voe — voo),
(3.6) PO(t) = J.(t)vre,
(3.7) PO@) = [[(ilo(t = 5) = TJult = ) (uo(s)ds,
(38) POE) = 2 [ Jult = 5)(F(o0(s)) ~ F(vels))ds.
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For PV, we rewrite costA,,sintA, with e"*4,e~*4¢ and rearrange,
I(Le(2) = To(®))vmollzoore < IH{(1/2)(1 + (46 A+ 1)72/2)et A — e=itAY | oy
(3.9) +1(1/2)(1 ~ (464 + 1)~ /2)ede+ ey | oo
< (e 444 — 1)ogg)] on 2
+11(1 - (4eA +1)7)vpoli 2
=||(e™ — L)voollzoe12 + I[Bcvooll 2
here we have set
a. =1/(2¢) — A. + A,
be=1—(4cA+1)"2

We study the operator a, . From the Parseval relation, we have

w2z = |lI€[%a)l 22
We set @, = 1/(2¢) — 1/(2¢)(4¢|¢]? + 1)/2 + |¢|? and estimate
Ieita¢ _ 1[ S 2’

leftie — 1| = [id, /o' ¢i%% d|
< aet]
= t|delel*/((4lef? + )2 + 1)
< 4telé)t.
Thus
e — 1| < 2!0(4te|g]*)?, 0<O<1.
Considering assumption (2.2) , we set § = 1/4,
[I(e*% — Dvooll zeoz2 < cit*/4e!/*[€[vo0l] oo 2
(3.10) < T4 4| fvool| 2
< el
With respect to P, we use the following Proposition.

Proposition 3. For any interval I C R with 0 € I,u € Co(I x R™) and pair (¢, ') such
that

1 =n,1 1 1 1 1 2
11 l——=2(2_2 el
(3.11) r 2(q’ 2) ’ 2_q"‘2+n+2’
the following estimate holds :
t1
(3.12) | [ 20t = syusdds] o ) < il

where ¢ is independent of u, I, and «¢.
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L>~-BMO ESTIMATE OF FIRST-ORDER SPACE
DERIVATIVES OF STOKES FLOW IN A HALF SPACE

YASUYUKI SHIMIZU

Department of Mathematics, Hokkaido University, Sapporo 060, Japan

§1 Introduction

In [13], we have proved the L>-estimate of first-derivatives of Stokes
flow with zero boundary condition in a half space:
(L1) Vel oo m) < CE 2]t oo eny for ¢ > 0,
where ug is the initial data. In this paper, we improve (1.1) by replacing
the right hand side by the norm of bounded mean oscillation space BMO.

Theorem 1.1. Let u be the solution of the Stokes equation (1.1) in
Q = R?% with initial data ug € L°(R™), which satisfies divug = 0. Then
there is a constant C independent of ug such that

(1.2) V()] Lo ry) < Ct~Y2uglBMo

for allt > 0.

First, we recall the Stokes equation in the half space
IR'-:- = {$= (xl"" axn) eER":z, >O} (n22)

(1.3) uy — Au+ Vp = 0,divu = 0 in R} x (0, 00),
u=1wuyg at t =0,
u = 0 on ORY X (0, c0).

Typeset by AMS-TEX
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Here u = (u,...,u™) is unknown velocity field and p is unknown pressure
field. Initial data ug is assumed to satisfy a compatibility condition :
divug = 0 in R} and the normal component of ug equals zero on R} =
{zn, = 0}.

This system is a typical parabolic equation and it has several properties
resembling the heat equation. It is known that the Stokes equation in
the whole space R™ can be reduced to the heat equation with initial data
ug and we have the regularity-decay estimate

(1.4) ||V'u(t)“Loo(Rn) < Ct_1/2”‘u0”Loo(Rn) for t > 0,

for all 1 < p < oo with C independent of ¢ and ug, where V denotes the
gradient in space variables.

Before explaining our problem, we introduce the known results for a
half space. First, Ukai [15] showed (1.4) for the case 1 < p < oo by
estimating the representation of solutions in LP. In the case p = 1 or
p = oo, the estimates does not follow from Ukai’s method because the
solution involves singular integral operators such as Riesz operators which
are not bounded in L! or L. Estimating the formula in Hardy space H*
of Fefferman and Stein instead of L', (1.4) for p = 1 was shown (Giga-
Matsui-Shimizu [8]). Moreover, Shimizu [13] showed (1.4) for p = oo by
applying the modified version of Ukai’s formula.

We have two motivations for the estimate (1.2). First, we want to
apply the estimate to the integral equations which is formally equivalent
~ to the Navier-Stokes equations

t
(15)  u(t,o) = (e uo)(z) — [ (€ IAPY - uls) ® u(s))(@)ds,
0

where e~ 4 is a solution operator of Stokes equation in a half space and
P is a projection associated with the Helmholtz decomposition in a half
space. P is constructed from some Riesz operators and not bounded in
L>. However Riesz operators are bounded in BMO, so (1.3) may be
useful in the problem (1.5).

Second motivation is involved from the duality arguement. In fact in
[8], we proved (1.2) for p =1 by more strong estimate

(1.6) Vu(t) |l < Ct™Y2||ugllp for t > 0.
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L>*-ESTIMATE OF STOKES FLOW IN A HALF SPACE

Since the dual space of H! is BMO, (1.2) is regarded to the dual result
of (1.6) although (1.2) does not follow from (1.6) directly.

A key idea of this paper is to apply the modified version of Ukai’s
formula for Vu obtained by Shimizu [13]. The formula was modified in
the way of extension so that the terms involving the square root of minus
tangential Laplacian A have no singularities on {z,, = 0}. By the duality
arguement, it is sufficient to estimate the corresponding integral kernels
in 1! and we have already completed estimating the terms involving
A. There remain the terms without A which involve singularities on
{z, = 0}. In [13], we estimated the corresponding integral kernels in L!.
However, by detailed analysis, we are able to estimate these terms by
estimating their integral kernels in H1.
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»HHYR BRI T 5 HHEFERED
BEERIYLROBOIHKIZOWVT

P —B (WKEE). 5K BE (tKEb)

81. Introduction

H. Garcke & A. Novick-Cohen (1] 2. FEAREEORMEHEFE % b > 3 HAE I3t
L. BT LS 2FHOBBAERETIV %, 5B/t mobility % b2 Cahn-Hilliard 5%
POoRREBELTAVTEXMICH N,

4 QCR* ZAERBABET 5, 20 Q WICHFHRED I oOMBHERETHLEL,
NOoDBIIFMERT 5 3 O0MHER I'(t) (1 = 1,2,3) KEoTHFLATWE ET 3,
51T, FNb 3 DDMEHEPL. F DAL triplejunction m(t) € Q ToO%doTWB &
L. 3R FDRIZQOHR 00 bXboTwEETE, TDEE t>0,i=1,231C
LT, LT OXPEY LD,

((Ti(e) 1> T)
Vi=-lig'kt,,
(T*(t) N 8QT)
Lo, «i=0,
{ (triple-junction m(t) T) (1)
LTH(e),T2() = 6%, (T%(£),T3(t)) = 6%, £(T3(t),T(t)) = 67,
Dotk = 0?2 = Bo3k3, o'k! + 0%k% + 0%k% = 0,
(R M)
T(0) =T, m(0) = mo.

ZIT, VP RERE., £ B, s BMRNT A -5 ThHb, F/z, I* X Cahn-Hilliard
FEARD mobility 2HBONIEH. o E () DREANF-L LTELNAEHK
THY, RICETH 5, &HIZ, ¢ BEDERTH Y., 0'/sinb! = 0?/sin? = 63/sin B
AEMBEB/ T, (1) 1k, T@) := UL, Tt) & m(t) xRAEET 5,

H. Garcke & A. Novick-Cohen [1] iZ. (1) IZH LXD & 5 2R E+H .
(D) IS T 2BAOBER [1]: To € C* (0 < a < 1) IENT 2EMBHBORLR & 873
B2BEO—BERPBEONATVS, T/, V) KAETA25VF¥—-F %

E[0(t)] = 23; AL () {BL. L) : Ti(t) DB & 2)

i=1

EEETAHE, EL()] i3 BA ¢ CBALTHEAEMTH A LBBOATRS, 51T, ()
ETi(t) & oQ LEUHERIIHFE t CBLT—ETHILdBOATVS,

ZIT, () EHLTROL D 2ERLBL0HSTNEETH B,
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SEOERE T¢) PHEL b2 L &, 2% ), Ti(t) B EhEh

I(t) = A'fult, ), £()] == {(2,0) ; —a <z < —€(®)},
I2(t) = A%fu(t, ), £(t)] = {(z, ~u(t,2)) ; —€(t) <z < 0}, 3)
r3(t) = A%fut, ), £(8)] = {(z u(t,x)) ; —€(t) <z < 0},

tRENDHE I, BABNLEREBLIZLTHE, (BEL. COHE. EOEH a, b
3L, Q:=(—a,0) x (=b,d) &£T 5, )

D)=, Tit) 2 B)DEHITKRLIZLE, (u,é) PRABETH D, ZDLE, I3(t) I
HTD (), t>0 I LTRDEIICRS, (IHL. 6 € (0,7/2) IKHLT, 6 = 26,
=0 =m—-0. a'=2cosf. o?=03=10I=1(i=1,2,3) &T5,)

( 1 Uzz
= (g () ) 0 <=<0
ug(t, —€(t)) = tanf, wug(¢,0)=0,

) ((sz;g)wf) =0 atz=—£() and0, (4)
u(t, —€(t)) =0,

u4(0,z) = up(z) for —¢(0) <z <0, &(0)="E.

\

(E1) SOBAE. ok + o2 + 0% = 0 REBBICH D Lo,
(I 2) EMRITHE 0 THB 45,

IY(t) = {(z,0) ; —a <z < —£(t)}

BRECHBER V= ~lo'kl, OBTH B, Lo TESHRIT (4) 2T (u,8) DFER
BFHARRSE/HOR X b:ow'%%im:fﬁmo

(E3) Tu(t,—€@®) =0) & T—u(t,—€(t) =022 u(—&) =01 THE2H, 4Hid
uo(~€o) = 0 ZREL T+ u(t, ~£(t)) =0 DALY I £ KWT L HER

3 () = ~ Co(B)uzenelt, ~£(0)) + o0 6, £(0) O

‘(BL. Ci(8) := 1/[(1 + tan%6)?tanb]. C,(8) := 3(1 + 5tan?6)/[(1 + tan®#)*tand]) %5

e LTHWS,
§2. EE A
I, EEMELYZXAICh- DV REEHET B,

Definition 1. A ¥ EOEBET S, ZOLE A€ € (0,a) 22 (0 <)u e HX(—£,0) i<
AL T = Affu, &] LREN, E5IT u(—€) =0, us(—¢) = tanb, u-(0) =0, %, u(z)dz = A
AWMt EE . T= TFeCa THEHEV),
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ZDLE, ROMBEEEX 5,
Problem : minimize E on Cp 4.
Z O Problem IZxF L. ATOBEREHRS,
Theorem 2. ¥
E[l=2 {(a —&)cosf + /2(1 + uﬁ)mdx}
i3 LT, unique minimizer Tgq € Cop PFFET Bo STy Top=UL;Th, THY.
T4 = A[ug,4,65.4]

(A IZBILTH (3) #R.&)o fEL.

€p,a = T9,a5In0,

up,a(z) = —ro,ac080 + (1 4 —~ )%, z € [~&.4,0],

24 1/2

o4 = (m)
Thbo
ZIT. T}, 3ER, T3, & T34 ZMAMTHED 5, To (L) DERBRTHLZ LIXE
2R E S,

§3. FENWHE
7 (4) OMOFEICDNTER B, EDOLDIL, KDL ZERTRERS.

'U(t, 77) = U(t, _(1 - ﬂ)f(t))a (tv 77) € [Oa OO) X [03 1]
COEBERICID., 4)-B) i ERDEIIckEhB,
( U = f("7, ’U,-,, vfrm 'Um, vmmm §7§')7
vp(t,0) = §(t) tanf, w,(t,1) =0,
3tanf 2 (¢,0)

) Urm (£, 0) = 7 +tan?8  £@) Uy (t,1) = 0, ©
v(0,m) = vo(n) := uo((-o()l - 17)60),3 t.0)
. v t, LY v, )

\ 5(0) = gO)
L.

f(77’ Uns Unns Unnms Unnins g, E)
- 10Uy Vg 3(¢2 - Sv,";)vg,, _ (1- ﬂ)évn
I G N R C N T £
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T BOGHREZER D LTLRELHMBEMEEHT S, 4. [:=[0,1] £ B, &5
. 0<t<t1 <oo iZF L. Ryy, = (to, 1) X I EBLo TDEE, 0<a<lZFFLT,

Y2*(Reos) 1= C¥***(Ryyz,) N CM3([t0, 1a]); C*(1)),
V4 Rpn) = {v € Y**(Rip ) NCY*+(Ryo 1) [vllysra@g) < ook,
Z[to, t1] := {€ € Clto, 1] N C{to, t1] ; €1l 212,01 < 00}

t‘j-;s)o :\:’C‘\ /}I/-L\ ”'U”y4+°(m)\ Il&"z"[to,tl] ‘i\

— = - 1/4 _—
”v"yua(mo_,l) “v”y2+°(R¢°,¢l) +o<és<ut?—t06 ”"’m”co-a(a,oHM)
+ sup &Yy, o« (F——
0<6<t11)_t° l[vgmmm | co (Fegrony)

+ sup 642 o (B
0<6<t11)—t0 "vt”C" (Reg 48, )?

l€lz2tor) = Nellcttoss +  sup  872||€llorpgrsiaa)-
h 0<o<t; —to

T52 6035,

L) =UL D) BB)DEICKENB L &, BRAZ[1 ORERYHE L-BHBIE
T 2ROEREB %, ,
Theorem 3 (Local existence). a € (0,1) £ 450 7z, vo € CH(I) & L. vy i vp(0) =
0. ’Uoﬂ(O) = fo tan 6. 'UOn(l) =0 %Yﬁf:‘a—t?%o D& g\ 5)5 To = To(fo, l/Hvollcz+a([))
> 0 24 L T (6) i unique 2% (v,£) € Y+ (Rog) x 210, To) % b 20
COFEDOERLTBHICHIY | Bl IBTEH L BRTFHEOERZ A5 (see 2 [3])o
I/, AROBRETOILICL Y, TRIBICETAIROBERELE S,

Theorem 4 (Regularity). (v,£) % Theorem 3 THoL N7 (6) DML T B &,
(v:€) € CH*+2((0, To] x I) x C1*+3+)/4(0, Ty,

TH5b,
Theorem 3 iZ& Y, T(t) = U3, T¥(t) #* (3) D& H K& N7z & XD global existece %

i=1

B/57-0ITIX, C?%-a priori estimate B LBETH D EBFHB, DL X, k%iBS,

Proposition 5 (A priori estimate). Ao := 2, uo(z)dz LB, T/, T 6 > 0 %
1-6/tanf—6>0 W T LTI ELLEB LT B, SDEE,

Py = ”"g,s”iz(rg) + Mo, (E[L'o] — E[Ts,4,])

(B L. My 4, = C(8)(6/L[LF 4,))*) B+ E NI, pou 6. E[To). LT3, ] AT
LEDEB v1. ve FELT, a€(0,1/2) 2 L.

f(t) > >0, "'U(t, ~)”cz+a(1) < vy < o0.
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R LD,
(HE4) EB. vy 13 vy = (2L[T3 4 )sind — E[To]%%pm) /20 2B h 5., py it

2L[T 4,]sind — E[Tel2p0 > 0 (7)

FWIT OV ANEL L BLEND B, |
(E5) EROBE LR LVRBIBEL LV, T3(t) #2757 OBEED-DITIE. g ¥

6 + E[To]*?py < m/2 (8)

EWT LoVt S EBLEVD S,

Proposition 5 R ICI3 [|k3(E)||2reey) ZFFMET A EARS Ve B, EBE. XD
FEEH 5,

Lemma 6. A\(>0) #*+5/h&wvE &, H(d,)) >0 (foranyd>0) TH5 &5 2HH H

PHEELT,
E[l'o] > E[lg 4] %2 H(E[lg},p0) >0 9)

BT L ICHME D, L
t
Is(6)15 + H(BITS, o) [ Imus(r)lr < 63 for ¢ 20

(BL. |-z =l - lzaasey) P9V L2

(£ 6) H(E[To), p0) >0 % M7zF X5 MMM T 2L B2V T Eid, pp BHFAEL
HBEIIC T, R EBENVD T EThA,

Theorem 3 & Proposition 5 {2 & ), BREABEICHTIROEREEB S,
Theorem 7 (Global existence). a € (0,1/2) &35, F72. po #5(7)-(9) 2 WAT L5 12
PHMET, 2535, TDLE, (6) 13 unique ZERRIKIBE

(v,€) € Y**(Ror) x 2Y[0,T] for any T > 0

b0,
CDFEBRIZL Y WIHME To A5Tp 4, & TETHUT, (4) 12 unique 2B AR % Clto/4dta
BWTHDZ EHFE 5.

RiZ, Bl t 5 oo L LIEBRDOET() ODRIZIIOVTERXS, DL E, EERORE
HICETARDEREHE S,
Theorem 8 (Convergence). I'(t) % Theorem 7 TH&7-BM KR (oo X +H/NEL E S
Tv3), T4, Z Theorem 2 THIER Ap 2 F 5 E @ minimizer £ §5, D& &,

F(t)—-»I‘o'Ao ast— oo
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ThHhbo

F7-. E[[(t)] OEMICBT A3EMMmtEE ., i) & TV(t) & 0Q LATERUEMARM ¢ I
MLT—ETHAHILhb, ROEELBS,

Theorem 9. ['(t) % Theorem 7 TH/-FsHIKIRME. Ty 4, % Theorem 2 THER Ao
iZ3t3 % E O minimizer £ ¥ 5, ZDL &,

E[T(t)] — E[lp 4,] ast— oo,
LITS(0)] — L] a5 ¢ — oo.

ThHhb,
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On the Derivative Nonlinear Schrodinger
Equations in Multi-Space Dimensions

Naoyasu Kita

1 Introduction

In this proceeding, we consider the-initial value problem for the nonlinear Schrédinger
equation with nonlinear term of derivative type, i.e.,.

i6u = —Au + F(u, @, Vu, V)
u|t=0 = Uy,

(NLS) {

where u is a complex valued unknown function of (t,z) € R! x R* (n > 2) and 4 is
the complex conjugate of u. A is the Laplacian in the n dimensional space and Vu =
(014, - -,0,u). The nonlinear term F is the polynomial on C**?* of degree p = 2 or 3,
i.e.,

Q2420

_ aj a2
F(Zlv 22,23, :z2+2n) - Z 0021‘222233 *tZ40n
le|=p

where C, € C and o = (04, - -, Go42n)-

There are many results known about (NLS). Kenig-Ponce-Vega [11] showed the well-
posedness for small initial data by applying the smoothing effects of linear solutions.
Chihara [4] proved the problem for large initial data. His idea is based on the energy
method through the pseudo differential operator technique. These results are shown by
imposing large regularity on the initial data. (Recently, Chihara [3] has solved (NLS)
under the condition uy € H*°(R") with s > n/2 + 3.)

Our concern in this work is to solve (NLS) for the initial data with small regularity.
We obtain the following results. (One can see the notations in theorems just after the
statements.)

Theorem 1.1 (the case p=3) let s > (n + 3)/2. then, for ¢ € H**(R") with ||§||s0
sufficiently small, there ezists a unigue solution u to (NLS) on [0,T) (T depends on ||@||s0)
such that

u € C([0,T]; H**(R")). (1)

Theorem 1.2 (the case p=2) Let s > (n+3)/2,s > (n+2)/2 and t' > 1/2 satisfy
s > s'+1t'. Then, for ¢ € H**(R*)NH*"* (R") with ||¢||y ¢ sufficiently small, there ezists
a unigue solution u to (NLS) on [0,T] (T depends on ||¢}|y ) such that

u € C([0, T|; H**(R") n H*¥ (R™)). )
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The solutions in Theorem 1.1 and 1.2 gain the regularity in the following sense.

Theorem 1.3 The solutions in Theorem 1.1 and 1.2 satisfy

||6;+1/2uI|LS§(L;A) <oo forl1<j<n. (3)
131‘

Notations.
In the above theorems, the function spaces L%, (L’T,;j) and H%"(R") are defined by

T p/r
T —_ . P —_— r ~
22,(t55) = ol = f ([ o ot ) s < o),

where Z; = (z1, "+, Tj—1, Tjt1,° * *» Tn)-
H*"(R") = {f € &'i{|fllos = (=) (D) fllz < o0},
where (z) = (1 + |z|?)/? and {D)°f = F~Y€)°Ff (F and F! stand for the Fourier
and inverse Fourier transform, respectively). 97 f = F ‘ll§j|”’["lfj[-“]f f. o] is the largest
t
integer which does not exceed o. U(t)¢ = exp(itA)¢ and G(t)F = /0 U(t — s)F(s)ds.
We consider the initial value problem (NLS) by solving the integral equation :

u(t) = @(u))
= U(t)uo — iG(t)F (u, @, Vu, Va). @)
Since the nonlinear term contains some derivatives, it causes, so called, the loss of deriva-
tive. Because of this difficulty, it is impossible to estimate the second term in (4) by the

unitarity and Strichariz’ type estimates of U(t) ([2], [17] and [19]). To overcome the loss
of derivative, we make use of the smoothing properties of U(t) and G(t), i.e.,

Lemma 1.4 (Hayashi-Hirata [8]) Let¢ € L*(R*) and F € L;_ (Lg,,;j). Then, we have

18;”U()llzaz .y < Clidla, 5)
3 T,zj
16G()Flligan < ClFllyqz ), (6)
T
18,GC)Flligazy < CllFlluy 2 ()
I Twej J Tz;

To introduce the maximal functions, we demonstrate the estimates of ®(u) in (4). For
simplicity, we consider the case F(u, 4, Vu, V&) = dududu. Applying (6) in Lemma 1.4
to ®(u), we can show that

A

lo5@@llzzan < luollso +CE; ™ (Gududewllzy z

IA

-1/2
”'l.to"s,o + C||6u6u6; / ak’u”L;j(L;A )
'tj

+||(some lower order derivatives)||z: (z2 ). (8)
7 T,zj
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Note that, to obtain the last inequality, we use Leibniz’ rule for fractional derivatives ([5]
and [12]). Since, by Holder’s inequality, we can show that

10udud; ™ Beully, @z )
||3“||L2 2 )Ilaullz, ,\k)||3k3;—1/2u||Lg;(L;,\ ) _ 9
T2 VT

we need to estimate ||0®(u)|| 1,2 ) in order to complete the contraction mapping prin-

ciple.
||a‘1’(“)||L2.(L°°A
< 0( )3uo||L2 s )+ IG()OF ||z, U (10)

Hence, it is important to control the L2 (L°°)-norm of maximal functions for U(t)dup and

G(t)0F, where we call ||U(-)¢(z)l| e a.nd ||G( )F(z)||L~ the maximal functions for U(t)¢
and G(t)F, respectively. In the proof of Theorem 1.1 and 1.2, the estimates of maximal
functions play an important role to determine the regularity of w,.

Remark 1.1. When the nonlinear term is quadratic, we need to estimate the weighted
(LA )-norm of maximal functions, i.e., ||{(z)"U(: )¢||Lz @, ) and ||{z)"G(: )¢”L2 @

for 7> 1/2.
Remark 1.2. We are not allowed to estimate IIBkB;_I/ 2| Lpr?. ) in (9) so that
Tzp

—1/2 —1/2
1805 *ullzg w2 . ) < CT10485 ™ *ullagy 2502
[£7) Tk

for some r > 2, since we want to use (7) in Lemma 1.4. This is the reason we need to
impose the smallness on u,.

Since the pages of this proceeding are limited, we shall only introduce the statements
about the estimates of maximal functions in the forthcoming section.

2 Estimates of Maximal Functions

In this section, we introduce some inequalities concerned with the maximal functions and
the outline of the proofs. There has been several kinds of estimates for maximal functions
(see [14], [15] and [18]). Our main result is

Theorem 2.1 Letn/2 <o and 0 <T < 1. Then, for ¢ € H‘;’O(R”), we have
Uiz, @) S Clidllo.0- (11)
Zy

In addition, let n/2 < ¢’ < o and 1/2 < 7 < 1. Then, we have

=) U)ellzz, e,y < Clidllorr + CT"*|$llo-+r0- (12)
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As a corollary of Theorem 2.1, we obtain

Corollary 2.2 Under the same conditions as in Theorem 2.1, we have

IIG(')Flngj(L;A ) < ClF||zzcaee, (13)

[221

(z) GO Fllez,wy < ClFllzygorey + CT? sup 105+ 2 Fllpy 2 - (14)
T, 1<k<n LA 7

%3

To prove Theorem 2.1, we need several lemmas.

Lemma 2.3 Let 0 > n/2. Then, we have

T
D)2 [ U(- = ) F(s)dsllzs, @ ) < CllFllzz as (15)
it/

et }

Therefore, it follows that

KDY= [ U(-9)F(©)dsllzz < CIFlzg . 1 (16)

Proof of Lemma 2.3. Note that the integral kernel of (D)~2°U(t — s) is
K(t- 5,5 —y) = (2m)™ [(€) ™ exp (—i(t — 5)€* + i(z — v) - €) de.
Since 20 > n, there exists no singularity at ¢ = s and we have
|K(t—s,z—y)| < Clz—y)~%.

Hence, by Young’s inequality, we obtain (15).
We next prove (16). By (15), it is easy to show that

KDY [ U-9)F(s)dsliy
l Ji " (F(t), (D) i " Ut - 5)F(s)ds)dt
0 0

CIFI2s 22 . -
7 T.::j

IA

This completes the proof of Lemma 2.3. O
To prove Theorem 2.1 (12), we use the smoothing properties of U(t) and G(t). One

can see the one space dimensional version of the smoothing properties in {1]. The n space
dimensional version is :

Lemma 2.4 Let 2 < p < o0. Then, we have

||a}/2~1/PU(.)¢||L;j(L;A) < C’Tl/p||¢||Lg, (17)

-zj

”a;_l/pG(')F”LZJ.(L;A) < CTI/””F”L;.(L;A)- (18)
Zj 7 T
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proof of Lemma 2.4. The results follow from Stein’s interpolation theorem and L*-
boundedness of the Hilbert transform. O
Now we start to show the outline of the proof for Theorem 2.1.

Proof of Theorem 2.1. We first prove (11) by the duality argument. Applying Lemma
2.3 (16), we have

/ " (F(s), (D)~"U (s)$)ds
- ((D)“" [ v-s)F(sas ¢)

T
KDY~ U (=8)F(s)ds||Lzl|pllL2
< C"F”L%(L;‘A yI1dllzz-
nzj

IA

Hence, we obtain (11). We next prove (12). Since
(@V(06 = VO 9+ GO, -AU ),
it follows from (11) that
{=)U (')¢||ng(L:,;j)
Cllélr + Csup [ @) 408 10 ()glzzds
Clllrs + CT 2 sup (208 Ul

IA

IA

< Cligll - +CT? sup &g+ O)ellzz, w2 - ), (19)
(171

where 1/2 = 1/p+ (1 — 7 — ¢€) for some € > 0. Applying Lemma 2.4 (17) to the second
term in RHS of (19), we obtain Theorem 2.1. O
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1 Introduction
PARZEM X %
X = {$ € Lh(0,1) | [ (1~ )lg(t)] dt < +o0},
TEETS. X 1 ||@llx = Rt —t)|o(t)|dt &/ VAL LT Banach =R
Thb. X ORIEE X, L X, %
X, = {¢p€ X |4(t) >0for ae. te(0,1)},
X, = {9 € X | [[(1-t)tp(t) dt >0}

EL&I. _
RD &) 2 _REHMTHTEAOEFENE (BVP) 2 5.
u"(t) + Ana(t)u(t) + f(t,u(t)) =0 ae. te(0,1), )
u(0) = u(1) = 0. '

CZT,ae X, THY, f:[0,1] x R = [~00,+00] I¥ Carathéodory B
B (Tabb, $XTOue RIIHL f(-,u) FTARKT, BETTD
t€ (0,1) ixL f(t,) PEHBEK) T, BHHREEE  p,p e X, B¢

»Ho T,
|f(&u)l S pr(f)lul +pa(t) weER, ae te(0,1),
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FWTVOLT S, 72, A, &, EHEME EVP)
u’(t) + da(t)u(t) =0 ae t€(0,1),
u(0) = u(1) =
NE n BAE, LYERICE, vweC0,1]ITXL,
Laful(t) = (1 = 1) [\ sa(s)u(s)ds +1 [ (1 - s)a(s)u(s) ds,

TEESNBBIMEHE L, : C[0,1] - C[0,1) D n HHELT 5. B
o BT LD LY0,1) ICBI 2L TH &L, 20EKRCTEHAMEME (1.2) &
XEOWM#E t =0 & t =11 Singularity DT EEREZHFL T3

a=1DkE|2IX, N\, = (nm)? THH, Mawhin [1] %’%U)ﬁgiﬁ%b:
LY, ROEEFAMON TS

(1.2)

T 1.1 (Mawhin [1] %)
a=1¢35%. ¥72, ¢ >0% e L}0,1) ¥Ho T,

'f(tau)l < qllul + QZ(t) (AS R7 ae te (Oa 1)

ELE). ok E, ERIE f(t,u) ° Nonresonant 5t :
St u f(t,u)

0 < liminf ) < limsup ——

lul—=+00 U fuj—+00 U

{729 7% 5, BVP (1.1) 3P % TH—20HE H D,

<(2n+ D7 = A1 — A

ZFLD a=1TEVRE~OEE 1.1 O—f{bL L Tid, O’Regan [3]
2 %. O'Regan i, a(t)>0ae te(0,1) &a DERTOEEICET S
ETF0&GRKRELT, L2(0,1) = {w] [} a(t)|w(t)]?dt < +c0} ET EVP
(1.2) 8L, LX(0,1) D¥#MATBVP (1.1) OWBHEEZRE LTS, £
T, FERIEE f(t,u) SRR REL D TERY BWEFEEZRS ZITT
ool T, BVP (1.1) OBF—R&ICIZIL2(0,1) ICBEZWwI E
IZXoTwnwa,

UTFTiR%Z &, EVP (1.2) &, BVP (1.1) Ot % C[0,1] D&

HMATEZNL, zeﬂll’i:an @iﬁnk—ﬂ‘iﬂsfgé ETHhhH.
Bic o CiE, XA (2 2B CHEE 7\,
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2 EFERE
¥, Banach ZHM X KETAHBOMELERIZOVWTHATEI ).
#HBE 210X LT5.
(1) [Esd(s)ds, f1(1 — s)p(s)ds € L}0,1) TH D,
/01 /Ot sP(s) dsdt = /01 /tl(l — 8)¢(s) dsdt = /01 s(1 — s)¢(s) ds
R LD,
(2)re(0,1) ELXS. v(0)=07%% ve o, ICXFLT,
limo(t) [ (1 - 5)g(s) ds = 0,
72, w(l)=0%% weClYr1] IZXLT,
limw(t) [ sp(s)ds = 0
B Y LD,

#5E 2.1 OFFHIX Fubini DEBIZL 5.
peX ITRLT, Lig() %

LB(®) = (1—1) [ sp(s)ds+t [ (1~ s)d(s)ds te[o,1]

CEETH. BE221ICEY, Lz X 25 C0,1] ~NOFERBHAEBRET
»b. 72, u=L[¢| i, ue AC[0,1]NCY0,1), ' € ACie(0,1) TH o
T, u PEFRERE

u'(t)+¢(t) =0 ae. te(0,1),
u(0) = u(1) = 0.

DRBTHDZ L LFMETHS.

ICHBATWA LD IZL RLY0,1) 5 C[0,1] ~NOIEREL Aztid
aVNT FTCHED, X 5 C0,1) ~DEHFETHE L HEIZa /82
FTEZVw., LA L, Arzela-Ascoli DEBEIZI Y, L IZROBEBRD I /N
7 MEE DD
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fHHE 2.2 yve X, I,
K=L({¢eX||o(t) <(t) ae te(0,1)}),
TERSNLES K 3C[0,1] TEEF (precompact) ThH 5.

ST, ueCl0,1] T3 L, Lyju] = Liau] EERT 5. ||Ls[u]lleo < Jlau|x <
lallxllulle THZ 5, L, id C[0,1] LOFRBEEHETHS. T/, 8
B2212kD, Lo C0,1) LTavnrr s, E6i, fEEEL D
MR LD, ue AC[0,1]NCY0,1), u' € AC1,(0,1) DT Ti%, EVP (1.2) &
VERE L, DEHEMBERE v — AL Ju) =0 LIZFETHS. 2T, X4k
HE ADOKEELIE, NI-)A)#A{0} L%232LThb. 7215L, &R
£ BODEZEM% NB) TRLTWA., ZDLE, N(I-)A) ZHHEE )
e A EAEZEM, ue NI - )A)\ {0} 25HE ) ISHed 5EAERN
Fewy)z izl &),

REE L, DEEEREICOWTIE, RO e Lo,

#WHE23aeX, £T5.
(1) N(I — \L,) # {0} %5, dimN(I - A\L,) = 1.
(2) EBE L, DFHEMER, THT,
D<A <A< 3< - <A< A1 <o = 40
EHERBZENTES.

(3) u€ N(I—XLo)\ {0} 25, ue CY0,1] T, u (XXM [0,1] ICTHE
(n+1) BOFEIL bD.

[2] BT 5 W& 2.3 DIEHIL, BIIERLFELFEIRTEE L, FIE
LT [4] i25Eo .

a(t) >0ae. t€(0,1) XIREL, L, ¥ L2(0,1) LOERAR L AL LH
Alid, BE 23 LRABLRERMASN TS, a € LY(0,1) D& XiZid,
Titchmarsh [5], Coddington & Levinson [6] 1Z& D, (1)-(3) K YLD, ¥
7z, 3] T, a€e X DL &, o DHERTOERICHTIETOLBOTIC
(1), (2) BPEIOVMELDOZ L ERL TS,
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FOMOFEE 2.3 LEBETHHRE LTI, EHEBRICE->TEVP (1.2)
E[EMEZ [0, +00) LD EAERRE % - 7= Elbert, Kusano, Naito [7],
Kabeya (8] ¥4°H 5. TN bHid, BEEHRICEY EVP (1.2) IKFIERLT
HBL, RERIIVoT, L, % CY0,1) = {u e CY[0,1] | u(0) = u(1) = 0}
LDERAELAZLTRRIDTHY, 7] O—2DFERIE a € C[0,1),
a(t) > 0, j3(1 —t)a(t) dt < +oo0 DHAEIZ, [8] Tt a € C(0,1), at) > 0,
a€X DFBEIT(1)-B) PEYILDIELERLTWABI LIZR S,

3 Nonresonant G138
f(t,u) SR KESRL % M7= 3 Carathéodory BI% & L,
f(t,u) f(t,u)

t) = lim inf ——< < 4*(t) = lim sup ———~
Yeo(t) = lim inf === < %(z) imsup =

EL&S. BIE u(t) PSHERERE (1.1) DR LI, ue AC[0,1]NnCY(0,1),
u' € ACin(0,1), u(0) = u(1l) =0 THY, u D (L1) DFBR%ae. t €
(0,1) CHTIEET 5.

TH 111X, ROLHII—&LEhs.

TH 3.1 a€ X, 55, ZOLE,
Yoo e*Xp & (’\n+1_)\n)a_'7°°€Xpa
PEYIUDOR G, EREME (1.1) 3P TH—2% b D,

FE 3.1 OFEBROENE :
WRMERME (1.1) &, ERAEFER .

u= )‘nLa[u] + L[f(au)] (3'1)

ERMETHD. p€ (0 — M) EL, BRK:[0,1] x C[0,1] — C[0,1]
%

K(r,u) = L[(An + (1 = T)p)au + 75 (-, u)]
LERTD. K IESERRFE N -BEHTHLI LAH25. T, &
BB, r>005oT, |ulw>71 %5 u— K(T,u) #0 RS
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N5 . Leray-Schauder’s continuation theorem (2 & 1,
deg(I — K(0,-), By,0) = deg(I — K(1,-), B,,0)
Y %h. 727, Bo={ucCl0,1]] fulw <r} ThB. —F, L, 53>
NI R, T—K(0,)=I—On+p)le 51 1 1THEHD,
deg(I — K(0,-),B,,0) #0

bbb, IoT, ueCl0,1] FHoT, u=K(l,u), $hbb, u i3l

FHEN 31) DETH 5. :
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