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AR R AIRRO LPEB®IZOVT

NNET

BEBREASER
S TEEM R

L. BAL—aA A

AR H B B & UERTH R E IOV LB RR AR DO IOV TBanachZ
M LP(R") ICTHRT AL THI, ERICHE) ORBEWERLZ LTI 3EEVICHENBERD
£ 7% type DRBFBRATH 5,

(i) SEmERITRR .
(1.1) Ou — Au = f(u), t>0,z € R

' u(t,0) = uo(z),

(i) FEERMERMEIR O EB HERX ( Navier-Stokes H#8R)

Giu+u-Vu=~Vp+ Au, t>0,z € R,
(1.2) divu =0, t>0,r e R,
u(t7 0) = UO((L‘),
(i) JEMF Schrodinger HRE
10u + Au = AulP~lu, teR,zeR", ) eR\ {0},

U(t, O) = ’U,o(l'),
(iv) SERE kB HER :

Otu — Au = AulP~'u, teR, zeR"

u(t,0) = up(z), A€ R\ {0}
WTRLFICHID S 2 WHRY R Lo Cauchy B4 ZE2 52 1275, ThboBERITVTR
bEERPBETH) ZOEFENL CHOLNTVT FBHOBEIZTESRIHT 2EHER L LT
BOiEH) ZeNTED UTTRINSHERRADBOBRBBRE L ARAFE(GEYM) % Banach %
BILP(R™) iICTEX %, L #ZMERICEIELIERAEREL L fEuF iz Vur 54 3EEHE
4B, LEREOFEAEFHBLTROL ) IIFKE S,

Owu+ Lu = f(u) t>0,z e R",

u(t, 0) = uo(z),

(1.3)

(1.4)

(1.5)

t REDHB:AMKERER - HBEFEH




S CTERBRCTNGELLZMIZBCTER (2 LB {e71) ok R 5 A b 2 OIMEHR
BT (1.5) i3Duhamel DFIIZ L > TEBE AV TR FERICEL S,

t
(1.6) O O

0
Lﬁ@4ﬁﬁ@ﬁ§wmﬁﬁﬁ%%féaéu:m;5&Eﬁﬁﬁﬁ®%KELf%iémﬁ%E
FRRABOIBTH D,

—RRICREID 52 B EBe~ s s D OFRRTIERLEIR (smoothing effect) %o & x4t

B 5 ¥ RBHEREOIEIIT 2 LD BORH(E0 7 5 A)DOTTH = & 5T D, 1k 4
HARBADSR 5 X BE DO DBATEB L & VRO L 2FRE 2 BT 2 L 2SR s,

IVettuolly < Ct2 w2
COFE L ¥R {e L) 0 HRYE
lle®uolla < Clluoll,
BT AILIcLY
VI uolls < C*lugll2,  O0<a <1

TR5. ERIOFEE ) § HCS LGRS RS Navier-Stokes F#= @80t x L*(R™)
KBV THERTE S (Fujita-Kato DHE). — /3 FEC4FHOFER LRSS Wb b4
ﬁﬂﬁﬁﬁ*ﬂﬂﬂﬁﬁﬁfdl@li&ﬁ%f@smwmmgﬁ%d%ﬁﬁéawoT&b%ﬁﬁ
D#E> THMD regularity A5 L4558 2 & it (—R%Iid) EDLVbITThb, oo smoothing
ﬁmtkwﬁ:k%U%ﬁtwi:&KE%&iT%ifﬁét%uiﬁ®4ﬁ§®ﬂﬁthé
ﬁﬁ%ﬁ@%ﬁﬁwb@604ﬂﬁmtﬁﬁh6$%ﬁ%ﬁtToT&b%

le™ uoll, < Ct uolly v =n/2(1/q - 1/p)

(::TcuﬁﬁkiﬁﬁtmﬁiéﬁﬁiﬁoﬁﬁﬂWf&wkéd%@ﬁﬁD%&@ﬁ%
@ﬁ%&&ﬂ%ﬁﬁ?é)mmmbDiéﬁﬁ@ﬁﬁﬁ@i%%t;bﬂmﬁééo%6—&
Mo bDRRIBRDBETH) LM TEL 2|0 it Navier-Stokes 512 %% B TH 5,
Schrodinger SR TRHIEBOM (p, q) MHEHRMOAFEND, 6 IZHBHER T HIIEK
k%%ﬁ@mghhw%ﬁiféo:h6%%%%t%ﬁ@ﬁﬁ%mwf¥ﬁ%WWﬁﬁﬁﬁ%ﬁ
ﬁ&u;ofﬁ<:tﬁféao%ﬁm&%&%mw%iw%th@7~xuﬁﬁ&ﬁmuﬁé
LR BPEDERICEBBEANTN LS ZIEREN S 5,

ABD L S ILRBHBR L LB(F 2 1E8) e 1t 2/ WTHRSHRR(L6)EET L. 72& 213
?&ﬁ#ﬁiﬁ@%ﬁtﬁ’ﬁﬁﬁiﬂiﬁﬁ%’ﬁ}ﬂi—AL:iﬁ;% BEREBEG L THRE L L BOERIEEET
& ) MEREDS &1L MO LaplacianT5 2 b h 2 b0 & b, BIRDLP-LISEHIZ L h i
BreRFe i@ 2 =B oMoz [ BERUEZWIT I EWbrd 1k 21T %b0 & IS
HRADIER KIH

t
F— / e Pt dt
0

BL7(0,T; LI(R™) 25 LO0, T; LP(R*) O R FIEMETH S = E bbb (2 Tp, g, 6, o
B, b LIRS (u) #F

[ L0, T; LP(R™)) — L?(0,T; LY(R™))




ELo TVRIEHR HBRARDEDLY S E T 2 EEAFOEBORCHIERICL LI L4 TET S
CENTED, IOFREB-BHLRBIRROMEDHINLBITH B, &) FREXIETND
FMEEPBORERLZ VLB EOWSLOME VI B LTE) | FNEBZEMELP 158
BATH D,

BT CIR()-(iv) DARBRICOVWTEDTBEOERF B TO LI L1235,

2. BB FRRDOEKE ,

2.1. LA 2ME-F BB FERDBS. DPoOFHiEEEZ LR (EDESL 2o 72) LPOKiE%
Fujita-KatoiZf > Tih< 5. 7:72 LEOFujita-Katod&ERi2 2. 3 kI TDNavier-Stokes 558
ADVESFEMBISHT 20D TH 7222 2T & ) BB SRAODEENEIZ >V
2%, BF. L=-A LLD(L)= HXRMEF 2, L<HBATWD LS ICBARROEAR
WZDWTLTFAEN Lo,

Proposition 2.1. L=—-A D(L) = H*R") ¢+ %, Sk %

1 z-y|?
e Mup = Girae * ug =/ (———)"/2e‘ T uo(y)dy
Rn 4t

IAYAL LG47r2t = (L)n/Qe‘Lﬂzo

4mt
DT D HEEE
[|]V|°‘emu0”2 < C'ot_a/(“)”%”z

REESHT 2 ZLITLVEPDOOND. 7275 LC > ORI & BT,
ST—RISIHREEE 84 (MY HRR T BREL L LENEROFECHE 12t 2 F 58
to- B O LTEOHBREELEEE L) HFEIENTH S, T4b5

1) u(t) = e"Hug + [ e L f(u(t'))dt!
' IVI*u(t) = [VI*e™Hug + [y e[V [ f(u(t))dt

EER L. TRAEMS L OB FRROEDICH 5 IEHHE L LB 5 DI LB orderd
AL LEBOREORPERBES BTN EL70TH L. L LIS LEFBROH I & &

BORBOERBEERF O EIL S, N BT B DI BEDsmoothing effectx AV 5D
THE. TOFBRREMAMT 52 (Thbbat L DIIBaD)E HFRRASFED LS 2RED
FRPHERLELENE LD L) ZERERMTED L ) 2 IEIC OV TH AL WD 2 b 25
&K##b%.::?dﬁ%%%ﬂt#étb%ﬁ%ﬁn=3,%ﬁ%ﬁ%f@%ﬂﬁktf
HBoTha. (EBRENTESHERDBHAOERN LI kv % BAERE T & 5). REN) HERIZ

Theorem 2.2. F+HEHWEIFEAOWMERE (1.1) =BT fu) = w2 wy € L2rF 5,
:@té%éﬁﬁlﬁ>0ﬁﬁﬁtr(1U®ﬁuﬁfﬁELrcmemL%nC«QTxHV%
KBWTRIENTH 5,

125 L EEs



Proof of Theorem 2.2. $¢°(2.1)0 -0 HFBRIEROLZERE» LU T D L 5 1255 @ =
s,

t
nwﬂm=na“wm+/dw*W”wwwmf
1]
t
(2.2) scwwm+/nww%*www*%mvmw
0

t
s%wm+%/@—w”WW”Wﬂ%W
0

Z 2T Hardy-Littlewood-Sobolev D A& % B vy iy &

1L f 1l < Clif s %=

1 p
q n

RIELLS & Lf =|V|™f = e + fTS5 X 515 fractional integration(f D55~ % #%
) Tho (72 % ¥Stein [38)BM) . Thiu=1/2 n=3 p=2CHNDE

12
3

N =
wit

V7252 < Cllfllsje
eBo. ZOFREXDdualThH 3
lglls < CllIVIY2gll
&GRS HEROFMEIERL T

t
lu(@®)llz < Colluoll2 + 01/ (& = &)V 2u(t')? | pdt
0

t
s%mm+a/@ﬂT“MWf
(2.3) 0

t
s%wm+@/ﬁ—wﬁww%%mn”WwWwww
0 o<t/ <t

< Colluolla + Crt'/“B(3/4,1/2)( sup ¢"*|[|V|"2u(t')||2)?
o<t <t




LTE%. ZZTB(p,q) BetailiThH 5. FHICEZOHERNS
(2.4)
t
IV 2u(®)ll2 < Cot™|luoll> + Cl/ [1V]e™ X071 2u(t)? |lpdt’
0

t
< Cot ™ ugll2 + Gy / (t ~ £) V29|20 () |odt
1]
t *
< Cot™4|juolla + Cy / (t ~ )72 2dt
0
t
< Cot ™ uglly + Cy f (t— )72 7240 (sup 4|V Pu(t) )2
0

o<tr<t

< Cot™lfuolla + C1B(1/2,1/2)( sup /4[| V] 2u(t)s)?
o<t<t

285, (23) £(24) 25

lullr = sup [lu(®)llz + sup ¢"*|[|V]*2u(t)]
0<t'<T 0<t'<T

LBtz
(2.5) lullr < Colluollz + CiTY*Jull3
285, ERMEHEMELT
X = {u e C(0,T); L?); fulir < M}
(72721 4Colluolla < M) &BHEE (2.5)1F & TV < 1/4AMC, DT TE(R

t
O :u— Bu) =e My +/ e L=y (1)) 2dt!
0

VX EORNDERERoTWAEILERL TS, f(u) =u? THAILEEVETE OASGIE
BE% 2L AT TR RN u = O(u)DBDIET & PHHEEREATRE 22 8122 5.
d

2.2. L? estimate& LPIC & 3 #%%-Navier-Stokes 5IER DB E. UL TR~z L20H k% [PIC
% L CNavier-Stokes FBX~D@iE L L TR TA 5. (Kato [19], Giga-Miyakawa [13) @
HE) TTIRRALI b - LA MESRFEROTRRICBVTH RN E DM V|2(H B
it Laplacian® 3~ & (~A)¥2)H L2O#MHTHLTH 5 2 & % B 7245 Navier-Stokes 512
KER) BIERERIC (v Vuk 4720 Vulcd T 2FEARTRTH S, T hid HFER
Tl+o BEMOT A L2 EFLLAVEEZER (4w UEWEOREE) 1 & 5 BRI 2 20
THb. —FRDSobolevDAER % SHICHITT HEMEMTIAHULER 5.

lulls < CllIVIYulla, n=3
IOTERRIZEMAT n =3 DL FOEHEMOLERIH 2
HYY(R®) ¢ L3(R®)

%4i5+ 5 BesovEMTId By2 € BYF = HY? ¢ BY2 <45



TERL & DIEV- L2 Lhomogeneous degreed—3+ 5-Ra e 1,3 BT B RUR R T
MERET D, 22T H2 5o [BrvdBahz BTV COBMGOBBEROTIL 222 5,
% ¥ Navier-Stokes H K & — B 2 LHBRRABROBICEEXET - L2 othn 2 Navier-
Stokes /7 #2313 divergence free’: 25 (vbw Bsolenoidal vector field) 2% & + Projection
operator PiZ& ) MR LREAEAL potential DED L% B = ODHBRICHMTE 31
L % C§o(R™) = {C5°(R™) Tdivergence #%0 & % 5K EE}OLP-normic X 25EMILE L
PP~ 1P
T EDZEMA~Dprojectionk T5. I TLPRLEE 3KRTDONRY M MEERTH D= & 1=k &+
5. FATVHEAIR"247% b Fourier K2 BV TP Py = F-1 (6, — SF TH5ibn
CEFDDL. Chidu= Pu+Vp EBWT div 2EASE5 L Ap=divut%bZ ok
KBS Pu=u—~Vp=u+(-A)"'Vdivu %851t 3. Z Dprojection operator#sL?
(l<p<oo) CHRVEAZIILHB I 13 Calderon-Zygmond #Ffifi £ Marcinkiewicz > # 8 s 2
IZEh E<Hmshtwna,
Navier-Stokes 5#8# i+ Stokes fEI% A= —PA #H\T
Ou+ Au+ P(u- Vu) = 0, t>0,z R
u(t,0) = Puy(z),

ERSNTEH {e7} 0 799 T BRTENITRSFER I
t
u(t) = e Aty — / 4t Py . Tu(t))at
0

THAONE, EX TN R 6P E-A #TREVS TL & POIPERE (1 < p < oo)
P ORBEAL AR EFEEOND, $2bb et = e~tPA = Pe~tB |} T [p.[0 it
X (Gausst%) DEH (c.f. Proposition 2.1 ) POBEBIBLNS,

Proposition 2.3. 1< ¢<p< oo (a<pifp=oc)y= n/2(1/q — 1/p)icst L <
(i)
(if)

B85,

Proof. Convolutioniz#t 3 Hausdorf-Young® R &2 &,

”ezAUOHP =”G41r2t * UO”p
NGarrellrlluolly 1/p=1/r+1/g—1

”e—tAUOHP < Ct_A’HUOHq

IVe™ uoll, < Ct™77/2 g,

(26) S(4mt) ™R (1 )21
<(dmrt) 29PNy
LBt emtA = Peth = otAp 1y Proposition 2.3 #18 5. O
?—fcrem 2.4 (19, (13), [23]). Navier-Stokes i ADMERIE (2.2) 125 VT uo € L
o

(1) #AER My > 0 Hdb-T lluolls < My bz & & (2.2)i% C([0,00); LN C((0, 00); Wwt3)
KBWT BB #o,



(2) IREWMACug € L7 (¢>3) £¥5L& 55 T >0 HFELT (2.2 C([0,T); L3N
C(0,T); W) N L°(0,T; LP) \eB W CRAEY L %22, 7275L 2/0+n/p=1 (n<p) TH
%,

HLITMND LI Th b DRIV TIEZ Dregularity 758 5 M T(2.2) D2 h ZRBFI R U
K HHBLE %5,

Proof of Theorem 2.4. Navier-Stokes F 2D &E % HErk+ 2 eOICHTRFERRIC S L7 h
BRLETIED. .
t
u(t) = e 4y, +/ e~ A= Plu(t') - Vu(t'))dt
(2.7) o,
Vu(t) = Ve Ay, + / Ve A=) p(y(t') - Vu(t')dt
0

Proposition 2.3 LW EHIZ 1<g<p<ookd p,qicst LT

t
[0l = Clluolly+ € [ (¢ =) u(t) - Vute) oot
(2.8) o,
V@l = Ot 2ol + € [ (6= )2 ule) - Vu(®)gar

0

2/5. y=n/2(1/g-1/p)TH%. ZZTn=3LLTp= 3eBREg=3/20 L &
- Vaullsse < flulls] Vulls

ERoTHMENREE) THA. LIANRLERTE_ORER 4 MET 2 & (t—t)"7-12q
By =1/20 2B LD O URMMEN SR L o TRED SV, FRBEL

llw- Vullg < llull- [ Vull,
EFTBI LI THINAEOHA SR L ELMEDLFTIRD &

1 1 1 1 1 1 1
=t - =< - -
T p p p n T p
_nd L 11 1
7—2q p 2 p n r

hEERBE EITn=30LEE—DHBRIp=3g= 3/2, B_oKEBRICp=3,g=2¢L
L TPropostion 2.3 %@ L T4 5% &,

lu®)lls < Clluolls + / (t = )2 u(t') - V(e oot
< Clluollz + / (t = &) Y2t o] Vult") st

t
< Clluoll; + / (¢~ )72 208 (sup flu(t)|ls)( sup 2| Vu(t)]|s)?
0 o<t'<t 0<t'<t

< Clluoll2 + CB(1/2,1/2)( sup [lu(t')l3)( sup ¢'/?||Vu(t))|s)
0<t'<t 0<t'<t



E% s, R oHoFRERIT

| IVu(t)lls < CE 2 uglls + C / (t =) fu(t) - Va(t) |’
(2.10) °
< Ot 2yl + C / (t = )Y (")l | Pt ot

& 7% % 7 5 Gagliardo-Nirenberg O AR% % T

2 Vu(t)ls < Clluolls + Ct/? / (t = &) () |2 u(e) [T 2ar
U 1/2 ‘ _ fN=3/4,=3/4 ;4
(2.11) < Clluglls + CtY/ /O(t )73/ g
x (sup [|u(t)]ls)/2(sup (/| Vu(t')||s)*/

< Clluolls + CB(1/4,1/4)(sup [lu(t')]|s)"/*(sup (¢’ *|| Vu(t') ||3)*2
2185, (2.9) £(2.11) 25

1/2
fullxs = sup |[u(t)lls + sup 2| Vu(t)|s
0<t <o 0<t/ <00

LB
(2.12) full xs < Colluollz + Crffullys
ZHB5. FERICLTZ20F u—victfL T

S [lult) —v(t)ls < CiM JSup flut) ~ v(t)|ls

85, HEIL? DL E LRI 4C|lugll, = MEBWT
X = {u € C([0,00); L%); flufl x> < M}
& BITE X34 metric
d(u,v) = sup |lu(t) — v(t)|ls
0<t<oo
Lo T EREMERE 2200 M < (4C) ' DT T(2F Y Jluolls < (4CoCy) "' 0 FT) Big
t
O :u— Bu) = ey, + / e A Py - Vu(t))dt'

0
ﬁX%L?ﬁ&Eﬁt&ofwéctﬁiéhé.:@%muﬁ%TKmﬁL&w%mﬁﬁéﬁ
HNSVAIEEICH T ) BRABBEBR L2 8120 5.

BB AT R L R T ISR RO S —H S

(2.13) sup [le™*uglls + sup V2| Ve 4tyqll,
o<t<T o<t<T

DEIFRLEFOUE

- —At, L 41/2)) T At -
Jm [le™%uolls = 0 lim #1/2)|Ve™4uqljs = 0




EAVTR2)EBNTTETHAS GERAZ L2 (212)0H—THICHY T 2 HARN THER
HOVWTEBIMESBORDL I Lk B,

2.3. W2FHE & Navier-StokesSI2XD—Bik. # < 75 Leray 512 & h WEH % Ehenergy 5t
# R 7z classdNavier-Stokes IR DD —~ EH A KBRIE L L TR ENS { ORFZEBE DR A
HONTV B2 MOregularity S MERZET L IZL N BA—BETHEI LFHOR TV A,
SMUISerrin® 12 & o T B & 172D TSerrin? E QI 444 (regularity condition) 7% v» L —&#
%1¥ (uniqueness criteiron & % \:i3Serrin£eft) % & & LN %1 2 ZTliLleray-HopfD 5§ &
DD LB OV T—EMEE L TSerrinD R EBAICHIL AN L4 B2, $48%
BROEFBIIOWTOREEME HI172.

Proposition 2.5 (Serrin, Giga, Kato ). 1<g¢g<p<ooy= n/2(1/qg — 1/p)i=x LT
(i)
e F(") | o070y < CllFll o110y
where 1/6 = ~.
(ii)
¢ 3
”/0 e AP dt' | oo,y < ClIF | zotoine)

2L 1o —1/=1—~> 0,
(iii)
¢
I / Ve A P at | aomin < CllFll oo

22L 1/p—1/0=1/2 7> 0

Proof of Theorem 2.5. 1 {$LP-19
le™®F (), < (4rlt)) I F @),

EHMERICOVT Lo L) — L (I; LP) 0855l 3 & B2 LT Marcinkiewicz® =
FBRATAILILL B,
AL LP-L FFAE &

t
”/0 eﬁA(t_t)F(t')dtI”L@(o,T;Lp)
t
I [ lante = O IEE et

= [[l4mt|= x || 7l

L57% L CHardy-Littlewood DA% 2 V5 2 &£ TR O N5, 3 12t LoD LP-LISHE s+
BLLDTHOL L TRABIZEBORD, 0O

Sf AT LP it pg(t) = [{z € R |f(2)] > t}] 428 LT pp(t) < CeV/P ot b oo




& Tu(t) L v(t) R C MM % Mruo k234 5 Navier-Stokes S RA DR HBA 4 G748 & +
4 (mild solution & Hidh2)., $hbby vid

u(t) = e Muy + /t e~ A P(u(t) - Vu(t))dt
(2.14) 0

t
v(t) = e~ Ay, +/ e~ A= Py(t) - Vu(t'))dt
0

*

@, 2T
e AP, (ug - Vi, () = e APV (u(t )y, ()
KEBRLTult) —v(t) =w(t) b &

(2.15) wi(t) = —/0 e‘A(t"t/)Pi,ij(uk(t')wj(t') + wk(t')vj(t'))dt'

I - “LO(()’T;LP) % & "idProposition 2.5 # 5

(2.16) lwlleoorieey <llu ® wllzooziey + lw ® ul| oo 1oy
' S”u”L"(O,T:L’)”w”L"(O,T;LP) + “v”L"(O,T:L")”w”L"(O,T;LP)

12U 1/p~1/8=1/2-n/2(1/q - 1/p) > 0 2>

1.1 1 1 1 1
r g p o p 8
IHODEEDS
1 n 1
37w o
Thbb

n 2
==+~ r>n
T o

235, fEoTHLE u, vTE bl uv e Le(0,T; L™y »o
lullzo o127y, 1ull o go,rtry < M

EWIT RO T < Tha+H/hsGRBRILIZEY

lull e 17,17y, ull Lo o.v2my <

]

LTEBMG(2.16) 76
1
lwll oo re,0y < Sllwllze ;)

BV B L L classDBE (72 & 213 u e LO(0,T; PO —BHARES. ZhHSerrinic & 5
—ERICHT A mESETH B, V¥ % Energy class (Leray-Hopf class) D888 12201 T &
w,v € L°(0,T; L") %54 (0,T)C M i3 —& & % 5.




2.4. Navier-StokesHFERANDL" MELHEL)E. Ll L TNavier-Stokes HHER 34 5 LPZEM (K
LXLO(T; LP)) BV HEYEDE 5 N72b T T 5 HSRPWAE S H 5 ZHIZDYENS 2 S5 h
AEBMXIHLT C(LX)EW)IZEMI N bRV ET AL Lo TWS, BEHIZIESerringtTh
5 (cf. [19])s %I T4 DEAMHDCclass & Serrin® REEA —5T 5 ZHICB VT Lo IIEME
TERT LI EEER 5 (3], [21], [22]) REAEADBDpersistency (—BH) 2 ERT 2746
CLIP) o) ZHPEE L2 S FNICHYT 2 errin D S+ LT &

2 n

7 + > =1 .
Phl=00 L LTp=n¥83,

C(I; L") 5 B SRSRD R TR AYE D i BRI B Bt reguralitydgain

Lo THRONT, ([4])e T ITid #0first stepd L THO—EHICHT 2 BEOHEL B3
([11],5))0 ETRAE I iz —EM 2RI IEEHE

B(u,u) = /0 te‘A("‘/)P(u(t’)-Vu(t'))dt’= /0 t Ve A= P(u(t') @ u(t'))dt’

AT BEEAARRNTH D, FRBesov ZEM & WisForder s WS order (p,q)& LT B2, ¢
LB ROBORTVE,

Theorem 2.6 (Furioli—LemairéRjeusset-Terraneo,Cannone—PlanChon). n =335,
(0,p) & Serrin&kft

2 n
§+;=1, 2§p§2n/(n—2)
T2 admissible pair £ ¥ 5, Ok & FEBEE S 2 5REEER

t
B(u,v)= [ VeAtP(yut) ® v(t'))dt'
0

Iy

1) 5(6/p)—1
LO(I; L7) x LO(I; LP) — L®(1; B2 L

DI EFERE % B,

(2) E#§IZ B(u,v)it
L=(15 1) x L=(0 B — 12(1; BED)
(7272L3/2 < p< 3) DREBRFERE % B,
FHZER., ThbbbhbhOBKRSHLBE p=34L1 2L
B(u,v) : L%(I; L%) x L®(I; L%) — L*(I; B) 5 o)
850 ININHBEMK uy € C(L L% % 2 2DBNE w(t) = u(t) — v(t) KL

(217) “w”qu;B;/ < 2llull ooy |l oo ziLe) + 1wl oo g9

2,00) -

1/q
4% Dnormit ||f”£};,,,, = (Z(zja'“f‘l@f”p)q)
M



ERT wildt L Th e kregularity £ 187: 2 L 12 % %, uw v it L®(LLY) gL Twats w
BL=(I By) C LI BY2 )T b b3, 22 Comid
”w“Lmu;B;_/;) SZC”UHC(IOJ);LJ‘)”w”LwU;B;_/;)) + Cllwllc([o,t);La)”w”Loo(];B;./;)

(2.18)

S3C”UHC<[o,t);L3)”U)HLm(,;B;{;)) + C”“Hc([o,t);w)||wf|Lm(,;321(;)
ERT Bt 2 RNT BOLS (B -l L
1B, wlleqonizs) = llu — e uollcqou;zsy— 0 (£ — 0)

) I=[0,t)icxdL T
(219) ”w”Lm(I;B;‘/i) < SHw”Lw(I;B;‘/:O)
%?‘%T ”w”L“’(l;B;ﬂ) = 0 ﬂif'%%héo

Remark. n =308V TH EORRIBOBHABNEEHOBRIRETE 2, ZDFED
i&uﬂ(EL(dn=3T®}PﬂT@Dﬂ@ﬁ%)?%iotﬁKmmmmpﬂKlo
T LOFFECHRS NI, 728 20T OBEE 55 uo vo Th 5 Navier-Stokes® L>®(0, T; L?)
B8 u, vOVTRD—FpSerrin L4 B 7 L2»2odbbEMER C(r) > st LT
lu—vllL=oriLe) < Clp,n) 72 SN2 L EHPER A > 055 - T

llu(®) = v(t)lls < Clluo — volls exp(Allul| oo 74

@Yo 22 T(p.0)idSerrink % %7K TH 2, (23l BT BHEIR A ) TEROES
BRACLLLPOFEIEL Z ZCOHELIRRL 5V ERE—FK 2 B2 = & BT& 2,

2.5. Navier-StokesHi2X80) (%) L' §¥fi. Navier-StokesHi@sto[ 1 (BWLLP (p<1))R
#eid divergence free ZEM~MDprojection fEAFEAS 45 BRSEH HELDHT L OFRMENED
NN RADEEE 2B, o TP BERE L BT OB ER AV E L %5, break through
BUTOEETH 72,

Theorem 2.7 (Coifmann-Lions-Mayer-Semmes (7D "o M MFuv & 1/p+1/p =112
HLTuelP,vell #odivu=0Lt32, 20EE 4. Vy e H! TdH 55,

Proof of Theorem 2.7. ¢ € C°(B,) ¢,(z) = tro(x/t) RS 1P+ 1/F = Lizst LT
|6e % (u- Vo)| =|¢e(u- V(v - 3)|
=IVéix (u® (v~ 9))| < |Véilloollullsllv ~ 3]s
Bl

— {n+l

(2.20) <ct! (]—]_—?1] 5 |u(r)[ﬁdz) l/ﬁ(,__;t_l /Be [vu(z) — z7|ﬁ’dz) 1/

<c(Miu@P) (557 [ i)

1/q

Nullsllv — 9|5

<c (M) " (M1ve())

SfeM' Li3 fe L »osupy.,|d* fle Lok &




1272 L M[f] i3Hardy-Littlewood DRABI ® 1/5+ 1/ = 1+ 1/n $> THiBM L norm% Y
AEl/p+1/p =142 p LT Hp<pd<p ETELHLEBAMED P (p> 1) HRMLY
lsuplge * (u- Vo)l <CllMIbul? | Z/21MIVoL 128

(2.21) PP

ullp IV olly
0
< #U & 1) Navier-Stokes i X & H' TB Ok = & AWEEIC % 5o Miyakawa [34] 129138
fiug € H' N LAZ3¥ 5 AERME (2.2) % Z X 2 OBMARMOMEL RS L7, DHMECL 2
EDRIRE B & ZMEH Ddecay "B % ) —#&IZiREDorderid & < %2 2,
FEELZODRZZERERAD T~ OBFBERCL OWMBEMELELS L2k 213y, > 0Td
nix

u() s = / u(t, z)dz = / uo(z)dz
ThHENOERug € L'NL? ThHoTHMITMFEL %V, —F Navier-Stokes 5B Tl
divergence 7°0TH 5 Z &5 u(t) € L' % 513> Th

/u(t,a:)dx =0, t>0
THb,

3. FRETHEFIRA L 2OLPOKE

3.1. ¥R Schrodinger FERARE X DLPOFE. £BEFTHBHF BRI RO LS 2R
FSchrodinger AR %2 &SRB E N B, 72 & 2 IEZ DO WAIERIE

(3.1) i0u+Au = AufP~ 1y, teR,zeR*)eR,
' u(t,0) = up(x),

I3t L TR AR ST Dsmoothing effect MBI HRRICH AT Z L1C & ) TREDHED A0
BL<%bo Z&iSchrodingerB HRRUIIMME S B 50w (HMELBROS E Clreed HiER &
V) BELTRRAOBIT LA TIREDIC LS5V, o THTREEEICCOL? 2 £8I0 LT
ABI LR D, & HIFHISchrodinger FEROBITV DD DBRERFHED, T4 bbIkg
FEEAGauge invariance# 04T

(52) (o)l = fuall

(53) P(u(t)) = Pluo)
(3.4) B(u(0)) = Blu)

772 LP(u) & E(u)iE 2R 2h

(3.5) Pu) = ./Rn uViadz

(36) B(w) = [Vul} + 3 ulz2]

SM(f)(z) = sup 187 I,z 1 (2)ldx



LEHESIND, NOORFERTHAASLEL L, b L [2wn L H' CBE MR AR 58 601 AS3EH
TENTES ICHMABBROFEITRE D, ELIITNEDT EALEEDs > Lizxf LT b Rk
LTllIVIFu(®)l|24<3 ¥ B a priori %185 2 LA T AW TRBEZ BB CTEL, D= L
b IR Schrodinger SRR OBEIME % 3T 51213 SobolevZERH HEETH 2,

& TSchrodinger M A I3 HAMA OB A L UKD LA B = LIz LD FOHEEHA
52 LIKBMES TH D, Schrodinger FEADMHPPIEDEE L = —iA L LTREBERE
{4} serid LA BV Tunitary B & % 242 DRBUT R H RO itlo B X2 1 b NDTH5.
Proposition 3.1. L = —iA D(L) = H*(R") £33, =k &

) 1 \n/2 lz=p?
e’Atuo = Gypay * Up = /Rn (m) /26 Tt uo(y)dy

A Al LG4W2“ = (L)n/Qel:_l];o

4amit
ZDRFADIEHidparabolic regularization % &1zt > TR SRS, (BlCvh 2 £ IER %
TIADPLIA+eABEIILT e —» 0DERATB) .
LERRDORFUC L) EB(ET) {2} 0T BL — Lo

-n/2

i 1
lle**uglloo < l4_7rt lluol|x

PELIRONDE, —F ($) B {4} 13 [? — L? OunitaryBIHIETE 255 b0 =5
T#AEDET Riesz- ThorinOBEER % Flvhid {21124+ 5 BT OLP — [P SElind8 5 1
%o

Proposition 3.2. 2<p<co 1/p+1/p=1~= n/2(1 —2/p)icxt LT
I uoll, < Ct|fug|
%5,

O THEETRELOIIBRZERORSA dual exponentiZ % - Tv> 5 & Cfree®Schrodinger
BROBELIT LB THH BV E N I E A ST BHIRTH B,
S TIRMIEAVMERTE DM IZ Z D Unitary B % BT

t
u(t) = eAtyy — i)\/ e A=y () P lu(t)dt!
0

THAOND, THEMOBRITITLUL, — LIBOFRELIEH S NTW e FHILRED HEHR
ROERBIZDWTH SN TV 72 StrichartzaFHl (s 2254) TR B R T 5
EV)ZETHLEBERENDL LD o7, = MSchrédinger evolution? unitary BiZai+ 5 8%
ZERFAHiI3 Strichartz[38]i- 2B L € D& Ginibre-Velo[15], Yajima [46], Cazenave-Weisslar[6]
LHOYURIZE>TEHHALNS LI L o7 T ENEUTICHNS,

Theorem 3.3 ([37],[15],[46),[6]). 2< p < 2n/(n—2)I¥LT2/0=v=n(1/2—1/p) < 1
WY pair (p, 0) % admissible pairk %5, (p,9), (q,0) 2 1EE D admissible pairk + % &

(3.7) le**“uoll oo,y < Clluolla

t
(3.8) “/ GZA(t_t)F(t')dt/”La(o,T;LP) S CIF| o o 1,10y
0

2L ljo—-1/o' =1/q+1/¢ =1,




Proof of Theorem 3.3. ¥ ¥"admissible pair (p,6) 23 LT RERMKD € LF(0,T; L7 )%
& o T LP-LY §ffi Propostion 3.2 {2k 9

I«/ot eSTOR(W)dr, 2()) ((-) 1320 dual coupling)
= /OT /0 ' Xpo (8 ) (e 2V F(t'), ®(2))dt'd|
=| /0 ' /O ' Xoa(E)(F(), e 2=p(1)) dt’Zi’t|
= /OT /0 ' XN EF @)y le™ 20 (2)) ||, dtdt’
< /OT /OT(47r|t—t'l)‘”fHF(t’)Hp/H<I>(t))|lp/dtdt’ (v =n(1/2 - 1/p))
=/OT((47T|t|)_7 1@l I E @) prdt’

<N leD)™ # 1@l o 0,09 | Fll o 0.1,
—<-C”F“L‘9'(O,T;LP’)”(I)”Lel(oy T, Lp,)

fit> Tduality & b
t
(3.9) | /0 IR E)dt o oriney < CIF 1o o.1e
185, KiC
T :
I /0 Xjo. (£ )e AR (2)dt 13
T T . |
=/0 /o Xto.)(8)Xpo. (s)(€ T F (t), €74 F (s))dtds
T T '
= /0 /0 X(0.4(t)Xo.g(s) (€2 F(t), F(s))dtds
T T
S/o /0 (4l = s IE @)l | F(5))llprdtds
T
= [ UEE (i)« 01,0

-<-”F”L9'(0,T;LP')”(47"“')_7 * ”(I)”P’”L"'(O,T)
<C|IFiZ,,

0,T;L7")

t
(3.10) I / 8 F(t)dt 101,20 S CIF o ormzs




(3.9)&(3.10) MM T 52 &2k Y (g,0) ¥2 < g < p % admissible pair& LT

(3.11) H/ A=Y B dt! o o.7;00) < C“F”LG'(OTLP)

BRU(3.10)ndualk (3.9) 2 WM T 5 Ltk p<g<oo 3L T
(3.12) ”/ eiA(t_t’)F(tl)dtl”L"(O,T;LP) < Cl|F|lpor o110y
0 .

FRENE S HICHBATNIEDFADORER 4182,
—HERET H3FMI3(3.10) &L b

[ @), a0

< (to, / / Xiou (e 44 (t)dt)

T T
<Iluoll / / X (t)e~ 2 D(t)dt ]
SCH“O“z”‘I’”Lﬂ’(o,T;LP’)
Duality s &Ko 2 5 li % 185 (]

Remark. EEEDEBDERIZD & DsecsionTHRS & 9 ZEFHBAAD StrichartzZF o
& 9 iZregularity 2 #0 T ZDIHKBOFBEIAT 22 L b TR TH 5,

STHRMELERRT 2103 L > THIET 2O HBRRL FNERF LA b DF BT S¢TE
L ERETEMTRNERLEKT 5,

t
(3.13) u(t) = e®tyg — i)\/ Ay () Py (¢ )dt
0

t
(3.14) IV|%u(t) = 2|V |%uy — iA / e 2|71 |u(t) P u(t)dt
0
72& X i¥(p,p+ 1) % admissible pairk L Tit U D FH 1213 Stricharts 5% BEEAT 5 &

t
llull Loo;rspo+1y <Clluollz + I/\lll/ e () P~ u(¢)d || oo gy
0

SC”ung + M”I'ulp_lu”Lp’(o_T;L(pH)/p)

SC“U‘O“2 + IAII'uHi;’p (0,T;Lp+1)

8%, JITHE%L T LidSchrodingerM D [P — LIFFMETII AT & BT ie Bhbe-E@oig

BACBARB L AR ENLVEV ) ETh B, StrichartzaF T2 = D HA D LBRIS DA

DIHZEMBEBIH T 2 R A R HE O order 2T 2p + LKA I LA ERS N D, R

#*Baillon-Cazenave-Figuria [1] % Ginibre-Velo [14] 253 L& i G022 £ Th oty STE

@l’)l ENITHERIIBE T 2R TH Lol BEINICE S 5, FIEIZADIZ BB ||ull Lpp(o,7;0001) %
ZE38D ||ul| Lo(o,;Lp+1) Teontrol T 2 L EX S 5 DT

' <p

(3.15)



EVIFIRRPSLETH B, F 7-EEFIZStrichartziFE D L4 T

+1< 2n
p n-—2
HEHFIND, ZITirEY
P 1_,_1
p— ¥ p
LoT ~,
2 2 -1 2
(3.16) Zongo 2 y_nle-D
p 2 p+1 2(p+1) " p+1
ZIDHLELI
p<1l+-—
{5, &) —DORIRRIZ
<1+ e
p<1+ 3

THE206 OBFREDHIROFHFE N, TITp<1+4/nDE EiZ(3.15)15EHIC
[ullzeo,r;eo1y < Clluollz + I)‘IT‘s”u”Izj,p(o,T;LpH)

(ZZL6 > 01 +4/n — plfAF LsER) %1850 Lo TTEHHDE BN ||u|ogo.ripeyid
THMED L CHIBTE R L) T8Ik b, MR FIEICL D ZOFES B 515D TRFMREHE
B 5 DDHNERIMBETE Ik 5,

FThbbIITEHZoBOMS LA FBRRXEHV I L OPENLLIZA>TWD EWVD
SV THERABIBRTEL I LITh b, bRAIEIIIBIZL ) IZHBD Linormid(
Energyd ) REFE SN2 D CRAFABEMISMPEDO L normO Kk E EDMZL 5 &S S EHs
BRABIICERTE S (T2bbREVIEMEDRBARBE THS... ) —F Critical case Td
Hp=1+4/n OBEIFMIO=0L%D

Hu”L”(O,T;LP“) < C“u0”2 + [/\l”u“Zp(o,T;LpH)

THoH706n=3,p=3 D& &EDNavier-Stokes FBRITMTHRINEBL E LD luglla 2 EL
BAUTBERIC & & 2V EFE(REA a priori FFME) %55, bW Ssmall data global existence &
HIN AR TH L, —HEBE—HE

lulloorizery < lluollzoorizersy + MUl oo .00y

&L TBITIduy € L2O T TStrichartz 5l 5 E—HOTIZ DWW THO— A REHIES KT % /I
SCEREZDHEIWS L TUIEL 2D, o TRBRIAEIEEOAE SONEHEIZHT 2B
PROFEERS VR 5o ZOBE FHMARIOFE 2 R 720103 ||ull Lo reoe) D TXDWT
DERED a prioriZFEHFLETH S, A < 0DFHETp > 1+ 4/nDHAIIE K E Zdatallsd
Lfﬁﬁﬁﬁ%ﬁumblﬁ’%‘?‘%ﬁ?ﬁiﬂ6h‘(‘b‘é0)’C'”uHLP(,,TH;LpH)U)ﬁfﬁﬂ’ﬂ%ﬂﬂﬁlﬁ%%:h,?,*;:lno
LPLAS> ODBEIIIIHIEBEARTH L EFREINTVE, WTFRIZLAL?OMBAEICT LT
p =1+ 4/nH—MITKBHBDIETE Deritical exponentTaH 5 = L Hbh 5,



STENTVAHMS LA BRE BT SEDLEED LS 2R 2D ThHA D 4 ? FHITEAICIE
BRBREDRENBLBHEVIZETH B, Lk L(3.14)izxt LT R & Ak 3T % 7T 5
PRI TRREDRBITEHNS kv, K (p,p + 1) % admissible pair & ¥ #id

t
IVulleoriLety <Cl[Vuollz + I/\IH/ MOV ()P u(t)dt || oo e
0

(3_17) SCHVUOHQ + ,’\H”lulp_lV“”Ln’(o,T;L(pH)/p)
+(p— 1)”lulp_zuvlul,fi,p’(o,T;L(pH)/p)}
SCIVuoll2 + M [[ullf o 7 ey IVl oo, 7,001y
FEoTHILARIZE >0 (6=0if p=144/n)
el oo rwiorsy < Clitoll + INTJullho o papimns
B b, COFMETIHEOLICL2OBEL ) bBE L b K2 b%\w, I CHEBEADFME
RDEIIH|R Do TTHBELUTOLIIZ5L 3, (g,p) & (s,0)% =2 Dadmissible pair& L
1 1 1 1
. = (=1=-3)==-41,
(318 G (1-h=1yl
L 11
=1 g n
R@ISrEER B TNODEBIIERHEOK Mp L Mg T

(3.19)

(3.20) LS Ak N §
s n q

: 1 11

(3.21) ~=(- 1)(5 -)

TIFRBIENTE D, §5& SobolevdRERD51/s+1/s' =1& LT
IV (P~ u)lls <o — DilfulP~ | Vull,
(3.22) <(p- 1)”””5;,1_1)||V7-‘”q
<Cl{vul}y
€ - T(q, p)?*admissible pairt& 2 = L 12EE L ¢

t
IVullzoore) SCl Vgl + |/\||l/ e 2OV (u() P ult'))dt || oo e
0

(3.23) <CIVtollz + CIAV (0P~ o o)
<CI[Vuolly + CANVI s 110

£ o TR

(3.24) pa' <p

DERGDTT

IVullLeorize) < Cl| Vg2 + CINT(1Vull? 01,10,
ETI2RTTH2, XL = (p—po')/o'p LBV TDEHIITELEMELT/<THE &



%%, —7(q,p) & (s,0)it & b izadmissible pairté 27 5

2 1 1
3.25 S =n(=-2),
(3.25) S=nlz-2)
2 1 1
(3.26) == n(§ - ;),
e d. (3.26) kb ¥
2 1 1 »
(3.27) == 2 _ n(§ _ ;)
DT (3.24) £(3.25), (3.27)%5
1 1 2p 2 1 1
) =Xl 9 (2 _ 2
np(2 q) p o 2 n(2 s)
Zh&E(3.200k 0
p_2 1 p-1
L Qe
2‘n+2+ n
Thbb
. <1
(3.28) p< +n—2

PE2ItOTUTOEREZES,

Theorem 3.4 ([1], [15], [42], [20], [6]). AT T(q.0) iXAEE D admissible pairk ¥ 5.,
(1)1<p<l+4/n &35, up€ L i LT MMME (3.1)0B0 BB AREFM 7 L
TC([0,00); L2y N LY (0, 00; L) TEGDTH 5,
(2)1<p<1+4/(n=2)A>0&¥ 5, ug€ H 123 LT WYIRIE (3. 1) MARER KRty
WHELTC([0,00); HY) N LY (0, 00; W) T#ITh B,
3.2. KAV FRA L XIDLOFE. /B HAHBFRAOMOB L L T—&(LS 7 Korteweg
de Vries HA D MHAHEME
(3.29)' du+Bu+8.fu)=0 teR,zeR,

u(t,0) = up(z),

DHIFOND, KAVARERIRFIp = 2,30 3 12Z2THA CEREMETTRE 4 5 23S
FSchrodinger FRA L EUOUE ¥ EHo, 7oL 2 ITEER

(3.30) /u(t)dx = /uodz

(3.31) lu(®)llz = luoll
(3.32) E(u(t) = 0.u]l? - / G(u)dz = E(uo) Glu) = f(u)
FRLFOBEES %

(3.33) i0u — D, 8%u =0

(772U D, = H9, H = F~! ~i(£)F itHilbert M) & RaidSchrodinger FREAFO X
FROFMIBONL,



Proposition 3.5 (Ponce-Vega, Christ-Weinstein [8]). 2 < p < o0, v = 1/3(1 - 2/p),
1/p+1/p =123l <T

(3.34) lle™ uqll, < Ctuoll,
(3.35) le*uolly < Ct~4ljuolly, 4 <p
55,

FICmMELHELT

1.3 2
p 972 p
(p,q) #(4,1)
23 LT
lle™%*uoll, < Ctfluoll,,
(3.36) 1 1..2
v=—(1--)(--1
5= -1

%D 722,

(3.34)ixevolution B e~%¢ » L[2-unitarity & L®-L! sE» 5. 7 (3.35) i2(3.33) k&
T Alry BIRCRE TZOEMEHEER N MohTVwE I EALBLND, h 5Schrédingery
BRD L & LEBIZ L TStrichartzif i %182 = L 2B TH 5,

KdVH#ER & # < iZidNavier-Stokes i 2 A R B IE D — B 4 B 2 LB A3 5,
EOLOMREEUH TOStrichartz Fl 2 B2 BH2EIT 6N T E 7, ZhidKato 18Jick v 7
R KAV FER (Airy FRER)CHL TR UHTHEIDRS AL, ELF i3 Kenig-Ponce-Vega
DI L > THARAERICE THRE N ERE BB,

Theorem 3.6 (Kato[18], Kenig-Ponce-Vega[28)).

(3.37) 1826 =% ug | Lo 2(0.7) < Clluioll2
t
(3.38) Hax/ gm0t )F(t/)dt,”L‘”([O,T];L?) < CIF| w201y
0
t
(3.39) ”33/ e_ag(t_t)F(tl)dtI”Lm(R;LZ(O,T)) < ClF |\ syrz20.my)
0

COEREA D EFERBIBOM S Hevolution et smoothing effect = X hRIT X h T
Navier-Stokes SRR D T I 2 BB CKAVARR OB B2 BR T2 5, 775 L #
Snorm P BEDRRABRIL LARLT VLD LB & ZHOMEFESE S S L oT WD 2L 70
TORBIITREZLEET S ([28] 288).

4. FEMEBHRAADLPOIEH

MEBE TR T 2 LP FFEEBBBRDOOBEKLH D 2 5 €L LA S S hC &
o BETHZEDIRIZOVTHIESERLT WS, Z DFF I ZA B 12 i stationary phase



methodick 25D TH oL LEHETH S,
W, (thu = FH[jg|#e g

EBnT
sin(27t|V|) 1 B

(4.1) N Tm(Wl(t) - Wi(-t))

(4.2) cos(2mt| V) = %(Wo(t) + Wo(—t)

B EERBEBHHERCH T 2B HERIL
sin(27t|V}) + /t sin(27(t — t')|V])
A 27| V|

ERED, £ITET W,(H) KT 2FMEEE2 2,
Theorem 4.1 (Brenner[2]). 2 <p < fﬂl_?; 1/p+1/p=1y=n(1-2/p) — plcx LT

IWautyully = 1V ¥ ull, < Ot lully

u(t) = cos(2mt|V|)uo + flu(t))dt

%5,

ZHENEBIC
Corolla'ry 4.2, 2 5 p < %, Up+1/p =1, vy=n(l-2/p) —uk¥s, TNk
Xug € WHP' € WHIP 123t LT
(4.3) l| cos(2mt|V [Juollp < Ct=[|V|#uollp

sin(2nt|V|) _ .

. —_— < v K ’
(4.4) | =, < comivEtal,
%5,

Strichartza¥Ffffi (R 225l ) ix Schrodinger D& & AEIE S v 5, BE LB HFRAOBY L
TOLIIZRBET A,

v = cos(2nt|V|)ug + E%ul
(4.5) . /
_ /‘ sin(27(t —t )'VI)F(t')dt'
0 2 |V| '
FhEh
v — Av =0,
U(t7 0) = uO(I)v 8tv(tv 0) = ul(I)

w(t,0) =0, Jw(t,0)=0

LW T HBEBFREROBTH L,
K22 < p < 2n+1)/(n+1—2u) HLT 2/0 =n(l—2/p)—2u 2ir+8@
(p, 0, u) % addmissible triplet & BEL Z & 123 5,

{ OPw — Aw = F(t),



Theorem 4.3 ([2], (37], [16],[24] [17], (29])). (p,0, 1), #EEDaddmissible triplet (q, 0, v)%
p+n(l/2-1/p)—0=1-(v+n(1/2 - 1/q) —oc %7z T oD+ 5 L
(4.6) Ivlizo.rizey < Cllluoll e + fluallgrums)
(4.7) lwll oo, 7,110y < ClIFl Lo 0. 7-547mer)
1L Yo—1/d =1/g+1/¢ =1,
Theorem 4.3 %18 % 1= Brennerit:k® Littman [32]DFF % AV 72,

Lemma 4.4 (Littman). ¢(¢) € C*R") & L k%v® Hessian »rank & T2, A>0 &
Supp v € Bak Bu b h MM L Th B ZHM > 0751 | <

IF " exp(iAd(€))0()lloo < C(1 + A)~*/2(|Jo)|oy + > ID%))y)

asM

ERARNICCOWMELERT 51 LRI 12 phase function % ¢(¢) = |¢]& M B = &4z x
%o ZDE &E = £ Tphase functionb:%‘?’%i%%ﬁﬁ%%‘if%:?@Ef@%;ﬁ’&ﬂl DELAE
S THAHE N 7zphase function ¢(&') O 2 LSRR L% Wi5TE D¥idhessiand EAED
BCRRY FEISLDKTHE, §(¢) = |E|0Btn — IHIET2 RMAIDE L4 D, o s
%Von der CorputD#8 (7: & 212 Stein [39] #&88) 2L h—HEnzo EXNTV 2T B
SEPLBE AV 2ORKEB D, A Lemma 4.4 Db b £ LTHB. X > 0ii3i285R
NIX=F ERTEIVDOCRITHIET 2 FHexp(iAg(€))v(€)] L™-norm i3t L ¢ t=(n-1)/273
ORFE(% L singularity) 28T 2hAt2n TR HBRADOHEMBREDorder ¥ £t = & 127
2, :@Strichartzﬁi‘%?ﬁﬁ%ﬁﬁV‘Tﬁﬁﬁﬂﬁﬁﬁﬂﬁﬁiﬁlﬁﬁﬂlﬁﬁiﬁ@iﬁ%ﬁ%C([; H-)DEgRsyr2e
MLTHRC2 8. ZORTMCREBIEETIL E 212[29), [26)% LOBMRAD D StrichartutFines
RICHE > THRBEDEE 2 5172 B HAT 5Tz o

5. ¥z

::fuzu4Eﬁwxﬁ%ﬁﬁﬁuowf%wﬁwﬁtiéﬁﬁé¢buﬁ&toL# il
TOTEILREE KIRE 2 BB ORFFE - 3 BRATEELOMEL LY bo FRITDENE
NOBEBADFELER L CEY LB RRR 7 728 242 EﬁﬁﬁNavier—Stokes?‘ﬁiiﬁ,
Oww+u-Vo+pdivu=0 t>0,z € R,
at(pu)+pu-Vu=—Vp+Au, t>0,zeR"

p(p) = p*

p(Ov I) = Po, U(O, l‘) = U()(.’L'),
&t Buler 5825,

Op+u-Vp+pdivu=0 t>0,z R

az(PU)-l-pu-Vu:-—Vp, t>0,ze€R"
p(p) = p*

p(0,2) = po,  u(0,2) = up(z),

(5.1)

(5.2)

THREBICET OB LA T B




Zakharovhi s

10 + Au = v t>0,z€eR?
(5.3) O — Av = Alul?, t>0,z € R,
u(0,z) =ug, v(0,2) =w(z), Bw(0,z) = (z)

Davey-Stuartson 5123

Ou+Pu+2u=udv teR,(ry) eR?
(5.4) 0%v £ 3%v = B, |uf?, teR,(z,y) € R?,
U(Oax) = Uo, ’U(O, z, y) = UO(Iay)v atv(ovxvy) = 'Ul(l',y)

REBANTITS 5o SHOOMRIISRETETEANCLS EZ2 N5, KHIETR Q&
8A LHMIEBVTITbh FIOARRABREF LI F - COREL LEICZDROBHOE
FEZ LMK L TR E Nico RRMOMBUIEE S B 7% & 5 12 308K [35]1236 C BE NI b DL 7% 5
TV, 8
EBEFRRUNT 2 EL R LOBRIIOVTRZRZPROFEOEMRIC L 5Bk R A

HoNTWD, e 2iE

(i) —BDOREHFERGR(NR) [43]

(ii) Navir-Stokes##2 3 [25]

- (iil) FE#ISchrodinger 523 [41] [36)

(iv) FERB KB HAER [44)
FRTR>BAZ D2 2D TN DFBRODYESFMERIEIH LT LPOFESEHTHS S =
EIEEDEIEIHE [33)5 5 FHEN T2 ASEE B ITIMERIEIZI LK & < FRZRASER L C oo
BILITEB LAV, (eI (9% &). #7843 D Bourgain®Kleinerman-Machedon & = t
5 LPOFE~OBRR Strichartz5F @i 143 2 Lindblad-Sogge, Georgiev & D3 b HEkix
Vo BELAH I TRBHOBEL EEORIHMED SMAD I ENTELhot, &5 L1t
#RD 5 Dfeedback & I RERDOHE~DBERH I 7% SN DEBHOMETHS S,

REICARMEPET 5104700 BFE2 T —BRBOPIRETRICIZ2OANABEE C 2 T L
2o FHIARRMOBHDKIBIES 2o DIl OB LT AWM B2 BES (7750 ZDH %
EEMI LT TLAREBVE L, LI F—hpbls A B CBRE G VAT L Thb¥TT
SRESBILERLEITET,
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JERATE SIS &% £ 5 phase field FBEROBORME +o k& LELE
DHFEZEEIZONT

EHEER (RMEF—REEH)

1 Introduction.

This is a joint work with Toyohiko Aiki.
We consider a nonlinear system of the following form: Find functions u : [0,00) —
L3(R), w: [0,00) — L¥(2) and v : [0,00) — L*(I') satisfying that

wtw—ADAu=f inQ:=R, xQ (1.1)
vw, — k dw+ f(w) + glw) du in@Q, (1.2)
u=v onX:=RyxT, (1.3)
Ou  Ov

%J{-Ca-l-h(v) ={ on X, (1.4)
ow

= 0 onZ, (1.5)
u(0) =up, w(0)=wp inQ, (1.6)
v(0)=v onT, (1.7)

where R, := (0,00) and 2 is a bounded domain in RY (N > 1) with smooth boundary
I'; v, k and c are positive constants; 4 is a maximal monotone graphin ExR; g: R — R
is a Lipschitz continuous function; h is a bi-Lipschitz continuous and increasing function;
f and £ are given functions on Q and X, respectively; ug, wp and vy are initial functions;
% denotes the outward normal derivative on I'. For simplicity, throughout this paper the
above system (1.1) ~ (1.7) is denoted by CP := CP(B; g, h; f, €; ug, wo, vo).

Phase field equation with constraints under nonlinear dynamic boundary condition
is a model describing some interesting phase transition processes in a vessel, in which u
means absolute temperature field in the interior of the vessel, v is that on the interface
of the vessel and w is the non-conserved order parameter which indicates physical states,
that is, liquid or solid or mushy. Phase field equations were studied by many authors.
For example, Caginalp(6], Visintin{17], Damlamian-Kenmochi-Sato[8] and etc. The above
problem CP was already investigated by [15]. We quote [15] for physical interpretation of
the problem, existenece and uniqueness for the problem. Here, we give some comments on
the dynamic boundary condition. The dynamic boundary condition which includes the
time-derivative of un-known functions on the fixed boundary was proposed by Langer[14]
in 1932. Recently, Aiki proved uniqueness of a solution of Stefan problem with the
nonlinear dynamic boundary condition by using the dual space method in [2]. In [15]
by some ideas used in [2] we obtained the uniqueness of solutions.




The main purpose of the present paper is to discuss the large-time behavior of the
solution {u,w,v} of CP. Precisely speaking, under the condition that f(t) — f* and
£(t) — £= in appropriate senses as t — oo, it will be shown that as ¢ — oo, u(t,-) and
v(t,-) converge to functions u™ and v, respectively, where {u*°,v*} is a solution of the
corresponding steady-state problem for temperatures u and v:

—Au°°=f°° in Q, s,

u®=v* onT,
% +h(v®) =6 onT.

It is easy to get uniqueness for the steady-state problem since h is monotone and bi-
Lipschitz continuous. Also, it is difficult to show the convergence of w(t), so we consider
the w-limit set w(ug,vo, wo) for w. We will show that w(ug, v, wo) is not empty, it is
closed, connected and compact in L?(f2) and any elements w™ of the w-limit set is a
solution of the corresponding steady-state problem for the order parameter w:

-k Aw® + fwe) + g(w™®) 34> on,

éw—=0 onT.

on

Finally, we list some interesting results on asymptotic behavior for the solutions of
phase field equations. In Kenmochi and Niezg6dka[13] the similar results to the above
one were obtained. In this paper, we shall use their argument in our proof. Ito and
Kenmochi showd more precise properties on the asymptotic behavior in one-dimensional
case (cf. [10]).

Notations. For the sake of simplicity of notations we put

V =HYQ), W =L¥Q) xL¥I),
D={ze€ L*Q);z € V,Az) € L")},
Aly,z) = /va Vzdz fory,zeV,
v, ey = [ yede fory,z € L3Q),
v, 2)irry = [yzdz fory,z € LX),

Zz=/nzdm+c/deF for z € V,

where c is the positive constant appearing in the boundary condition (1.4).




2 Existence and uniqueness results for CP

In this section, we will mention known results about existence-uniqueness and some prop-
erties for the solution of CP. First, we give assumptions (A1) ~ (A5) and (A5)’ for B, g
h, f, 2, Ug, Wo and Vo-

(A1) g is a maximal monotone graph in R x R such, that for some numbers o, and ¢*
with —o0 < 0, < 0" < 00
D(ﬂ) = [U*» 0'*];
clearly, there is a non-negative proper Ls.c. convex function 3 on R satisfying that
8 = 83, where 9 is the subdifferential of §;

(A2) g is a Lipschitz continuous function on R; we denote by C, a Lipschitz constant of
9;
(A3) h is a bi-Lipschitz continuous and monotone increasing function on R; in this case

note that there is a non-negative primitive h of h; we denote by Cp a common
Lipschitz constant of  and A™%;

(A4) [ € L2([0,00); LA(R) and £ € Li,e([0,00); L*(D));

(A5) uo € L*(Q), wo € D and vy € L*(T") where D is the closure of the set D with respect
to the topology of L*(£2).

Remark 2.1. (1) From assumption (Al) it follows that the order parameter w
satisfies o, < w(t,z) < o* in Q.

(2) In order to show the uniqueness-existence of solutions of CP we can weaken assump-
tions (A1) and (A3) to the following conditions, respectively: “f is a maximal monotone
graph in R x R; there exists a non-negative proper l.s.c. convex function 8 on R satisfying
that B(r) > |r|? for any r € R and § = 94" and “h is a Lipschitz continuous function on
R (see [15]).

We introduce some function spaces and operators. V becomes a Hilbert space with
inner product (-,-)v defined by

(y,2)v = Ay, 2) + ZyZz fory,z€V.
Then, identifying L(2) with its dual space by means of the inner product (-,-)rzq), we
see that V C L*(Q) C V* in which all the injections are densely defined and compact,
where V* is the dual space of V. We note here that the following inequalities hold;
|zlL2(Q) < CQlZlV and |Z|L2(p) < Calzlv for z € V,

where Cq is a positive constant depending only on €2.



Let Fy be the duality mapping from V onto the dual space V* of V. It is easy to see
that Fy is isometric from V onto V* and

(Fyy,2)y = Ay, z) + ZyZz for ally,zeV,

where (-, ), stands for the duality pairing between V* and V. Obviously, V* becomes a
Hilbert space with inner product (-,-)v- defined by .

(y* 2" v = <y‘,F‘71z*>v (= <z‘,F‘71y*>v) for y*, 2> € V*.
W is a Hilbert space with inner product (-, -)w defined by
(ly, r), [z, 20w == (¥, 2)12@ + clyr, zr)ezy for [y, vrl, [z, 2zr] € W,

where ¢ is the constant appearing in (1.4).

Now, we define an operator E : V — W by putting Ez := [z,z|p] for z € V. Clearly,
the range of E, R(E), is a dense subspace of W and E is linear and compact. We identify
W with its dual space W*. Therefore, denoting by E* the dual operator of E, we have

(E*[y,yr), 2)y = (¥, 2) 2@y + clyr, 2)ramy  for [y,yr] € W and 2 € V.

We give a weak formulation of solutions for CP(B; g, h; f, £; uo, wo, o) in the variational

sense:

Definition 2.1. Let T be any positive number. A triplet {u,w,v} of functions
w: [0,T] = L*SY, w: [0,T] — L*§) and v : [0,T] — L*(I) is a weak solution of
CP(8; 9, h; f, £, ug, wo, vo) on [0, T}, if it satisfies the following conditions (S1) ~ (S4):

(S1) u e L¥(0,T; L*()) N L, ((0, T V),
w € C([0, T); L3(Q)) N Wi (0, T); L) N L*(0, T; V) 0 Lig((0, T} V),
v e L*0,T; LA(T)), B*[u+w,v] € C(0, T} V)N Whi((0,T), V*),
B(w) € LY(Q), and u(t,z) = v(t,z) a.e. on E.

(s2)
(L5 + w000, 2) + AW, 2) + (HOE) - 40,20

v
= (f(t), 2) L2 forall z€ V and ae. t € [0,T].

(S3) There exists & € LE.((0, T}; L*(€)) such that £ € S(w) a.e. on Q and

d

v <a‘gw(t)»7l> + kA(w(t),n) + (@), M@ + (9(w(t), M2
L)

= (u(t),n) L) for all € V and a.e. t € [0,T).

(S4) u(0,z) = uo(z), w(0,z) = wo(z) for ae. T € N and v(0,z) = v(z) for ae. z €.



Moreover, we call a triplet {u,w,v} is a solution of CP on [0, o), if it is a solution of CP
on [0,T] in the above sense for any T > 0.

We recall the existence-uniquness result on CP in [15]: ‘
Theorem 2.1. Suppose that conditions (A1) ~ (A5) hold. CP admits a unique

solution.

3 Large-time behavior of the solution of CP

The purpose of this section is to show the asymptotic behavior of solutions of CP. First,
further we suppose the following condition (A6):

(A6) f* e L*(Q), £2 € LYT), f ~ f € L(Ry; LA(Q)) and £ — £ € L¥(R,; L3(T)).

In order to describe the main result we introduce steady-state problem;

-Au®=f* inQ, (3.1)
u*® =9v* onT, (3.2)
aa_un_ +h(™®) = onT, (3.3)
—k Aw™ + B(w™®) + g(w™) 34> on ), (3.4)
ow*™

= 0 onT. (3.5)

Since h is monotone increasing and bi-Lipschitz continuous, by elementaly caluculation
it follows that 4 € V and v*> € L*(T") satisfying (3.1) ~ (3.3) are uniquely determined.
Now, we denote by P> the problem (3.4) ~ (3.5). However, in general, P> has many
solution w* (see [10]). In the paper [10] Ito and Kenmochi investigated the large-time
behavior of solutions of a phase transition model under the linear boundary condition for
temperature in one dimensional case.

Our main result is stated in the following theorem:
Theorem 3.1. Suppose that conditions (A1) ~ (A6) hold and let {u,w,v} be a
solution of CP on [0,00). Then,

u(t) — u*™ in L} () ast — oo and v(t) — v® in L¥(T) as t — oo,

where {u™,v™} is the unique solution of problem (3.1 )~ (8.8).
Moreover, let w(uo, wo, vo) be the w-limit set for w, e,

w(uo, wo, %) = {z € L*(Q); w(tn) — z in L*(Q) for some t, 1 o0}

Then,
(Ll) w(u()styvO) # 0,'




(b) wlug, wo,vo) is closed, connected and compact in L*();
(c) any element of w(ug, wo, %) 1s a solution of P*.

Proof of the above theorem is given in [16].
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On the global attractor for periodic systems
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1. Assumptions and known results

We consider the following nonlinear evolution system, generated by subdifferential 9"
of time-dependent proper l.s.c. convex function ¢* on a real Hilbert space H, of the form

(E) u'(t) + 8t (u(t)) + g(t,u(t)) o f(t) in H.

At first, to give the class of {p'} := {¢';t € R} we are given two families {a,} :=
{ar;T >0} and {b,} = {by;r >0} in WL2(R) and WL (R) with

! /
SUp |@,|r2(t,¢+1) + sup V[ Lagt g1y < +00,
teER teR

respectively. Then, we define the class ®({a,}, {b,}) as follows:

(p1) (Smoothness of the graph of ¢* in time) {¢'} € ®({a,},{b,}) if and only if the
following properties (i)-(iii) are fulfilled:

(i) Foreachr € Ry, s, t € R and z € D(¢®) with |z|g < r, there exists 2 € D(y")
such that .
2 = z|n < lar(t) = ar(s)[(1 + [£°(2)[2)

and
@'(2) — ¢°(2) < [b:() — ba(s)I(1 + [°(2)]).

(ii) (Coerciveness) There is a positive constant ¢ such that
¢'(2) >z}, Vz€H, VteR.

(iii) (Compactness of the level set) For each r > 0 the level set {z € H; ¢*(2) < r}
is compact in H for any t € R.

Next, for the given {¢'} € ®({a.}, {b-}) we define the class G({¢'}) of the perturbation
g. Namely, {g(t,)} := {g(t,-);t € R} € G({¢'}) if and only if the following conditions
(g1)-(g5H) are satisfied:

(g1) D(¢') C D(g(t,-)) C H forall t € R and g(-,v(-)) is (strongly) measurable on .J for
any interval J C R and v € L (J; H) with v(t) € D(¢*) for a.e. t € J.

(g2) There are positive constants Cy and Cj such that

lg(t, 2)|% < Copt(z) + C1, VtER, z¢€ D().




(83) (Demi-closedness) If {t,} C R, {zn} C H, ta = t, 2, — z in H (as n — +00) and
{¢'"(2n)} is bounded, then g(tn, z,) — g(t, z) weakly in H as n — +oco.

(g4) For each £ > 0, there exists a positive constant C, > 0 such that
(9(t,21) = 9(t, 22), 21 — )| S (2] — 25,21 — 22)p + Cilzy — 2[3,
Vt € R, Vz; € D(3¢'), Vz; € 9pt(z), i = 1,2.

(85) (Coerciveness) For each bounded set B in H there are positive constants Co(B) and
C1(B) such that

¥'(2) + (g(t, 2),z = b) > Co(B)|2|} — C1(B), Vte R, Yz € D(¢"), Vb€ B.

Under these assumptions, we have already obtained the global existence and unique-
ness of the Cauchy problem with the initial data uy at time s in (3]: actually, for each
f € L} (R; H) and each initial data ug € D(¢°) there is a function u : [s, +00) — H
with u(s) = uo such that for any compact subset J of [s, +c0) u € C(J;H), u'(= &) €
Liwe(Ji H), o9 (u(-)) € LLo(J) and f(t) = w/(t) — g(t, u(t)) € O¢t(u(t)) for ae. t € J.
Moreover, if Sy := supycp|flr2¢s1,8) < +00 then for any 6 > 0 there is a positive
constant M, depending upon |ug|g, Sy and &, such that

suput@ls + [ "))+ sup ([ ) + o)y < M (1)

From this results, we can define the family {U(t,s)} = {U(t,s);t > s, s € R} of the
solution operator U(t, s) : D(¢®) — D(yt) which assigns to the initial data Up the solution
u(t) of the Cauchy problem with u(s) = ug.

In this paper, we are interested in the periodic systems. So, throughout this paper we

give the following periodic condition as well as the above assumptions:
(A1) (Tg-periodicity) For some finite time Tp,
P = gt +To,) = g(t,), f(t+To) = f(t), VteR.
For our periodic system, we have had the result of the existence of the periodic solution

with the period Tj in [2].
Remark 1.1. For {U(t,s)}, the following properties hold:

(U1) U(s,s) = I for any s € R, where [ is the identity mapping on D(y*);
(U2) U(t,s) =U(t,7) o U(r,s) forany s < 7 < t;
(U3) U(t+ To,s+Tp) = U(t,s) forany s < t, s € R.

We call {U(t, 5)}, which has the properties (U1)-(U3), a periodic process in H generated
by (E).



Notation. For simplicity, we use the following notation in this paper:
|- |g : the norm in H :

(,-)m : the inner product in H :
B(H) : the family of all bounded subsets of H :
distg (A, B) := sup in£|:c —yly, fol‘, BCH.

Py

reAYE

2. Some definitions and abstract results for periodic processes

In this section we give some definitions and abstract results for a periodic process,
which are used in the next section.

Definition 2.1. Let {E(t,s)} be any periodic process.

() Bo € B(H) is called a uniformly (w.r.t. o € [0,Tp)) absorbing set for {E(t,s)} if for
any s € R and B € B(H) there is a finite time T := T(s, B) such that

U UEFE+oa,s+0)(D@*)NB) C By, Vt>T.

o€(0,To) 7t

(ii) A subset P of H is called a uniformly (w.r.t. o € [0,7)) attracting set for {E(¢, s)}
if

lim sup disty(E(t+ 0,5+ 0)(D(¢**")NB),P)=0, Vse R, VB¢ B(H).

t—4-0co UC_[O,TD)

(iii) A closed subset A of H is called the uniform (w.r.t. o € [0, Ty)) global attractor for
{E(t,s)} if A has the following properties:

(GA1l) Ais compact in H;

(GA2) (Attracting property) A is a uniformly (w.r.t. ¢ € [0,T0)) attracting set
for {E(t,s)};

(GA3) (Minimality) Let A’ be any closed uniformly (w.r.t. o € [0, Tp)) attracting
set for {E(t,s)}. Then, A C A'.

Remark 2.1. From the definition, it is clear that a uniformly (w.r.t. o € [0,T%))
absorbing set for {E(t,s)} is automatically is a uniformly (w.r.t. o € [0,T)) attracting
set for {E(t,s)}.

Definition 2.2. For any B € B(H), we define the uniform (w.r.t. o € [0, To)) w-limit set
ws(B) starting from B at time s for {E(t,s)} by

ws(B):=( U U E(r+0a,5+a)(D(e**°)NB).

t>s 0c(0,Tp) T2t




Remark 2.2. y € w,(B) if and only if there are sequences {t.} C [s, +c0), {on} C [0,T0)
and {z,} C B such that

zn € D(p**o7), W¥n=1,2,..., (2.1)
tn — +00  (as n — +00) (2.2)

and .
E(tp + 0n, 8+ 0p)z, —y in H (asn — +o00), (2.3)

where ¢, — Ty means o, — 0.

Our propositions in this section give the sufficient condition for the existence of the
uniform (w.r.t. o € [0,Tp)) global attractor for {E(t,s)}.

Proposition 2.1. Assume that a periodic process {E(t,s)} has a compact uniformly
(w.r.t. o € [0,Tq)) attracting set P. Then, for any s € R and B € B(H), the following
properties hold:

(i) ws(B) is non-empty, compact in H and w,(B) C P;

(ii) ws(B) attracts B uniformly (w.rt. o € [0,Tp)) as t — +oo, that is,

sup disty(E(t+ 0,5+ o)(D(p3t°) N B),ws(B)) — 0 (ast — +o0); (2.4)
o€(0,76)

(iii) if Y is closed in H and attracts B uniformly (w.r.t. o € [0,Ty)) as t — 400, then
we(B) CY.

Proof. (i) At first, we show that w(B) # 0. We fix 0y € [0,Tp) and zg € D(p*+%°) N B
and consider any sequence {t,} C [s,+00) with ¢, — +co0 (as n — 400). From the
uniformly (w.r.t. ¢ € [0,Tp)) attracting property of P, we see that

sup distg(E(t, + 0,5+ 0)(D(p*t°) N B),P) — 0 asn — +co.
UG[O,TQ) ‘

So, there is some sequence {y,} C P such that
|E(tn + 00,8 + 00)To — Ynlu — 0 as n — +oc0.

Since P is compact in H, without loss of generality we assume that y, — yo in H (as
n — +oo) for some yo € P. Hence, we see that E(t, + 09,5 + 0g)zg — yo in H (as
n — +00). From Remark 2.2, we obtain yg € ws(B), namely, w;(B) # 0.

Next, we show that w,(B) C P. Let y be any element in ws(B). By Remark 2.2, there
are sequences {t,} C [0,+0), {0} C [0,Tp) and {z.} C B such that (2.1)-(2.3) are
fulfilled. By applying the uniformly(w.r.t. ¢ € {0, Tp)) attracting property of P again, we
see that

disty(E(tp + On, s + 0p)zp, P) — 0 as n — +oo.

Therefore, distg (y, P) = 0. Since P is compact in H, y € P. This implies that w,(B) C P.
Moreover, it follows from the fact that P is compact and ws(B) is closed in H that w,(B)




is compact in H.
(ii) We show (ii) by contradiction. We assume that (ii) does not hold. Then, for some

B, € B(H) there are a positive constant 8 and sequences {ta} C [s,+00), {oa} C [0,T0)
and {z,} C B such that

T, € D(p5t9»), ¥Yn=12,...,
tp — +0c0 asn — +00 &

and
disty (E(tn + 0n, 8 + 0n)Zn,ws(Bo)) 2 60, Vn=12,.... (2.5)

Similarly to (i), from the uniformly (w.r.t. o € [0,Tp)) attracting property and compact-
ness of P, without loss of generality we assume that for some y € P

E(tn+ 0n,s+ 0n)Tn) — yin H asn— +oo.

It follows from Remark 2.2 that y € wg(By). This contradicts (2.5), i.e., distz(y,ws(Bo)) =
8. Hence, we see that (2.4) holds.
(iii) We can show (iii) by using the same technique in (1). O

Proposition 2.2. Suppose that the same assumption in Proposition 2.1, a periodic pro-
cess {E(t,s)} possesses a uniformly (w.r.t. o € [0,T)) global attractor A
Proof. We consider the set G defined by

G:= U ws(Bn),

sERneN

where B, := {z € H;|z|lg < n}. Then, we see that G is a required one. Indeed, for any
B € B(H) there is ng € N such that B C By, So, we see that ws{B) C ws(Bry) C G
for any s € R.

Hence, it follows from (ii) in Proposition 2.1 that

lim sup distg(E(t+ 0,5+ 0)(D(¢**?) N B),G) =0,

t—+0 5(0,T)

that is, G is a uniformly (w.r.t. o € [0, Tp)) attracting set for {E(t,s)}.

Next, let A’ be any closed uniformly (w.r.t. o € [0,Tp)) attracting set for {E(¢,s}.
Then, it follows from (iil) of Proposition 2.1 that ws(Ba) C A’ for any n = 1,2,... and
s € R, so, G C A'. This implies that G has a minimality property.

At last, it follows from the existence of a compact uniformly (wr.t. o € [0, Tv))
attracting set for {E(t,s)} and the minimality of G that G is compact in H. ¢

Remark 2.3. In 1], V. V. Chepyzhov and M. 1. Vishik have already obtained the same
results in the case when D(') is independent in time, namely, there is the subset D of
H such that D(¢t) = D forany t € R.

3. Main theorems

In this section, we consider the periodic process {U(t,s)} generated by our periodic




system (E)..
Our first main theorem is as follows.

Theorem 3.1. The periodic process {U(t,s)} possesses a uniformly (w.r.t. o € [0,Tp))
global attractor A.

To show this theorem, it is enough from Remark 2.1 and Proposition 2.2 to show the
following lemma.

Lemma 3.1. (cf. [2, 3]) The periodic process {U(t,s)} possesses a compact uniformly
(w.r.t. o €[0,Ty)) absorbing set By.

Proof. We fix any time s € R. Let B be any bounded subset of H and ¢ € [0, Tp). Now,
we consider the Cauchy problem (E) with the initial data u(s + ¢) = ug € D(e**7) N B.
By multiplying (E) by u(t) — h(t), we get

335 1U(0) = OB, + (#(0,0(0) ~ hO)w + (' (1), 0(0) = (D)
gt u(t)),w(®) = bt = (), () = h(t))m (51)

fora.e. t > s+ o,

where u*(t) € 0p'(u(t)) with w'(t) + w*(2) + g(t,u(t)) = f(t) and A is the (unique) Tp-
periodic solution of #'(¢) + dpt(h(t)) 3 0.
Also, note that

(1), u(t) — h(t))m > ©*(u(t)) — ¢*(h(t)) (the definition of the subdifferential) (3.2)

and
o' (ult) + (g(t,u(2), u(t) — ROk > colu(®)y — e, (3.3)

where ¢y := co(B) and ¢ := ¢1(B) are positive constants given by condition (g5) for a
bounded set B satisfying h(t) € B for all t € R. It follows from (3.1)-(3.3) that

Shul) ~ RO+ 2hult) — A < My MLUNOR G (3

for a.e. t > s+ o0,

where My := 2¢; + 2/ (h()) | Lo(0.15) + 2¢0|hf}m 0,1;) and M := & Here, applying the
Gronwall’s lemma to (3.4), we get

() ~ ()l < fult) — b} + My [ B0
+M, [63}("'” {IR ()3 + 1f () 3y (3.5)

forals+ o <t<7<t+4+ Ty
Taking 7 = ¢ + Ty in (3.5) and multiplying (3.5) by e'mzﬂ, we obtain that

lu(t + To) =t + To)% < e Jult) — ()% + M, V> s+o, (3.6)



where oM T
0
My = =Lt A (R @)% + |F@) 2 }dt.

It follows from (3.6) that foralln € N andt > s+ o

. -1
u(t + ) — h(t + nTo)G < e “F2ult) — RO + Ms (1 - e—ﬁ"zﬁ)

-

Again, by using (3.5) we see that
lu(r) = h(T)|% < |u(t) = R(O)5+ My s+o<t<tT<t+Tp (3.7)

We note that for any t(> s) there are t' € [0,T;) and n’ € Z, such that t = ¢ + n'Ty.
Then, it follows from (3.6) and (3.7) that

n/ng
[U(t+o,s+0)ug ~h(t+0)3 < e 2 {|luglly + |2 o0, 10:0) + Ms}
-1
+M3 (1 - e‘ﬂiﬁl)
_nlegTy
< e 2 {RzB + Ihl%w(O,To;H) + ]V[g}z

-1
+M, (1 — E—E;Q) R

where Rp := sup,cp |2|u.
The above inequality implies that

U(t+ 0,5+ o)upl® < P {R% + IhliM(oyTo;H) + Ms}2 + My, Vt>s, (3.8)

2 _cqn\ 7!
where My := 2|h|fo (o 1y.ar) + 2M3 (1 —e 2 ) . Here, we put

By :={z € H;|z]g < /1 + M}.

Then, by (3.8) it is easy to check that

U(t +o0,8+ U)UO € Bl; Vo € [O) TO)) Vi > 13:8 VU() € D(Lps-i-cr) mB? (39)

4
where tg = To + a lOg[4{R?3 + lhlim(O,Tu;H) + Mg}]
Now, we define the set By by

B() = U U(O’ + To,d')(D(tpa) ] B])

oe[0,Tp)
Then, it is clear from (1.1) and (3.9) that By is compact in H and

Ult+ 0,5+ 0)ug € By, VYo€(0,Tp), Vt >tg+ Tp, Yug € D(p**7) N B,




namely,
U Ult+o,s+0)(D(g**°)NB) C By, Vt>tg+ T
o<[0,Tp)

Thus, By is a compact uniformly (w.r.t. o € [0,7p)) absorbing set for {U(t,s)}. O
Remark 3.1. In [2], we give some important properties of A in details.

"
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Asymptotic Stability for Evolution Equations Generated by
Time Dependent Subdifferentials

KEN SHIRAKAWA, AKIO ITo, NORIAKI YAMAZAKI
AND NOBUYUKI KENMOCHI

1. Introduction i

The motivation of this work is a phase-field model with constraint of the Penrose-Fife
type:

1
[0+ A(z,t,w)] — A (—5 + ;1,9) = q(z,t) in Q := Q2 x (0, +00),
Aw(z,t, w)
9

with suitable initial-boundary conditions; in a solid-liquid system considered in a bounded
domain Qin RN (1 < N < 3), 6 = 6(z,¢) is the (absolute) temperature and w = w(z, t)
is the order parameter with range —1 < w < 1. A is a smooth function on Ry x R, x R
which is convex with respect to w, ¢ is a smooth function on R, p and s are positive
constants and [ is a maximal monotone graph in R x R with D(8) = [-1,1].

Recently, it was shown that this sort of solid-liquid phase transition models can be
written as an evolution equation of the form:

(1.1)

wy — kAw + B(w) + o{w) + 30in @,

w(t) + 0" (u(t) + g(t,ult) 3 f(2), t >0, (1.2)

in a (real) Hilbert space H, where d¢* is the subdifferential of a proper l.s.c. and convex
function ¢* on H, g(t,-) is a perturbation which is small relative to ©*(-) and f is a given
forcing term.

In this paper, as direct applications of abstract results on the asymptotic stability for
(1.2), we discuss the global boundedness of solutions of (1.1), the existence of a global
attractor of the limiting system associated with (1.1), and the large-time behaviour of
solutions of (1.1) as t — +co0.

2. Abstract results
Now, we consider an evolution equation, with a perturbation, of the form

(Es)  u'(t) + 0¢' (u(t)) + g(t,u(t) 3 f(t), t > s (20),

where g(t,-) is a singlevalued operator from a subset D(g(t,-)) C H into H for each
t € Ry = [0,+00] and f€ L} (Ry; H). Also, the Cauchy problem for (E,) associated
with initial value ug is referred as (Es ;ug), namely

() + 0pt (u(t)) + 9(t.u(®) 3 £(8), t > s,
(S) = Ug.

(Ex 5 wo) { .

For any interval J C R, with initial time s, a function u : J — H is called a solution
of (Es) on J, if g(-,u(")) € L},e(J; H), w € C(J; H) N W2 (J°; H) and ¥/ (t) + 8t (u(t)) 3
f(t) —g(t,u(?)) for a.e. t € J, where J° is the interior of J; in addition, if u(s) = ug, then
u is called a solution of (E; ;ug) on J.




Evolution system (Es) is considered for any {¢'} := {¢' |0 <t < 400} in the class
®({a,},{b,}) specified below and for g(t,-) satisfying conditions (gl)~(g5) mentioned

below.

Given two families {a,} := {a,|r € R.} C WEAH(R,) with @, € L'(R,)N L*(R.) and
{b,} := {b,|r € R,} C W (Ry) with &, € L}*(R.), we denote by ®({a,},{b,}) the class
of all families {{} satisfying the following condition:

(®) for any s,t € R and z € D(p°) with |z|g <7, there exists Z € D(¢') such that

{ﬁ—4HSMAﬂ—m@m1+W%@@
£'(2) — ¢*(2) < [b(2) = be(9) (1 + [¢*(2)),

where a,(+00) = tl}{‘_nmar(t) and b,{+o0) = tﬁinoo br(2).
Also, for {¢'} € ®({a,},{b,}) we suppose that
(C) { zeH|o2)+ |zl <r } is compact in H for every r >0 and t € R,.
Suppose further that g(¢,-) fulfills the following conditions (gl)~(g5):

(gl) D(¢*) € D(g(t,-)) C H for ¥t € Ry, and g(-,v(-)) is strongly measurable on .J for
any interval J C Ry and v € L} (J; H) with v(t) € D(¢') for a.e. t € J.

(g2) There are positive constants cg, ¢;, ¢; such that
lo(t, 2)% < co'(2) + calzlf + @2, VE € Ry, Yz € D(¢').
(g3) (demi-closedness) If {t.} C Ry, z, € D(¢'™), {¢"(2,)} is bounded, z, — z in H
and t, — t (as n — +00), then g(t,, z,) — g(¢, z) weakly in H.
(g4) For each £ > 0 there exists a constant C. > 0 such that
[(g(t,21) — g(t, 22), 21 — 22) 5| S €z} — 23,21 — 22)r + Cee|z1 — 23y,
vt € Ry, Yz € D(¢Y), V2! € 84 (z:), 1= 1,2.

(g5) For each bounded subset B of H, there exist positive constants C1(B) and Ca(B)
such that

£(2) + (9(t,2),2— b 2 Ci(B)l2f% — Ca(B), Ve € Ry, Vz € D(¢), Vb € B.

The abstract result, which is concerned with the existence, uniqueness and global
estimates of a solution of (Es ;up), is stated as follows.

Theorem 2.1. (cf. [3]) Assume that {¢'} € ®({a.},{b:}), (C), (91)~(94) hold. Let
f € L (Ry; H). Then, for each s > 0 and uy € D(p®), there exists one and only omne
solution u of (Es ;ug) on [s, +00).




In addition if condition (g5) holds and Sy := sup|fir2ps-1) < +oo, then, for the
>0

solution u of (Es ;ug) on [s,+00) the following estimate holds:
t+1
suplu(t)lf +sup [ " (u(r)ldr < No(L+ S+ fuol}y),
t>s t>s

where Ny is a positive constant independent of f, s >%) and uy € D(¢®) N B. Moreover,
for each 6 > 0 and each bounded set B C H, there is a constant No(Ss, B,6) > 0,
depending only on 6 > 0, B and Sy, such that for the solution u of (Eg;ug) on [s, +00)
with ug € D(p*), the following estimate holds:

sup. ' B ey + Sup, " (u(t))] < N2(Sy, B, 6).

t>s+

Next, based on the above theorem, we define a family {E(¢,s) |0 < s <t < t < +co}
of the solution operator E(t,s) : D(¢*) — D(*) which assigns to each ug € D(¢°) the
element u(t) € D(yt), u being the solution of (Es ;uy) on [s, +00). We see that

(E1) E(s,s) = I (the identity) on D(¢®) for all s € R,
(EQ) E(tg,s) = E(tg,tl)E(t17S) forall 0 < s <t <ty < +o0.

Definition 2.1. Let B be any subset of H. Then the set
=1 U Et+ss(D@)nB)

720t>71,52>0

is called the w-limit set of B under E(t,s).
We consider the limiting system of (E,) which is of the form

(Eeo)  w/'(2) + 0™ (u(t) + g™ (u(t)) 3 f~, t >0,
where g*°(-) := g(+o0, -), assuming that f* € H and
|F(t+ ) = £2le20,1m) — 0 as t — +o0; (2.1)

note here that {¢*|t € B, } € ®({a-}, {b,}) implies that ¢! converges to ¢ on H as t —
+00 in the sense of Mosco [2].
Since (Ei) is an autonomous system, it generates a semigroup {S(t) |t € R.} on

D(¢>); foreach t >0, S(t () is the solution operator which assigns to each uy € D(p>) the
element u(¢) € D(¢*), where u is the solution of (E,) on [0, +co0) satisfying u(0) =
So far as the Cauchy problem for (E.) is concerned the existence and uniqueness of
a solution is guaranteed as a special case (i.e. ¢! = p*, g(t,) = g¢g* and f = f) of
Theorem 2.1. Therefore S(¢) is well-defined as a mapping in D(p>) and has the semigroup
property on D(¢>), and also its w-limit set ws(B) of B C H is defined by

= U S@®) (Dlp=)n B).

T20t>T

We now recall the notion of a global attractor for the semigroup {S(t)}.

Definition 2.2. A subset A, of D(¢>) is called a global attractor for the semigroup
{s(1)}, if




(1) A is non-empty, connected and compact in H,

(2) (invariance) S(t)Ae = Ao for all t >0,

(3) (attractiveness) for each bounded subset B of D(p>),

sup inf |z —y|gp — 0 as t+— +oco0.
2eS(t)B YEA=

The next theorem gives a relationship between the asymptotic stability of the dynam-
ical process {E(t, s)} generated by (E;) and that of the limiting process {S(t)} generated

by (Eco)-
Theorem 2.2. (cf. [3]) Let {¢x'} € ®({a,},{b,}) and f € L (R ;H). Assume that
(C), (g1)~(g5) and (1.3) hold. Then:

(a) There exists a global attractor A, for S(t).

(b) wg(B) C As for each bounded subset B of H.

(c) There is a compact set B, C H such that wg(B,) = Aw.

Assertions (b) and (c) of Theorem 2.2 say that the asymptotic behaviour of (E,) is
very close to that of the limiting system (E.,) as t is large enough. The theorem can be
proved by using global estimates in Theorem 2.1. For the detail proofs of Theorems 2.1
and 2.2, see [3].

3. Application to a phase-field model with constraint

In this section, let 2 be a bounded domain in RV, 1 < N < 3, with smooth boundary
[ := 80, V be the Sobolev space H!(2) with norm

july == {/Q |Vol*dz + noﬂlvﬁdf}%, Yv € V,
V* be the dual space of V and F' be the duality mapping from V onto V*, namely,
(Fu, z) = L V. Vzdz + ng /r vzdl, Vo,¥z € V,
where (-,-) denotes the duality pairing between V* and V and ng is a given positive

constant.
Given q € L?(©2) and h € L?(T'), an element ¢* € V* is uniquely determined by

{¢*,2) := qudz+/hzdl", VzeV,
r

and it is easy to check that £'v = ¢* is formally equivalent to

v

' o +ngv = hon I} (3.1)

—Av=gqin{}




in fact, (3.1) is satisfied in the variational sense that

/VU Vzd.r-l-no/vzdF /q7dx+/hzdF (g%, 2)), Vze V.

By notation Ay we denote the Laplacian, with homogeneous Neumann boundary condi-
tion, in L%(£2), more precisely, .

D(Ay) = { z € H*}(Q) } -g—n%- =0in HZ() }, Anz = Az ae. in ) for any z € D(An).
Clearly, —Ap is singlevalued and maximal monotone in L2(f2).

Now, consider a phase-field model with constraint of the Penrose-Fife type, which is
slightly more general than that mentioned in the introduction:

0+ Mz, t,w)} — A (—é— + p@) =gq(z,t) in Q := 0 x (0, +00), (3.2)
Aw(z, t,w) .
we — kAw + &+ o(w) + —7— =0, { € f(w) in @, (3.3)
5% (—% +u9) + ng <—% + p&) = h(z,t), g =0on % :=TI x (0,+00), (34)

8(-,0) = by, w(-,0) = wp in Q.
Here, we suppose that

e )\ is a smooth function on RY x R. x R such that for each (z,t) € RY x R.,
Az, t,w) is convex with respect to w € R;

* ), is the partial derivative of A with respect to w, i.e. Ay(z,t,w) = £A(z,t,w) for

(:ctw)ERNxR+xRandL,\— sup Aw (xtw)|<+oo
zeQte Ry we(-1,1)

e (3 is a maximal monotone graph in R x R such that D(8) = [—1, 1]; we fix a proper
ls.c. convex and non-negative function 8 on R whose subdifferential 83 coincides

with g in R;
e o is a smooth function on R;
e 1, ng and & are positive constants.
Also, we suppose that A*°(z,w) = tlirgl Mz, t,w) exists for each (z,w) € O x R, A® is
—+00
smooth on £ x R and there exists a non-negative function d(-) € L*(R,) N L'(R,) such
7]
that sup —)\(:l:,t,w)' < d(t) for a.e. t > 0.
zequwi<1 |OF '

Moreover, for the data q and h, we suppose that for some ¢* € L%(f2), k™ € L*(I),
q € LE(Ry; LA(Q)), h € L, (Ry; LXT)), lg(t + ) — q%°|z2(0,1;22)) — 0, and |h(t + ) —




h*|2(0,1;L2(ry) — O @s t — +00. In terms of operators F’ and —Ay our system (3.2)~(3.4)
is written in the form

a <e(t)> n < F(a(e(t) — A( ¢ ())) + pe(t)) >

dt \w(t) —rAyw(t) +§(E) — ale(t ) = A, w(B) Al 1w () (3.5)
(A0 _ (1) |

O'(w(t)) 0 )%

where e(t) = 8(t) + A(,t,w(t)), ¢*(t) is an element of V* determined by (g*(t),2) =
1
(g(t), 2) L2y + (h(t), 2) L2y, V2 € V and ofr) := —= for r > 0.

In order to describe the phase-field model (3.2)~(3.4) as an evolution equation of

the form (E;) we choose as the Hilbert space H the product space L2>(<Q) endowed
with inner product (-,-)s which is defined by (u,u2)y = (e1, Fleg) + (w1, w2)r2(q)s

Yu; = <Z‘) € H, i = 1,2. Also, we define a function ¢!(-) on H by putting

L{-log(e—A(-,t,w))%— §|el2}dm+ -;—AlePdr—{—/Q[i(w)dx

) =9 = (e> € F® log(e — A(-,t,w)) € L}(Q), Bw) € LY(R)
w Hl(Q) ] y Yy ’ b

400 otherwise,

and denote by p™ the function ¢! with A(z,t, w) replaced by A*(z, w).

Lemma 3.1. For each t € R, ¢! is proper l.s.c. and convex on H, D(¢') C

and there are positive constants vo,v1, independent of t € R, such that

e
0 2 nllela + o) =, = () € D16

Lemma 3.2. Put a,(t) = c*]Q[%fg d(r)dr and b.(t) = C fyd(r)dT for allt > O and
r> 0, where || is the volume on ¢, s a positive constant satisfying |- |v- < al- |2 @),

= |z {1+ (1 + 4uo) |9| 1 [ d(r)dr} and v, 11 are positive constants obtained
n Lemma 3.1. Then {¢'} € <I> ({a-}, {b:]).

Lemma 3.3. (cf. [1]) For each t € Ry,

L*(9)
D(aspt) — { (z)) & H2>EQ)

andzf( )e&p <> then

e = Fla(e = A, t,w)) + pe), w* = —kAyw + € — ale — A(, t, w) Au(-, t,w)
for some £ € L*() such that € € B(w) a.e. on Q.

ale — A, t,w)) + pe € V, ?9 =0 in Hi(T), }

3¢ € L*() such that £ € B(w) a.e. on

(3.6)



Moreover, we have

(ui —uy, w1 —ug)y > pley — 62]%2(9) + &V {w, - w2)|i2(9),

vVt € R., VYu; = <§;) € 0D(¢"), Yu; € 8t (), 1= 1,2.
Now, combining expression (3.5) and (3.6), we sée that our system (3.2)~(3.4) is

reformulated as the evolution equation

u'(t) + 8ot (u(t)) + g(t,u(t)) > f(t) in H, t >0,

L3O .
where g(t,u) = <_pi/\(2;)t’ w)) for u := <§}> € HI%Q)) , ft) = (q O(t))

As to the operator g(¢, -), it is not difficult to verify conditions (g1)~(gd).
Consequently, we see that all the assertions mentioned in Theorems 2.1 and 2.2 hold
true for the non-autonomous system

(Es)  w/(2) + 00" (u(t)) + g(t,u(t)) 5 f(1), t > s,
and its limiting system

(Bx)  w'(t) + 0™ (u(t)) + g™ (u(t)) 5 f=, t >0,

- oo, L o
where g>(u) := < ui)iwg ,w)) for u := (S} € Hl%ﬂ)) and f* := (qO ) with ¢ €

V* determined by ¢ and k™ as before.
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B4k p-Laplacian DL & cubic like DRI

7R RE (RREI)

E-mail: 697m5041@mn.waseda.ac.jp

1 (LIS

AE T, ERMAREOLERELSTE L OXFRFETHD.
;B{t p-Laplacian ZFLBIA L LTH B, cubic like !ORIGHEEZ b2, RORIGIEBFIEXEEZD.

e = Al P20 )e + [uf7"2u(1 - Juf"), (z,1) € (0,1) x (0, +20),
(P) € «(0,¢) = u(1,t) =0, t € (0, +00),
u(z,0) = ug{z), z €(0,1),

IITp>2,922,r>0&L, AREDSTA—F LT A, (P) DRIEIAIX, source DI |ulf™?u
L ZNR LG VY BB EFED absorption DI |u|9tT 2y kB RRoTEY, TOL D BRKIGE
% L OBRGILM A L, Fisher R (% 5V X Kolmogorov-Petrovsky-Piscunov F&R) H—
BleEZONRD.

L<HLNTWDIHRL LT, p=gq =2, TRROLREFLEO & D (P) {22V T Chafee-Infante
OFFF [1] (Henry [3] bBBENIIVY) B35 5. BOITNEBROEE, EXHLBEOCREDEE, B
USEEROTEMRERA LTV S, BICEEMBECOVT, AR M\ = ((n+ 1))~ n=0,1,--
FEOLTEVBESLE, FREH (0,1) i n AOESE L2 2 00EERFEBRALIET D
EVWOELVWEREBTLS.

(P) x5 EFRER

spy J I8P 2 0e)e + et o) =0, =€ (0.1),
3(0) = ¢(1) = 0.

T3 DM, Guedda-Veron [2] it p-Laplacian (%#Ef) L7 FAK) OEFAEMEEL LT, p=g >

1. »> 0, T724% homogeneous DIFEIZOVT (SP) #FFFE L7, HHiL, p=q 2HH (SP) X

BAE LR CIEEEE O L, B2 p=q>272561E, +H/EV X ISH LT flat core 2%
LOEFRBMBEETDILERLTVS.

BeAREELoTWADH, SHII—BM2p>2 ¢>2 r>0 EVIFEIZOVTKREBMED

TEE, TERSKOELSOEE, BLUOSEEBOREMLRAS L THD. FBHTIILEY D

VY77 OFKA 3 KERO LI RABE I OBLAZ LT S.
2EIMAF LI > TV A M. Kamin-Veron [4] L BB .




. EEEEICEVT, GRL) FRELEABOBKIZEDL > REBEYEZX 0D, BESGOR
EAp, g r ICEDLIILEETIONLV I ZLEER LI

2 JEEEME (P) ITOLWTORER
T, FEEME (P) WXL TRROBERBELND.

Theorem 2.1. For any ug € L2, there ezists a unique strong solution u(-) of (P) in [0, +00) with

satisfying:

u € C((0, +00); WyP),
tl/zu,(t) € L*(0,T;L?) for every T > 0.

HHICIE, AESERROEDOES L OEREERFEAO—ER (FIxif Otani [5]) &, W7
O—EEMHEE VS, 3L < X Takeuchi-Yamada [6) 2BBanrzv. EE 21 2EH#L LT, 25
{2 (P) A% L? {23347 D dynamical system 2 &£ T 5 Z L RHR50OT, FO—fx# (B & T Henry
B) ZBATHILITLY, w-limit set (ZBTHROELEV/BOND.

Theorem 2.2. For each ug € L, w(ug) is non-empty, compact, invariant and connected in L?
and

dist(u{t; uo);w(ug)) = Ein(t; )||u(t;uo) — Ujoe = 0 ast — +oo. (2.1)

Furthermore, it holds that
w(to) C Ex = {6 € W3 P M|6:P~26:)s + 16197 26(1 = |6]7) = 0 in (0, 1)}.

£ 02 ATELTVHDIE, L2(0,1) OLARBEEIMIEL LT, (P) ORIIMMBREL &
LITH D EER C—HITES LI L THD. T EER LEVLORIKD LD 2HEH
LD BIZEEEREENRS B, NERESTH L L RINTEDRLIE, (P) OBREISHDIVLD
OEERZI—BRINET D LB TE B35, 72 Ey OMEIIHSW TR L DA TWRRWALTH
4.
KDL HREBMERLEBSLND (upper solution, lower solution D EREL (6] ZBRENTZV) .

Theorem 2.3. Let u {resp. v) be an upper (resp. a lower) solution for (P) in {0, +oc). If
u(0) > v(0) , then u(-,t) > v(-,t) for every t € [0, +00).

CER, RBEEROLZICIREITHIEV IO OERTILZETHD.
ip=g> 2 DEXIMBNE, B\ A MFRIINE XD IMMARS S FREOERE L ORBESFITRDI A2 K
LEoTHONRTWVS, LoTINEEICIIHDVOLEODEERUIMKT S LIZFRTERL.



3 RBEREE (SP) OV TORBRLEER

(SP) D#EES E, DML time-map method IZX > TH~RLND. BAEMIIXRO X S R2HFE

<& D : (SP) Dfth D I HIHMERE
- Ay + f(¢) =0, z € (0,450),
$(0) =0, ¥(0) =,

(0= ¢ P20, F($) =919 26(1—|8]")) ZEZD. EOME ¢(;a) EFDHLE, RFA—F a
ERCESEDILILY ¢(La) =0 £2DE 572 ¢ ZRTZENRTENM, TRIREVBEST
(SP) DRRIZIZ > TWB LV I biF THS.

&T, A%, YIWMERIRE (IP) &2 k5. 9, (IP) O

F(¢) + i\_(.ﬂ___ﬁlwlpl(p—l) = Mk’lp/(”_l), (3.1)

p P
BT L BbRD. ZIT, F(4)= [ f(s)ds ThD. (3.1) & éu-phase plane ICHAT S &
1D X327 %, (IP) Of&iL, ¢y-phase plane ETIE, P MERANIZ - THE L TV HHLEIC
LTV, 28, & (6,¥) = (£1,0) ITFHERTR->TWASZ LIZEZELIRBI Y. ¥, &
BHITIE ¢(1) = 0 L R DBARR L 2507200, RT A% o OEHIZ0 < a < ag IR T

TV Esbhnrd.
BELHT o, =0 &R2D 2, Tiabb

X(a) = inf{z € (0, +00); ¢, (2;a) = 0}

EFEETHE, TR PAOHBUCEHEN Q ICBETS B 2R LTWHEEZONRD. £
DEKRT X(a) % time-map & FATWS. (3.1) LERMEERLND, X(a) &

_ 1/p réa
X(a)={%} [ F @) - FoN s, ae (0.00] (3.2)
EREDBIEMRDMA. LT
Ia) = / (Fla) - F($))"?dg,  a€ (0,1]

EV S BT EATRE, X(a) T

X(a) = {5(—”;11—)}1/P1<¢a)

EREND. BT, ¢, 1L (0,a0] 225 (0,1] DE~OHBEMPAKTH 255, X(a) ® (0, 0] I
BT DEBIIAENIC (a) D (0,1 KBITZEHERLTHD. [(a) DEHIOVTOROFHEIL
BEETHD.

54 (0,0) bFEWATHEA, MILLTHAOLDSITLEETIIRZL.




Lemma 3.1. For any p > 2 and ¢ > 2, I(-) 1s continuous in (0,1). In particular, I(1) =
limol(a) is finite. Furthermore, I(-) has the following properties.
a~31—

(i) For p > q, I(-} is strictly monotone increasing and

03%1+ I(a) = 0.

(i) For p =g, I(') is strictly monotone increasing and
1
i = J, = pl/P _¢Py-1/p
al_l'r(r)1+1(a)_]g_p /0(1 i) dt.
(ii1) For p < q, there exists a* € (0,1) such that I(-) is strictly monotone decreasing in (0,a") and

strictly monotone increasing in (a*,1). Moreover, (-} satisfies

Hrgl+ I{a) = +0.
FERRIZ, AR SWLEEBIC VTR
I(a) = O(a'~%?), a0+, (3.3)
(F(1) = F(¢))" P =0((1-¢)"%7),  ¢51-0 (3.4)

EVIF—F—THBINDZ LN obMn5. MORRICOVTIE 6] #8BEAEL.

R 3.1 IZBWVT, (1) < %0 1 X(ap) <00 EWVVIZ L EBHL TV SRR, it Y-
phase plane I3V T P(0, ) H>5H Hi%E L 72 BUEASEHA Q(1,0) ICHIREFR] X (o) THLET 3 =
EAHRBZLEERLTV A, (3.4) I2Lhid, Zhix p-Laplacian DB{EEIZL B LD TH Y,
g X r ERERBRTHD. TLT, Q(L0) KEE LS L, MEIMEREREME CEFLT
(Q(1,0) BERIZALHIND), ZNND R(0,—ap) ITHAND ZENTEIDOTHS. BEOS
ETRATIL. REDSEE off 7Y THRE LT (IP) OBRIL, 2 = X(ag) T 1ICETH I LA
TE, ZDHL r=X(ag)+c (CIHEBOHANER) FT1E2EVET FRdd 0@l
TRILLTWK ZENTERDTHS.

¢y-phase plane DXHMEEEE L T EOER Y TiL, (IP) OROBIKITIFELITIRETE 5.
EORBR, BHETHL (SP) DRESDWERLADOEN, B LVBMIL [6] 15 & LTEE
T~ EHEE WS ODFEOERY LTEL.

E}, = {¢ € Ex; ¢ has [-zero points in (0, 1) and ¢.(0) > 0},
~E\ = {¢ € Ej; ¢ has l-zero points in (0,1) and ¢.(0) < 0}
= {-¢i¢ € E}}
=0,1,2,), #LT
Mela) = ,%1(2('“ +1I(a)™,  ae(0,1], k=01
E\ OBEERYHE~5. K2 LAY TRTETNITEVTH S,
SHMUMLMOBIIIZDE SR iz, I{(1) = 400 THBEZ LM 1) KLY TRENTS.




Theorem 3.1. Let p > q. For each A > 0 it holds that
[=<]
Ex = {0} U{£E3}
i=0
Twhere each EY satisfies the following properties. R
(a) BS = {63} for A > 0.

(b) FA> M(1) forl =1,2, -, then E\ = {8}}.
() IfO <A< M{}) forl = 1,2, -, then E\ is diffeomorphic to [0,1]".

In particular, for every A > 0 there exists a unique positive solution of (SP).

Theorem 3.2. 3Let p = ¢ and define

Ae = 1—7L1-(2(k+ DI)~?,  k=0,1,2,-- .

Then it holds that
{i) if A > Ao, then Ex = {0},

k
(it) if A > A > Ay, then Ex = {0} (J{=EL),
=0

where EY has the same properties as (a). (b) and (¢) in Theorem 3.1. In particular, (SP) has a
unique positive solution if and only if A < Ao.

Theorem 3.3. Let p < g and let a* be the constant given in Lemma 3.1. Then it holds that

(i) if A > Ao(a), then Ex = {0},

k
Gi) if As(a®) > A > Aega(a®), then Ex = {0} | {=E}},
{=0

where EY = {¢4} U F. and F} has the following properties for each 1=0,1,--.

(a) If A= A(a™), then F! = {¥.).

(b) If Mi(a™) > A > A(1), then F! consists of a single element ¢} satisfying #5.(0) > ¥, (0) and

1> |65 ()| > [Wh(x)}| for all = € (0,1) except for zero points of ¢ and V4.

(c) If (1) > A > 0, then F} is diffeomorphic to [0, 1] and ¢.(0) > ¥,(0) forall ¢ € FL

In particular, for every A < Ag(a”), (SP) has exactly two positive solutions wg, ng satisfying
9.(0) > ¥3,(0) and #9(z) > ¢5(z) for all z € (0,1).
(3.4) I2 X~ T, flat core & bLOMAFET HDIL p-Laplacian OBEHEIZOHRER LTSI LT

FOIIR AT, X5, THLDRENLDMDI LT, BEMALOLILp L g & D homogeneity

TERICIIL IV E D W BLEN, ABELL.
BuskD T EIH, TORBRII[ OLOLARTHS.




Lo TORBEZIDBEVIZETHD. ZRNREROEIS, (33) KEELTWA. p<q DHBE
IS —2HFETHIE LEBTREATHS ).

4 BEEBMOREHICONT .
SETHN LIEERLEOCESORETEND, E\, BKOLIIZKRBTELZ LAEbM5.

Ey = D {£G)},

(=1

ZIT, DX (SP) DENLRIMBEST, G, HKRTEALND :

empty set if A > N(1),
Gh=(E! ifO<A<A(l)and p>q,
F! if0<A< A(l)and p<gq.

DL RLILE, FE 22 LBEEENLKROERNFOND.

Theorem 4.1. For every ug € L2, u(t;uo) satisfies one of the following conditions:
(i) [Ju(t; uo) — blloo = 0 as t — +oo for a stationary solution ¢,

(ii)

dist{u(t; ug); G oo = int lfu(t;uo) — ¢llo = 0 ast = +oo
$€G,

for a continuum G4, { =1,2,---.

EE 41 LHERER (E' 23) &b, FEFROLEMESLAS. TORB, B L0
EOITARASNNHEL /2 DA, time-map DEBILFE L RHKBEMN LNDZ :Bbns. BRI
2ITHITTHL.
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The Cauchy problem for nonlinear Schrodinger
equations with magnetic fields

Yoshihisa Nakamura Kumamoto Univ.

We consider the following nonlinear Schrédinger equations with a poten-
tial in a magnetic field,

iy = % Zn:(—ic?j ~ A;(t,2) P u+ V(t,z)u + F(u) (1)

=1

H({t)u + F(u), (t,z) € Ry xR,

where A(t,z) = (A(¢t,z), A2(t, 2), ---An(t,z)) is a vector potential, Vit z)
is a scalar potential, F'(u) is a local nonlinear operator.

We consider local Cauchy ploblem of Egs.(1), in this article, we regard
Ou as distribution on R”, we construct weak solutions u that u(t) € L2 H?
or H?, and consider local smoothing effects for H'-solutions. Then, we need
to consider linear part of Eqgs(1),

Gu = %Z(—iaj — Aj(t,z))Pu+ V(t,z)u (2)
j=1
= H(t)u, (t,z) € Ry x R™.

To construct local solutions, suppose A(t,z), V(t,r) and nonlinear term
F respectively satisfy with the following assumptions. 8, = (G1,,,,,0,) and
multi-index a = (a4, ,,, o), o7 = (dgr,,, , Ogm).

Assumption A For j = I,.n, A;(t,z) is a real-valued function of
(t,z) € R' x R™ such that 924,(t, z) is C" for any multi-index a. For |a] > 1
we have, with some ¢ > 0

192 Bi(t,2)] < Call +1e))7'7*, jk=1,..,m, (3)




|07 At, 2)] + 1070 A(t, 7)1 < Ca, (t,2) € R! x R?, (4)
where Bji(t,z) = 0;Ax(t, z) — O 4;(t, ).

Assumption V V(¢ z) is a real-valued function of (¢,z) € R! x R™ such
that 97V (¢,z) is continuous for every a. For |a| > 2 we have

|2V (t,z)| < Ca, (t,z) ER' x R™ (5)

Assumption F1 F € C!(R%R?), with F(0) = 0.
Assumption F2 |F(()] < M(1+ (™), (€¢C, 12 p< oo

We can construct a weak solution for an initial data which is a L2-function,
under these assumption.

Theorem 1 Asaume (A,V,F1,F2) with 1 < p < 14+4/n. For each ¢ € L2
;there is T > 0,depending only on |[¢||2 , and a unique solution u € C(I; L?)
of the Egs.(1) with u(0) = ¢.

Theorem 1’ In Th.1, u € C(I; L?) depends on ¢ € L? continuously.

To construct H'- and H2-solution and consider local smoothing effects,
we change assumptions of A and V.

Assumption A’ For j = 1,,,n,A;(z), which is independent of ¢, is
satisfied with Assumption.A.

Assumption V’ V/(z), which is independent of ¢, is real-valued function
and bounded from below. For |a| = 2 we have,

8%V e L* (6)

Remark Then there is V; which is satisfied with (VYand Vg > 1, we
have V = I/O + Vl.

More we introduce the following assumption.

Assumption A” Under (A’,V’) we have,

|A(2)] < CIVo(2)"?, = e R™ (7)




Then we rewrite Eqs(1) by

idwu = Hiu + Viu+ F(u),t > 0,z € R, (8)
1&, .
Hy = 5> (=85 ~ A;(2))+ Yo(a) ©)
Jj=1

We can construct a weak solution for an initial data which is a H!-
function, under these assumption.

Theorem 2 Assume (A’,A”,V’F1) and, if n > 2, (F2) with 1 < p <
1+ 4/(n — 2). For each ¢ € D(H*) = H'n D(V}*)there is T > 0,
depending only on (lHll/2¢||2, and a unique solution u € C(I; D(Hlm)) to
the Egs.(1) u(0) = ¢.

Theorem 2’ In Th.2, u € C'(I;D(Hll/z)) depends on ¢ € D(Hll/z) con-

tinuously.

At the same time, We can construct a solution for an initial data which
is a H%-function.

Theorem 3 Assume (A’ JA” V' F1) and, if n > 4, (F2) with 1 < p <
14+4/(n—4). For each ¢ € D(H,) = H*N D(V,), there is T > 0, depending
only on |H;¢|l2, and a unique solution u € C(I;D(H,;)) to the Egs.(1)
u(0) = ¢.

Theorem 3’ In Th.3, u € C(I; D(H,)) depends on ¢ € D(H;) continu-
ously.

We consider the smoothing property of the solution to Eqs.(1) constructed
in Theorem.2.

Theorem 4 Let u denote the solution to the Eqgs.(1) in Theorem 2.
Suppose p > 1/2.
In the case 1 £ n < 6, the following holds.
J @y =Dy u)dt < oo (10)

where || - ||; is the L? -norm.
In the case n > 7, if p < 1 + 2/(n — 4), then the above inequality holds.



The following notations are used in this article.

I=10,T)]
( , ):L%-inner product.
| llg: L%-norm.
L0 = LI 1Y)

I Mlgs: L¥*-norm.

r=4(p+1)/np-1)

r=r/(r—1)

S = S(R™): the space of rapidly decreasing functions.

1 Preliminaries

Proposition2.1 (Yajima[3]) Let T > 0 be sufficient small. Then There
exists a unique prpagator U(t,s) defined for 0 < |t — s| < T by for Egs.(2)
with some properties.

Lemma2.2(Yajima[3])Let T > 0 be sufficient small, 0 < [t — 5] < T.
Then for 2 € ¢ £ o0,

U, 9)flly < Cle ~ s| 027V fllgr, (11)

where ¢ is the index conjugate to ¢: 1/¢+1/¢' =1, and the constant C does
not depend on ¢, s, and f € S(R™).

We introduce the following spaces as Kato[1].
)—( — )_((I) — Lz,oo N Lp+l,r
X =X(I) = C(I; L*) n LPHir
X'=X'(I) = L>' + L*V/?7
norm|lullx = ||ull2.c0 V llullp+r

I £llx = inf{[l fillx + | fellvrrfpr | f = fr + f2}

Set s = 0, for simplify, we define two linear operators I' and G by

(Te)(t) = U(t,0)¢, tel, (12)
(Gf)(t) = /0 ‘Ut f(r)dr,  tel (13)

Lemma2.3
[Tolix < Cllll2, ¢ € L?, (14)



IGfllx < C'lfllx,  feX, (15)
where C,C’ are independent of T

Lemma2.4(Kato[1]) Assume that F satisfies (F1,2). Then F € C1(X; X')
(cf. Kato[l]) with g

IF@ e < MiTlulx = M ulk, ueX, (16)
IF (ol < (MT + MT|ulZ v, wveX, (17)

where M), M, are some constants, § = 1/r —1/r'=1— 2/r > 0.

2 The proof of Theorem.1.

We prove the theorem by solving the integral equation
u=®u) =T¢—1iGF(u). (18)
Let E[E] be the closed ball in X [X] with radius R and center at the origin.

Lemma3.1(Kato[1])  maps E into E if R is sufficiently large and T is
sufficiently small, both depending only on [|¢ll2.

Lemma3.2(Kato[1]) ® is a contraction map in the X —metric.

Using the fact that a solution u of (1) coincides with the unique fixed
point of ® in E, Theorem.1 is proved.

3 The proof of Theorem.2

Lemmad.1(Kato[1]) Assume (V’). V can be written in the form V = Vp+ VW,
where both Vp, V; are real-valued, and

Vo€ C= Vo 2 1,8Vp € L™(k 2 2), (19)
Vi € L=(k < 2). (20)
Lemmad.2D(H;) = H*N D(V,), and D(H11/2) —H'N D(Vol/z)_

Set 94 = 0 —14,Q(x) = Vo(z)Y/2, we introduce the following function
spaces




Y = {u€ X|ou € X,Que X}, ully = lullx V 0ullx V | Qullx,
Y = {f e XI8f € X',Que X'}, || fly = lullx VIoflx VIQulx,
Lemmad.3 ¢ € D(H;) implies that 9¢,0ad,Qp € D(HY?) = H' N
D(Vs").
Let Ty, G, be operators defined by(15)(16) with Uy(t, s), a propagator for
Hi.

Lemmad.4 Let ¢ € D(H)) and f € L*(I;D(Hy)). f v =TI —iG:f,
then

A4v = 11040 — iG1((6Q)Qu + 3f), (21)

Qu = 11Q¢ ~ iG1(AQ + 2(Q)(Bav) + Q) (22)
Lemmad4.5 Let T > 0 be sufficient small, 0 < |t — s} < T. Then

Ty : D(HY?) — Y, ITidlly < clHi*8ll2, ¢ € D(H,'), (23)

G :Y' = Y ||Giflly <clflv, feY" (24)

Lemmad.6 Let u € Y, f = Viu + F(u). Then f € Y’ with
I£lly: < e(My + K)Tllully + M:T?|ull} (25)

where 8§ = 1 —2/r > 0, K; < 0o is a constant depending on V1, and M, M
are as in().

Let E[E] be the closed ball in Y [Y] with radius R and center at the origin.
It is our plan to apply the contraction map theorem on E to the function &.

Lemmad4.7F is a complete metric space in the X-metric.
Proof of Theorem 2. We set
u=®(u) =T1¢ —iG1F(u), (26)

and apply Lemmad.1-7 to this map, we can proved as the Proof of Theorem
1.




4 The proof of Theorem 3.

Let n > 4. Set k as the following,
n 1 .
==(1--= < ‘ 7
k=G0-0),  @<k<D) (27)

Then by Sobolev’s Lemma,
L* > H* 5 H? > D(H,) = H*n D(V,). (28)

Lemma5.1(Kato[1]) F' maps H?* into L? continuously, sends bounded
sets into bounded sets.

Note that, since V; € L*®, Viu € L? for u € L%
We introduce the following spaces;

X, X : asabove.
zZ {u e L*(I; D(H,))| Ou € X}
= {ue X|Gue X, Hue L*°}C L=(;L%)

Lemma5.2 T is bounded from D(H,) = H? N D(V,) into Z, with
bounded independent of T.

Lemma5 3 Let f € L?>* with 8,f € L%* for some ¢, s such that .

2 = 14 2 Then f(0) exists with [|f(0))lz < [ fllze0, and Gi1f € Z w1th
||G1f|l < cT[|f||2°<,+c”8tf||qs If, in particular, f € C(I; L?), then G, f € Z.

Lemma5.4 Z C L™(I; H¥) N Lip(I; L?) € C°(I; H*) C C°(I; L), with
lu(t) — ()2 S cft — 7lllullz, ueZ, (29)
lu(t) = u(r)lizp < clt ~ 7°Ylullz, we Z, (30)
where § =1 -k > 0.
Given ¢ € D(H,), set
E={u€Z||ullz < R u(0) = ¢} (31)



Define the map ®; by (32).

Lemma5.5 Let ¢ € D(H,). Then &, maps F into E if R is sufficiently
large and T sufficiently small, depending only on || H1¢|2.

Lemmab.6 ¥, is a contraction map in the X-metric.
Lemma5.7 E is a complete metric space in the X-metric.

Proof of Theorem.3 We apply Lemma5.4-7 to the map ®,, and we can
proved as the Proof of Theorem 1.

5 The proof of Theorem.4

We consider smoothing property of the solution u to Egs.(1) in Theorem.2.
First the property of the linear part of Eqs(1) is given by the following propo-
sition the property of the linear part of Eqs(1).

Proposition6.1(Yajima[3])Suppose that (A,V) be satisfied for Eqgs.(2).
Let T > 0 be sufficient small, p > 1/2 and p > 0. Then there exists a
constant C,, > 0 such that for s € R?

[ DU ) IRl < CulDP TSI f e SEY. (32)

-T
By the above fact, the proof of Teorem.4 is sufficient to prove the next
lemma.

Lemma6.2(Sjolin[2]) Assume (F1) and, if n > 2, (F2) with 1 < p <
1 +4/(n—2). And let u € Y, defined chapter.3. Then F(u) € LY(I; H')
for 1 < n < 6. Under the additional assumption p < 1 +2/(n — 4), F(u) €
LYI;HYY forn> 7.
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Abstract In this paper, we consider the asymptotic behavior of e~itHy _ gmitHoW* ¢ in LI
- spaces (2 < g < oo) as t — *oo, for Schrodinger operators Hy=-Aand H=-A+V.
1 Introduction and Theorem

In this paper, we consider the asymptotic behavior of the solutions to the perturbed
Schrodinger equations.

U(O,.'Z) = ¢,

where u is a complex valued function of (t,z) € R!xR*(n>30dd). H=Ho+Vis
the Schrodinger operator on H = L?(R™), where Hy is the free Hamiltonian Hy = —A =

{iatu = Hu (1)

n 62
-y prt V is the potential function and we impose the following conditions on V:
j=1 7

Assumption (V).
n—1

Let n* = .
et n’ = ——p

1. V is a real valued measurable function.

2. ((z)°V)" € L™ (R™) for some ¢ > 2/n*.

3. V e L{R™).

4. There exists some § > max{n + 2, gn — 2} such that

Io} n—-3

B
| (;ﬂ) V(z)] < C{z)™® for any |B] < ——



In the above condition, ¢ and ¢ denote the Fourier and inverse Fourier transform of &,
respectively. (z) denotes (1 + |z|?)/2. LP(R") is the usual L” space on R™ with the
Lebesgue measure, and L2 (R™) = {f € L} (R™)[(z)*f(z) € LP(R™)} is the weighted L”
- space. Note that L{(R") = LP(R"™). H**(R™) is the function space where (z)*(1 —
AY/2f € L*(R™). We denote the norm of these function spaces by || - [|z», Il - llzz or
|| - llgs.=, Tespectively. We denote the space of rapidly decreasing smooth functions by
S(R™) and the space of compactly supported smooth functions by C§°(R"). For the
Banach spaces X and Y, B(X;Y) is a set of bounded operators from X toY. If X =Y,
then we denote B(X; X) by B(X). For.z ¢ o(Hy) ( or z € o(H)), we denote the resolvent
of Hy ( H resp. ) by Ro(2) ( R(z) resp. ). For X\’€ R, we denote Ro()\ +10) ( or
R(A+10) ) by RE()\) (or R*()) ), where R(\=10) is the weak limit of the resolvent, i.e.
(¢, R(A£0)y) = lim (¢, R(A + €)¢))

Under the assumption of V, the unbounded operator H on H can be extended as a
lower semi-bounded selfadjoint operator with domain D(H) = D(Ho) = H*(R™) ( see
Reed - Simon [9] ). Let e=*H and e~*#° be the strongly continuous unitary group on H
associated with H and Hy, respectively.

The wave operators W, are defined as follows.

Wi=s- lim ettt  in N, (2)
Note that the strong limits in (2) exist and the wave operators have the following prop-
erties ( see Agmon [1], Kuroda [7] ).

(1) (partial isometry) For any ¢ € H, |[Wxt|lzz = ||¥]|z2-

(2) (completeness) RangeW, = RangeW_ = L% (H), where L2 (H) is the absolutely
continuous subspace of H ([10}).

(3) (intertwining property) For any bounded Borel function f on R!, we have f(H)W. =
Wy f(Hp).

The wave operator plays an important role in the scattering theory. In quantum
mechanics, we can guess that the solution u(t) = e ¥ ¢ to (1) approaches to the free
state v(t) = e~*Hoy for some ¢ € H as t tends to -+oo, if ¢ € L2 (H) (the absolutely
continuous subspace of H). This conjecture is true if we choose ¢ = W, ¢.

In addition to Assumption (V), we need the spectral condition on H.

Assumption (S). 0 is neither an eigenvalue nor resonance of H.

We call that 0 is the resonance of H if there exists a solution v € L2 (R") for
any v > 1/2 but u ¢ L*(R™) such that —Au + Vu = 0. This spectral conthlon is very
important since it assures that the resolvent R*(A) has no singularity at A = 0 (see Lemma
2 or [5]). If there is a singularity at A = 0, then the decay order of e *# P,. € B(L?; L9)
becomes less than n(1/2 — 1/q) (see [6]) and we can not obtain the L” boundedness of
the wave operators Wy (see Lemma 4 or [11]). It is known that H does not admit zero
energy resonance if n > 5 or V(z) > 0.

We state the main theorem.




Let (V) and (S) be satisfied. (1) Let 2 < ¢ < oo and 1/p = 1 —1/q. Then, for
b€ 12.(H) N LP(R™), the quantity e=# — e=*HoW ¢ belongs to L?(R"), and

le™H ¢ — e W igl1e = of|t| P7P) as t — Foo. 3)

(2) For ¢ € L2.(H) N L*(R™), the quantity e™*#¢ — e tHol/1 6 belongs to L*(R™),
and

) ) 1
: = —itH —itH, * . -1
i 17 (670 — e OWLG) = e (Bol $){(=0)7'V Bol} (4)
holds in L(R™). In Theorem 1, (—A)~! denotes the opera.tor defined by the convolution
L - T(n fy) .
ith the Newton potential, i.e. (—=A)"'f(z) = / . By is
wi e Newton p (=A)7 flz) (an)™ I‘("‘l) Iz — y2 dy. Bo

the 0 th coefficient of the expansion of operator (I + RE(NV)! € B(H*(R™)) for
24+1<a<b6-%—1(see Lemma 2 below or [3] p 64, [5]), and it has the following form

Boy(z) = (I+(=4)"'V) 'y(a). (5)

Note that the function Byl means that the operator By operates on the constant function
1 which is considered as an element in H"~*(R™).

For the characterization of the term in the right hand side of (4), we show the propo-
sition. Let V satisfy Assumption (V). Then the following results hold.
(1) f n > 3, then Bol € L*.
(2) (~A)"'V Byl € L=(R?).
(3) Let n > 5. Then, for any ¢ with 2 < ¢ < o0, (=A)"'VBel € LYR™). The LP — L7
estimate of the operator e ™ P,, is obtained by Journé, Soffer and Sogge [6]. They ob-
tain the decay order of e ¥ P,. € B(LF; L7) is the same as that of e~ if the spectral
condition (S) is satisfied. Recently, Yajima [11] showed the similar result of the decay
by proving the L? boundedness of the wave operators W.. Yajima applied his results to
the LP-L9 estimates for the propagators of Klein-Gordon equations with potentials. The
assumptions on V in this paper is almost similar to that of Yajima since we use his result
to estimate the high energy part.

It follows from the definition of wave operators that the L? norm of the quantity in
Theorem 1 tends to zero as t — too. But Li-estimates for this quantity seems to be new.

We prove Theorem 1 only in the case of t — +00, since we obtain the results in the
case of t — —oo in the same manner. We use the well-known formula which follows from
Cook’s method ( cf. [10] ):

(W, e g — e oW g) =1 / ~ (emito-0Hoy, V=7 ) do. (6)

We use L! — L™ estimate of the operator e=*"Fo :

le™ 0|l grrpeoy < (4nT)™2. (7)

Since this estimate has a strong singularity at 7 = 0, we have to estimate the right hand
side of (6) carefully when o is near t. Hence we decompose (6) into two parts.

(w’e—itH¢ _ C—itHOW:_Qs)




o) . i +€ . X
i [ (e oy, Ve g)do 44 [ (e oy, Ve g)do
+€

t
t

t+e
t

= i/oo(e""”%lz, Vet 6+0H gy ds +i/ (e~He-tHoy, Ve o Hp)do (8)
= I(t;%,¢) + J(t: ¥, ¢). 9)

We further decompose I.(t; 1, ¢) in (9) into two parts. We use a low energy cut off
function n € C=(R*) defined by

1 ifa<1,
"(’\)'{0 if2 <\ (10)

Then we have

(The I‘Ight hand side of (9)) = Is(t; "/)’ U(H)¢) + If(tv '(/}) (1 - U(H))d’) + ']S(t; 7% ¢)
= Ie,l(t;wa ¢) + Ie,h(t; 'd)aqb) + Je(t; ¢’¢) (11)

We call Io(t;%, @) ( resp. Ien(t; 9, ¢)) the low energy part ( resp. high energy part).

2 Estimate of Low Energy Part

We have the following result for the low energy part. Under the conditions (V) and (S},
we obtain

lim 2 L(t9,8) = ([ #w)dy) [ (4mi) /Aoy, V Bol)ds

-i[ (47rlz')% (508, V Brg(—0) " $)ds, (12)

uniformly with respect to 3 € L*(R™) with [}|;: < 1. In Theorem 2, the operators By
and Bn_z € B(HY) (a > % + 1) are defined as

Bop(z) = (I+(=8)"'V) (), (13)

Buab(@) = L) [viy)Bop(s)dy) Bol(o) (14

477 T'(n —~ 1)
To obtain Theorem 2, we substitute the formular :
1 00
~(s+t)H - = —(s+t)A [ p+ _ p-
e~ (H)p = — [T n(Ne" MR (V) - R-(N)gdA (15)

As a result, we need some estimate of the resolvent for A near 0. We introduce the lemma
which was proved by Jensen and Kato (cf. [5], [3], [4]). [Jensen and Kato] Let n > 3 be
odd. Assume that the spectral condition ( S ) holds. Then, for & > % + 1, we have the
expansion as follows.

n-1
(I + RE)V) L= 3 e*™/2\2B; + o(A™D/?), as A | 0in B(H"*(R™)), (16)

7=0



where B; are bounded operators on H L—o(R™) and that they have the following properties.
B;=0 for joddwhen0<j<n-—2. (17

One can differentiate the error term o(A™~1/2) any number of times in B(H"~*(R")) and
we have

oY o()\(n—l)/Z) — 0(/\(11—1)/2—1) (18)

Remark The existence of the inverse (I+ RF(\)V) ! follows from Fredholm’s alternative.
Precisely speaking, for A > 0, the operator RE(A)V is a compact operator on H"~*(R™).
Hence, we have only to show that the operator  + RE(M\)V is injective. This is true if the
Hamiltonian H has neither nonnegative eigenvalues nor 0 resonance. If 0 is an eigenvalue
or resonance of H, then the operator (I + Ry(A)V)~! has some singularity at A = 0 (see

(3], (4], [5])-
3 Estimate of High Energy Part
For the high energy part, we have the following result. Under the assumption (V),
Jim 211, 6) = 0, (19)

uniformly in ||¢]iz1(R®) < 1. To get the strong decay of Ics in Theorem 3, we use the
integration by parts (precisely speaking, the oscillatory integration technique). Since Icn
has the following form :

nlti,8) = = [ [ e N1 = n)) e oy, VIm{RF (W)} )drds,  (20)

we need some estimates of the resolvent and its derivatives for large A.
[Jensen and Kato] Assume that |V(z)] < C(z)™, (y > 2N +1). Let N+ 3 <a <
¥~ N — 1L Then, forj=0,...,N, we have

” Y, R*(Msrziz) = O F) as A — oo (1)

4 Estimate of J.(t; ¢, ¢)
Under the conditions (V) and (S), we obtain
| Te(t; 9, @) < Ce/2 2|9l e |l e (22)

To obtain Theorem 4, we need the lemmas. Let V € L}(R™).
(1) For any 7 € R, the operator e"HoVe~"Ho belongs to B(LP(R")) where 1 < p < oo,
and

le™HoVe 5ol g rpy < (87) 3|V |11 (23)



(2) For any 7,0 € R with T # o, the operator e”#0Ve*# belongs to B(L*(R™); LY(R™))
where 1 < p<2,1/p+1/qg=1, and

e Hoy emiHo || g ooy < (8) T3 (dm|r — o) THVPTYD|| T 1o (24)

From Lemma 4, we obtain Let V € L'(R"), 1 < p < 2and 1/p+ 1/q = 1. Then,
N
e HoV e mHOY Ve HO gy < (4] Y ) IV (8) 2 V) ¥ (25)
=1

The following result was proved by Yajima. [Yajima] Assume that the conditions ( V
) and ( S ) hold. Then, for 1 < p < oo, the wave operators W, can be extended as an
operators in B(LP(R™)) and there exists a positive constant C such that

IWellae) < C. (26)

For the proof of Lemma 4, see Yajima [11]. Note that we have the formula :

Je(t;9, 9)
N-1 = 4e roo oo . . ;

= Y i [ [T [ ety yerintioy vesntow: )i, . doy
j=1 t -4 Oj—1

1

t4€ o0 oo N . .
4 /t / / (emHon—on-Boy  ye=ior=ty ye=ionHyrdo | doi (27)
a1 g

N-1

By using Corollary 4 and Lemma 4, we obatin Theorem 4. we obtain Theorem 1 from
Theorem 2, 3 and 4.
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COBFERE  — MIBNEZK (RERFHFER) LOHAERE (10] ic&ES<.
§1. WA
P Bmgka s ER

uy — Au = F(u,uw, Vu), (t,z) € R"™ (1)

DRODFRRMEICDNWTEZLS. S OIERIRICA LT (1) IO 291HEREDMIL—
ECIZRBRYICEE R T, BREREAKR MERT 21 ZLEESHAShTNWS D, EIRIC
EDEDTBRBTIOPEHE AP >TWRN. Tib5

FREA (1) icH T 2 9BEREOR DS RIERICHFE LRV L E, WDEZTEDLS
WKBRTLIOR?

LS REICA BRRE S E DBSN TV, SOREECEUT n = 1, F(u, v, Va) =
lu]* (1 < @ < co) DIFAIT Caffarelli and Friedman [2] IZIRDO LS REREZRL TN 5.
FEIE A (Caffarelli and Friedman [2]) l<a<oo £T 5. t=0 TS HPRIET—%
BEZTE Z uy —ume = ul® (¢ >0,z € R) OHIR u(t, z) IXHRIABIICEET B,
X HRIFNE (¢, z) FEADH 3 C! space-like B ¢ = p(z) L TEEAL RS, TRD
b |¢(z)] <1(z €R) 2% p € CLR) BEEL, {(t,z) : t < p(2)} Tl u(t,z) FHE
T limy_p(zy_o [u(t, )] = co &2 B. & BIZED blow-up rate IXHMAHER uy = [uf°
DHDEFLTHS.

BB u(t, z) DELET DRADFEHDER ¢ = p(z) % blow-up boundary LIE.
Caffarelli and Friedman 3] Tld n = 2, 3 DIBEICH 2RMUEH = THHIT—FICH LT
EH A LEIRDOEER, 725 blow-up boundary IZFRFZEAD C! space-like HIEI &R D,
blow-up rate IX A SRR uy = [ul* DHDERLICRBIERTRLTNG.




FEARYIAT —4% 252 THHHEREORORREZRARDZ L WS RHETH o =2,
BICHIDCEZ RN E O DR EBRT 2LV HEDEL SN, TR
BB QcR* HE5ZohiLE R*\Q T (1) 2&EL o0 L CHRMEZED
BB u(t,z) 2RO L. HLU R\ QB H2HHHE t = t¢o ZSH L T 3.

COREBFEENICHREINANE t = t, THHT—Y 2527 (1) oHT 5918
EREDHET 00 ETREMEZ I DEPBRINEZI LIRS, BAAEHEAILD
Uy — Upe = || ICH LTI 0O S space-like BIFR TRV & EIXREB OBILHELE LR
DTEDEL S L C R IIH UTHEB P EERICHRIT 2 D0 E 3BT RV DD
M E2%. ZOMEBICEEL T Kichenassamy and Littman, Kichenassamy D—3# D
X [8], [5], [6] Tix—MEX /= Fuchs BRMAHEAORBHEANT F(u) = e* DFE
BETNT—RE LTHRRITTEZ 57 space-like HHE LICRRMEE S DEEMALL
T3, HU BHSAER up = F(u) DRREFREZERICLTZOREL LT (1) OFE
AL L TV B DT blow-up rate IXEWIHRR e = F(u) DHDOERAUTH 5. R
RETRNICE T2 ZOMOBRICTOWTIE 1], [7], 1] 288

§2. SEELNER

EREZK (REXRZEFER) LORFEME (10] TiEn=1, Fu,u, Vu) = uf —u?
DFE, Thbb

Uy — Upp = U2 — 2, (t,z) € RM! (2)
N UTHEEBICDOWTENEL A, BRAHER un = o OEREOBRHLIZEZZS
g, TRNETEZTNVEDOL Y BPICHEMRBRRZPEZ 2P o2DT
WET 5.
FH]1 FEOp>0,1€{0,1,2,- -} CHLT
Y |8/8%u(t,z)| = O(|(t,x)| ™) near (t,z)=(0,0) ()
J+k=l

ZiGd (2) D u(t,z) € C°(R™\ {(0,0)}) BELETS.



EHE2 geC®R)ikg)>0forz R, [Tg(z)dr >2 BMETLRETS. 20D
X & u(0,z) =0, w(0,z) = g(z) 2% (2) DR u(t,z) D blow-up boundary i space-like
C™ HREL 5.

EHE3 geCeR) IHBEH R>0IIMLTg(z) = g(-2), g(z) > 0 for |z] < R,
glz) = 0 for |g| > R, [*Tg(x)dr = 2 BEETLRETS. TDOLE u(0,7) = 0,
w(0,z) = g(z) 2% (2) DE u(t,z) D blow-up boundary & t = R+ |z| £ 72 5.

E EMOHER ue = o O—BBL u(t) = ~loglei — t) + & EHS I D blow-up
rate IZEE 1T p=0DFAIIMIETS. EHI1TIE Q) KRIhUAEEEp>0
@ blow-up rate PEETEIELEFERL TS, BE 2 F(u) = |ul* DBELERKIC
H % space-like B F CTHRET 2 -DD+4RHFE5I TS, FE1LEEFEIH»S (2)
@ blow-up boundary i space-like BIFRIZ 725 L IFFR S 2200,

FFEHA ¥ 1 Cole-Hopf-Nirenberg %#2) u = —logv v = exp(—u) iC& 2T (2) H#TE
WHABRR vy — v = 0 KEHBIN B LW ERBRICE DL SREHHEIOED
FRD (2) OBOBRFEATHIGT 5. H(z) € C°(R) % H(z) = exp(—|z|™?) near z = 0,
H(z) >0forz # 0 220K T3 u(t,r) = —log{H(z —t) + Hz + 1)} PEE 1D
(3) ZWT (2) DI u(t,z) € C(R™\ {(0,0)}) L% 3.

SEIRRENEBREEZN (2) LU —RENTEZ 510 L5 PIRIAREERR K
BREETH 3. EL RO §TRT LD Flu, u,u) = flu)(@d —ud) CHLTE 1) &
Flu,u,uz) = v} — vl OFE L ERRRRABEBICNT 2IEREERIC K > THRE/ATE
BDT (2) LERRBRERDED LD, SEOHERZETNT —R L LTRER, —RawHE
BEhBaZ L E2MAFRFLET.

§3. Cole-Hopf-Nirenberg 21D —i&{t & £ DIGH
ZD ST
Bu — Du+ f(u)(|0puf* — |Vul’) = 0 4)




EWSFEDEFEHEH AR X = Cole-Hopf-Nirenberg £

v=Clu) = [)uexp (/0 f(r)dr) ds
KE>THREHBAER v - Av =0 ICEBEZI 3 TLERT. f(r) = -10DLE
v=Gu) = 1 —exp(~u) L3 =iz Cole-Hopf-Nirenberg ZHT#H 5. (4) IH¥
LYHERRICEE L TIERDE S P RYEIT— 9 2 52 - L EXEBRDEETH 7200
flu) ICXT BLBE+IREDF—HIEZX N 7= Cole-Hopf-Nirenberg Z#Z V3 L KRE 3.
LKHSNEEBEPSANBRODBUT CEOER L THZNET 5.

Consider the following Cauchy problem:
Gu — Bu+ fu)(|8uf’ - |Vuf?) =0, (t,z) e R xR", (5)

u(0,z) = ug(z), Bu(0,z) = uy(z), zeR", (6)

where u = u(t, z) is a real valued unknown function of (t,z) € RxR™, f(r) is a real valued
smooth functionof r€ R, A=3¥7 8%, V = (8,,--,0,), 8, = 8/0t and 8; = 8/ bz;.

Theorem. Let f € C°(R). Then, for any (ug,u;) € C®(R"®) x C*(R") there exists
a global classical solution u € C°(R x R") of (5)—(6) if and only if f satisfies

A+wexp<Lsf(T)dr>$=+w and Llem(/osf(r)dr)ds=+m. (7

Bl LT f(r)=c® (ceR, ke {0,1,2,---}) LWSIBEEEZ 2 & & (7) DAk
EINB1DDRBTHESFE c> 00D k DAMTHIZILBERICHDS.

Proof of Theorem. Introduce the function

G(u) = Luexp (Ls f('r)dr) ds, u€R, (8)

and let a = lim,_,_, G(u) and B = lim, ., G(u). Then, since G'(u) = exp(J f(r)dr)
> 0 for all u € R, G is a C*°-diffeomorphism from R onto the interval (a, 8). Therefore,



there exists the inverse function H of G, which is a C*-diffeomnorphism from (a, B) onto
R. Note that —c0 < @ <0 < f# < +00, because G(0) = 0 and G'(u) >0 for all u € R.

First, we show that (7) is a sufficient condition for which the Cauchy problem (5)-(6)
has a global smooth solution for any smooth initial data. In this case, by the assumption
(7), we have & = —oco0 and # = +o0. Let (ug,u;) € C®(R") x C>*(R") and let v(t,z) be
the solution of the linear wave equation 82y — Av = 0 in R x R™ with v(0,z) = G(up(z))
and 8yv(0, z) = G'(ug(x))u1(z). Then u(t,z) = H (v(t,z)) is a global classical solution of
(5)—(6) such that u(t, z) € C°(RxR"). In fact, since G(up(x)), G'(uo(z))us(z) € C>(R),
we have v(¢, z) € C°(R x R™), so u(¢,z) € C°(R x R™). Moreover, since

1

G"(u) = f(u)G'(v), H'(v)= GEW)

G'HW)H'(v) _ _G"(H(v))
{G'(H(v)}? G'(H(v))

Oau(t, z) = H'(v(t, 7)) Bav(t, z),

Hll(v) -

H'(v)* = —f(H@))H'(v)?, (9)

%ult,z) = H"(v(t, 2))|8av(t, 2)[* + H'(u(t, 2))82v(t, z),

where =0, 1,---,n and 8 = &,, we have

B2u(t, ) — Au(t, 1)
= H'(u(t,2))(8v(t, ) - Av(t, 2)) + H" (v(t, 2))(|0w(t, 2)* — [Vu(t,2)P)
= H'(v(t,2))(1000(t, 7)|* - |Vo(t, 7))
= —f(u(t,2))(18eu(t, 2)[* - [Vu(t, z)?).
Therefore, u(t, z) is a global classical solution of (5)—(6).
On the other hand, it follows from (9) that u(t,z) = H(¢) is a classical solution of
(5) in (a,B) x R™ such that lim; .o u(t,z) = —co and lim, ,g_gu(t,z) = +co for all

z € R". Hence, (7) is also a necessary condition for which the Cauchy problem (5)-(6)

has a global classical solution for any smooth initial data. |
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R 2 RTEDIZBIT HDRRDAE— FEHD
WEEHRRD T AT LD KRKISRAEIZ OV T

ARFER (BHEX)

bhbic. T OFRILEELE (LRTR) &OFBETHS = L 25 LT
BEET,

1 FEZEZSHH8
KO EEHBRRO VAT LOPERELYZ 25,
O = 82w — EAY = Fi(0u,8%u) in R? x (0,00), 1. 1)
u'(z,0) = ef'(z), Ow'(z,0) = eg'(z) in R (1. 2)
FEL i=1,,mu=(u,,u™),d=(5;,0,8), >0 &£ T 5D, EHEAL—
Feg>0(@G@=1,---,m) iL,
a2 2cp>0 (1.3)

EREETLOETH, £, fi g EBaL T Mk b2 2B T, FFREIR P
2 L THEROREZ 8L,

Fi(Qu, 8u) = O(|6uf* + |8*ul®) near (du,d%u) =0.
Examlpe. ROPHMEREEZZE X5,

Ot = (8u2)® + 3(:u8)*(8w!)  in R? x (0, 00), (1. 4)
Ogu? = (8u')® + 3(8u')?(@’) in R? x (0, 00). (1. 5)

ZrT. Wl w? BERER (1.2) (i=1,2) EEETbOLTE, ZOLE, SHEX
B — K ¢, ¢ 108 CTROBEIKY 3L,
Case 1: ¢, =c, D&,

PARIIE R e TR LT, fi(z), ¢'(z) DBV FIZL o Tk, ol o VAR
BERNICIBRRT B, EBE. w=u! +u? LB w BKRERETOT, FIXIT [4)
pb. w O—RREAEEHH REEPNCRET D Z L B2,

O,w = (Baw)®  in R? x (0,00). (1. 6)

Case 2: ¢ #£¢c; D& X,
43NS T e TR LT, BRI EET D, ZHUE. B, ko kR
KERSEA & BEILFIR K OERBFFIC L » THAL M ENTIZ([1).




Problem: VA EZBFEX T, kO L) REEEZ®RETS :
T/ &2 e IRL T, fi(z), gi(z) DB FITE BT, Rl RN FET D LD
7r. FEBBIED I S AFED L,

2 fBR

B, FFRAEILIROEOHRNLHERINND D E L, 2BOREEEE
WOWTIHIKRAXTHAZ L ZRETHE. FFIIRO L IIZET B,

m 2
F(0u, 0%u) = Z Z D:ﬁ?&aaujapuk&,aau' for i=1,---,m

ikl=1a,B,7,6=0

T LS DI vk, RO & D RxtBe a0 L5,

afvs _ paBvs _ pyaBéy
Dl]kl - Dl]k‘l Dl]kl .

ZDEE, F A (1] Ik> THEAZNK null-condition 2723 Z &it. RER
ETHS :
(X0)? = ¢{(X1)* + (X2)*} =0
RBEEDIRITAT M X = (Xo, X1, X) 1IZH LT

2
Ci{X)= Y D¥’X.XsX,Xs=0, i=1,---,m (2.7)

a,B8,7,6=0

N AV RTASN
ST, BoNEBERIIKROBEY THD,

Theorem 1 FEHREIE Fi(i =1,---,m) B&ME (2.7) &7 01X, FIHEREE
(1.1), (1.2) iF+5/hEZ 0 e>0 kﬁbfr%&r)m&ﬁfﬁkﬁﬁ% BHIED,

Remark: ¥ A7 A (1.1) KBWTEEOA L —F ¢ BETEHELWEE, F* 2 &F
(2.7) &7 372 OIXOHMERIRE (1.1), (1.2) XREEIO8AE R %02 L 43 S. Katayama
2] BN TREN TV D, (M 3 IRT CTIHBRBEN 2 ROBE. FEROFERD S.
Klainerman {3] (IZX > THLN TV 3,) - T, 4 DOBERIITOLFOIRIZH
7=,

3 JFIREIR
RE AT, F* &
F*(0u, 8%u) = N*(Ou*, %u') + R*(Ou, 6%u), (3.8)



=L

2

Ni@Bw, %) = S DE0.u'0su'd,0,
a,8,7,6=0

R'(Bu,8*w) = Y Z DY 9o’ Bu* 8,05

(]‘.k,[)#(i,i,‘i) a,B,7,6=0

L L. Nt % Null form LFERZ LT 5, R OLEIL, R. Agemi - K. Yokoyama
1] 1L D EZABEBVOT, T T Null form {ZDONWTDOHREET D,

& (2.7) W F Null form N* IIROEO—REETRSINDZ LEmshn
'Cb \60

Ni = ((8ow') = GIVu']?)0adp’,
N} = Oou'dp((Bow')? — cIVU'[),
N; = BauiaﬂuiDiui,

Ni = 8,u'(8pu'd,05u" — Oyu'Bpdsu’).

7L, 8o=8 To,6,7,6=0,12 &7 5
Null form DIEH> & BEFIEMD decay ZRTITHE STDITI

L;= .’Ejat + ta,-, (J= 1,2), S= to, +16,, Q=202 — 901

FRAWT, %X

w, TW;W; T . _

0 = —wib + - L+ Zt(t+r)L w= 1,2 (3.9)
BED T L REDTHD, EIAN, blaA1@bd 0 & L;((=12)R
commute %, 1HEEX (3.9) 26> Z LiITEBL 25, ThABRE— RRER D5
247 Null form ZBVS3HWEBETH D, LALeEb, Haid

0= Lo+ =%a+ls for r>0 (3.10)
G T T
RO
L
V =wo, — 72—(2 for >0, (3.11)
AENAZLICE W FORBELERETHZ EICHEILIL, ZI2T, z=1w, lw] =1,
zt = (Z2, —21).

Bz, Qi(u) = (Gou)® - A Vul? 1X, RD X HRREREITRI ZLIZE-T,
0 2 AL D bIRGEEREE LTI LS5, T (311) BED L

Qu(w) = (B + D )u' (B0 — e:dr)u' + (Qu )?



2183, Bz, (3.10) b
(Bo + Oyt 80 by 2 Su
DED ZEBRLND, TE-T,
@)l = Z7 =5 o + Ciri v

MRV S0, 727 L. T8, (@=0,1,2), S R Q OWFhne 5,
WE, BEAEKELT

1
wilr,t) = (1473 71+t +7)"1+|r—ct]) with 0<y< 5 (3.12)

BEBHEH>1) & r(>1) BREERD KD RBHTE,

C

fwi(r, ) 0w’ >+ H(1+t+r)PTut| |wi(r, )0v!|

|Qi(w)] < (

1+t+7)? (14t + r)i+sw(r,t)
PEMETE . TAUT RO 2KREABHETROFEE Y bR 2TV D,
t i C 3
Iaau | |8gu l S Whui(r, t)au |2.

0L D BEER T, BRENE R OREIE Y null-condition iz tE, H{E-
T. ARV EOIBAIE L FFNCER D Z L BFREL 25,
4 GERAODEIES

EERS RATRREDTEIE & — BT O N TWA DT, Theorem 1 ZIEATS IZHE
8172 a-priori FHEEEB LBV, 22T, WSODEEEEAT D,

Mm=1ziwwwmm (4. 13)

a|<k i=1

M%=1%§MWHWﬂMW, (@ 19

|wm=ngzw“umz (4. 15)
a|<k =1

F1E L. k 3ERBE. o= (a0, -, a5) IIBEBKTH D, T, FHEEIEL
T L®-/ Vb b ol bOBROFRIZRDT,

lulir = sup [u(®)lk, [ulur = sup [u@®)]y, luller = sup [u(@)le.  (4.16)
0<t<T 0<t<T 0<t<T

T, BARETER, ET5ILICXIRERD.



Proposition 1 u=(u!,---,u™) % (1.1), (1.2) DfEL T3, EEIZEAONEIE
ST LT, udd

u(Bljsge <6 for 0<t<T
PRI ETE, ZIT, kISEERER. T lilEﬁ’C“?bé PR3- N
(1+ ¢+ )4u®) < Crle + [Bulfaga, I0ullirae) for (z,6) € R? x [0,T) (4. 17)
RO,
[Bu(t)]x < Ci <s+ (e + [au][z,,imyt)x|au||k+6,t) for (z,8) eRZx[0,T) (4. 18)
BEYILD, 2EL, 0<pu<1/2

Taid, BEHOE L/ )VA [But) &C2WT, BAUAEFEEZED 20T,
(4.18) DAEDIZBIT D L2/ VAR UETIHVLENRH D, EDDHIZ, ROTRV
F—iEE AV 5,

Proposition 2 Proposition 1 £ E C{REBD S L RBKLILT B,

[0u(t)l < CIOuOlkexp ([ 10u(s)iugyds) - (4. 19)

Z® Proposition ZAVD Z LIZE - T, L3/ VARLBINS LR, W
W3, Dreivative loss bEFHIND, UL ED L 5 288a0 5. LELRIHEHE)>
L. Theorem 1 MEEERE N B,

2 £ X W
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Semigroup Theory T Lk AREBED A - 7=
Ginzburg-Landau AR DBDELEIZDONT

il &%
(FREEKRFREE TR AR IR S s 31 2 4)

1 Rk

COWMRIBPEEAFE TERCAYEEN OB ERZBOEED b & SHIBAK
(FRERFAERE TR RN ER SRS ER 2 4) L ORARETSH 3,

2 MEEHER
QR OFRERE L QOERUI+F B OO THBET B, DB, BED
A - 72 Ginzburg-Landau 5823
e = D+ - [y +idy, in(0,00) xQ, (1)
A, = —rot’A — %{J(Dw) ~$(Da¥)} + V8,  in (0,00) x Q, (2)

ENNT B, T2 TDLY = Vip—iAy. Y13 complex-valued order parameter. A |3 mag-
netic vector potential, ®{Zscalar electric potential. A}z Ginzburg-Landau @# & W {¥
NOEDEHTH B, (3], RUZDBEIHERL, )

BRZHELTE

%:0, A-n=0, rotA x n =0, %: , on 99 (3)
EXB, JIT. nid0NOHMANREEGERS MLTH B,
TooHERHEELT

(0, z) = 1y, A(0,z) = A, in (4)




Semigroup Theory IZ X BAFED A - 72
Ginzburg-Landau FEEX OO EEIZ DT

B’ ®E

(BRERFRFERE LEHARMEN P ERIE LR 2 F)

1 F

COWRBEMERFE THHICAYELHORESZHBORED b LEHEAIK
(FRBAFRAZERETFHANBENFERELIRRE 2E) LOLRAFRTH 5.

2 FEEERER

QEROFREHE L. QOERNVT+HBESOTHEET D, DB, HIED

A - 7z Ginzburg-Landau A8
(2

it

DLy + A1 - [9[*)y + i®y, in (0,00) xQ, (1)

A, = —rot’A — -;-{J(D,ﬂp) — (D)} + VS,  in (0,00) x 0, (2)

ENFB, TITDY = Vip—iAy, pid complex-valued order parameter. A i3 mag-
netic vector potential. ®i3scalar electric potential, i3 Ginzburg-Landau Z# & 9if

NBEDERTH B, (8] RUZDBEIMER L, )
BREHEELTIE

g—;/i=0, A -n=0, rotA xn =0, g—i:
ZEZX B, JIT. niZdNDBMNEEERNT MVTH B,

IR E LT
1/)(0,1’) = ¢0, A(O, ZI,‘) = Ao, in

0,

on 9N} (3)



#5235, 4. divA =0%ETHEH (1) (2)1F

Yo = AP —2i(A- V)~ A+ A1 - [P + 20, (5)
A, = AA—P(%{E(VI/J)—M—V'—A/))}—l¢|2A)7 (6)
AP = div{z{(B(Day) ~v(DAD)}). - ™)

EEXRTIENTED, ZIT. P:LYQ) - Ho () I3 LerayDFEAEAETH 5,
4. BEEER

C () = {w € C=(); 92 =0 on 60),

H,(Q) = {A € L*(Q); divA =0 in Q},

H, () = {A € H,(2); A-n=0, rotA xn=0on o0},
CH()={Ae{C®()}% divA =0 inQ, rotAxn=0, A-n=0 on 80},
LP(Q) = LP(Q) & LP(Q), for all 1 < p < o0,

H™(Q) = H™(Q) @ H™(Q), for all 0 < m.

ARET B, WO, C2(Q)IZH(Q) (s > 0) THETH . C5(Q) ixH,,(Q) T
HWETH 5,
EP. foO(x)dzr = 0 LI RBD S ETHABRMS HER (1) 2225 EROHE
FEohs,

M 1 ve HY Q). AeLY(Q)NH,,(Q) &5, ZOk., BERMEME

Ad = f(4,A), (8)
0%
/ﬂfb(z)dz =0, (10)

ZITf(#,A) =div{3{¥(Day) — ¥(Da®)}} € LHQ) & T3, COW, —FfE O(y,A) €
HYQ) DT 5,




LT, BElIcL-TBONRED(Y,A) ERET A I EICT 5, KICHWERMS
HBR(5) & (6) 223, R(5) & (6)ITKRD LH(Q) LORBEFER

%U + AU = B(U), (11)
U(0) = Us = (%o, Aﬂ)tv (12)

b e _(-a+I 0 _
tia“\_é:yb—c*%éog_\_—CU_(z/;,A)t—cfm\A_( ; _A+ﬁ1>,D(A)_

H*(Q) ® (H2(Q) N H,,(div); Q) TH Y. f>0TH5, FRBEI

¢—2KA-V¢%%AV¢+AU-4¢W¢+4¢WMM¢)
BA — P(3{3(V¥) - ¥(V¥)} - [¥[*A) '

D(B) > D(AY) (v > 3/4) &72 5,

TR 1 BRBOEH
A (11). (12) 2R TAHAUT

B(U) = (

Ut,z) € C([0,T); D(A")) N CH0,T; L3(Q)),
U(t,z) € D(A),  forallte (0,T).

AHRETAH0%5R(11). (12) DEEEES,

—ADLAN) LORITEBROEFREARICH->TOEIEXFALIEATRADSTHAN
FAEEET S, FEHEBU) 2 AUTHEET S 2 Eick > TROBEES

TR 1 BARA—FRROTEEER
R (3) RUIMISAE (4) 2#ET 5 Ginzburg-Landau HBR (5)(6) 13
Up € D(A"), (v > 3) izt UT—BAMMIEET 5,
3 SFIEOIEHER
UTD 408 %HOTHERET 5,
G 1 —AIZCHEBOERIEBETDH S,



@ 1 QAP OBE
Bl BgZEm
H;(Q) = H'(Q) & (H'(Q) N Ho(Q)). (13)

ZEHL. HLUOQ) x HLQ) LoEBELRE
(U, V) =/Qw-%dx+/nrotA.rotB dz + (%, )12 LB(A, B)pa + AU, V)2 (14)

EEHRT D, CHIBMENTH B E%ETRT, RiZ. —ADBBBHHERAETHE &%
AT, HoMID(A) IR EZ(Q) THRETHH., EBEDEOEBVIZHLTRWI+A) =
LCHODKYILDIZ E(RT, HEE Lumer — Phillips DEBE A5, (¥)

el 2 —ARBITEROERERETSH S,

HAL TREAER] 80 &,
RICERF ADFENF%

AU = M/mt°“‘A(t1+A)‘lU dt, O<a<l. (15)
T Jo
TEERT 5, §5EROMEHKD LD,
MR 3 7> 3/4WBVICH LU TYEUEFE L ICBHCOFEL
IUllz= < C| AUz,  for U € D(A). (16)
ALY LD,

Gagliardo — NirenbergDARERE U]z < C|| AUz (C > 1) THB I EEBOTR
L7

W 4 v>3/40DU DA &F B, TOKBU)IE vell-defined TH D
I1B(Ulez < Cl AU\ 2. (17)
DD, EDE. LU,V e D(A) 56iE
1B(U) = B(V)|lz < ClAU = AV |2, (18)

MDD, ZITCRYEUIMEKELLERTH B,



S84 OTXPOME

FEMBHD CFFMILTOL I I LTI 70

IBU) -B(V)llz < C{l$—¢llz + |A = Blle:

+A - V¢ — B Vollzz + A% ~ B¢l
H@ = 8% — (1 = lePDellze + 1819 — 202
+2019(V%) — (Vo)llLs + lI14 1A — le*BllL2}
C{h+h+L+1I+ I+ 2Is + I},

CITCRMIUERLILEHTH Y.
I = |l¥—¢l+||A - B,
L = |A-Vy-B: Vo,
I, = [[|Af% —B¢lLs,
L = |1 =Py - (1= lel)ell,
I, = ||‘I)11/’—(I’299||L7,
I, = [[$(V$) — (Vo)L
Is = |l%*A - [¢’BLa.

ThD. I, LIcBALTRAEIOREREAOTIMET 5, b, [5, 1B L Tid Sobolev
DEBEZRANTIHET 5. HEI3LITH LT THIVEBLHEICE->TEE IsDF

THliT S L0 TED, (K)

k> THE4 THFEERO S SHEE- MEOHR 4] 2 S BIROFEERYT - &t

T35, (BEOIEHALDD

S 30k

[1] R.Temam, Navier-Stokes Equations :

)

Holland, Amsterdam, NewYork. (1977).

(2] P.Constantin and C.Foias, Navier-stokes Equations - Chicago Lecture in Mathe-

matics.(1989).

Theory and Numerical Analysis ~ North-



3]

(8]

(9]

[10]

(13]

M.Tsutsumi and H.Kasai, The Time Dependent Ginzburg-Landau Mazwell Equa-
tions — submitted.

H.Fujita and T.Kato, On the Navier Stokes initial value problem I. - Arch. Rat.
Mech. and Anal. 16 (1964) 269-315.

A.Friedman, Partial differential equations — Holt, “Reinhart, and Winston,
NewYork. (1969).

K.Yosida, Functional analysis (6th edition) - Springer Verlag.
S.Agmon, Elliptic boundary value problems ~ Van Nostrand (1965).

A.Schmid, A time dependent Ginzburg-Landau equation and its application to the
problem of resistivity in the mized state — Phys. konden.Materie 5 (1966) 302-317.

L.P.Gor’kov and G.M.Eliashberg, Generalization of Ginzburg-Landau equations
for non-stationary problems in the case of alloys with paramagnetic impurities -
Soviet Phys. J.E.P.T. 27 (1968) 328-334.

7.Chen and K.H.Hoffmann, Numerical studies of Non-Stationary Ginzburg-
Landau Model for Superconductivity — Advances in Mathematical Sciences and
Applications 5 (1995) 363-389.

Qi Tang, On Ewvolution System of Ginzburg-Landau Equations with Fized Total
Magnetic Flur — Commun. in Partial Differntial Equations 20 (1995) 1-36.

Qi Tang and S.Wang, Time dependent Ginzburg-Landau equations of supercon-
ductivity — Physica D 88 (1995) 139-166.

Ml &8, REAER - SEEE.



Lp AND BESOV MAXIMAL ESTIMATES FOR SOLUTIONS TO
THE SCHRODINGER EQUATION

SEIJI FUKUMA
TSUKUBA UNIVERSITY

1. INTRODUCTION

It is well known that the solution to the Schrédinger equation

X —-itu,  W0,3)=f@), (@R teR),

is given by
L) Tt =ulmt) = @07 [[ E fy)dey.

In this note we shall consider estimates of Ly -norm and Besov type norm of in-
tegrals of this kind by means of Besov norm of f, and give L, -estimates of their
maximal functions.

Our first results are the following theorems:

Theorem 1. Let o be a positive number, I be a interval [0,1] and lety > 1,1 < ¢ <
00.Assume that h(t, &) is real-valued, measurable, and C* in t and the inequality

k
(1.2 TAEE)| < cua + e

holds for any positive integer k, where Cy is a constant independent of t and §. Then,
the operator T; defined by

) T, 1) = H{(z-y)E+h(t.£)} d
(13) @t =c [ e £ (v)dgd,
where ¢, = (2m)™", is bounded from By (R"™) to By (I; Lo(R™)).

Theorem 2. Let h be a real-valued function satisfying the conditions (1.2). Then,
the operator Ty defined by (1.3) is bounded from B;’,/lz(R") to Ly(R™; Loo(1)), t.e.

(1.4) (L 1T f (2, M iyd2)? < Cll g



Theorem 3. Let a > 1. Then, the operator T, defined by
(15) Tof(z,t) = cn [[[ | I f(y)dedy,
is bounded from Ba"/4(R") to Ly(R™; Loo (1)), t.e.
(L 1Taf @ M @) 2 < NS g
Theorem 4. Leta > 1, I = (0,1) and let 1 < p < o0,
.1 1 1 n
o =min(3 + (0= Dl - 31+ 313 - 51}
Then, the operator T, defined by (1.5) is bounded from B39 to Ly(R™; Lo(I)), i.e.

(L 1Tef @ d)” < Cll s

For the operators of the type (1.5) on Sobolev spaces H® , there are the sev-
eral papers. Carbery and Cowling have proved that T is bounded from H*(R") to
Ly(R"*; Loo (1)) for s > a/2, Theorem 2 is an improvement of their result . P. Sjolin[5)
has proved that if @ > 1 then s > an/4 is a sufficient condition for all n and if

n =1 then s > a/4 is a necessary condition. Noting that H* C B“"/ “if s > an/4,
Theorem 3 is an lmprovement of theorem in Sjdlin[5]. S. Fukuma has proved that
T, is bounded from H:(R™) to LI(R"; Lo(I)) if n > 2,q = 4n/(2n — 1) and f is
radial. C.E. Kenig, G. Ponce and L. Vega ([2]) have indicated the application of the
estimate to the dispersive equations.

Notation: 0, = 0/0,0; = 0/0y;,V = (01, ,0,),A =T}, 8,z = (21, - ,2,);0% =
=1 0%,2% = [[j.,2;; H° denotes the Sobolev space deﬁned by H* = {f €

S’ HfHH = {for(1 + [€]%)*|F(€)[2d€}/? < oo} ; By, denotes the Besov space with
norm || - || s (r~) Which is explained in [6}; £(X, Y) denotes space of linear bounded
operators from Banach space X to Y; L,(-; X) denotes L, - space of X - valued
functions.

2. PROOF OF THEOREM 1

First consider the case where ¢ = 2 and o is a non-negative integer m. Notice that
BT, = H™. It is easy to see that

OTif = G, [[ elemer Ol by 1, ) f(y)dedy
with |Hg(t,€)} < Ci(1 + |£[¥7). Hence, by Parseval’s formula we have

1
T rszaeey < Co [ 171,02 = Coll£ILE,




and
1 “
1OETLf 12 sriLameyy < Ch /0 at)|(1 + (/) F (T mmy < Cell Fllin (R™).

Combining these facts, we obtain that

T2 f i (1,22 (my) < Comll £

Finally, we recall that the Besov space are identical with the real interpolation of the
Sobolev spaces:

”

e (RY).

(L2( X), H™(Q; X))o, = By (€ X),

Here, X is a Banach space and (-, )g, denotes the real interpolation spaces. There-
fore, the conclusion of the theorem follows from interpolation of linear operators and
the fact that T is bounded from H™(R") to H™(I; Ly(R™)) for any non-negative
integer m.

3. PROOF OF THEOREM 2
To get L, maximal estimates for the operators of type (1.3) we need the following

Lemma 1. Let I = (0,1),1 < ¢ < p < o0, and let o be a positive number. Then, the
Besov space By ((I; Ly(R™)) is continuously imbedded in the space Ly(R™; B, (I)).

Proof. Counsider first the case where 0 < ¢ < 1. Assume that u(t, z) € By (I; L,(R")).
Then, by Minkowsky’s inequality we see that

I{lu(t, 2) 85 . Hlz,mm)

Nl + s, 2) — ult, 2)lz,00-5)5 " Hlzz )l o)
Nt + 5, 2) = ut, )| (01—l Lp@e) }s 7]
NNt + 5, 2) = ut, )l @) pi0,1-s9 s~ WLz )
[ulBg (5L, ®™)-

Il

1240))]

IN A

Here L}(I) := L,(I,ds/s). In the same way we get for the case where o = 1;

{u(t, 2) By (0 HlLp@m)
NIl + 25, 2) — 2u(t + 5, 2) + u(t, )|, 0,1-20) 5 Hlzg )]l Loy
< NOHIlu(t + 25, 2) = 2u(t + s, 2) + u(t, 2)l| L@ Hlzp0,1-2 5 Mzo )

By ,(;L,(R"))-



Consider now the case where o = k + 8,k is a positive integer, and 0 < § < 1. By
the facts proved above we have

I{lu(t, 2)l5g () HiLomm) = 1{10Fu(t, 2)| B (1) Iz, (e
< 16§ u|Bg (1;L,®"))
= |ulBg (1L, @)™

Noting that the norm of B (I; X) is given by || - lws(r,x) + |- |Bg (r;x) (see T. Mu-
ramatu[3]), these estimates gives the proof of Lemma 1. From Lemma 1 amd the
imbedding theorem Br_},/lz(l ) C Loo(I) (see T. Muramatu[4]) it follows that

B3 (I; Ly(R™) € Ly(R™ By (1)) € La(R™; Loo(D)),
with continuous inclusions, which, combined with Theorem 1, gives Theorem 2.

4. PROOF OF THEOREM 3
Next, Theorem 3 has been proved if we have show that the operator S defined by

Sf(z) = // eHlE—E+U@IER) £(1))dedy,

where t(z) is a measurable function of £ € R® with 0 < ¢(z) < 1, is bounded from
B;ﬁ/ *(R™) to Ly(R") and its norm is estimated by a constant independent of ¢(z).

To prove this we need the following partion of unity in £&-space. Let pg € C®(R™), ¢ €
C*(R"™) and ¢ € C*(R") be functions such that

woE)+ Y p(2778) =1, 0< <1, 0<yp€) <1,
J=1

supp(vn) C {€ € R € < 2}, supp(i) C {€ € R™ 3 < Je] <2,
Put Yj = (p(2—j§)7 1/)0 = <P0(f/2), and
9(E) = 0(5) + pl€) + 9(26),
vi(€) =v(27¢)  for j21.

Then,
1 . 1
supp(y) C (€€ R 7 <[l <4}, w(© =1 if ;<kl<2
and for j =0,1,2,---, ¥;(£) = 1 holds for any § € supp(y;). Hense, it follows that
(4.1) S 9i(E)ed) =1.
3=0



From this identity we see that

Sf(z) = f; 5,52,

where ‘
(4.2) S;9(z) = Ca [ @Iy e)5(e)de,
(43) £i(z) = Ca [ e=p;(©)flE)de.

To estimate ||.S;||z(z,,L,) » We need the following

Lemma 2. Let ¢y € C®(R™) with support contained in the set {;1/4 < |€| < 4},
t(z) a measurable function of ¢ € R™ with 0 < t(x) < 1, j a positive integer, and let
a > 1. Define the operator S; by (4.2). Then,

(4.4) ISl c(LaRm),Larnyy < C2°%,
where C is a constant independent of j and t(z).

From this lemma we can immediately prove Theorem 3, that is,

o o0
15£lzs < SIS Fillza € € 32N sllza < C'llfllggnrany
j=0 =0 ’

5. PROOF OF THEOREM 4

To prove Theorem 4 we start with

Lemma 3. Let ¢ € C®(R") with support contained in the set {£;1/4 < |§] <
4},[t] <1, and let N > 1,a > 1,1/N < |z| < 2a(4N)*~ . Then

I/e"{’f‘L"ﬂn}w(%)d{I < C(n,a, "p)N"hlxl_"ﬂ-

Lemma 4. Let 1y € C® with support contained in the set {£;1/4 < |§| < 4},7 a

positive integer, I = (0,1),1 < p < o0,and let a > 1. Defined the operator T} by
Ty:g— [eteeiiy(2ig)g(e)de.

Then,

IT5 2y n), Lo (Rr Ly S C22,

where C is a constant independent of j.
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Proof. We consider T; as an integral operator with £(C, Lo(]))-valued kernel, that
is,

Tf(s) = [ Rz - )W)y,
where
Kj(x) = K;(t,z) = /ei{z£+tlfl“_3¢(2—j€)d§_
Hence, the conclusion follows from the estimates ’
/”Kj(x)“C(C.Lw(I))dx = /eslsiglPIKj(t, z)ldz < C(n, a,%)2*"/.
ti<

It is clear that

K;(t,2)| < [ 19(27€)lde = 2z,
holds for any z. Also we have as in poof of Lemma 5 that

|K;(t,z)| < C(m, a, )27 2m) | g| =2

holds for any |z| > 2a23+)(¢-1) where m is an integer such that 2m > n. Hence, by
Lemma 3 we obtain that

/ess. sup |K;(t, z)|dz < C(n,a,9¥){ 24z
j<1

It Jel<2-7

/ 2jn/2|$|—-n/2dx
2—j5|¢|52¢2(2+j)(o—1)

/ 2j(n—2m)]z|—2md:r}
|z|>2a2(2+i)a~1)

< C'(n, a, )22,

The results for the case p = 2 are given in Theorem 2 and Theorem 3.
Next, consider the case where p = 1. It follows from the identity (4.1) that
Tf =Y Tif;
=0

where

T;:9 = vlt,z) = G [ 4y, (O)a(6)de,

£i(2) = Cu [ e%0;(©) F(€)de.
By this formula see that

[ o]
ITFllei®eizeetry < 2 NT5fill L@ iLoo(n)s

7=0
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which gives with the aid of Lemma 4 that
ITfllzs@eizoiry < € 3 22l fill ey < C'lMfllgenrageyy
i=0 '
In the same way we have

T @iz S O 1T Fill Lea(®miLea(r)

=0

< C 2 fill L)
=0
!
<C ”f”B::./lz(R")’
For the case 1 < p < 2 ( the case 2 < p < 00 ) the result follows from that for the
cases p = 1,2 ( the cases p = 2,00) and the complex interpolation:

[B:g.qo’ Bgllym]’ = B;-q
1 1-6 @ 1 1-6 ¢
with 0 = (1 —0)og + 801, —= +—, == 4+ =,
D Do Y41 q do q
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Gevrey wellposedness
of the Cauchy problem
for the hyperbolic equations
of tﬁe 3-d order

Tamotu Kinoshita
Institute of Mathematics,

University of Tukuba,
Ibaraki 305, Japan

§1. Introduction

For the hyperbolic equations of the 2-nd order, F. Colombini, E. De Giorgi,

E. Jannelli and S. Spagnolo got the results concerned with the relation between

the Gevrey wellposedness and the regularity of the coefficients( see 2], [3] and
see also [4], 6], [10]). In this paper we shall extend their results to the hyperbolic

equations of the 3-d order.

We shall first consider the equation of the 3-d order in [0,T] x R

n mn
Ugee + Zai(t)uttzi + Z bij(t)Utz;z; =0
(1) i=1 ij=1

u(0,z) = uo(x), u(0,z) = ui(z), u(0,2) = uz(z),

where the coefficients satisfy
@) ai(t) e ¢ (0, 7)) ifk=0,1 and0<a<1
ai(t)] € C*2(0,T])  ifk=2,3,-- and0<a<]

and

(3) bi;(t) € CF**(0,T])  k=0,1,2,--- and0<a <l (G,j=1,---,n).

Now we assume the restricted type of the weakly hyperbolic condition for

the 3-d order equation (1)

(4) 3 bi(0)&g <0 for Vte [0,T], Y€e€Ry.

4J=1
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(5)

(6)

(7)

In general, the suitable weakly hyperbolic condition for the 3-d order equa-
tion (1) is

(i a,-(t)g,')2 —43 b(06E 20 for"te0,T], Y¢eRE.

i=1 i,j=1
We can easily see that the condition (4) is stronger than the condition (5).
The 3-d order equations have 3 real characteristic roots A1 (t,€), A2(t, ), As(t, €)
such that Ay(t,€) < Aa(t,€) < Aa(t,€) for ¥t € [0,T], Y€ € RZ. Thanks to the
condition (4), we find that the characteristic roots of the equation (1) satisfy

/\l(t) 5) < Oa ’\Z(tsé.) = Oa )‘3(t1 &) 2 0.

This fact gives many benefits in the treatment of the hyperbolic equations of
the 3-d order. In this paper we don’t use the condition (5). Actually changing
the characteristic direction, any type of weakly hyperbolic equations of the 3-d
order can be reduced to the equation (1) under the condition (4).

Then we shall introduce the following theorem.

THEOREM 1. Let T > 0, po > 0. The coefficients satisfy (2), (3) and (4).
Then for any uq, u; and ug € v°, the Cauchy problem (1) has a unique (global)
solution u € C3([0,T),~*), provided

k
1<s<1+ -*2-04.

Moreover when ug, vy and uz € v§ (s > 1), there exist the constant v > 0

and the positive function u(t) satisfying (0) = po, such that
1

eh(t)(6)2 ((g),’?’e‘?m\ + (§>F%ﬁ'ﬁt| + |Gee)

<3 Cemt©F (€)3]ao| + (€)ula] + ).

Remark 1: If k = o = 0, (6) doesn’t make sense. However whenever the
coefficients a4(t), b;;(t) belong to C°([0,T)), or even to L'([0,T}), the Cauthy
problem (1) is wellposed in v*( see [7] and see also [2]).

Remark 2: If one replaced the weakly hyperbolic condition (4) by the
condition (5), the same regularity as the coefficients b;;(t) would be needed for
the coefficients ai(t), i.e., a;(t) or |a;(t)| € C**+=([0, T)).

Remark 3: Precisely the positive function u(t) is a strictly decreasing func-
tion. Therefore u(T) is less than po(= ©(0)). However if we take large enough
v > 0, u(T) can be chosen arbitrarily close to uo.
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(9)

(10)

(11)

With a different method, Y.Ohya and S. Tarama got this kind of result
for the weakly hyperbolic equations of the higher order(see [11]). They assume
that all the coefficients of the higher order equations belong to the same Holder
class respect to time. For the 3-d order equation (1) whose coefficients satisfy
(2), (3) when k = 0, we relax the regularity of the coefficients a;(t) from C*
to C%. Moreover according to their result, in order that the Cauthy problem
for the weakly hyperbolic equations of the 3-d order is well-posed in %, it is

necessary that the Gevrey exponent s satisfies
!
1<s<1+ = ( the multiplicity r = 3).

The multiplicity of the characteristic roots for the equation (1), is also 3, but the
range (6) when k = 0 is wider than the range (8). We know that the range (6) for
the 3-d order equation (1) coincises the range for the 2-nd order equations(see
(3]). This improvement is due to the fact that one of the characteristic roots is
identically equal to 0 and the regularities of the other two characteristic roots
become more smooth.

We shall next consider the strictly hyperbolic case. Instead of the weakly
hyperbolic condition (4), we assume the restricted type of the strictly hyperbolic
condition for the 3-d order equation (1)

S bi(0)&g < —6 <0 (6>0) for"tel0,T), “€€Rf.
i,j=1

In this case we don't need to consider the smooth coefficients in comparison
to the weakly hyperbolic case. Therefore we shall suppose £ =0 in (2), (3)-

Then we can get the following theorem.

THEOREM 2. Let T > 0, po > 0 and k = 0. The coefficients satisfy (2), (3)
and (9). Then for any uo, u1 and uz € 7°, the Cauchy problem (1) has a unique
(global) solution u € C3([0,T],~*), provided

1
1<s< ——.
- ]l -«

Moreover when ug, vy and uz € v§ (s > 1), there exist the constant v > 0

and the positive function u(t) satisfying u(0) = po, such that

1 1
) 3
v

OO ((€)2]a] + (€)ullel + le]) <2 Cer@? ((€) 0] + (E)vlia] + Ida])-

—105—




As it is well known, the order (dimension) of the strictly hyperbolic equa-
tions (systems) is independent of the range of the Gevrey exponent s. Therefore
the range (10) coincises the results of [2] for the strictly hyperbolic equations of
the 2-nd order and [1] for the strictly hyperbolic equations of the higher order
and (8] for the strictly hyperbolic systems. In the strictly hyperbolic case we
only improve the assumption of the regularity for the coefficients a;(t).

We also consider the more general equation.of the 3-d order in [0, T] x R?

n

(12 Lu= ) cij(tusz, + ) dilt)va, + e(huee + 3 filt)ug, + g(t)us + h(t)u
i,j=1 i=1 i=1

u(0,z) = uo(z), u(0,7) =uy(z), wuw(0,z) = uy(z),
where L is the operator defined as L = 87 +)"[_, a;()870,,+3.7 =101 (£)0:02
and the coefficients of the lower terms satisfy

(13) cij(t)a di(t)v e(t), fi(t)v g(t)1 h(t) € LI([07T]) (Z,] = 11""n)'

In this case we also assume the restricted type of the weakly hyperbolic
condition (4). Generally the lower terms influence on the wellposedness of the
Cauthy problem for the weakly hyperbolic equations( see [3], [5], [9], [12], etc.).
Therefore we shall assume the following conditions corresponding to a sort of

Levi condition for the weakly hyperbolic equation of the 3-d order (12).

(14) Zn: Cz'j(t)fifj‘ < 01(&5){“ XH: bij(t)figj}ﬂl,
i,j=1 %)

(15) 5 (98] < oatt 5){(Za1 ) -4 Y bi(ees ),
i=1 tj=1

(16) - 06| <o 0= 3 500 s}

1 i,7=1

]:
for some o1(t,&), 02(t,£) and o3(t, €) such that

T
(17) sup / o1(t €) (€)% 24t < +oo,
EERE‘ 0
T
(18) sup / a1(t,£)(€)1dt < 400 (1 =2,3).
¢ery Jo

Then we can get the following corollary.
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(19)

(20)

(21)

COROLLARY 3. Let T > 0, uo > 0, and f1 € [0,1], B2 € [0, 3] and B3 € [0, 3].
The coefficients of the principal part satisfy (2), (3) and (4). Furthermore the
coefficients of the lower terms satisfy (13), (14), (15) and (16). Then for any
uo, u1 and uy € v°, the Cauchy problem (12) has a unique (global) solution
u € C3([0,TY),+*), provided

k+ o 1 1 2
1< <1 i { b ) . b b
=9 min 2 2-206" 1206, 1—2,33}

Moreover when uo, u1 and uy € 7§ (s > 1), there exist the constant v > 0

and the positive function u(t) satisfying u(0) = o, such that
1
OO (631l + (€) 1] + |2eel)
1
<3 Cerole) ((€)2lao] + (€)wltnl + |a2l),

where

2 2—2ﬁ1 ].—Zﬂg 1—'2ﬁ3}
2+ k+a 3-261" 2-2B2" 3-2B3)°
From this corollary we can see the followings.

w=ma.x{

Yfor i =1, 6= % and B3 = % we can get the same result as Theorem 1.
ii) the lower term 3_7 ;_; ¢ij(t)uz,s, influences on the yS-wellposedness if s > 3.
iii) the lower term Y ;—; di(t)usz, influences on the v*-wellposedness if s > 2.
iv) the lower term Y i, fi(t)uz, influences on the ~¢-wellposedness if s > 3.

v) the lower terms e(t)us:, g(t)u: and h(t)u don’t influence on the y*-wellposedness.

Notations
1

(€, = (62 +v5)E (>0). (€)= (P +DH= ()

Cck+2(]0,T)) (k € N, 0 < @ < 1) is the space of functions f(t) having k
derivatives continuous, and the k-th derivative Holder continuous with exponent
a on [0,T).

¥*(R2)(s > 1) is the space of Gevrey functions f(z) satisfying for any
compact set X C R™,

sup |D® f(z)| < CKpl;?llaﬁ! for Yae N™.
zeK

7S (R7)(s > 1) is the space of Gevrey functions f (z) of the order s having

compact support.
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§2. Sketch of The Proof of Theorem 1

When s = 1, the problem(1) is well-posed in 4! which is the topological
vector space of analytic functions on R"™( see [2| for the weakly hyperbolic
equations of the 2-nd order and see 7] for the weakly hyperbolic systems which
include the 3-d order equations). Therefore we can suppose s > 1 for the proof.

In virtue of Holmgren’s theorem we get the uniqueness of solutions to (1)
and can suppose that ug(z), u1(z) and uz(z) gélong to v§. Hence by Paley-

Wiener theorem we shall assume that e“°<5)$ ((€)2dio] + (€)u || + |T2]) < +o0.

Moreover Ovciannikov theorem gives the existence of solutions(see [3], [8]).
Our task is to investigate the regularity for = of the solution, namely, to derive
the energy inequality (7).

By Fourier transform the Cauchy problem (1) is changed to

{ Vete + 1a(2, E)vee — b(¢, E)ve = 0
v(0,€) =vo(€), ve(0,€) =v1(€), v(0,€) = v2(§),

where v = 4, and v, = & (I = 0,1,2), and a(t,£) = Y, a;i(t)&, b(t,€) =
i1 bij (V)€

We modify the coefficients a(t, &) and b(¢,£) as follows.

denlt.) %/w a(t+7’,£)(p<-:—)dr ifk=0,1,
e,k(t,€) = -0

a(t,€) ifk=2,3,---,

1 [ . T

- b(t+ T, -)d ifk=0,1,
be,k(t,€) = E/“°° ( TE)(p(E) T

b(t, £) ifk=23-,

(0 < e< 1), where ¢(t) € C§°(R}) satisfies 0 < o(t) < 0o and T2 e(t)dt = 1.
We shall define the following energy.

(22) E. k., (t, €)% =er®)E { |vee + e k (8, €)ve — be k(t, €)v + £2(€)20)?

o+ gacatt uf + (2O (e 6) 4 ca(g)2) ),

Defferentiating (22) in ¢, we can derive the energy inequality. Thanks to the
conditions (4) and the term *(£)2, this energy can be bounded from below and
above by the absolute values of v, v; and vy;. Therefore the energy inequality

based on (22) can be changed into the one based on the absolute values of them.
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Degenerate Kirchhoff Equation in Ultradifferentiable Class

FERFHFHER REHE

1 Introduction
Kirchhoff type DU B HEXK
B2u(t, z) — ( I8 |Vu(t,x)|2dx> Au(t,z) = f(¢,1), (1)

® Cauchy BIEEEEZX 5. ZIZT, [Vult,z)? = T}, 10,u(t,z)?, ®(n) € C°([0,0)),
®>0Th5.

Ag, X (K) L, ®(n) =n+ 1, n = 1 T Dirichret ER&MHE%2 5 %2, BEZORE %
TR THETAELTEZLNEZBDTHSD. ZOHFBRXOBRKROEHHITESRIIR L TH
BILDSME

®(n) > Jconst >0 (2)
FIRETDH L, B f =0 22 5IE, energy OIFHIRIRIFRE, T7205,
1
e(t) = 5 {llue(t: )1 + [ Vult, )|*} = const (3)
B IDLVIZETHD. 22T, || -lla = Il - ey |- | = | - le2mn) THB. EBE

@ &9,
1 fiou(t)Ii?

B(t) = ; { (e, )|+ [ <1>(n>dn} = 5(0) @
ERDTENDND. @ BBRLTIHEE, T4ROL &(n) >0 DIRELIEFXOHTHRND
BRZ Y, -

L ®(n)dn = co (5)

RHE, (3) BT B Z EMNNnD. BARARZ, (5) BRELRWVEETY, D T>012
LT (1) DEEBTFEEL, u(t,z) € CH0,T); HY) 725,
® (IIVu(t,)I*) € L((0,T}) (6)

ERBIEBHLNTNDS (cf[3]). & T AN, REEKAIEMNAZFAREICZ OV T, BED
Sobolev ZEfEITIZE A M Gevrey class DFETE X b 2> TRV, Large data DFE,
BED & ZAKBREIRENRR Y SID T & 303> TV 5 7 T R, realanalytic class VI
quasi-analytic class D& T 5.(cf. (1](3][5][6][9]) FEBE (1) 2R LT, FiZ @ € C* ZIRE
L7234, hyperbolic energy :

B (07 = 5 {l(t, )l + (1Va(e, D Valt, )Ly} (7)
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Wl =1 ) 282D L, j>2 251,

R (Vu(t, ), Vult, ) (| Vult, )N Vult, )5,
< comst || Aut, )| Vult, )3,
< comst ||Au(t, )| Ej_1(2)?

2E,(t) E5(2)

i

EWVIFHEAEL D SIDZ 3G, ZIT, ||Ault, )| < const Ey(t) THDEHN, ZDOHFE
E;(t) DR REIR/ATHNI LN RV, ZBFO—FKT, KIRMRFERTREE 2R L7-/ER
HEN STV,

—H, 0 € C! BBILTHES, Tb ¢ NELAEFOES, Sobolev ZZ/_ETORAT
AIRMEZE R L7-RER [10] 355, L1, @ 23 non-Lipschitz continuous DIFH, & DiBfL,
BRIz 5§, KIKEIRYEII %, BETAIAEIC BT 2R Lo TRV,

Z Z T, quasi-analytic class (2381} 2 KIEHATARYE, 318 J UOERIZE S @ 3Bk L,
2 non-Lipschitz continuous DFE D FATEIAEIZ BT 2R EZWETS.

2 Linear weakly hyperbolic problem of second order
BRI (1) ORIREL E X 2BE, IROBEFFI R HERX
uy — W(t)Aut,z) = f(t,z) 8)
@ wellposedness DFERITEETHD.

Theorem 1 ([2]) a € (0,1), s > 1, T >0, ¥y > 0 REFENEIEEDOEE, V() >0,
¥(t) € C(0,T)), f(t,2) € CO ([0, T v*(R™) ThHBETH. ZOW, 241> s B5H, (8)
i, v*(R") globally wellposed, $+1 = s 72 BIE, locally wellposed T 5. BT, U(t) > ¥,
%+ 1> s 25, (8) 1X +*(R™) globally wellposed, 2~ + 1 = s 72 b, locally wellposed
L72%. ZZT, C* L, order a @ Hélder class, v° %, order s @ Gevrey class T D.
B w(t) € LY([0,T)) 251X, v*(R™) wellposed, §72>H C(R™) globally wellposed & 72
5. ZZT CYR" i, R* ED realanalytic function @ class THD.

& ZAT, RSN (1) D realanalytic class (231} 5 RIBFTA#E (3] 1%, LOBRFED
FRRIFESEDZ L THOND. B RO X D72 energy :

ot = 5 {18000, + e P + e )+ [ 0ta)in}

BHATBILICEY, o(|Vult,)|P) € L} ABHRBHBTHS (cf.[3][5]). 775 realan-
alytic TIL72V> class, T2 % Gevrey class 72 Kiid, Z DFFFRILER TE RV
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3 Function spaces and results

Theorem 1 BN LI-BEORBRESE X, T Z T L}(R") D Gevrey class &K
M & 5 72 ultradifferentiable class TORFZE X TwW<.
ED%F| {M;} LEH p > 0 2% LT, ultradifferentiable class C*{M;}, ZIRD L D iZ
EETD.
o
CH{M;}, = | f € C(R™); T £r[|0°f()]| < oo
acZn M|°[
ZIT el =t tan 8= () (3E)T B EREB{M} LT, L
iZ LiE logarithmically convexity
M;.,

M ) .
< - < <
M, =M (0<Vi< V)

ZRETD.
Example 1 {M;} = {j**} (s > 1) 251, Upso C*{5**}, = LXR"UY(R"), {M;} =
(G 2B, U CH{ilY, = LARMHUCY(RY), Li2d. ¥, {M;} B logarithmically
convez(=l.c.), H*> quasi-analytic conditon :
M;/Mj1 = o0 (9)
=1
B2 bIE, UCho{M;}, 13, quasi-analytic class £725. (Denjoy-Carleman(cf.[8])).
BRI TR B 52 Theoren 1 TiZ, #8%% ¥ @ Holder continuity & wellposed & 72
% Gevrey class DEFMHZ 63TV D, T T, Gevrey class Z—f&{b L7z ultradifer-
entiable class 12X I5T 5 —f{L X 417= Holder class ZIRDE I ICEHETHZ LT D,
w i [0,1] TEHEEh/-EEREHT,

w : strictly increasing, w(0) =0, and tl—i»rllo;%ﬂ < 0 (10)

B LTS ET D, 2O 1 € R ETO generalized Holder class Au(]) &
A(I) = {f € C°(I); sup {____|f(s) — f(t)‘} < oo}
stel,0<|s—t|<1 w(ls - t))
CEETAHZLICTS. ZOR (1) ICHT B ARMEE R LIZROBRERD.

Theorem 2 (Global solvability in quasi-analytic class [6][9]) po > 0, T > 0 V3E
BOEL, {M,} LIEME Le. sequaence, @ € C* iF (2) WL TND LTS Z DB,
Ug, U1 € Cn{IWj}po, f(t,:z:) < CO ([0, T],Cu{MJ}PO) ‘:?‘T L—C, To > 0, p(t) >0 (t (S [O,TQ])
&, (1) @ unigue solution u(t, z)

u(t,z) € C* ([0, To}; CH{M;}ptn)

PIEET B, L, {M,} 3 quasi-analyic conditon (9) Z/=Y RO, To=T k3.
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Theorem 3 (Local solvability to the weakly hyperbolic problem (7]) po >0,T >
0 IHEBOTEK. w i (10) WL, (M} 1EHD o >0IZHLT,

{j!‘”w(j‘l)'%Mj} l.c., and sup{w 2M/_]MJ 1} co (11)
B LTNB LT3, ZOB, (5) Zil=T & € Au([0,)), uo,u1 € CH{M;}p, f(t,2) €
ce ([0, T];C“{Mj}po) HRLT, To>0, p(t) >0 (t€[0,To)) &, (1) P ult,z)
u(t, z) € C? ([0, Tol; C*{ M} tr))
DBFETD.

Theorem 4 (Local solvability to strictly hyperbolic problem (7)) po >0, T >0
IHEBDOEE, w iX (10) Zil72L, {M;} EHD 0> 0 &£§ — co (j — ) 725 EEE
F {6;} LT,

{3"M;} : Le., and sup {w(87")M;/ 3 M;_1} < 0. (12)

B LTWB LT B, OB (2) 2T @ € Au([0,00)), uo,u1 € CH{Mj}y, f(t,2) €
c (o, T); CH{M;} ) 125t LT, Theorem 3 & FRDRERDFHND.

Example 2 ® 73 Hilder continuous T 78bbw(r) = 7°, a € (0,1), 72 {M;} = {j*}
(s>1) &¥5. ZORZ+12>s 261 (11) %, /- —+1 >s f;&c:t (12) %vﬁtbf
WA, E, w(t) = (l—logr)" (r € (0,1)), w(0) =0, B8 >0, {M;} =TT} 1(1+logk)25
i%, (9), (10), (11) @=L TV 5.

4 Sketch of the proof

TRLOFEEIE, ROFD ultradifferentiable class (2% % infinite order energy @
energy estimate 2#< Z LIk - TAEAS LD,

E(t) = Z ——E () (13)

T I, E;(t) X (7) TEZHES NIz Sobolev space £ T hyperbolic energy ThDH. £F
Theorem 2, T72bH% & € C* ) OHRILDFEIZOVTE X 5. Theorem 3, 4 DFERR LA
RV F I =AM BN, KEFTiL Theorem 2 DFERAIZHE LK TITOND.
(13) TEZEENT= () (2R LT, first order energy DRAF (4) £9, £'(t) RO & DI
FMINDZ EBDID.
E'(t) < const ||Aul|E(). (14)
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DR, || Au(t, 2)|[(= |l] - Pact, )l) OFEESHEICRD. 2L, € =2+ + &, 4 I,
u @ Fourier image THd LT3, 4 ||| |at, )| >1 ERETH. T8,

JEa 00
-t o] = - e, 0 ( f, leP e, ) (15

ERB. ZIT, KD Lemma ZEAT 3.

Lemma 1 (Hardy-Littlewood-Polya) Q X R* L@ A[BIESL, 4, N, Nou' iZ#h
Zh, K [(—oo )N, (< oo)] TEfe, HFADOKBHFERBETHD LT5. Z08E,
L<qg)<IDhae € (p)l=1p>0 ZTNFTNHE-TEED p, ¢ IZXHLT

b7 ([ ua@)p@de) < N7 ([ Niae)pe)de) (16)
N5 A/ BVASN
TIT, Q= R us) = st q(©) = lgl, p(6) = Il OF /- [alt, ), EEZB L,
A = N(A) : convex f:é&%ﬁ@%ﬁéaﬁ%k&éﬁs# NIZXLT,

1+ Pact, )] < const N (101 - DA - e, o)) (17)

BRI THNDZEBDHB.(]- at, &)l <1 DFE D, IRIFFRDFIET (17) HRE
nd) ZIT,NEZRDLIIZEETS.

My My
pMy_1’ pM;

21:
Ne) = it re[

)a (k=2v35)7
= 8%

VG Dh- e o = SN0 DR O e
< &)

ERBOT, R
- Pac, -)|] < const N™* (£(2)?)

LRV, E)? BT IEMOAREX
d
7 (1)) < comst £(t)?N ! (£@?) (18)

2195, ZOZ Lrh, BRRIEEIZ £(t) DEREDR U SLO720D N DL, £(0) < 0o

LT5&,
® ._ﬂ__ - 19
/const AN-1(0) *° (19)
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ThBZLpbnd. TITN OFEELY, M) =sup;y; {37} £ET5&, N(r) = M(pr)?
ThHDILICEETD L, (19) 1
oo ax 0
/const M) (20)
LREHETH D = Edbind. T D%ME Denjoy-Carleman DFEEE L Y, quasi-analytic con-
dition (9) ¢ RHETH 3.
® : non-Lipschitz continuous, degenerate DBE, IRD & 5 72 infinite order energy P
AT 5.

g =3 2%, (21)

e;(t)? = @A)l - Pa,)lE, + 21 Pla g,
FI - P e, G, + w GO Pa, )l (22)

ZIT, (@) = fre [EPRIEE, ©)PAE, p(t) € CY, 2/(8) 2 0, ®5(n) = x3%®(n), X+ : Friedrichs’

mollifier, Q; = Q;(p(2)) = {€ € R% 6] = L;/p(t) L; 1}, Lj = My/w (i~ N: 5. ::'C
Pt <0 J:Udtnw( I? < 2R(we(t, ), wit, ) 72D T J:L_E“TZ)J: KO E 5

Lo < comt |- Pate ), 3 23 1-pace - (29

=2 CLemmal £, || Pat, g, HROED z:%%r% B Lnbnd,

lI-Pa), = -1t g, (L i l)m m M, dé)

= 18, N7 ( [, e W}‘%‘%—ﬁ{—d&)

i—1
: ; lelat,OF .\
: Ng. N7! N d ;
< -8t o, ( f M e 5)
ZZT, Ni(r;p) Pfﬁ(}—u (r € [0,00)), N T, N( ‘l(s)) = N( 1/2(1‘1)) : covex on
s € {s€[0,00);s = [£], §e Q,} LR AEEOEESEEEREARBEETHD. 5, F
IN %

2k ,2(k—1)
N(r) = N(r;p) = £ ig , TE [frachka 1,5)‘?) (k=2,3,--),
TEHTD. T,
A N(g)) llglat, &) 2 Z|1N<| DA fat ) g g

=7
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) 1 . 2
= ?__; (% Hl ' ll&(t’ .)H;,\Qi-u)

< &)
ERBZEICEETDL, SE(1) IHRO L D ITFHETE 2 Z L BSbh 5.

d < o)
Ef(t) < constjg1 L, JN l(cﬁ'(t)n"’)

J

"

()N (D"

< t =2
< coms 2_:1 sup { Py }J

-1 nk
< const sip{(p(t)j\;-aéf(t) ) }

< const (p(t)N"! (£(t)2))[‘%]+1 L (p(t)N-l (®?))-

TIT, L {L,} OBEFBIE : L(r) = sup;»,{r’/L;}, [ - Gauss symbol, o> 0 1 (11)
TEXLNEERTHS. TN OERLY, £(1)? BT s HHAHER

3o

%(5@))2 < const N™* (g(t)?)[ £(t)? (24)

x1B%5. Zhi v, BEFEATRYIZA a priori estimate 2785.
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Global Smooth Solutions of Semilinear Weakly Hyperbolic Equations

HARUHISA ISHIDA

Institute of Mathematics
University of Tsukuba

In this paper we shall consider the following Cauchy problem for semilinear
weakly hyperbolic equations of second order

(1) ug = a(t) Y (au(@)us,), +f(w) in [0,T]xRZ,
4,k=1

(2) u(0,z) = uo(z),u(0,7) = us(z) in R?,

where

(3) 0 < a(t) € C“([0, 00)),

C®(R™) 3 a;i(z) = ax;(z) (j,k = 1,2, ,n) are real valued functions and suppose
that

n

(4) 3" aji(@)8 20 forall (z,6) € R
J1k=1
Moreover we assume that f(u) € C* and for each j =0, 1,---, N there exist some

constants A;, B; > 1 such that

{ | f(w)] < Bolullog(Ao + [ul),

® £ ()] < By(A; + [ul) = log(4; + ),

where N = [n/2] + 1. Then we have the following result.

Theorem. Suppose that (3), (4) and (5). Then for any uo, u; € C3°(R") there is
a unique solution u(t, z) € C([0,T] x R?) to the Cauchy problem (1), (2)-

We remark that in the cases of n = 1,2, P. D’Ancona[3] has already obtained
the analogous result under the assumption

{ |f(w)] < Blullog(A + [u]),

2 £/ ()] + 1" ()] < Blog(A+ [ul),

which is more relaxed than (5) for n = 2. In his proof a refined Sobolev inequality
due to H. Brézis-T. Gallouet[l] plays a substantial role. The inequality is also
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established for general n (see Theorem 1 in H. Brézis-S. Wainger[2]) but his method
cannot be applied to our theorem any longer. So we shall derive an ordinary
differential inequality with global solvability from the condition (5) by using a
Gagliardo-Nirenberg type inequality, observe the boundedness of solutions to the
differential inequality via the comparison theorem and hence prove the boundedness
of an energy for solutions to the problem (1), (2) in arbitrary order Sobolev space.

As for the existence of time global C* solutions to semilinear weakly hyperbolic
equations we know the paper P. D’Anconal[4].

Proof of Theorem. Since a’(t) is real analytic on [), T], the interval [0, 7] can be
decomposed into finite subintervals in which either a’(t) > 0 or a’(t) < 0 holds.
Therefore it suffices to handle the two cases

Case I: a/(t) > 0 on [0,T] and Case II: ¢’(t) < 0 on [0, T}

from the beginning. For the sake of simplicity we assume that solutions are real
valued as well.

Case I: a’(t) > 0 on [0, T'. In this case we shall employ a trick due to O. A. Oleinik([8].
Let us consider the linear equation

(6) ue =a(t) Y (an(@)us,), + ()

Jk=1

and suppose for the moment that u(t, z) is a solution of (6) with null data u(0,z) =
u4(0,z) = 0. For any fixed 7 € [0, 7], define the auxiliary function

Ut,z) = / u(s, ) ds,
t
multiply (6) by U(t, ) and integrate the resulting equation over [0, 7] x R?. Then
we obtain three terms and next calculate them respectively.

For the first one, integrating by parts in ¢, we have because of U; = —u and
u(0,z) =U(1,z) =0

7 /0 ’ / useU (s, 7) dzds = /0 ’ / usu(s, ) dods
=/OT/%(|u(2)sdxds= %/[u(‘r,xﬂzd:z:.

As to the second term, in view of integration by parts in z

/ /a(s) Z a,k(:r)uI] U(s T) dzds—/ /a(s) Z ajx(z)Uz;s Uz, dzds

Jik=1 7.k=1

/ / (as) Z au(2)Us,Us, ), dds — / / o(s) Z a;4(@)Us, U, drds
J.k=1 F.k=1

/ /a(s) Z ajk(z)Uz,; Ug, s dzds,
J.k=1
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so that

(8) / / a(3) S asu(&)Us, Uy drds

Jrk=1
/( Z ajx(z)Uz,; Uz, — a(0) Z ajk x)Uz]U,k) dz
Jrk=1 Jk 1
/ / a(s) Z a31(2)Us, Us, dzds < 0
7,k=1

because Uy, (7,z) = a(0) = 0, ¢’ > 0 and (4). The last term gives

(9) /OT/f(s,x)U(s,x) dzds

< % /0 ’ / (s, z)|? dzds + %C(T) /0 ’ / lu(s, 7)|? dzds.

Thus, putting (7), (8) and (9) together, we get

/|u(7‘,1:)|2da:§C’(T) /O.T/|u(s,:r)|2d:1:ds+/of/lf(s,:r:)[zdxds

eo(T) =/:/|u(s,x)]2 dzds,

then this inequality may be expressed by

and if we denote

eb(7) < C(T)eo() + /0 ’ / £ (s, z)[2 deds.

In the similar way, we can lead a priori estimates of higher order for the solution
u(t,z). Indeed, we operate 92 with |a| = j to the equation (6), multiply it by

3;’U(t,a:)=] 92u(s,z)ds
t

and apply the same computations as above to the resulting three terms; if we write

e;j(T) = / / |82u(s, z)|? dzds = / / > 182u(s, z)|? dzds,

laej=j

then

(10 (1) <Oesr)+ [ [ 182106, dads,
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which is established under the hypothesis that the initial data «(0,z) and %(0,z)
were vanishing, however. In order to deal with the general case of arbitrary initial
data (2), it is sufficient to pick
’U(t, 33) = u(tv I) - ’u,o(.’L') - tul(x)
and to verify that, if u(¢, z) solves (6), then v(t, z) does
ver = a(t)at(z, 8z)v + f(t,2),9(0,2) = v(0,2) =0,

where

ft,z) = f(t,2) + a(t) (a*(z, 8z )uo + ta*(z, B )us),
a(z,8:) = Y {a;n(2)8s,0z, + (Bs;05x(7))0u, }-

Jk=1

Hence, adapting the estimate (10) to v(t,z), we have

() < Oestn) + [ [ 101(s,0) dods
+ O lall=) ([ 10300 do+ [ 105 o).

Finally, we note that the same procedure allows us to obtain analogous estimates
also for the time derivatives and so all the derivatives 05, u. In fact, if we differen-
tiate (6) with respect to the time variable ¢, then we get an equation similar to (6)
for the time derivative of u, plus some lower order terms, for which we have already
showed L2—estimates. Thus, in conclusion, standing for

€5,k(T) =/ /Iafc?ﬁu(s,x)]2 dzds,
0
we know
(1) €x(7) < Cik(T, llaliwse) (“f(s’z)”ilﬂ"‘(G('r)) + ||(U0»u1)||§1k+2(mn)) ,

where G(7) = [0, 7] x R?. The estimate (11) may be written more briefly as

d
(12)  —lulfme) < Cm(T llallwme)
x (15, )1y + (0, u1) Ermezcamy)

Now we apply the estimate (12) to the nonlinear equation (1) and then it holds

that 4
= lulEmry S Cm (1F @ Em(ary) + 0, ut)lrmsan ) -

—120—



Here, employing the Gagliardo-Nirenberg type inequality (16), we find

1 F @)y € Cr{m)em([[ullFeo) el Fm ey
< Co(m)pm(l|ullfm ) lullzrm(cny)

with pn,(s) = Z;."z'(')l s? since H™(G(1)) C L*®(G(7)) for m > n/2. Therefore we

have for m > n/2

d

d—TlluH%m(c(T)) < Ym(lullfmciry)) + 1120, 81) 3msagny»
where ¥, (s) = Crn 37 87. Thus, by Gronwall’s inequality we obtain
(13) lullzm(cry) £ C(m, T, [|(uo, w1) || gme2mn)) 0D [0, Trn]

for some 7,,, € (0,T] provided m > n/2.

Now it follows from standard arguments(for instance, the Faedo-Galerkin finite
dimensional approximation method; see, in detail, J. L. Lions-E. Magenes|7], §8.2)
that the estimate (13) implies the existence of a unique local solution to the problem
(1), (2), belonging to H™ for 0 < t < 7,,, when m > n/2 (but it may happen that
Tm — 0 as m — 00).

We shall next prove that the solution actually exists and is C® on the whole
interval [0, T7.

To this end, we introduce the energy of order j for a solution u(t, z) by

E;j(8) = [lus(t, )% + a(t)(@*(z, Da)ult, ), ult, ) ms + Mjllu(t, )3

for j=0,1,---, where M; is a positive constant determined as below : Since there
is a positive continuous function C;(t) on [0, T such that

(a*(z, Dz)u(t), u(t))ms > ~C;(®)llu(t) |,

thanks to the Fefferman-Phong inequality(see, e.g., C. Fefferman-D. H. Phongl5]),
we take M; > 1 as M; > max;c(o,17 a(t)C;(t) so that E;(t) > 0 on [0, 7.

First of all, differentiating £;(t) with respect to t and using the equation (1), we
get

(14)
E;(t) < a'(t)(a*(z, Dz )u, u) s + 2M; Re(u, us) s + 2Re(f(w), we) s

< d/(£)(0(z, D)y w) s + My B () + 20| f(w) s E5 ).
Here, note from the assumption a’(t) > 0 on [0, 7] (unless a = 0) that
a(t) ﬁz a(r;) >0 on [r;,T].
Thereby

(15) a'(t)(a”(%Dz)uyu)H:’S%Ej(t) on [r,T]
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Now let us estimate the third term in the right hand side in (14). Adopting the
formula

e

82 f(u )—Zf k)(“) > (8- ()
Bil-- B! ﬂk “

Bt +fr=a
18:1>0

and the Gagliardo-Nirenberg type inequality

(16) [8F1u- - - 0%%ul 12 < c(O)ulb<t D= 187l L2
jv|=¢

for |By] + - - - + |Bx| = £(see Corollary 6.4.4 and its Remark in L. Hérmander(6]), we
admit by (5)

(17)
If(w)llas < Cin() Y 102 f(u)llr2
jel <5
lel
<Cp@® Y. D IR D 051U Ol
Ja| <5 k=1 514]5;ng=0
je}
By log(Ag + ||lull L= + C) ¥
< C]3(t ‘MZ<J; Ak+ “u”L )k 1 ” ” lﬁ;ﬂ ”a 7-"“L2

< Cja(t)llull s log(A] + [luliLe + C).

Set F(t) = Z;io \/E;(t) and observe by Sobolev’s embedding theorem that ||u(t)|| L
< Collu(t)|lgy < CLF(t) on [0,T]. Thus, from (14), (15) and (17) we deduce the
ordinary differential inequality

F'(t) < F@t) (1'1‘.’(!(%%?1 + My + Cn(t) log(An + F(t) + c‘*)) on [, T).

By the way, we recall that a unique solution u(t, r) exists on [0, 77,] and belongs to
H™([0, 7] X R?) as long as m > n/2; So, for m > n/2 we notice by trace theorems

W(Tm, ) € H™ YV2(R™), u4(Trm, ) € H™3/2(R™)

and hence F(7,,) < oo if we retake m like m > N + 3/2. Further, comparing F'(%)
with the solution p(t) of the ordinary differential equation

J(8) = (t) (”—('1'(%}'1‘;’—” + ¥ + Cr () log(Ay + p(t) + é)) o) = F(rm)

which exists and which is finite on |7, 00), We arrive at

(18) F(t) <p(t)<oo on [0,T)
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because of (13). Therefore we conclude by standard procedures that u can be
prolonged on [0, 7] and

(19) lu@®llz= < Crllu®)llg~ < CLF(t) on [0,T].

Up to now, we have proved that a unique H¥ solution u exists on [0, 7] and
satisfies the estimate (13). It remains to check that u lies in the C®°— class. For
this purpose we resort to the estimate (14) : Then, on account of (15)

FVEO < (584 4) VB + 1@l

for t > 0 and once more taking advantage of (16) as in (17), we find

GBI < (554, ) B + o lulem)y 5.

Hence, by virtue of (18) and (19) we gain that for ¢t > 0

(20) jt‘/E (t) < (I((Z))+M),/Ej(t)+éj E;(t).

Now we can combine (13) with (20) : By choosing m as m > max{j + 1, N + 3/2},
(13) implies that
v/ Ej(t) <oo on [0,7y);

a/(t) _ llallze(o,1)
a(t) < a(Tm) on  [7m, Tl

an application of Gronwall’s inequality to (20) gives

v/ Ej(t) <oco on [7,,T].

Thus we have showed that all the energies E;(t) are bounded on [0, T} and so the
solution u belongs to the C°°— class.
Case II: a’(t) < 0 on [0,T]. We shall use again the same energies E;(t) as the

ones in Case I. Differentiating E;(¢) in t and proceeding as before, we obtain from
(14)

Meanwhile, since

2 GVE® < (1= dOME0 + 15l

< MA@ + 1 F )l

because a’(t) < 0. Mcreover, by (17)

%,/Ej(t) < MIVJE;(8) + Cis(0)1/B; (1) log(A” + JE;(8) + O,
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so that
F'(t) < F(t) (M + Ciy(t) log(Ay + F(1) +C")) on [0,T].
Since the solution o(t) of the ordinary differential equation
o'(t) = o(t)(My + Chy () log(Ay + o(t) + C")),0(0) = F(0)
exists and is finite on [0, 00), we enjoy
F(t)<o(t)<oo on [0, T],

which means
llu(®)|lze <00 on [0,T].

Now we are in a position to estimate the higher order energies owing to (16).
From (17) and (21)

4
dt

E;(t) < M}/ E;(t) + Cje(t)4/ E5(2)

< CG,T)E )

hold. Applying Gronwall’s inequality, we get the boundedness of VE;(t) for all
J=01,---:

(22) V Ej(t) < Cl(js T) V EJ(O) on [01 T] for j=0,1,---.

Hence, thanks to the a priori estimates (22), we can show in standard ways the
existence of a unique C* solution u(t, ) on [0, T] x RY to the problem (1), (2).
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R RS ERICKH T 5 RUNGE-KUTTA EOBEMAT
o B (KK - T - SRS

§1. FIRERRE & EEH.
Banach Z5f] X @ LD ¥R B R R

(1.1) { %L +A(wu = f(u), 0<t<T,

U(O) = Ug,

DM E, B Runge-Kutta ¥V TROBZLEEXD. ZIT —Au) i
X OEOMITHPEBDAERET, K={u€ Z; |lu—uollz <r} TEESNL TS L
+5. ¥ Z X X OFicEgaciidAEn: Banach ZRTH 5.
FEX (1.1) AL TUTOEKEERET 5.
(A1) LY AT = MES p(A(w) IZAER C\ S, 28%, oL/ J=rb
(A= A@w)! ik

_ M
A= A@) M) < ey, AESp, u€ K.
Al +1

BT, ZZT0<p<n/252 S, ={)eC;larg )| <o}
(A2) A(u) DEHBRIZ—F D(A(u)) = D T, A(u) LK Lipschitz Fi-Z w727

I{A(w) - A@)}A@) Hlex) < Lallu—vllz, wveZ

(Sp) HBHEK 0 < a<1BH>T, D(A(w)*) iX Z OFITHEEMITEDIAEND.
(F) B% f(u) X K TEHESH, KD Lipschitz FkEHLT.

| f(u) = fW)lIx < Lyllu—vllz, u,v€K.

(In) ¥IHME uo 1X D DFETH 5.

Runge Kutta #EiXB# s &, fREOMA (4,8,C), A= laijlij=1,. s B = diag[by,
...,b,),C =diag[cy,... ,¢,], CEBENS. WAHEE A ELT, ZORF—LEH
wmar K

dy B

y(O) = Yo,
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ICEA LT & & DIURE {Yatnzoa,. N, N-h < T, 1, SI%E Yo =yo LB VIR
LEER

]
Yoi1 =Y, + thjF(tn +hej,W,;), n=0,1,...,N—1,

i=1

THEALND. B ty=n-h Woyi=1,...,s, it s TECHEERHER

Wi=Yo+h> ajF(ta+he;,W;), i=1,...,s,

i=1

DFETHS. Runge-Kutta %, A BSKBETZADLXBPH, €5 TRV L XBH
EXiEh 5.

FRTIROPREEITY, —y(h) = O(hPH!) LTEBEE, ZDRF—AiLp
KTHLH L) ZF =L p RIZZD 1= DDULEF53EMDR ay, bs, ¢; DEIDHK
BOBERNTEX LN S Z L, Butcher [1] Ik > TRENLTNS.

B R(z) = 1-2eTB(T + 2zA) 'e %, ZDOX*F—LOREEKE VS, -7
Le=[1.., 1. $20<0<n/2585bo7C, BAER S, 220h5HET
(Z+zA)1 BER, S5 ET|R(2)| <1 &BBEE, AX—hiF AG)-BRETHS
EWVS. RF =L AG)-BRETH->T, SHIC R(co) =1 —eTBA-le DExHiin
1 EY/hENEE, AO)-BEETHDENS.

83 (1.1) IZ Runge Kutta # (A4,B,C) # @A 5 L, kOHEX2BS.

Un1=U, + heTB{—A(Vn)V,, + F(Vo)},
(1'2) Vo= elU, + M{—A(Vn)‘/n + f(‘/n)}:
U() = Uug.

L e=[L...,10T, V, = [Vu1,..., Vo), 72 V = W,..., V)] iz LT

A(V) = d'la'g[A(‘/l)7 .- )A(V;)]) f(V) = [f(‘/l)i .- )f(Vs)]T &'aﬂb'
FEBLROMOFEER L BRER S RICTRT.

EH1.1. 0<n<l-—a%V&DLb, 0<h<S<T,N<L<S/h kLT,

Kn(S)={U=[Us,... ,Un,Vo,... ,VN_1] € ZN*1HsN. j0 00
1Un —wollz < 7/2, ||Un — Unllz < |(n — m)h",
”VH,J - uO”Z < ’f'/2, ” V‘n,j - Un”Z < h'l}
EBL. D p <0 <71/2 1% L T Runge-Kutta 8% A(Q)-HMEERD, S & h %
TRNELLBE, (12) 1% Ky(S) DR C—BEMU = [U,... ,Un, Vor - » Viy_i]

RO, £ U
NUnllx, |A(UR)UL)|x <C,

Y.
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EH 1.2. RungeKutta it A(Q)-BEENPD p>2 K THIERETS. (1.1) D
Mou e Crri((0,S]D) 720, B3 E, = Un—u(ty),n=01,...,N, i h>0
B3/ L X,

|Eallx < € (WD 0.5, + B Aso)u ™ Do 513 )

| A(so) Enllx < C (Pl Aluoyu® V)l o.5.x)
+w T Afuo)u T ficw (j0,53:x) )

TaHlichd. 2L, 0<w <1IXEE, ¢<p—114%, 0<k<qTACle=
Cre/k DR T B L 5L+ 5.

§2. M RIBERCERE L AR,

p<O<m/2 &L, HEBIM R(z) = 1 - 2eTB(T + zA) e %, A(0)HEER
B289 Runge Kutta % (A, B,C) DEEBEHK LT 5.

#88 2.1. R(z) D¥RAIZ, BERK
E={zeC A7 <|z| < A7, |arg 2| > 6}
ICEZEN 5.

8 2.2, WY72 6> 0,671 > max{|JA|], A7}, &L, EEDO0< <0 Iz
LT, ROFMEBRILT LI RERKO<k<Lv>0,pu>0%EB2 BT

5.
K, 2l 267

, 0Lz 267, |argz| < @,
e, |2/ <6, |argz| < @,
et |z] < 6, largz| > &',
FERIE [2] 12725 5T, R(z) SR e OEBITHB - & &, £ OHCERT
HBZEERNWS.
we K iZx LT,

R(hA(w)) =1 — he" BA(w)(Z + hAA(w)) e

IR(z)] <

LB<.
#i# 2.3. Jy(w) = (T +hAAw)) ™1 1X X° LOHERERRE LTHEEL, wico
WT—RIT

|A(w)? In(w)llgxs) <Coh™, 0<p<1,

PR
A, MURAERAESB T 2 LT,
~1dz

Jp(w) = 5715 ]i(I-i— zA)™1 (% - A(w)) -

ERENDZ L EREILL .
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MBHER 24. K we KZOWT, ¥# {R(hA(w)) }n=o,1,.. IXBORBHCEET
»H5, $bbH,
|R(hAw))*|lexy < C,

| A(w)* {R(RA(w))" — R(c0)*}Hle(x) £ Co((n+1)R)™%, 0<p <1,

| A(w)? T (w)e R(hA(w))™* || cx)» |A(w)? R(hA(w))ReT By (w)ll c(x)
<Cyn+ DR, 0<p<1,
BT . EHICINBIX w iz oW T—KTHhH 5.
SEEN. HRE 2.3 OIH & ARSI,
R(hA(w))® = R(co)" + — & R (2 = A@w)) ™ &
(A = R + 5z § RE" (7 - 4w) F
RERSIF5. =T n kLT

T=Tn={z 2| =67, largz| > ¥} U{z 6 < |2| <577, arg z = £y}
U{z; 6/n < |2| < 6, arg z = ¢} U{z; |z = 6/n, |arg 2| > v}

LLT 5], #ifd22 A5,

KIZW =[Wo,...,Wn,Ys,..., Yn_1] € Kn(S) iot LT, BEBEEAMEMRT
5. ERDX DIz, & AW,) Iort LT, HORBEBCERE {R(AA(WL)) b n=o,,...
PRRTAILBTES. IRERBIZLT, ROL I RERRDKEEXS.

1, n=m,
®p(Win,m) = § {1 —heTBA(Yn-1)Jn(Yo-1)e}
--{1 - heTBA(Yn)Jn(Ym)e}, 0<m<n<N.
7L J(Y) =1+ hAA(Y)) L.
#E 2.5. h>013+9/heT 5. h(Y,) X X LOFRERERTH- T, RiEY
W IZB L T—HiZ
NAWR) In(Yo)llcxsy S Coh™”, 0<p<1,

=T

HERRILER T (Ya) — Jn(Wa) = hJn (Y ) A{A(W,) — A(Y,)}Jn(W,) &8 2.3 10
£3.
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B ER 2.6. MEBELM Op(W;n,m) 1L, U =[Uo,...,Un,Vo,...,VN-1] PF
B

Un+l =Un+ heTB{_A(Yﬂ)‘/n + f(xz)};
(2.1) Vi = eUn + RA{-A(Y,) V. + f(Yo)},
UO = Ug,

BT AEEMTH-T, UTOFEHLEZERTS.
|2n(W;n,m)|lcx) < C,
|A(W5)@r(W; n, m) A(Wm) Ml 2x) < C,
NA(W,)P @5 (W;n,m + 1)e” BA™ Jh (Yl c(x+ x)s
[AWL) Jn(Yr)eRr(W;n,m)|lc(x x7) < Co((n—m)h)™", 0<p<1,

”{(ph(w;nvm) - 1}A(Wm)—1”£(x) S C(n it m)h
IROLOMES WIIKTFLRW. E515, (21) DM U RRDEIIZRENS.

n-1
22 J Ur=OWinmpwo+h 3 (Win, L+ DeTBAT T (Y)AF(YD),
- 1=0
Vo = Ju(Ya){eUn + hAf(Ya)}.
AERA. EEE Y

B (Wi, m) — RAA(Wip))"™
B S 0Wim, L+ DVTA (YD ALT ~ A(Y)AWin) ™'}
l=m

X A(Win)Jh (Wn)eR(RA(Wym)) ™.

ZREY | a(Win, m)|lx) 12T 5 Volterra BIBEHTE S A%

n-1
128 (W;n,m)llcxy < C A+ Ch Y 1 @(Wsm, L+ 1)l ) (L = m + 1)k

I=m

B/ONDND, ZHEMRNTE 1 OFHENRFTLND. IZ0DRERIZON TR,
(2.2) i, (2.1) 26 V, ZHELTHLNS U, OWHEX0 5, EbizErn 5.
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§3. FH 1.1 DILMA.
Yagi [7] DHEHZGEST, WABROFBERATE. W= [W,..., W, Ye,...
Yyv_1] € Ka(S) tzxt L, #I4MaRIes

Unv1=Un+ heTB{_A(Yn)Vn +f(Yn)},
(3.1) Vo = el + hA{-A(Y,)V,, + f(Ya)},

UO = Up,
DU = [Uy,...,Un,Vo,...,Vn_1] € XVHHSN R SE235@% T;, L3,
HMBIER 2.6 TRZIEIIC, UKD ESITET I LR TXS.

n—1

(32) Un = ®a(W;n,0)uo +h Y Ba(Wjn, i+ 1)eTBA~ T4 (Y1) ASF(Y),
: =0

Vo = Ja(Yo){eW,, + hAf(Y,)}.
ZORBL 2 OHERLY, UTOHBEBRN RIS,
MBIER 3.1. S WPEVEE, T, T KL(S) »OFDOH~DELTH .

#HiBhEEE 8.2. Ty iX Lipschitz ## T Y, £ Lipschitz fE8E, S 2/ &< &3
&, 1 KD /IELTEB,

ZHRUZE ST, T B3 Kh(S) LOWNEBRTHBZERREND. T, D—BRFK
B (1.2) OMTHEZ LIZALNLTHS.
§4. FH 1.2 OIEHA.

Lubich & Ostermann [3] DFEIWE D . u(t) % (1.1) DREL L, 7, = (t,Z+AC)e,
e r=[r, .., )T HLT ulr) = [u(r),... ,u(m)]T, W' () = W' (m1),...,
u'(r,)]T EBL.

(41) { €n = U(tn+1) _u(tn) - heTBu,(Tn)7

d, = u(T,) — eu(t,) — hAY/ (13,),
&35 L, A Runge Kutta I3 p RTH B0 5,

h —
€, = /0 (Q’;!_t)”u(pﬂ)(tn +1) - h((’;“:tl);_le%cpu(ﬁl)((tnz + tC)e)) dt,

[FkkiZ,

— » (h—1t)? q_h(h_t)q—1 g1 (g+1)
d,,—/o( 7 C PR AC )u O ((t.T + tC)e)dt

BN S, K (41), (11), (12) &Y, BEE, =U, —~u(t,), D, =V, —u(T,)
ERONPEBEOME L TEXLNA.

Ent1 = E, — heTBA(V,)D,, + heTBg(Vy,u(t)) — e,.,
D, = eE, ~ hAA(V,) D, + hAg(Va, u(r,))) — d,,
Eo =0.
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RRL g(V,v) = —{A(V) - A@)}v + {f(V) - f(v)}. Thbb, E,, D, IZKX
THXLNS.

n—1
[ 5. = D Oalldin, 1+ 1)eT BAT Ty (Vi) Ag(Vi, u(n))
=0
n—1
+ > ®a(Usn, 1+ 1) [heT BA(V))Jh(Vi)d; — e1],
=0
( Dy, = Ju(Va)[eEn + hAG(V, u(Ty)) — d ).

ZZT, g(,-) @ Lipschitz EhHE [|g(V,v)||z» < C|V —vz- &, §2 IoRE T
ERRE O (U;-,) KT IFEEAVD L, || D,z B89 5 Volterra BIBERS
TR

n-—-1
IDallzs < CR Y ((n—1)h) ™| Dy z-
=0
n—1
+CllA(uo)dnllx= +C D _((n — D)~ [h]| A(uo)dil| x- + llellx]
=0

B/OLND. TNEMNT, |Eallx, |A(w) Eallx OFERIZRATIVE, FFEDRE
RER/D.
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