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1. ¥

FMURRFIEXOBOBHBZAERCMBETH D, BEOWIRMLEATVS
KEWBEELERBYIFET 2 L) LHMLLEEOE ML AT B, 1&@%Au
EFNODROENEHEL 2 2. FORANY CBIFBIEMEICH 555, WLHOTIRL K
EnZ EEENTRVITZ V., KB CREBOWMOBEICED L ) EELY5 X Tw
CPIEDVWTEHPL TWE 22w, SRCEICIEHCRICBR > TEB L Tnw (.

—BREBROYREV>TH, FUBDAR - AR PFHEOE L EOFHO AT
(3. HIROBARET AMELEERAC L Y D0h B, I Tidd o & XEKNL
EROEEDNS 6T EVEBT S, 280,

(1.1) u, = f(u)
.

{ u, = DAu + f(u) (z€Q,t>0),
(1.2)

u

" =0 (la.eaﬂ,t>0)
DREDEROBNIZOVTHARTW,, ST ueR™ fRRR™ 226 R™ ~D@FEbLD
% B%K,

D = diag(dy,ds, -+ ,dm), d;j >0

I -

YIOBE (m=1) QEBERIE) LONT, (1.1) & (1.2) DBNEL D (&
2 EOUTTRRE &%) BBV CREN LV, LU, Eim=20ge%
Zx5. 2%, .

u = f(u,v),
(1-3) ‘ { vy .= g(u,v)
w=dAu+t fuy)  (TeEQt>0),
(1 4) ) Ve = dQAv + g(u,v) (27 e Q,t > 0),
) du v
5;=-5;{=0 -(xﬁaﬂ,t)ﬁ),—

ET B, BT, PIWHEE (u(z,0),v(z,0)) = (uo(2); w(z)) TET.



2. it - ‘ o
Y, f=00BEEERL). n_a)té)ﬁiitl:t-ﬁﬁ\tﬁﬁt‘b 2 (1.3) &

. ug—-vg'—o
Eh, BI &S w, 0% D,

u(t) = uo, v(t) = vo.

FHERX (14) & |
1, = dAu (z € Q,t>0),
U = dQAv (I € Q,t > 0),
du Ov ;
%—B_n=0 (xeaﬂ,t>0)
iy,

(2.1) u(z,t) = Z_:(u(z,O),w)e""‘*"‘%(x), v(z,t) = Z(v(x,o),wj)e“’"‘"soj(z)-
STIAXVRRRMHGE DT T T AEAFK -A a)Eil?ﬁfE% A, T AERES
nf'lﬁﬂﬂ&% pi(z) T3, 0% '
-—A(,’Jj = /\jl.pj, 0 =/\0 < /\1 < Az

(2.1) obHh 3 &I EM—EL T L.
RO R ZEN—LL v FRCEH D%, (1 1) & (1.2) m%ﬁbm&w
BTy Thd. £ :

d, = rrg_m d;

HKE L & ZORBIEE LV, Conway, Hoff, Smoller [2] £ & o TRATR &tz

u(z,t) BHER (12) OMET 5. 780 b EATHES 5(C R™) AFFEL, %
BME¥SIIB3 fORMSOBREELT

thl > A{
ﬂfﬁfébﬁ.ﬂtﬁ%f% -._d)tg E&C),CQ b{ﬁ&br%b*mnig
V(- t)“L’(Q) < c,e"‘“l-M)l

flu(-,t) - ml/u(y,t)dy"mm) < cze (M—M)c

MR D AR EIZHERR (1.1) & (1.2) OROEBHIGEW EEBRL T
w3, '



3. HMALTEM
CCTCRRDEILUHFIBREZLS.

. .
3.1) {u,-—u u’ — v,

v, =3u—2v

t .
u,=d1u,,+ﬁ—u3—v (0‘<I<l,tv>0)‘,
3.2) vy = davyr + 3u —2v (0<z<1,t>0),
- u(0,t) = u.(1,t) =0 (t>0),
v.(0,1) = v,(1,t) =0 (t > 0).

Lo ERAITENE - WHFR (activator-inhibitor system-) vb"‘?(i’ﬂ%. u AR T
(activator) , v 2¢MIBdF (inhibitor) & LTI M6 TH S,
FEX (1) oROEHER 31 0L k5.

U

Fic. 3.1. 712X (3.1) DM OER)

WP ROBELEER (v,v) = (0,0) b2, TT (3.1) CORBALLEN L EX
3. (3.1) % (0,0) 0E b Y THELT DL,

!=¢_¢)
(33) {¢,=3¢—2¢



&y, 475

1 -1
3 -2
DEFMEE -1+£i/3 ), EBFIZALDOTH (0,0) IBHARE L L5 EXb
»5, :
KiZ(3.2) DBEERRL ). K LBAAEMEIR

’\¢ = d1¢:: + ¢_ ¥,
M= dype, + 3¢~ 29

TH5. (¢(2),¥(z)) = (do,%o)coskrz £B &

Mo = (1 — dyk?x?)g — o,
My =3¢~ (2+ d2k27|'2)¢

EBDT, BHME N RREMIT.

(3.4) A4+ (1 + (dh + o) x?)A + (dak2x? = 1)(doh®n® + 2) +3 = 0.

d= dg/dl,l/ = d1k27r?

B, HBRK (3.4) DLORBOE (v—1)dv+2) + 3 PR EGNIIERTFOEAH
PHEETHI LD, FWE, d=10,v=2/5,T 5L

(v = 1)(dy +2) +3 =105 ~8v + 1 = =3 <0

s, WMBRE 4L =, =00k A liﬁﬁffo 12T, YBAKEN (Turing's
instability, diffusion-driven instability) &FRIEn 5 ([10) B8) .




4. EMIEWIRE

RICHEWMFOLMEAL A THhE . EWHEOIGT - ik - AT EORRIBS
CEBLTHRALILREIMONTWS, HOKELRFLEATHIERE L T4l
IRFERIMRAE - SIGOM I ENELOLNE, T2 TR2o0HDEHMT L5 - K
FIMNPHCHRENDIPL LT XD, BULTHERTH L, KD L5 AR
THREND,

(1) {m:u@—u—wL

v =v(l - cu —v).

u,v REAROFRFhOKE &, a3 v OMHIE, b c BHMPFBBERL TS,
BOEMIAD 20D AT HIToNSD,

() BRELEBEFRY? 1 OFELT, RKBRHKETHS.

(i) RELEBERMI2255 (L <a<d).

Fic. 4.1. F1 (4.1) DROER

MERTRTCOENR (FRENDOEFHE) HRELBCIURT 2. #BEL200%
FEAROLEL LPET L, #oT, WHHEK k> TESBRYBBILEDIREDT
%%ilﬁ(%%.W%O%%,ﬁﬁﬁ@m)mﬂuf&rﬁ&ﬁou)mﬁ%%ﬁﬂ
RS ZEHTRENTWS, (1,3 BR). Z0HE, BEMD 2 DOWFIEHTFEL
T, %@&%%&Tm&ﬁtn7b017xtﬂdn6 2%h, HEFR (41) Dt
NIE Yy A v="hu) &WIF T 7 TERRTE, v(0) > h(u(0)) % 58 (u(t), v(t))
i (0,1) R L, v(0) < h(u(0)) % HHEIL (a,0) KALET 5 (B14.1 BH) .




TRZEMDGEZERICANSZEFANTRE) 22 1HTVE S, FERR

(4.2) "u.=dAu+u(a—u—bv) (z€Q,t>0),
- vy = dAv + v(1 — cu — v) (z €N, t>0)

4= VRR4H

du O
(4.3) 5;=5;=0 _(zeaﬂ,t>0),
ARt EEAMLT D EEZ S,

WD HEERR 1.1) DE15 L) v 7 ADEHD S BARCIEDOER L v ) BEHT
EHKTED, b5 2 THiov i LHNERTHL LB EOILNEL T S (4.1)
ORI uw TR v PEERIPBLERT S, 2EH [T

v(z) > h(u(z))

ETE, BATH v Hiw W ESTHNE, o LR, HuBHBRKT L 07
I, KM - FR - ZH W@ [5) S BT, ERCHEIERT S L) LiGEY
HEIENRINTVD, EHLHOHBERIIBA LT MTRE LW DL, ZOH
UL YLHYEAEHK (diffusion-induced extinction) & FFIXN 5.

ERADT AT T ERRL . 300G AN,

Step 1. /Y5 b Y v 7 XD,

ea>1DtE, hu)<0,

sa=1DLE, h(u)=0,

ea<l &, A"(u)>0. :
N5 b v ) 7 ANEMEARECBERR (b - a)/(be—1),(ac - 1)/(bc — 1)) DRE
ERBELDZEEMOTRT. BT, a> 1 DHPECREL W,y ¥ RkD L) ICEH
15,

W, = {(u,v) € R} 0-< v < K(u),u > 0} ,
Step 2. W, OEFEM. h"(u) <0 LY, Wy BETEL %5, & bICRIEN L.
(uo(z),vo(z)) € W4 (Va, €N) %6l (uz,t),v(z,t)) €intW, (Vz€N,t>0).

Step 3. W, (C¥IMRE%E L OMY (4,0) ISPBRT D &. EALLHBEBKT LI &
&, HEEREAVTRENS ([9)) .

Step2 2 ONIMEE /8T b)Yy 2 Rkt ozk &, DF D,

w(z) = h(uo(z), (ua(z), volz)) # SEB

DEE, t>01X%bE, Wy ABIENGE). F72, Step 3 5 (g,0) RT3
CEHbRD. EDH vo(z) > h(ug(z)) THEY, €T FY v 2 A tE v
% &, MWMEIZE T 5EBNED S, KOBITEMEVDT Wy ICAD, (a,0) 12
PORT 5 &Y. THLT, A EHREITRENS,




5. RIS MIRSE

BRIFRBPEEEOLOTH Y, FRWHOBR LD THELELLD
REKTHD, GHOBERH TN RVE ) CBDANETHS. DE Y, HEK (11)
DROBREE (1.2) OMOBRIEAMN L5 1CBbhs. LbL, mﬁkworﬂ%#
BIABEETL (8 BR). | | ,

(5.1) | { :(u_ﬂ >
COHBALIEE - IHARTDHS.
(u = v)g =0
Ly, . v
u(t) = uo + {(#o — v0)® —w}(1 —e™*), oft)= voe™ + (uo - vo)3(1 — C-') :

PREED. oFh, BMIIBHARNCHELET A I, ARCELIHVNRT LT 2.
Kt & o HiEX

(5.2) u=u-v)pP-v (0<z<1,t>0),
” v =v+ (u—-v)—v (0<z<1,t>0),

A U BREGRUIMAGE LML b DR E LS. TIME (uo(z), vo(z)) 1EEL
T4i-TL35.

quzo at:c=0,1,

[ (@) ~ wl@))dz = 0,

|luo($)||m(o.x) - "vo(x)"L’(O.l) >0.
[ I M
luo(z) - Uo(’«')"u-‘(o.x)

FEAREVE S, MAHRIEMTIBRT 2 (GEL it 8) B8) .
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1 Introduction

Let us consider the following one-phase Stefan problem DP (resp. NP ) with homogenous
Dirichlet (resp. Neumann) boundary condition in one-dimensional space: The problem is
to find a curve 2 = £(t) > 0 on [0,T), (0 < T < o), and a function u = u(t,z) on
QiT) := {{t,2);0 < t < T,0 < z < {(t)} satisfying that £ € C*([0,T]), u € CY(Q(T)), tzx

and u, are continuous in Q(T) and

we = e 4w in Qu(T), (1)
u(0,2) = uo(z) for 0 <z < to, @)
w(t,0)=0 for 0<t<T, 3)
(resp. :—zu(t,(‘)) =0 for 0<t<T,) (@)
u(t,f(t)) =0 for 0<t<T, (5)
%l(t) - _u(t,lt) for 0<t<T, (6)
20) =t . C ()

where a and £, are given positive constants and u, is a given initial function on (0, &}

In [5] Fasano-Primicerio established the local existence in time and the uniqueness for
solutions to the above DP and NP in the classical formulation (which means that u, and
u,, are continuous functions). Besides, for solutions of DP'and NP in’ the distribution sense
(which means that u, and u;. belong to L%-class) the existence, the comparison and the
behavior were studied by Aiki-Kenmochi (1, 4, 9].




It is well known that there are blow-up solutions of the usual initial boundary value
problem for semilinear equation (1) in bounded domain, accordingly, by using comparison
principle it is clear that DP(NP) has a blow-up solution. Here, we note the the following
global existence result of a solution: Let [0,T*) be the maximal interval of existence of the
solution to DP and NP, we see (cf. [4]) that the following cases (a) or (b) must occur:

(a) T* = +oo;
(b) T* < 400 and Iu|Loo(Q‘(;)) — +ooast T

However, from the above result we can get no information for the behavior of free boundary
¢ at blow-up time. In the present paper we shall show the behavior of blow up solutions to
DP and NP at finite blow-up time (Theorems 2 and 3). '

Besides, we know the following result concerned with global existence for solutions of
Cauchy problem for equation (1) (cf. Fujita [7] and Levine [10]): In case o > 2 there are
global solutions in time for sufficiently small initial data; in case 0 < a < 2 the non-trivial
solution always blows up at some finite time. Also, if a domain is bounded then for a > 0 the
problem has a global solutions. Hence, it follows from comparison principle that for a > 2
NP(DP) has a global solution in time for a small initial function uy. One of purposes of this
paper is to establish the global existence result for NP (Theorem 4).

Here, we give assumptions (H1) ~ (H4) for initial data £, and u,.

(H1) & > 0 and up € C*((0,4)) N C*([0,4)]) and uo(z) >0 for z € (0,4),

(H2) uoz:(z) + ug*(z) 2 0 for z € (0,4),

(H3) uo(£) =0, upz < 0 for z € (0, 45) and ug,(0) =0, ‘

(H4) uo(0) = uo(o) = 0, uoz > 0 on [0, z0) and ug, < 0 on (o, &] for some zq € (0,4,).

We begin with the precise definition of a solution to DP and NP. Let Cl'o(m) be the
set of functions which are continuous on Q,(T") with their z—derivatives.
Definition A couple {u,¢} of functions u = u(t,z) and = = £{t) is said to be a solution of
DP (resp. NP) on a compact interval [0,T}, 0 < T < +oo, if the following conditions (Sl)
a.nd (S2) are satlsﬁed

(Sl_) L e C'([0,T)), and u € Ci;o-(Wfl‘)), 1;,, and u, are continl;pus, in .:Q,(T);
(52) . (1) ~(3) and (5) ~ (7) (resp. (1) ~ (2) and (4) ~ (7)) hold in the classical

sense.
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Also, we call a couple {u, £} is a solution of D P(resp. NP) on an interval [0,T"), 0 < T" < o0,
if it is a solution of DP(resp. NP) an [0,T) in the above sense for any 0 < T < T".

" PFirst, we recall the theorem concexned with local existence of solutians to the above DP
and NP. :
Theorem 1 (cf. {5, Theorem 1]) We assume that uo € C‘([,O L)), uo 2 0 0n [0, 4], uo(lo) =0
and uo(0) = O(resp. (uoz(0) = 0). Then there ezists a positive number Ty depending only

on uolci (o)), Lo and o such that problem DP(resp. NP) has a unique solution {u,£} on
[o, To] ‘ " s

For the problems DP and NP, we say that [0, T), 0 < T < 400, is the max:mal mterval,
of existence of the solution, if the problem has a solution on time-interval [0, T"}, for every 7"

with 0 < T’ < T and the solution can not be extended in‘ time beyond T'.

2 Blow-up points

3

Theorem 2 (cf. [2]) Assume that (H1) ~ (H3) hold. Let {u,f} be a solution of NP If
T* < oo, then 8(t) T L < +o0 ast TT", u(2,0) — +oo ast T T, andfor anyz € (0, L) there

exists a positive numbcr M(z) such that

fult, z)| < M(2) fof any t with (t 1‘) € Qc(T)

In (8} Fupta and Chen studied the following initial boundary value’ problem
Y = u,,!+u1+°' in (0 T) X (0 1), _
u(t,00=0 fort€ (0,7,
u(t,1)=0 fort€ (0,71,
u(0,z) = uo(:c) for z € [0, 1]

They showed that under the similar assumptions for uo to (Hl) ~ (H3) if the solution u blows :
up then blow-up point is one and only one point z = 0. In the proof ot Theérem 9 ‘we done
with help of the idea in[8}.

Theorem 3 (cf [3]) Assume that (HI),(HQ) and (HJ} hold. Let [0 T) b the mazimal
mtcrval of existerice of the solution {u t} to DP. IfT* is ﬁmte, ‘then either the following

1




cases (A) or (B) always happens:

(A) {t) — € ast T T* where £y is some positive number, there erists one and only one
point z* € (0,4.,) such that u(t,z) ~ 400 ast T T* and for x € (0,4,) with z # z* there is
a positive constant M\(z) such that |u(t,z)| < M(z) for t with (t,z) € Q,(T*);

(B) £(t) — +o0o ast T T* and for any = > O there is a posilive number M,(z) satisfying that
lu(t, ) < My(z) for (t,€) € QT") N {£ < z}.

The proof of Theorem 3 is done in the following way.
First, we shall show continuation of solutions of our problem DP. Precisely speaking, for
0 < Ty < oo if a solution {u,?} to SP on [0, Ty) satisfies that

ju(t,z)] < K for (t,z) € Qe(To) N {t < Tp}

where K is a positive constant, then the solution {u,¢} is extended in time beyond Tj.

Next, we assume that (B) in the assertion of Theorem 3 does not hold, that is, (A1) or
(A2) is valid:

(A1) There is a number z, € (0, o) satisfying that for some sequence {(tn,&n)} C Q(T")
t. 1T, & — z, and u(t,,£,) — 00 as n — oo;

(A2) there exists a positive constant Lo such that £(t) < L, for any t € [0, T").
Therefore, it is sufficient to show that (A1) is a sufficient condition for (A) in the statement
of Theorem 3 and (A2) is, too.

Under the condition (A1) by the similar argument to those of Friedman-McLeod [6] we infer
that the set of blow-up points consists of only one point z, € (0,00). Clearly, u(t,z;) — +o0

as t T T* and for any z; > z, there is a positive constant Mj(z,) such that
lu(t,z)| < Ms(z;) for any (¢,z) € Qu(T*) N {z > z,}.

By using the above estimate and a comparison theorem for solutions to one-phase Stefan

problems we conclude that (A) holds. Similarly, we can prove that (A2) implies (A).

3 Global existence

Finally, we give a theorem concerned with a global existence for NP. -
Theorem 4 We assume that (H1) holds and o > 1. There ezist positive numbers § > 0 and
Po > 1 such that if [{° uj*t*dz < 6, [ uldz < §, Joupds <1 and Jo ujdz < 1, then the

12




problem NP with initial condition uo and £y has a solution {u,} on [0,00) satisfying that
(1)
/o u(t,z)dz + t) < C  fort >0,

d

Elu’(t)ﬁl’(o-l(‘» <0 forae t>0,

[u(t)Leoee)) < Cexp(—ut) fort>0
where C and p are some positive constants.

Here, we note Gagliardo-Nirenberg inequalities.
Lemma 1 (1) For p > 2 and a > 0 we put ¢ =2(p+ a)/p and r € (0,q). Then we have

‘2q-r) 42
d + 2\ “r¥2 2Ag-r) d o r+2
[ wrteds < (B32) ™ bl ( )i u’fdx)
for u € W*(0,d) with u(d) = 0.
(2) For ¢ 2 1 we have

+2\#r 2 L .
[u]Leo(0,0) < (22—) lusl Biogluliteg Joru€ w0, d) with u(d) = 0.

In order to prove Theorem 4 we prepare the following energy estimates.
Lemma 2 We suppose that a > 0, &, > 0 and ug € W"*(0,4) such that up 2 0 on [0, &)
and uo(Lo) = 0. Let {u,€} be a solution of NP on [0,T}, 0 < T < co. Then we have:

(1) For eachp>1

d i)
% /o uP(t, z)dz

- v O 1t Ay 2
R L N L U TCS R

for any’ € (9(’0T]' «0) |
(2) 5 /o u(t, z)dz + ()} = /o u(t, z)*dz for t € (0,T].
(8) For a.e. t € [0,T] "

1 d

1 1d d, e
bue(8)| 220,00y + 5"' &P+ E'ﬁ"u‘(t)“iz-‘°'f(‘)’; _=,mziu(t)mn(o,z(z))-

Applying Gagliardo-Nirenberg inequalities to the above inequalities we can prove Theorem 4.
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4 Numerical experiments

We carried out numerical computations to DP with a = 1, £ = 1 and uo(z) = ufi(z) =

Az?(z — 1)2. We note that ug satisfies the condition (H2) for large A.
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Existence of a global attractor for evolution equation

associated with the subdifferential operator
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1. Introduction and assumptions

Throughout this paper, let H be a real Hillbert space.

In this paper, we consider the existence of the global attractor A for the semigroup
{S(t)}i>0 which is defined by S(t)uo = u(t), where u is a global and unique solution of
the following Cauchy problem (CP):={(1.1)-(1.2)}:

u'(t) + p(u(t)) + g(u(t)) 3 f for ae. t€ Ry, (1.1)

U(O) = Up. (1.2)

Here,  is a l.s.c. convex function on H and Jy is the subdifferential of ; g is Lipschitz
continuous function from H into itself; f and ug are given data.

Then, under assumptions (A1)-(A4), by using the technique of Temam, we can see that
there exists a global attractor A for the semigroup {S(t)}io.

(A1) ¢: H— RU {400} is a l.s.c. convex function whose effective domain is denoted
by D(¢) # ¢ and Jyp is the subdifferential of ¢ and 0 € 3p(0);

(A2) There exist positive constants «;, a, and a3 such that
l9(z1) — 9(z2)|n < ar|zs — z2|n (1.3)

and
(9(21), 21) 2 ||y — s (1.4)

for any z;, zp € H.
Moreover, there exists § : H — R such that

§ is Frechet differentiable
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and :
Dj(z) = (9(z),-)u forany z € H, (1.5)

where. D§ denotes the Frechet derivative of g;

(A8) f € H and up € D(p), where D(p) denotes the closure of D(yp) in H;

(A4) For each r > 0, the level set H, in H, defined by
H,:={z € H;|z|s < r and |p(2)] < 7},

is relatively compact in H.

2. Main theorem
Before relating the main theorem, we give the definitions and lemmas.

Definition 2.1. {S(t)}i>0 is called Cyp-semigroup on D(y), if it satisfies the following
properties (S1)-(S3);

(S1) S(0) = I, where H is the identity operator on H;
(S2) S(t + s) = S(t)S(s) for any s,t € R,;

(S3) For each t € Ry, S(t) is continuous from D(yp) into-itself.

Definition 2.2. A is called the global attractor for {S(t)}i>0 in H, if it satisfies the
following properties (GA1)-(GA3); '

(GA1l) Ais compact in H;
(GA2) S(t)A=AforallT € Ry;

(GA3) For any bounded set B in D(p) and € > 0, there exists to := To(B,€) € R+ such
that
disty(S(t)B,A) <e¢ foranyt>0,

where disty (X,Y) := sup inf |z — y|u for any subset X,Y of H.
zeX VEY
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Definition 2.3. B is called an absorbing set in H, it satisfies the following property
(AS1);
(AS1) For any bounded set B of D(y), there exists t; = t,(B) € R, such that

S(t)BC B forallt > t,.

Remark 2.1. In the results in 1], it is proved that there exists Cp-semigroup for (CP)
on D(yp).

Here, we note the following lemma in [2] to show the existence of a global attractor A for

{S(®)}t0 in D(p).

Lemma 2.1. [cf. 2] We assume that X is a metric space and {T(t)}s0 is Co-semigroup
on X. Moreover, we assume that (i) and (ii) hold.

(i) For any bounded set, there ezists t, = t(B) € R, which may depend upon B, such
that
UrTe)B

t>t3
1s relatively compact in X;
(ii) There exists an absorbing set B in X.

Then, there exists a global attractor A for {T(t)}i>0 in X.

Theorem 2.1. There erists an absorbing set B in D(yp).
Proof. Let B be any bounded set in W Then, there exists a positive constant Rg
such that

B cC BH(O RB).
where By (0, Rp) := {z € D(p); |z|H < Rp}. For any up € B, (CP) has a unique and
global solution. :
Here, by multiplying (1.1) by u(t) and from (Al) we can obtain

3 O + (o(u), w0 < (fu)n for ae. t€ R,
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Moreover, from (A2), we can obtain
d, e 2 o Ik
B_tlu(t)l” + oy |u(t)|y < ot a; forae t€ Ry,
1

Hence, by applying Gronwall lemma, we can see that
< aeniantutt o L (L
@y < exp(-endluall + o (G2 +a2 ) (1~ exp(-ant)

< exp(—aat)|uoll + — Wl 4 o
- o \ &
< exp(—ait)R} + 05

,that is,
sup |S(t)ug|} < exp(—ait)RE + p§ for any t € R,
uo€B

We consider an open ball By(0, p;) with py > po. Then, we can see that By (0, p1) is an
absorbing set in D(¢p).
Actually, we can obtain that

S(t)B C Bu(0,p;) for any t > t1(B),

1 R} ~
here — log(——2—).
where o og(pg 2) | ()

- Po
Theorem 2.2. For any bounded set B in D(ip), there ezisis a positive constant pa such
that

sup lo(S(t)uo)| < p2  for any t > to(B),
up

where to(B) is the same in Theorem 2.1.
Proof. In this proof, we use the same notations in Theorem 2.1.
We note that

S(to(B))uo € D(p) for any up € B (2.1)
and ' ' ‘ ' : ‘
sup sup S(to(B))ue < p1- (2.2)
uo€B t>to(B)
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By multiplying (1.1) by «'(t) and from (A2), we can obtain

[ ()% + %{.tp(u(t)) + g(u(t)) — (f,u(t))y =0 forae teR,.
Hence, we can see that
p(u(t)) + §(u(t)) — (£, u®))n < o(u(to(B))) + §(u(te(B))) — (f, u(te(B)))n
for any t > to(B).

iFrom (2.1) and (2.2), we can easily see that there exists a positive constant p} such that

¢(u(t)) < p; for any t > to(B) and ug € B. (2.3)
Hence, by noting that there exists a positive constant a such that

p(z)+alzly+a>0 foranyze€ H, (2.4)
we can see that '
le(u(t))| < max{p),ap, + a} for any t > ty(B) and ug € B.

Hence, by putting p» = max{p}, ap, + a}, we can obtain this theorem. o)
p 2

Theorem 2.3. For any bounded set B,
U s@)B
t>to(B)

is relatively compact in H, where to(B) is the same in Theorem 2.1.
Proof. From Theorems 2.1 and 2.2, we can see that

U S®)BcH,
t>to(B)

;where p3 = max{p,, p2}.

Hence, from (A4), we can see that this theorem holds. )
;From Theorems 2.1 and 2.3, by applying Lemma 2.1, we can obtain the following main
theorem. :

Theorem 2.4. There ezists a global attractor A for {S(t)}i>0 in D(p).
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1. The mixed initial-boundary value problem

We are concerned with the existence and decay properties to the mixed initial-
boundary value problem for the following equation :

*u o%u
A YA A S
(E) o2 ()gz = flz,1), 0<z<1, 20,

u = u(z, t), with initial condition
du
(I u(z,0) = up(z), —a—t(:z:, 0)=u(z), 0<z<1,
and boundary condition
du du
=0, —(1,t)=—a— 0,t>0
(B) u(0,t) =0, Bz(l’t) aat (1,t), a>0,t>0,

where we set
b ou 2
M(t)=a+b([| |—(z,t)*dz)”
0 3.'13

with some constants a > 0,b> 0,7 > 1.

Let H™(Q),m = 0,1,--- ,Q = (0,1), (in particular H°(Q) = L?()) denote the usual
Sobolev space on Q with norm || - |[gw. LP(2),1 < p < oo, denote the usual Banach
space with norm |- ||, and we write often ||+ || for || ||2- (-,-) = (-, )2 denotes the inner
product of L3(Q).

Our study (cf. [02]) is motivated by Tucsnak’s work [Tu], where global existence and
exponetial decay estimate of the first energy of (E-I-B) are proved under that f(z,t) =0
and the initial data (ug,u;) € H?(£2) x H(Q) are small. One of the object of this report
is to improve the results in [Tu] by simplifying the arguments. We derive the global
existence and exponential decay estimate including the first and second energies of (E-
I-B) for a set of initial data which is unbounded in H?(2) x H'(f2) in a certain sense.

Many authors have treated the problem (E-I) with the homogeneous Dirichlet bound-
ary condition :

(Bo) u(z,t)lon =0 (i.e. u(0,t) = u(1,t) = 0),
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admitting the higher demensional equations. The existence-of local solutions for this
problem have been investigated well by Menzala [M¢], Ebibara et at. [EM], Yamada
[Ya], Mederios & Miranda [MM], Arosio & Garavaldi [AG], Crippa[Cr] and the references
cited therein.

Concerning the global solutions to the problem (E-I-Bo), PohoZaev [Po], Arosio &
Spagnolo [AS], and Nishihara [N1] proved the existence of such solutions in sonie classes
of generalized analytic functions. But, there seems to be no result on the existence of
global solutions in usual Sobolev spaces.

If we add an appropriate dissipative term such as u,, —Au;, etc. to the equation (E)
itself the situation is different, and various results on the global existence and decay in
Sobolev spaces have been established including the case a = 0 (see Nishihara [N2], [N3],
Matos & Pereira [MP], Nishihara & Ono [NOJ, [ON], Nakao [Naj and the references
cited therein).

The equation we consider is added a dissipation at the boundary (cf. [Ch], [La],
[KZ], [Li]) and the equation itself is not deformed by dissipation, which seems to be an
interesting situation. '

We make the following assumption of f(z,t) appearing in the equation (E).

Hyp. 1. (i) f(z,t) belongs to C'([0, 00); L*(?)) and satisfies
IF @I < dje™, >0

with some constants dy > 0, o > 0.
(ii) f(z,t) belongs to C°([0,00); H}(S2)) and satisfies

If=(0))? <die™™,  t20

with some constants d; > 0,y > 0. ’
We often use the following functionals to denote energies for the equation :

b
7+1
Ea(t) = lluze(O)]? + (o + bllua (I Mluaa (I
Our result reads as follows :
Theorem 1. Let (uo,u1) belong to H(Q) x HY{Q) and satisfy

Ex(t) = )| + (o + e @7l (O

*) w(0) =0, 22(z)=-au(s)

and let f(z,t) satisfy Hyp.1. For any € such that

, - 1 a 2oa
e<min{~ = ————Y}
(a) °<E-"“n{2’2’1+,,q2a}’
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suppose that (ug,u;) and f satisfy
(b) 8ya~(+1/0pB311R, <6,

Then the problem (E-I-B) admits a unique solution u having the regularity

2
u € [) C¥([0,00); H*7X(Q)).
k=0

Moreover, this solution u satisfies the following decay properties :

c,[l]e..min{z/.’i,no)t if €/3# po

|2 =(E)? <
flueI* + Nlu ()] < { Cpjtect/? if €/3=po

huae®)I? + fuae () < { Ce™ ™ eP)t i ef3 #
Cgjte*/? if €f3=m
and
Gy mnlelBmmolt if e/3 4
Ciojte™et* +em#0t) if £/3=p

where Cpy) (resp. Cjy)) is certain positive constants depending on E,(0),do,e (resp.
El (O)a Eﬁ(o))dOtdl)E); and

flue(t))? < {

B} = 3E,(0) +2(1 + 2¢7")d?
B} = 3E,(0) + 4(1 4 2¢7V)d?

b, du dug
Bv(0) = all® + (a + Sl Il IP

du du, d?u,
Ex(0) = I I + (o + =2 711

Remark. Let S, be the set (ug,u, f) satisfying (b) and define S by the union of
Se for £ such that (a). Then the assumption of Theorem 1 is valid for (uo,u1, f) € S.
S is unbounded in H%(Q) x H!(Q). .

The proof of Theorem 1 is given by the following three propositions. . First, apply-
ing Banach fixed point theorem, we obtain the following local existence result for the
problem (E-I-B) as in [Tu].

Proposition 1. Let f € C([0,00); L3(R2)) n C°([0, 00); H}(R)) and (uo,u1) €
H*(Q) x HY(Q) satisfying (). Then there exists T > 0 and a unique function-

2
u € () C*([0,T); H*~*())
k=0 : :
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verifying (E-I-B). Moreover, one of the following affirmations holds true :

T=00 or
}%‘,{Ilu(t)llm + lue(t) g } = o0

Next, we shall give a result with respect to the estimate of the first energy Ei(t).

Proposition 2. Let (uo,u1) € H*(2) x H'(Q) satisfy (+) and let f(z,1) satisfy
Hyp.1 (i). Then, for any € with (a), the first energy E1(t) of (E-I-B) has the estimate

Ei(t) < 3By (0)e=/3 + 2(1 + 267 )djemin{e/3molt

with the following exceptional case : If /3 = po, we need the second term of the right
hand side is replaced by
2(1 + 27 Y)d3te=t3 .

Next, we shall give the following result with respect to the estimate of the second
energy E»(t).

Proposition 3.  Under the assumptions of Theorem 1, the second energy Ex(t) of
(E-1-B) has the estimate

Ea(t) < 3E(0)e™""/® +-4(1 + 267" )dfeminle/Bumlt
with the following exceptional case : If /3 = p1, we need the second term of the right

hand side is replaced by
4(1 + 2671 )d3te e

2. The Periodic Problem

We are concerned with the existence and uniquness of a bounded solution or a periodic
solution for the following equation :

, 0%u o*u
(E) W-M(t)b?—f(w’t)’ 0<x<1,t€R,

u = u(z,t), with boundary condition

) _ du . _a_u )
(B") u(0,t) =0, -a—;(l,t)—-aat(l,t), a>0,te R




Since we treat the case f(z,t) # 0 in section 1, we can prove as a consequence of
our analysis the existence of periodic solution when f(x,t) is periodic in ¢. Our results
correspond to those in Ono [O1], where some quasilinear wave equation with usual
dissipative terms are treated. _

We make the following assumption of f(z,t) appearing in the equation (E’).

Hyp. 2. f(z,t) belongs to CY(IR; L2(£2)) N C°(IR; H()) and satisfies
W <d, Ifz01°<d}, teR

with some constants d; > 0,7 =1, 2.

Applying the results of previous theorem, we can get the following :

Theorem 2. For any € with (a),suppose that f satisfies Hyp.2 and

470714 3a"V?)BM 1B, < ¢

Then the problem (E’-B’) admits a unique solution u € i_, C*(IR; H**(R)), satisfy-
ing

2
Do loFu(®) | ge-v < Ciay»
k=0
where C['21 is a certain constant depending on do,d; and €, and
B =2(1+42eY)d?

B} =414 2e7 M)

Remark. To apply the results of previous theorem, we consider the following mixed
initial-boundary value problem :

upy = M(Jlul(@®))*)ul, = f*(z,t), 0<z<1, teR

with initial and boundary conditions :
u™(z,—n) =up(z,-n) =0, 0<z<1,

u™0,t) =0, wup(l,t)=-aup(l,t), a>0, teRR,
where we set , ‘
| 1" = ¢(t +n - 1S()
for ¢(t) € C*(IR) such that :
0 for t<0,
1 for t2>1.

)= {

As a corollary, we can get immediately the following :

Corollary 3. (Periodic Solution) In addition to the conditions in Theorem 2 we
assume that f(z,t) is w-periodic in t. Then, the unique bounded solution u is w-periodic
in t. ' B
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FEsR & Kb 5B HRF O
FACKHE  MAEE

1 Introuction and Results
D ¥*R2OBOLILHRE L OBEBFEFERTLIV) L L, DICBWTHHSERME

Au =0 in Dn{u>0}, (1)
u >0 in D, (1.2)
‘ [Vu| =1 on Dndf{u>0} (1.3)
¥z 5. AL, BR%EMHI, Diriclet 4
u=u" on 8D (1.4)

¥BI LTS (W 10DEDSZ b EAaME). (11) - (14) ¥ AL TR
stream function, v = DNd{u > 0} * AEMRAL V) ({u>0} 3 {z€ D |u(z) >0}
AMELELD). HByA5L o TR ET2E, ZOMBIGAHREREZD. LI
Ao THEIZ (1) - (1.4) 2@ THKe PHEET L LI LM EEDDILTHD.

B i RO AR ERIME L DV T ORFSEIE V. V. M. Isakov (1974) iRFTHIC C1Hoik
OHBERIZE S CERITNHTH A & hRL7 H Alt & L. A. Caffarelli (1981) 3%
SEE BRI CHROABEROFELRLI. LA >T, RAORKRIZANR
BROKBGEREARD L IZHD. KB TRAOKRFBSHR L ZXDLLBEIC, B
HMRDRZADOEFE COEMEB/BDLIZT S,

%4, EMNEFHD =R2 = {z=z+iy|z € R, y >0} T, HRMEN
u®(z) = z(a + f(z)) for z > 0, = 0 for z < 0 (f(z) ¥ (0, +00) LDFZ HiIL/cBH, a
(0<a<l) BEH) OBELEXL. f=00L &' (2) = max{az — V1 - a?y, 0} A%
(1.1) — (1.4) ? exact % stream function £ &%, L7:h*>7T, f MHHMBEMD / VAD
T/ EVE 512, [ = 0B E D perturbation & LT, BRGEAETH (u,7) T 1
Bt a2 ENTE D, SOHE, f(+0) PFET UL, BRRRIIAERRLAEE LT
Zbb, Az =0DEECHREHES L T2 L, BRMRLIED T 2 (RALRKLD
I FIREE). :

LIFTi3, exact %% stream function ROV HLVIEEEX 5. MBEMBEIIT 2
HIZ, Ak HAT IR

D={z=re®|0<r<1,0<6<2n}, (1.5)




HEFRfaLX '

u’(2) = max{ey, 0} (z =z +1y), (1.6)
(e RIEDNE RN X—F)ELRETH. ZDE & uy(z) = max{logr + (esinb)/r, 0}
EBLE, u BREWZT: Ay =0in DN {uy > 0}, up > 0 in D, up = u® on 8D,
[Vug| = 1+0(e?) on DNA{uo > 0}. F72, 8{ug > 0} 1%, 1o = {r = 1—€sinb, 0 < 0 < 7}
TEBPEND. eAHFNEVEE, ZD (ug, 1) EBETZLIZE ST, (1.1) - (1.4) D
M (u,y) kBT HZLHNTES.

EE  (15), 1.6)¥IRETS. DL &, REATIEBeHHFIET :

() 0<e<eBBHEEDIIMNLT, (1.1) - (1.4) DG (u,7) BHFET 5.

(i) BHERyIL 2z = L1 E RV TERITHTH D, 2 =+ 1 DB TIX, 0<a< 1% 3
FEEDa IIHLTC R TH S, T2, vi2liSTH 5.

(i) On 2 ZhEN: = 1 TOAHARRLBAEHROLTAHAL TS L, sinO, =
sin®_, = e Y LD,

(iv) Q, =Dn{u>0} &£ B< &, stream function u ITKRD L S IcK &N 3.

log |2] + S e®u(z) for ze€,,

2|2
o) = el

0 for ze D\ Q,.

ZZ Tl vfger = 0, v € CH(TT) % B, LOMAIMETH 5.
(v) ROLAAR Y JLO:
lim u.(z) = +V1= €2, lim u,(z) =e¢.
z—k1 z—+1

zefl, zell,

(vi) Oy Clus| < VI—€2/e, e Suy <1 HBHILD.

COFBRE, o —ROBREDBEHBENS. HIZITHRME(1.6) D2 b YIS
u%(e”) = max{ef(0),0}, 0<6<2n
EBL. . ZDLE fBROIFHERIAT L L AMOERIE DY IO,
(H1) £(6) 2 f(8) = £329(a, cospd + b, sin pd) & Fourier REAT X 3.
(H2) 520 RP(lap] + |byl) <00 £ 725 R (R > 1) HFFEET 5.

(H3) %5 6, 6, (0 < 6, < 6, < 2m) DHELELT, f(8) = f(6) = 0, (8) > 0 for
6, <8< 8, f'(6:;) >0, f'(2) < 0N ILD.




2 Mathmatical Formulation

LT TH, BOBREIIDV TOAMBISE<S. KO X 3 M formulate § 5. 5 =
{z=¢?|0<f<m} L, AXMO,r) DRE p XL,
T,={z=re’ |r=1-csinf+e’p(f), 0<O<w}

L. FSE Ty THIN-HMBEEE Q, LT 5. tp?’)f'LB.%B‘JkOU)té Ty, Qo
PHIZD, Q TXY. O, oM w(z)-wq,(z) %, ROMAMIME

Aw=0 in Q, w=e¢sind on S %w,;-:—-l on Iy (2.1)
ORET D (w, OFERBICESILSRD). a0 HER |
wy =0 on [y (2:2)

¥Ah7T (0,7) LOMB Y £KDBIETHDL. 0 ¢ HRE D &, WHE (1.6) Wy
5 AMMFARE (1.1) - (1.4) ® stream function u X

wy(z) for z €€y,
u(z)
0 for ze D\Qy

THx26NB. 8T
esinf

wo(z) = logr +

EL,w(z) *
w(z) = wolz) + £%0(2) (2.3)
OETRDH LS.
2 gin? ’
wolr, = &2 + = S;n °- Mg, %u;_o = —1+¢€%p +£*(sin® 6 - 5932_0_) —ulyl
[‘V

MR L2 My, ple] 12 & € k@ﬁﬁ#?’bi‘)@’(‘ (2-1) Lfﬁl LT, v=1v, DH
7o REBERERE

8v

v s2 0
Av=0 in Q, v=0 on S, e sin?f + = +eufp] on Ty (2.4)

2

gl & plp)l RRTHAONS:
1 (1 — t)2

= —g3 ——— 2 _._..__—.‘— e‘p = §i -
Mp) = -0 A Tpurre )adt+2a sm0/ T—teo )sdt 5 (o =8in8 — eyp),
a? @' cosd e(cp’—ucaaw)2 cos ¢’ —acosﬂ) ot 1t
= - [} —dt
Hlel l1-¢o + (1 -e0)? 2(1 — o)t 1-¢o0 * sin o (1—teo)!
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MROoND. LA oT, v, ¥ (24) OMET AL &,

sin? 8

5 T eAM¢] = vylr, (2.5)

._1/,_

EHALTRE Y RDDZLDTH S,

3 O ICH\T B IR {ERIE & BIMER

AIECHALZER o v, XIESET B70010, KOBREREL o IKF L 2V
TERL). 0, f=T[fi,fo] £ Q={z=re?|1-¢esinf<r<1,0<0<7} D5
ALNIMEL A% T=00N{r=1-¢sinf} LO5ZLNBELE L, KD2ODHER
fERAER

Au =g +divf in Q, ‘u=0 on S, %:h on I, (3.1)
BIU
Au=0 in Q, u=0 on S, u—g—:=h on I, (3.2)
FEAL. CROOBRAEREE M 2012, FXM (0,7) EOBM ¢ 12332 semi-norm:
. _ |$(8) — ¢(¢)]
()20 = sup{ (|log 6 — log &| + }log(x — 8) — log(m — 6')|)= |0<6,8<m 646}
Q LOME u ioxT 5 semi-norm:
[ula.o = sup{ MTZ()Z’—Z,L)(:‘)" | 2,2 €Q, z#7},

*¥ATH. HL,
d(z,2) = |z — 2’| + |log |2® ~ 1| ~ log |2 — 1|| + | log 6 — log &'| + | log(x — 6) — log(m — &),

z=|z]e?, 2 = |Z|e? (0< 0, & <) Thb. CHHLEHAVT, KDL ICRNPMEE
T2 0<a<l,mFAEKEL, FEM0,7) LD Cr-&OBMBA®G) T

libllgm+e o) = hlle(o) + | sin™ 8(d/dB)™hl| Loo,x) + [sin™ B(d/dB)™A);, (0,09

35 cond Y 3Aer? /‘ 1-t at— B
Jo (1—tea)t ~ 4(l—eo)t Jo [1+{er/(1 -ea))2t]5/27  2(1 - ea)?’
r=cosl-co. A=Y esind  e*rcosd v sind  ercosd
¥ AT e TU-e0) U-eoP ° 1-es (I-cof  (A-ea)
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PHBRZLDOLEY Cre(0,7), T EOELBMEMEB o(2) THB) = o((1 - esind)e®) €
Cra(0,n) % B b OOZHE CIT) TET (norm W liplneeqy = Wollorsmon)
_norm
' llell gr+e(ry = llp/ sin Ol grvar

% &2 Banach Z2M % E**(T) THY. Q LOMEK u(z) T
Nullez(y = lullL=@y + [uli0
PEHBRZ b ODL2H% C2(Q) TEY. norm
lullgrtagay = llu/ylleeoq + HVulles @)

% LD BanachZ2M % E!**(Q) TET. :
BT T, EMec 2 +0hECEoTEEL, PRIZ0<e<g LIEETSH. AD2D
DHBPEELNTH 5.

HHE 1 0<a<l &Ts. F8D g (yge L2(Q)), f€C(N), he CoI) IIHL T, 3
FERARE (3.1) D—HM 28 u e EM(Q) DFFEL,

Null gr+=(y < Clllygllze@ + Iflice@ + lhllce )
MDD, BL C X (o,6) KDOAMKFTHLEBTHS.

HWHE 2 0<a<ltds £EDLe CD) WX LT, SFMEMIE(3.2) D—EHLRH
u € B (Q) A HFEL,
lull g1+e ) < Cllhllcary

MBI BL C i3 (a,60) KDOAMEFTHERTH 5.

4 Construction of the solution

¥4 WRAMEME(2.4) ¥ M. MBERESNHER Q TELS. o€ EI*(D) &L,
©(8) = $(8) 5in 8 (¢ € CHo(I)) EBL. QB 5 Q, ~DFR

®: (pw) = (), r=(1-epW)p+eplw), O=w (4.1)

FAVTV(pw) = v(®(p,w)) B, T2, WRMEME (24) RROV LRAMEL
T3 QB 5ME

AV +¢eL,V=0in Q, V=0 on S, (4.2)
) ,
%—‘: +€eB,V = —p—sin*w+ cos2 Y+ eulp] on ' (4.3)




EFMETHH. &2 TL, I3RDIED divergence form D 2 DR EHE, B, 1115
DEFERETH 5:

L,w = div(A,Vw) + % -Vw, Byw=c, Vuw.

8L, A, & B3A°C2(Q) THD 2x2- 115, b, 1 BHH C2(Q) THB X7 b, c,
i ﬂiﬁ}ﬁ* Ce(l) THaH RZMNVTHB. & 60- ER o Ay, pr by, prrcy, liﬂ#
WRTHY, p IOV TIRULTHS.
5z Bhf-ﬂwt g, T =T[f1, fo], A \ZX LT, THEFRMEME (3.1) OM %
u=Gg+ Hf + Kh (4.4)

TRY. #iB112XoT, G, H, K i3ZFhEh{g|yg € L®(N) }, C*(N)?, C(T) 5>
X.={veE"*(Q)|v=00n S} "DELHETH 5.

#HHE 3 X,={veE**(Q)|v=00nS} &B. A, Xu o X, %
Apu = Gl(by/y) - Vu] + H[A,Vu] + K[(c, - Vu)|r]
TEETD. e KTDPhEVEE, pe EMT) 2618, I +eA, 13 X, TTHTH 5.
hERwaE
2
V,=-Kg]|- K [sin2 6— 5";—9] +eRlp, €] (4.5)
A (4.2) - (4.3) OMTH BT LARENS. {BL
cos? @
Rlp,e]l = —A (I +eA,) 'K [—cp —sin®@ + —— eu[tp]] + K [plo]]
Thb. v,lr, = Vplr 20T, HEBRX (2.5) it _
Y- Qv = fo+eqly] (4.6)

LFMETHS. BL
Qv = (Ko, o
sin®@ 2, C0s28
fo=-—5 +K[ 6-— ]I qlel = /\[w] R[w,sllr
r

THa IIT,QHy z-owrﬁm fo WE X HNIBH, glo] W o, e CORETZM
M, £7: fo, qly) € Ee(T) TH5.
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HE 4 Q% (47 CEHEESNAEMELTS. Q & EM() fJ‘Bélﬁ}E%'\o)x%ﬁ:ﬁE‘_
fERETHY, I - Q It ENe(T) THWHTHL (W21 L 3). ¥7

(I = @) hllgrvery < Clibllgrve(ry
PRDIUD. Cike CELLRWEMTHS.
712K (4.6) DM ¥ 1T, FREUMERFE
= (I - Q)" (fo +edglp]). ’ (4.8)
NDABaLLTHEALNS. ’

WY 5 F % (48) THALNAERELL, M =2( - Q) ollg+eqy EBL. e DT
FAEVEE, R ILD.
(i) F1EN = { p € EX**(D) | l@llgrsaqy < M } D HZNEEDOEREARTH 5.
(i) , v € N 261%,

lFe — f‘/’"s}“(ras clle - '/’||Ej+°(r‘) (4.9)
MEYIMED. AL, cld0<c<l xALTERTHS.
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Application of Almost Analytic Continuation
to the Summabilty of Riesz Mean
of Eigenfunction Expansions.
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Abstract. In this paper, we shall show the summabilty of Riesz mean of eigenfunction expansions,
that is, for ¢ € LP(R") (1 < p < ),6 > n|1/2 — 1/p|,

i, 1108 =

in LP sense. Here, f;5(0) = max{(1 — o)%,0}, and the Schrodinger operator H = —A + V. The main idea
of the proof is to use “ almost analytic continuation ” of the function fs(c’) with one point singularity
at 1. By using such method, we have only to concentrate our attention to to the LP —~ LP boundedness
properties of the resolvent (H — z)~! for z ¢ o(H) in order to obtain that of fs(tH).

1 Introduction and Theorems

There are so many papers and books on the convergence or divergence of the Fourier series
expansion in the almost everywhere sense or in the L? sense (for instance , cf [7]). This problem
which originated with Fourier in 1811 has had a rich and eventful history. It has given rise to
an entire branch of modern mathematics ( abstract harmonic analysis ).

As generalization of the Fourier series expansion , what happen to the case of the eigen-
function expansions of ¢ where {; }Ji“;o are the eigenfunctions of some self-adjoint operator H
on L?? It is well-known as the Hilbert - Schmidt theorem that the eigenfunction expansion of
¢ € L%(R™) converges to ¢ in L2 sense (cf. [4]). However, how about for ¢ € LP(R") (p # 2)? As
in the case of Fourier series expansion, such a problem is negatively proved ( cf. {7] for Fourier
series expansion case , (3] for other types of expansions ). .

On the other hand, we know that, in the Fourier series case, the pointwise convergence is
shown for some weighted Fourier series expansions (Cesiro mean , etc. cf. [7])- So'it is of some
interest to investigate the convergency for the weighted eigenfunction expansions :

Si(@) =Y fltu;) < ¥, ¢ > ¥; ' (1)

j=0

where u; is an eigenvalue of H associated with ¥, <¥j,¢>= [ ;Ed:,-dz and the weight
function f is , roughly speaking, a continuous function on R such that f(0) = l,a}.i_.x{.xo Fla) =0.




Note that it seems that S,(¢) , formally , tends to ¢ as t — +0 since f(0) = 1. In particular,
when the weight function ‘

f@)=fi:=(1-0}, - (2

we call (1) “the Riesz mean” of eigenfunction expansion. In this paper, we investigate the
summability of the Riesz mean of eigenfunction expansions.

By using the spectral decomposition theorem in spectrat theory ( cf. {4} ), we can represent
(1) as follows,

Se(¢) = fs(tH)$, - 3

for the self-adjoint operator H. Hence we can generalize the problem much more, that is,
what happens in the case of the self adjoint operator H with continuous spectra as well?
Before stating our main theorem, we list up some assumptions.

Assuptions. ’
Let H = —A + V, where A is the n dimensional Laplacian (= 2;;32/8.':3-) and V is a
mesurable function on R™ such that '

V=V,-V,
(v.1) Vi € LE(R),
(V.2) V_ € SaN Ky,

where Vi(z) = max{+V(z),0}, and S,, K. are Stummel class and Kato class of ptential
functions, respectively, defined by :

V_es, &
sp [ |V-()tdy < oo (fn<3),
z€R* J]jz-y|<1
. _ -1 2 = . =
all.“.'iofe“,?. e yl<a lolg(li :I W-W)dy=0 (ifn=4),
. V_(y)| .
li / LA 2 ) >5),
at0 jepn Jjompisa 2 — Y* Y : (ifn23)
V_e K, &L
sp [ [V-(ldy < o0 Gfn=1),
#€R" Jjz-y|<1
lim sup log(lz —yI™)IV-()ldy =0 (ifn=2),
a—=+0 e R J|z—y|<a

: V- ()i :
i == dy =0 ifn23).
0—'!";'0:5“1?' |=;-y|$¢' '1‘ - ylg-z v ( f = )

Under these assumptions, V is Hyp = —A bounded. Therefore, according to the Kato-

Rellich's theorem, the Hamiltonian H is an essentially self-adjoint operator on L*(R™) with its
domain D(H) = C{°. In what follows, we denote the self-adjoint extension of ‘H by the same

symbol H.(cf. [5])
Note that H is lower semi-bounded, i.e.

<u,Hu>2> -—c||u||%z, 4)
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for u € D(H).

To tell the truth, the condition V. € K, can be excluded if we want to obtain only the
essentially self-adjointness of H. But when we obtain the LP — LP boundedness properties of the
resolvent (H — z)~! in § 3, this condition is indispensable since we have to use Feynmann-Kac
formula. As to this point, the brief explanation will be donein § 3.

Now let us state the main theorem.

Theorem 1 Let s > nj1/2 — 1/p|(1 < p < 00), then the operator fs(H) can be extended as an
operator on LP(R™), furthermore

Il fs(tH )l B(Lsy < c5s (5)

Jor t € (0,1], where the positive constant Cs is independent of t € (0,1}, but dependent on & .

Note that we denote the extended operator by the same symbol as fs(tH), and in what
follows, we use this notation.
we obtain our main results as a corollary of the theorem.

Corollary 2 For1 <p < o, and for§ > n|1/2 - 1/p|,
Jim, (tH)$ =4, o
in LP(R™), for ¢ € LP(R™).

The outline of proof for main theorem will be done in § 4, and for the corollary, in §5.

Habicsh (cf.[1]) obtain the same results under the assumption V > 0,V € LY(R")(q >
max{n/2,1}). So our results are stronger at the point where we deal with much wider class of
potentials. ‘

2 Representation of fs;(tH) due to Almost Analytic Continua-
tion

In this section, we shall exploit the “almost analytic continuation” of f5, that is, the extention of
the function defined on R to the whole complex plain C. By virtue of this tool, we can represent
fs(tH) by the resolvent (H — z)~!. So, once we know the L? — LP boundedness of (H — z)~!,
we can obtain the LP — LP boundedness property of f5(tH).

For the function with some smoothness and decay properties, the almost analytic continu-
ation is well-known (cf [2]). However, in our case, f; has a singularity at o = 1, we have to
constract the continuation carefully.

Since the Hamiltonian H is lower semi-bounded (l.herefore its spectral measure has support
on A > —¢, and o(H) C {MA 2 ~c}), it suffices to consider f5(tH) where f; is a smooth cut-off
of f5 (fe{o) = 0if o < —2¢).




Proposition 3 (almost analytic continuation of: f5) - There exists.a function F5 defined on
C such that :

1. Bz ecince@\1),
2 Fy(x) = Jolz) fQz=0,
- 8. .suppFy is compact in C,
y

. supp®l |
Cl{ze C\{I}ZE < |Arg(z —-1)| S For F < |Arg(z - 1| < T},
furtheremore

1255 (2)] < Cplz — 1[6~F-|92l? for f 2 0,
5. (= —1)"'5 € I}(C).
where 3¢(z) = %(‘% - ;‘3?;)'4»(:: +iy) for z = z + iy, and L'(C) =~ Ll(Rz).

Outline of the proof. » » _ _
Note that f5 can be extended to the whole complex plane by taking a proper branch. We
introduce two functions 7; x such that o o '

(1).n7 € C®(C),n(z) =0 if Rz < —2¢, and n(z) =1 Rz > —¢,

(2) x € C=(C\ {0}), x is homogeneous of degree zero, i.ex(az) = x(z) for « > 0 and
furtheremore x(z) = 0 if |Argz| < 27/3 or /3 < |Argz| < 2, x(z) = 1if 57/6 <
[Argz] < Tx /6. ' o

Then Fjs(z) = n(z) fs(z)x(z — 1) is one asserted in the proposition.0)

Proposition 4 Let Fs to be as in proposition 2.1. Then for o € R,'

. - OF,. o
fio) = ;t—i/(:a—;-(z)z_l_adzAdi, @

where dz A dz = —2idz A dy when C ~ R2.

‘Outline of the proof. S . . R

Lét 0 be a-domain in C containing 1 with a smobth boundary 2 and let B{1) be a ball
with its center at 1 and radius e. Then carrying out the proof as in the cage of the Cauchy’s
integral formula, we obtain .

F,(():L(/a F‘(’)dz-/a fﬁ).dz)+_‘ﬁ"" OFs L iindz ()

27i \Jan z — ¢ B.(1) 2 —¢ 2mi Ja\s.(1) 8z 2 —¢

for ¢ € ,( # 1. Since Fs(z) = 0 for z with |z| so large and %%-(z),lfc is absolutely integrable in
C, we have the result by taking Q to whole C and ¢ — +0.. For the case of ( =1, we.can show

that the right hand side of (2.2) is equal to 0 by the 'émalo_gy of the proof of Cauchy’s int@g@l

formula. Note that F5(1) = 0, Fj is continuous and that %’—:‘(z)l—ii is absolutely integrable, we
obtain the results in this case as well. O .

Remark. When we apply the analogous proof of the Cauchy’s integral formula, the function
must possess some smoothness. So we had to exclude the - neighborhood of 1 in the above.
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3 L*? — I? boundedness of the resolvent (H — z)™!

In this section, we list up some results, wihtout proofs, on the L? — L? boundedness of the
resolvent (H — z)™!. Theorem 5 below is the consequence of Jensen and Nakamura (cf. [2]).
Note that (H —z)~! = [;* exp(—tH +tz)dt for z with Rz very negative, then L?— L? boundedness
of (H — z)7! follows from that of the semigroup e ¥

In order to obtain the L?P — L? boundedness of e *#, the Feynmann-Kac formula is applied.(It
is a useful and powerful tool.) The semigroup is represented with the measure on “the space of
paths” as follows :

[=0] @) = [ eopt- [ Viwls)) do)plu(e) dpa(e), )

where w is the set of all paths (precisely speaking, w = Mo<i<oo R and R™ is one pint compact-
ification of R" ) and y, is the measure on w. If V is bounded from below, there is no problem
on the boundedness of the term exp{— J5 V (w(s)) ds}, of course. However, how about the case
where V is unbounded from below? If V_ ( negative part of V ) belongs to K, ( Kato class, see
§1 ), the bundedness of the exponential term is guaranteed by Khasmin’skii’s lemma ( cf 6] )-
Hence LP — L? boundedness of e ~*¥ easily follows from the Hélder’s inequality and interpolation

theory etc. Note that [ ¢(w(t)) dp.(w) = (4x2)~% C—E_:-ilﬁ¢(y) dy (case of V = 0) (for detail,
see [..]).

In Theorem 5 below, it is very important to note that the LP — L? boundedness is abtained
for all z with z € C\ R. '

Theorem 5 (Jensen-Nakamura [2]) Let 1 < p < oo and B = n|1/2 — 1/p|. Then there

ezists C > 0 such that ' s
- < z>F"
NH - 2)" gy < CW’ (10)

forz€ C\ R, where < z >= (1+|zl)§'.

The following proposition is very useful when we obtain a certain inequality ( see Proposition 7
in the next section), which will be used to prove ¢HT0 Js(tH)$ = ¢ in L'(R™), for ¢ € L*(R").
The proof is almost similer to that of Theorem 5 in the case of p = 1, we omit it.

Proposition 8 For any positive £ and any ¢ € L}'omp(R") with suppd C Bp,, there erists a
positive constant Cy r, > O such that

'_ _e<z>it Ce '
x> r(H — 2) "¢l < Cor, R» ‘Wll‘ﬁﬂu(n-), (11)

for R > 2Ry and for z € C\R, where X2 R i5 the characteristic function with support out of
the ball Bg. ’ ' : '




4 Proof of Theorem 1

.In, virture of proposition 2.2, Theorem 3.1 and the spectal decomposition theorem, we obtain
the following : for § > nj1/2 — 1/p|,

1 3F5 —1 ~ : X
| fo(tH) = o /C o) (-t dzdz, (12)
changing the scale of wmables,

=L 8F5 - o
=it Jo (tz)(z H) 'dzdz. A (?3)

Note that fs(tH) = f5(tH) for t € (0,1] ( see §2 ) and that the integration converges in the
B(LP)-operator norm sense. Thus, by the easy calculation, we can-show that '

| fstH)]ls(zs) < Cs, : ’ (14)

where Cj is independent of ¢ € (0,1]. Hence we completes the proof of the main theorem. O
From proposition 6 in the former section, the next follows.
Proposition 7 For any § > 3, there ezists £ > 0 such that

Ixje;2rfs(tH)8ll 2 < Comys R7HIlI s, (15)

for large R (> Ro ), where ¢ € L comp( R") with supp ¢ C Br, and the positive constant C(.R. 5
is independent of t € (0,1].

proof.

Choose sufficiently small £ > 0 so that 3 < § + £ < 6. Then by (13),

Xits Rfs(tH)8 = 5zt [ 2E(02) xpponle = H)Mgdrdz. (16)

Calculating as in the proof of the main theorem, we obtain the proposition,(

5 proof of the corollary

It is obvious in the case p = 2 by the spectral decomposition. and dorminated convergence
theorem, so we separate the proof into the three cases 2 < p < 00, 1 <p<? and p=1L

(1) 2 < p < co. Take ¢, € C§°(R*) such that ¢ ~ @li» < . Then for ¢ € L?(R™),

NsGH)6 - Bller < WSsCH)@ — Bl + fstH)de — 8l + b~ $llir,  (A)

by virtue of the main theorem, there exists a constant C > 0 independent of t € (0,1},

S Cll¢ — deller + Ufs(tH) e ~ Pell Lo- (18)
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Note that there exists p' > p and 8 € (0,1) such that
6 1-6 1 1 1 11 ;
p’+ 5 s and n(2 p)<fz(2 p’) ‘ (19)
Thus

Ifs(tH)ée — el e Ifs(tH)de — el N fs(tH ) be — bell 1’ (20

<
< ClgellS, i fs(tH)be — delliz®. (@)

We completes the proof in this case.
(2) 1<p<2 .
The way of the proof is sumlar to that of (1), so we omit.

@) p=1
In (18), noting that for large R > 0,

Ifs(tH)pe = Gellr < lxtat> RS CH)ellis + lxp> R(f (L H) e — ¢l

by virtue of Proposition 7,

A

CR Y¢ellzs + B2 f(tH)pe — dell 12-

IN

Hence we completes the proof of corollary.0
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Phase ﬁeldﬁkiﬁ@ﬂ ﬁ@@ﬁfkﬁb\f
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WONE (PP) 2% X 5,
Find u, w s.t. S Bw .
B + = T Au=f(l,z) InQ:=R,

x ,

ua— - kAw - f(w) + g(w) du  inQ,

ot
du
P 1 nou = h,v(t,a:)‘ on 8 = Ry *,r'
ow
o on %,

u(t + Ty, ) = u(t, ), w(t +To,-) = w(t

SR t>0

ZT. QERN(N > 1) Dt DRI % &4 WU ; v, sKIEEEG SIE R x RO

Mu)\'l‘.lw' 57 ; gld REDUBUNE ; nold I8 ; TolXIEZH ; [, hnid -Z 5 h B
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Y57 DL rBEwIRDL S ITkB.
| w=1 WKk
-1 <w <1 mushy
w=-1- @K

C DIMEDHUNZ DNWTIE Kenmochi[7] D3 b 090, RGERIEIXZ < 0)6&'-’/".-;?5&:
X '3"( ﬁ)buf)‘ﬁté T, (Kenmochi|7] D Reference 2 ) -
P (PP) DH 2 XD g(w) DIE 5 Z Sz BE e, z) 9 Sz tlaﬂ!ﬁ (PP,)

’E’%’Z.J:D Find u,w s.t.

(')u Ow . .

(')t > —Au=f(l,z) inQ:= Ry xQ, =
V%% — kAw 4 B(w) +£€(t,x) D u ‘ in Q,

Ju

é(); +nou = hn(t,z) onX:=R, xT,

%n? =0 ond,

e u(t + To, - )—u(t I, w(l Ho, )—w(t ) t>0
bo)ﬂﬂmkowcli&o)#%#&éo

Theorem 1.(Damlamian-Kenmochi-Sato|3))

Ut z) € L*(Ry;9) with €L+ To, ) = €L,-),t >0 £ THE, [ME(PP,) LR LD
IDMES Do FHI, AORBNBINTH 575 5 1 EM u, wit —RICEE 5.

I5IT, —RUC, MO 1 DEu,wk T L, NE(PP,) DT TOMDER XL wic
ir L1200 8o, 02(0) < a2) EINWT,

p={{v,w+o};01 <0< a3}
L&&ha, | o

CDERDPS, H‘-M(PP,) BT, zﬁ'.ilfzu = GO < {7 ¥ 3 6g.<‘:fﬁbb>5° WD T
AR B DRI DL BB, - DOMD—1 < w(t,z) < 1,(,2) e QB dIE.
TBULT-l <wl,z) o <1,(L,z) € Q Llz>TWWHIE w I a bR 2D T & BBk
LT 2. DED. fOTS5 712 LS R N DI wid —Rc —EUSILIE S e
b")u.tf&)%o

WE (PP I DWW TIRE S35 Ho Theorem | & Schauder OB E B % JAW
NN (PP) DD DI h 3,




Theorem 2. HE(PP)XDRLH1DHES D,

IR Z DX UIEUKINEL (PP) DD E <DL TH BH. ThEES W cldn
Vo ZOT. WIEAE [ ERDY —TRY Y P DIEIE LT hy EHEBELTHIEw R |
AREL LSO EEZITHBI LT Uz BUMNICIE, u DD RENE EIZ, I

E.Find w s.t. ow
var kAw - fw) +w* —cwdu inQ,
%nui =0 onX,

w(t -+ To,-) =w(t,-), t 20

1. —EMABHBEDEIDPEND T LB, (TI T cldiliE) [t SNy e B
AEIFRIE. QK R (TRDbE, w=1)TililIh 33 TH 2. feric, W=1
D | DIzt BT D& NBH,  EEIMN - qwhid Bl I L PETH
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ﬁﬁ@%?wwﬁwmﬁém
Ak & FEKA - AREE

We consider the following coupled system of nonlinear PDEs, referred as (P,,):
(p(u) + AM(w)): — Au = f(t,z) in Q‘:= (0,T) x R,
vw, — kAw + B(w) + g(w) 3 N(w)u - in Q,
% +nou=h(t,z) onX:=(0,T)xT,
0

oo on I,

on
u(0,-) = up, w(0,") =wp in Q.
Here ) is a bounded domain in R (1 < N < 3) with smooth boundary I' := 92 and
0 < T < +00; Kk is a non-negative (real) parameter; ng and v are positive constants; p
and f are maximal monotone graphs in R x R; g and A are smooth functions; A is the
derivative of X; f, h, up and wp are prescribed data.

This system is a model for solid-liquid phase transition which is the so-called phase-
field model with constraint (or obstacles). In such a context, § := p(u) represents the
temperature and w a non-conserved order parameter, i.e. variable characterizing phases
which has constraint “w € D(8)", and & and v are respectively the interfacial energy and
relaxation time for the order parameter w; see Caginalp (1] and Penrose-Fife [5] for the
derivation of system (P,).

In this paper, assuming that A is convex on D(B) and \"(w)u < 0 for all w € D(B)
and u € D(p), we shall show that for k > 0, (P,) has one and only one solution under a
more general condition on p than that in (3, 4}, and (P,o) has one and only one solution,
and its solution is the limit of the solution of (P,.) as x N\, 0.

Notation. In general, for a (real) Banach or Hilbert space X we denote by | - |x the
norm in X and by X* the dual space.

Throughout this paper, we denote by H the usual space L*(Q) and by V the Sobolev
space H'(Q) with norm |zlv := {|Vzl32(q) + nol2lf2(y } />

Also, we denote by (-,-) and (-,-)r the inner product in H and L?(T), respectively,
and by (-, ) the duality pairing between V* and V. .

Let -a(v, z) := /an Vzdz for all v,z€ V and ‘Fy be the operator from V into V*
defined by (Fev, z) = a(v, 2) for all v,z € V; in particular, if Fyv € H, then v € H%(QQ)
and Fyv = —Av in  with n =0onT.
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By C,([0,T]; X) for a Banach space. X we mean the space of all weakly continuous
X-valued functions from [0,7"] into X. By “ v, = v in Cy,([0,T); X) (as n = +o0) ” we
mean that for each z* € X* the function (2*,v,(t) — v(t))x converges to 0 uniformly on
[0,T], where (-, -)x stands for the duality pairing between X* and X.

d
We often use symbol “’ ™ to indicate the time-derivative TS

Problem (P,,) is discussed under the following assumptions (A1)-(A5):

(A1) p is a maximal monotone graph in R x R whose domain D(p) and range R(p)
are open in R and it is locally bi-Lipschitz continuous as a function from D(p) onto R(p).

(A2) B is a maximal monotone graph in R x R such that D(8) = [o., 0*] for constants
o,,0% with —00 < g, < 0* < +00. '

(A3) X and its derivative )’ are Lipschitz continuous functions on [o.,0*), and X is
convex on [0,,0%] and A"(w)u < 0 for a.e. w € [o.,0*] and all u € D(p).

(A4) g is a Lipschitz continuous function on [o.,0*).

(A5) ng and v are positive constants.

-Next we introduce the variational formulation for (P,,), given f € L*(0,T;H), h €
L%(0,T; L)) and uo,wp € V.

Definition 1.1. A couple of functions u := u,, : [0,T] = V and w := w,. : {0,T) = V
is called a (weak) solution of (P,,) with & > 0, if the following conditions (w1),.-(w3),.c
are fulfilled:

(Wl)ux u € L*0,T;V), p(u) € L*(0,T; H)NW2(0,T;V*),
w € L*(0,T; V)N W'2(0,T; H) and u(0) = ug, w(0) = wo.

(w2),x Forallz€V and ae. t € [0,7],

{p(u)' () + Mw)'(t), 2) + a(u(t), 2) + (nou(t) — h(t),2)r = (f(¢),2). (1)

(w3),« There is £ € L*(0, T; H) such that £ € f(w) a.e. on Q and |
v(w'(t), 2) + ka(w(t), 2) + (£() + g(w(t)) — M (w(t))u(t),z) =0 (2)
for all z€ V and a.e. t € [0, 7]

Definition 1.2. A couple of functions u := u,q: [0,T] = V and w := w,o 1[0, T} = H is
called a (weak) solution of (P,g), if the following conditions (w1),o-(w3),o are fulfilled:

(i) ue€ L*(0,T;V), p(u) € L®(0,T; H)NW'2(0,T; V*),
w € W'3(0,T; H) N L*(0,T; V) and u(0) = up, w(0) = wp.
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(w2),0 (1) holds for all z € V and ae. t € [0,T].

- (w3).o Thereis £ € L*(0,T; H) such that £ € f(w) a.e. on Q and

v(w'(8),2) + (£(2) + g(w(t)) — N (w(t))u(t),z) =0
for all z € H and a.e. t € [0,T).

As is easily. understood from (w3),. and (w3),0 in the above definitions, the function
w of the solution {u,w} of (P,.) has constraint 0, < w < 0* on Q. This means that
our weak formulation of (P,,) is independent of the behavior of functions A and g on the
outsides of [o.,0°]. Therefore, without loss of generality we may assume that

g, A and X are Lipschitz continuous on R and they have compact support in R. (3)
In the rest of this paper, (3) is assumed.
Now we recall the following results.

Theorem 1. (cf.[6]) Assume that (A1)-(A5) hold with the following conditions (H1)-(H4)
for the data:

(H1) f € WY3(0,T; H).

(H2) h € W'2(0,T; L*(T)) N L*°(0, T; L*(T')) such that

nosup D(p) > h(t,z) > noinf D(p) for a.e. (t,z)€X
and there are positive constants A, and A} such that
p(r)(nor — h(t,z)) > —A\|r] — A}  for allT € D(p) and a.e. (t,1) € T,

(H3) ug € V with p(ug) € H.

(H{) wo € H*(Q) with —(,;—‘;)1-_9 =0 a.e. on T and there is § € H such that & € f(wp)

a.e. on .
Then (P,.) with > 0 admits one and only one solution {u,., wy,} such that
w.. € L2(0,T;V), w.€ L®(0,T; H(R)),
wl, € L2(0,T; H) N L}(0,T;V), & € L®(0,T; H),

where £, is the function € as in condition (w3),, of Definition 1.1. Moreover we have




the following uniform estimates (i) and (4):
(i) There are positive constants 6y and My, independent of parameter K, such that
J P (0n()) = ro(plasn(®)) + Aawna()) bz
+3 V@l + [ (Bluwun®) + Glwnn(t))}z
¢ 2 ¢ ! 2 2
o { [ sy + v [ fulu(o) s + vip(unn(t)) ) @)
< [ {77 (o)) — ra(p(ue) + Mwo))}dz + [ {Bawo) + o) s
+g—|Vwo|§, + Mo{lp(uo) [} + |f 2207,y + 1Pl 20 miiaqryy + 1}

for all t € [0,T), where ro € D(p), p-1 is the primitive of p~' with ;:‘(p(ro)) =0,
B is a non-negative proper ls.c. convez function on R with 8 = B, and gisa
non-negative primitive of g.

(ii) For each v > 0 there is a positive constant M,(v), independent of k > 0, such that

2l O + Sl OB+ [ [Vl (5) s
< Mi(v){luol} + |o(uo) iy + lwol32(qy + 1ol (5)
+|f|3vl-=(o,7';u) + |h‘ﬁvl-7(0,T;L’(I‘)) +1}
Jor allt € (0, 7).

Lemma 1. (cf[6]) Under the same assumptions as in Theorem 1, let {u;, w;} be a
solution of (P,,x;) with v; > 0 and k; > 0 for i = 1,2. Then, with e; := p(u;) + Mw;) for
i = 1,2, the following inequality holds:

1d

57161 — ex®)fp. + (mw () — vawy(2), 0 (1) — wa(2))

+ [ Vicw (@) - mua(®) - V(1) - wa(®))de (6)

+(g(wi(t)) — gwa(t)), wi(t) — wa(t)) <O

Jor a.e. t € [0,T).

Our result is stated as follows.




Theorem 2. Assume that (A1)-(A5), (H1)-(H{) hold, and let 0 < v < 1. Then, as
Kk \¢ 0, the solution {u,., w.c} of (P,s) converges to a couple of functions {uve, wio} in
. the sense that

u, = u,0 in Cu([0,T); V), p(uye) = p(une) in Cy([0,T}; H), )

and
w,x — wyo  weakly in W'2(0,T; H), in C,([0,T}; V) N L%(0, T; V). (8)

Moreover, the limit {u,o,wy0} is a unique solution of (P.o).

Proof. Fix v > 0 and denote by {u,,w,} the solution of (P,,) for each « € (0, 1}.
Noting that

P (p(ux)) — px)ro = p~H(p(ro)) — plro)ro  ace. on Q.

we observe from inequalities (4) and (5) that

{ux} is bounded in L*(0,T; V), (9)
{p(u,)} is bounded in L®(0,T; H) n W'*(0, T, V*), (10)
{w,} is bounded in W**(0,T; H), (11)

{V/xw,} is bounded in L*(0,T;V).
Also, multiply (2) for {u,, ws} by Fow.(t)(= —Aw(t)) to obtain

vd

2 g Vel + rlAws(t)[y < (L(9) + M(X ) Vust)y + MOW)|Vu (O, (12)

for a.e. t € [0,T), where L(g) is the Lipschitz constant of g and M(X') is the maximum
of X on {o,,0%|; to get (12) we used

(€n(t)v "'Awn(t)) 20

and
(N (we (2))ux(t), —Dwi(2))

= /n N (1w, (2) ) (2) | Ve (8) [Pz + /n N (we () Vit(2) - Vw(t)dz

< /n/\'(w,;(t))Vu,‘(t) » Vwg(t)dz
< M(N)(Vwe()F + [Vuc(t)ih),
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since A”(w,)u, < 0 by (A3). Now, applying the Gronwall’s lemma to (12) and noting (9),
we see that

{ {wy} is bounded in L*(0,T; V), (13)

{V/kAw,} is bounded in L%(0,T; H).

Next, let {k,} be any decreasing sequence in (0, 1] which converges to 0 (as n — +00).
Then, by (6) of Lemma 1,

5 55{len(t) = em(@)- + vhun(8) — un ()
+ [ Venwn() = Rt (8)) - V (wn(8) — wm (1)) (14)

< L(g)lwa(t) — wm(®)[

for a.e. t € [0, T], where {u,,w,} := {ux,,ws, } and e, := p(u,) + Mwn).
It is easy to get from (14) that

4 fexp (29 1) len(t) = em(®)- + viun(®) ~ wn(DE))

+2 exp(—2—[;/(i)t) /ﬂ V(kawa(t) = £mwm(t)) - V(wa(t) — wm(t))dz <0,

hence 2L(g)
exp(= == 25) (lea(s) = em()[}- + vlwn(s) — wa(s)[})
f 2L(9)
g _ . - <
+2/°/nexp( ” )V (Kawn — KnWin) - V(wy, — wy)dzdt <0
for all s € [0,T). Especially, with @y, := exp(—{J—(flt)w,, we have

. ,
oy O <o.
/0 /n V(KaWpn — K@) * V (W — Wpm)dzds < 0
Therefore, by virtue of (2, Lemma 2.4] it results from the above inequality with (13) that
{Vid,} is Cauchy in L%(0,T; H)".

Hence
{w,} is Cauchy in L%(0,T;V)NC([0,T); H) (158) .

and
{p(ug)} is Cauchy in C([0,T]; V*). (16)

Furthermore, combining (15) and (16) with (13) and (10), respectively, we have

wy, 2w in Cu([0,T); V) (17)
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and o o :
P(ua) = x  in Cy([0,T}; H) (18)
“for some functions w and x.‘ Now, choose a subsequence from {n}, denoted by {n} again,

for which {u,} converges weakly* in L*(0,T;V) to a function u. Then x = p(u), i.e.
p(ua) = p(u) in Cy([0, T}; H). In fact, since p(u,) — x in C([0,T); V**), it follows that

n—+oo

. T . T
lim /0 (p(un), up — u)dt = nl{rilw/() (p(tn), up — u)dt =0,

which shows by the standard maximal monotone argument in L?(0, T; H) that x = p(u).
Moreover, we have u,, u € C,([0,T]; V) and u, — u in C,([0,T}; V).
By the way, we have
&n = —vu, + Ko Awy — g(w,) + N (w,)u,
= —vw' - g(w) + N(w)u =: € weakly in L2(0,T; H), | - (19)
and £ € f(w) a.e. on Q.
Finally, from (9)-(11), (13), (17)-(19) and Lemma 1 it immediately follows that the

limit {u, w} is a unique solution of (P,g). Convergences (7) and (8) hold as & \, 0 without
taking any subsequence x, \, 0. 0
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BEMIAKE T 2H5MAERRICL - TXEESINS
IR B HER O anti-periodic BOHFEL —
M, SHEREIC B B BRI E S AERANOLH
DWW T

B R BRAAEA T EMAH

1 Introduction % Hilbert Z2R H 12T, BT S 2 IEMBIERE 00t XS R
AROIEMLMRBRF1EN

(E) () +0p'(u(t)) 3 (1), t€[0,T).

O anti-periodic B8 u(0) = —u(T) PROFEL PV THLALBERIIOVTRETS. 22T
Bt () IXBERMKTEHE X AT 5 THMBEMMM ¢ : H - (—o0, +oo] DHEWTERMETH 5. K1
5 Bp LATHEIE (p # +00) THEHEMPIM o : H — (—00,+00] IXH LT

Definition f € dp(u) & ¢(v) —p(u) > (fiv—u) "veH

TEHEIND ERFIEAZETAENIZIZSHETH 5 Y, Fréchet I O—MALIZZ > TV 5. Anti-
periodic B & 1, Anti-periodic BB ER%E

Definition u(t) is T-anti-periodic ¢ u(t+7T)=—u(t) "teR
L4535 L i, 58BR (E) O anti-periodic 24 KO HHEEV ).

Remark u(t) is T-a.ntn-perxodnc
= u(t) is 2T-periodic, and / u(r)dr =0, teR

Example u(t) = sm(Tt) is T-anti-periodic
Anti-periodic RSB 1FB & L TI3, coerciveness & evenness DEH%

Definition ¢*(-) is coercive

' (u) e _
o liming 52 = 1(8), with /0 I(t)dt = +oo.

Definition ¢'(-) is even & ¢*(—u) = ¢'(v) Yue H “te[0,T)

4 5 B periodic P TI, MOFIE LT T DI, () D coerciveness L RET % = ENEFRH
\= B 72 DI HE L, anti-periodic FIBTIE, 297 L b ot(-) A% coercive T  Th,p!() A*even T
HHZLEEETIRY T, ROFELTELFIIHD.

2 Cauchy problem, periodic problem, anti-periodic problem TCHEETHOLONATY
LR OB
Cauchy Problem (2B L Tid, X? ' O ¢ L.I!ETZ»rHBiPé PF 343
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(A.¢') : ?my, my >0 such that Yt € [0,T}, Vzo € D(d®),
3z(¢) : [0,T) = H such that
(1) 1=() = zol < mult —tol('*(z0) +1)'/? "t € [0,7),
(2) ¢ (z(t) — 9 (z0) < malt — to|(¥'(z0) +1) "t €[0,T).

® b £ T, Kenmochi {2], [3], Yamada [9], Otani [8] % £'i2 & » TROFENFRENT VS,
Periodic Problem (=B L TH3, (A.¢") + [¢®=¢T| + [@* ® coerciveness | ® b & T, Nagai
(5], Kenmochi [2], Yamada [10] % &k > TROFLEI RSN TV A,

Anti-periodic Problem iZBIL Tix, (Ap') + [¢° = ¢"] + [¢' D evenness | DY & T,
B’ M,0kochi [6] 12L 2T ¢ = p, DIBBEIZDVTROFENRESN O 't BT BBAICD
WTHE, Okochi [TJi2& N, HEEHDT TROFELNRENT VL. FOLRKF LR, ¥, F(t) :
H — H odd, monotone & LT, H#K (E) #*

(Ex %(t) + dp(u(t)) + F(t)u(t) 30, te€0,T).
EVIBIEBTAZEREELOp & F(t) KL TR ARDOEHVBEINDLIEVILDTHS.
(@) 3B:H — H bounded linear operator, 3b e L'(0,T), 3¢ >0,

satisfying
(F(t)u, (I — B)v) < b(t)|(I — B)v|
u € D(3p) N D(F(t)), t € R, u €| JD(dp) N D(F(t))
(F(t)u, B*Bu) 2 —b(t)lu|, ue D(‘&p) ND(F@#),te R
(F(tyu,u) 2 —b(t)lul, ue€ D(dp)ND(F(t)), tER,
¢ ¢(c'Bv) <p(v), ve|)D(By)ND(F())
¢

o 9(c”'B*Bv) < p(v), ve|JD(dp)ND(F(t))
t

lrlin#gf{‘Pl(BL:;),v € | D(8y) N D(F(t)),|Bv| > r} = +00
¢

Theorem (Okochi)
(A¢?) + [¢®=¢T] + [p':evenness | + (c)
=> 3 anti-periodic solution of (E),

& 612,[7] Tid,moving boundary TOHERHEIR T DIEMIE M FT K O Dirichlet FIBEIZIEA L T
Wb, '

3 EMR RAOBRL[T) CRESAEAIEC T, FEMIS (A9) + [ =¢"] +
[¢*:evenness | 7513 T, (E) @ anti-periodic BOFELX R T ENHRLEVI LDOTH 5.

Theorem 1 (A.¢) Db T, ¢° = ¢T, ¢t : even % 5, (E) O anti-periodic MATFES 5. =
NDEEESIZu e WIW(0,T; H) 2 ¢H(u(t)) i [0,T) THXESHETH 2. ’

Anti-Periodic MO—E (3, BB O—EHLRIET IR LD Hiiwéﬁ-@-b tT{%?ﬂE’é 3.
THbLEED 2 DDFMMOENRIZERS MV CHIUL, Anti-Periodic BiZ—ENTHB. =
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DADTFERHFIFME, ROBRTRENS (c.f. Kenmochi-Otani [4]).

Theorem 2 X (0),(i),(ii) PV FRADEHk#7=T L &, (E) OMIE—EHTH .
(0) ¢'(u) =p(u) “t€(0,T] Yue H.
(i) 5ty € [0, T iZH LT ot A% D(pt0) LTHFENTDHS.
(ii) (E) DFXTOM u 2 LT —2(t) = (0p'(u(t)) ~ f(t))? ae. t € [0,T] HBRILT 5.
4 Theorem 1 DFEBHDEM. TR,

Lemma 0 (A.!), ¢ is even % HiF, —RHEE X DTS, o'(u) > 0, ¢(0) < C, Yu € H,
Vte[0,T) L¥ A EAHESE.

FENUODT O REDLILLDETE. EFLT, ROEVUHBER L BAT 5.

dt

(E). { Be (1) + 0 (e (1)) + ne(t) 3 1(0),
UE(O) = "‘us(T)

Op*(u) + eu IZHHE$ 5 functional ¢! (9¢(u) = dp'(u) + eu) i coercive TH % D T,(E), ®
Cauchy BIBBDOM v () 12t IS L THERICR S, L72d%> T periodic M EFEHICL T, (E),
anti-Periodic BIBDOMOTFEIN 2 5. TO—FHIL ¢ Hstrictly convex THhLHH L H RIS
5.

T7UAVEHE (I) : 27, (E) - 4 28175, ELT, X0
Lemma 1 (A.¢') =
d , ' du
|Z¢ (u(t)) — (3¢ (u(t)), E(t))l
< |0t (u(D)| (@' (u()) + 1)/ + ma(p*(u(t)) + 1), V€0, T]

L0t (uc(t)), |ue(t)]® H* T-periodic THE2EIZFEEL T,[0,T) THHT S L, ROREBA.
T T T T
@ 3 [ 12 pa<o([ 1@+ [ o) + 0d) + [ uora

T7UA Y (II) : (E) V2w 285, 2LT, Y6>0 #BETE. ¢(0)<C, Vte
[0,T) EEELT,[0,T) THHT 5 &, KOREBE. LT

T ¢ T 2 T N T 9
®) [ ouetnat+2e [ luclPd <8 [ )P+ Cs [ (5@ + Dt
Z & C,Haraux [1) 2 X o TRENLRORER

Lemma 2 u(0) = ~u(T), u€ W'*(0,T; H)
= |uleomim < T § 20
£FVT,(A) & (B) #0410 <e<1iHL,

(5 - 07 [ 15ee@yPar < G [ (S + 1)
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¥85. XoT, {4} QL0 T;H) THRELY, b )~ Lemma 2 AV, {u} 13
L2, T;H) THRE LB, LI T, BULHHTIEF | S B, LT EH5.
U, ~u 'weakly in Lz(vO,T;H)‘

du, du N
- = 7 weakly in L*(0,T; H)

Z C T,Ascoli-Arzela DR Y BV TIEBH E N 5 XD Lemma

Lemma 3 wu, — u weakly in LP(0,T; H), p> 1
Qs s & weakly in L0, T; H), ¢ > 1
= u, Fu in C([O T); Hy,)
( ¢([0,T); H,) is equipped with uniform convergence topology )

FHvhiZ,
u, 2 u in C([0,T]; Hy)

185, u,(t) 1 T-anti-periodic TH B DT, (up(0) + ua(T),v)y =0 we H £1%25. Lo T,
(u(0) + u(T),v)y =0 “we HLLBDT, u(0) = —u(T) £185. u(t) #*(E) DR TH1E%
B304, 7 0pt(u,) DEMC (E), 2HEATIULYw € L2(0,T; H) \2H L,

du,,

T T T : )
et = [ ot un®)dt 2 [ (1)~ S - unlt), wlt) - ua(t))dt

Lib. 2T,
eu, — 0 strongly in L2(0,T; H)

J Bt mar = Yucm - Hu@F =0
[ Geauna = Hump - tuop =0
¥(u) = /o o' (u(t))dt is weakly semicontinuous on L? (0 T, H)
ICEELT, e\, +0 t’:‘?‘illf
[ etiena - [ o> [[70) - S, w00 - ue)ar
2B, LIERST Ot (u) DERL D ,uid (E) OMEL B, ’
- [QED]

5 SHEREIR Q 2B HRMEKFFEE b D obstacle ﬁﬂg&omiﬁ. ‘obstacle ﬂﬂE EvHn
12,0bstacle & £ >3 u(t) O WEICHRE OH T, HBRAOMEELLS CLEES. T
14, Neumann %+ TDMSEKD obstacle ML £ 2 5. Fn‘lg’i’%x.b"“ﬁﬂ’& H=L*Q) &L,
5260 g(z,b) ISHLT, K(t) = {u€ L}9Q) ; |ju(z,t)} <g(z t)ae Q} &T2. 2%
K(t) (BB I 4KFF T 5 obstacle £t |u(z,t)| < g(z,t) ae. z€ QEALT HORAETH.
% T —-Au iSMIET 5 functional O effective domain ¥ K{t) 2SR LA b D% pt &E$5. D
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¥y,

l 2 1,2
Sy = | 3 [ 1Vuldn, we WH@NKQ,
+o00, - ug WR2(Q)NK(2).
ETBE, S0 DEMT 0pt LEREND (B) HROESTER & A% 5.

/ (- S0+ £(2)) (u(t) ~ v(t))dz + / (198 - Vo()Vu(t)) dz > 0
Yo e WH(Q)( K(t) ae te(0,T]

COESTER L RLLETTR(E)HEIVoLBRERLTV2D00 L {bhLLwvH ut) €
interior(K (t)) 2B Y D & 9 % t Ti, XD Neumann R THORFEXLR/I-L TV D

{%(t)—m(t) = f(), onQ,

;ﬂ“ =0, on Q2.

(A DL ET, ut) € WHHQNK(L),Yt > 0 THAHDT, u(t) 13 obstacle Feff % »7:
TEILHEBHEAD, SHIZut) FK(E) ODREIZLoTwA L) Lt Tk, BHBRKIHE- T
VAT ENFEH. ZORED anti-periodic BOBEELXTRTIZILK() 12 L2(Q) LORHES LD

P ideven il DT, H LT (Ah) L ® = o PR/ NIUT L. EDDHITIL, FIZ X
g(z,t) = G(z)k(t) £ LTRD (g.1)-(g.3) ’i’ﬁ'ﬁ’?‘iui’ ZHuT (Apt) L @ = T O+ RNG
EoTwad (cf. [4).

(g-1) k(0) = k(T0).
(g2) G(z) >0,ae z€Q, and G € W'3(Q)
(g.3) k(t)>p>0, Yt€[0,T], and k(t) is Lipschitz continuous on [0.T]

L7:%%> T, Theorem 1 &Y (E)® anti-periodic MOTFLE HVRT, EHIZZ D ¢ i strictly
convex (2% o TV 5 DT, Theorem 2 & h (E) ® anti-periodic BN—®tE H 2 5.
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RARHEICL B3 BRTRT VY o AERXOBIEE N & 2 OBHA
® o O% B (MEX-RBI)

Pz, AHEHSL (BERER (H)). REE(E®RX - 1), Bva&= (HaX -
BT) DHRAFRTHS,

AR, MELER - GVEARM T 75 A HER O ME DKM
YRAIAELLTHONTS ) MENLBITOEATEZ ([1,12]).

FRRTIE, 7V HBRROBEUREAEHETROL HEERRD,
ARBEDOHUTHI2HEROERIIH L THREEX DS L 2RAL T, F&E
RARFRAOBOEKROER N T A EKFHEOHRIZAVLE ERZRBET
b3,

TH([3)) 3 FBERALMAEIEZMELERMBICHARFEA B DI
RACHELTAV:, FENLRTATTIE, BETCOBKEFETHS. FHEME
TYV— VBB EAVCTIRGERL, ARXFBEXIRETLHLETHD, VY-~
MEIMFRELROOTEDOILIZINHARESZE LTV IHIZEDNR S, 2
RFEDOBEIIH-R-KF- Wy & ([4)) 3. BREOE ) TEREHLEAL, &
MEEMEROE, MOHMELETTAS LIV EELY LA LN TESLE
LERLI, STk, 3RTOBEERRS,

1 KAREERICELIRT Y o AEAOERE
{Au:f in Q

u=g on T

(*)

(N RDOLIREREETORT VvV HBRAOKRE |
BB L UTO3IONDRTF v 712k DIEUMERD B, |
=22 L. QUEROKNE, TIIROXELT 5,

stepl Av=f in
DHEME=—a— b RF VY VERAVTRD S,

Aw =0 in
step2

w=g-—v on T

NEI T 77 AKBAERARFEL AV TRD 5,



step] u:=v+tw

stepl TRO/Z v & step2 TR w TEDEDE L,
FNTH, stepl 15 step3 TTEAFNIZOVTHRL CBBILTV <,

1.1 stepl DBELUVBEA - ¢

ST, 2a—-bYRF YUY NMNERVE Av(z,y, 2) = f(z,y,2z) inQ DIF
MEED LS CHERD T EOMZOVWTREAT 5,
v(z,y,2) 13, Za2—bPURFIANICEOT

f(61,62,63)

v(z,y, 2z =—L d&déydes (1
0 4"///0\/(x—f1>2+(y—sz)’+(z—ea)= bl )

DE3ithbbbans, L. (2,y,2),(£,6,6) 1. EREAE 1D LX) 2R
HADIET 5,

A 1:

ST, (61,62,6) EBRA (2,y,2) DED CHRERE (r,0,¢) ICERT D, £OD
S EIED (&,6,8) 1.
&y =rcoslsinp +z
{a=rsinfsinp+y
f3=rcosp+z
DEIhd, T, BERCERLAI LD, QRQIK%E, ZZT O

i3,
Q= {(r0,p):0<r<py), 0<0<2r,0<p< 7}

NEIjhbbbans, I, QrERTALE2DE I 25,
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& 2:

2L, rid(z,y,2) & (6,62,63) LDOEME. 0,0 EENREFNRIDL S ZRA,
p(0,0) 13 (z,y,2) 25 (8,9) AED T ~DEREE ¥ 5,

& ,83)

= 3:
Fro, WESICERLAZECED (1) K,
1 1 )
v(z,y,2) = —4—7‘_—///(_1_{;1'2 sin pdrdfdy (2)

DEIR D, COLIIIHRALPLETIREREREAVDIILIILD,
HERDETHLECHEL A RFMOBRUELRHTLII LN TES,

Kiz, B20L ) SRR Q 2 EHERROMFIEMERT L, T3, r D
MOREME (0,1)IT B0, rkr=p,p)t DEIIERT D, EITHL
(2) Xix, . 1

v(z,y,2) = —21—7;/0' sincp/0 ‘p2/0 ftdtdody o (3)
DEILd, 12720, p = p(6,0). f = f(ptcosOsing + z,ptsinfsing +
y,ptcosp +2) ¥ 5,
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1.2 step2 O LWERAR

ST, WRDEI LT TIAFTBEAOEURERABHEL AV TRD S
FEIZDWTHEAT %,

(4)

Aw(z,y,z) =0 in
w(z,y,z)=9(z,y,2)_v(1‘»y,z) on T

WO, FAD L) ITHWRA (24,0, %) TRORMED 2B TLT, BH

1 (aj, b, c;) B R MW S 3 LABHT Q° (2B 22 L, =0,1,2,--,n

l\ j=0,1,2,"',n—1 tT%o

& 4:
EH3THE, AUM w(z,y,z2) X,

1
w(z,y,z) =
Z ’\/(x—a,)2+(y b;)? + (2 — ¢;)?
DESFZONE, 1272l CjRRERBET Do RIZ, TORERKC; £XK
WDEFEE LT, Co,Ch,- -, Croy W2WTOD (5) KD LS 2T 1 RABKXOM
%*bbo 7:7‘:'[./\ i=0,1,2,"’,n'—'1 tTZ)o

. . :
J;o f] J — aj)2 T (yi " bj)2 n (z._ n cj)2 = g(ziv yiizi) - u(zhyh Zi) (5)
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Us Es UsL EcL
1.000000 | 3.7 x 10~8 | 1.000000 | 2.8 x 10~8
2.000182 | 1.8 x 104 | 2.000176 | 1.8 x 10~*
3.011791 | 1.2 x 102 | 3.011553 | 1.2 x 10~?
4.043175 | 4.3 x 1072 | 4.038417 | 3.8 x 1072
5.084566 | 8.5 x 1072 | 5.042214 | 4.2 x 1072
6.108528 | 1.1 x 10~* | 6.000479 | 4.8 x 10~*
6.827204 | 1.7 x 107! | 6.909578 | 9.0 x 1072

X1 MIORMUEL VTV VETRO-BE

R

ER- S~ N T SO CR

YLELDOBEL. aDEMKRELLEBIZONT, BEMETLWLHK, IR -
N2y FAVOMGAREZRAVEEN, COMEDETINSVWI EdHbh s,
LoT, THALOMEMNSIIZ. VIR - WYY FVOLR LRV,

1.5 ¥BRUAARFEXNOIGH
ST (8) RO L) LHAEMARFERICOVTER 2,

(8)

u=0 on T

{Au+w=o in Q

(8) REM{ HE& LT, Nehari DFEEAVS ([5),[6])0 Nehari DHEELIL,
DB uo X uo > 0,Z0 L LT, upuy,-- EUTOLHIIIKOTWHETH
%o

-
/ u’,:_l dex -t
1 E—

up = Uk
/ﬂU,f“dx
=L,
U, = —uf :
AU, Ug in Q (k=1,2,3,-)
Uc.=0 on T

COEIN {u) kERTI L, P ELBATHIROMICRRT 5 C L * Mizutani-
Suzuki[6] i X o TRENTV 2, S I Tk, & U ORI, RABHELAV S,

Z® Nehari DFHEZE- T (8) RO IUME KD 51213, MMBME uo HLE
Thbo £oT. STTid, MHBBE uo=1 L LTHEERETZ ).
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1.3 step3 Dk L \BAA
S CTH, stepl TR v(z,y,2) & step2 TRDOL w(z,y,2) ¥ EhEbe s,

‘u(.'t, Y z) = ‘U(:L‘, L Z) + w(z» ¥, Z) (6)

CCTRBE2BDIE, (6) AN (x) RERALTVRADNEIDTHE, £oT,
(B) XA (+) RERAL T2 DL I »EEABT B, () ROB1RIE, (6) R &
H

Au(z,y,z) = Av(z,y,2)+w(z,y,2))
= Av(z,y,z)+ Aw(z,y,z)
f(zy,2) in

ks, (5) ROB2RIL, (6)RLD

i

v(:c,y, z) + (g(x’y)z) - v(z,y,z))
= 4(5,9.2) on T

u(z,y,z)

LY, (6) KA (+) REBRAELTVDT L db s,

1.4 K7V CFBRAXORMARMHN
CITR (NADES LRT YV HBRAOBBEERIZ >V THET S,

—1/2 (7

Au(z,y,z) = —a® {l+°’ (= +y*+ 2)} in Q
u(z,y,z)—a{l+ on T

(MREMCHEELT, L1826 1L3IBTHRALTELHELHV S, T/,
(MR, Autu* =0DMEBLDLLKRT YV FRATH S,

() ROMERBHERIILUTOL I 1225, TR, 2HFEOFETHERS
¥fT% o7 Q)ROIEMFDEHBRET T YTV VL AVTRWEE Us
LDV TOMBFLETENS ¥V P - Y A0S AR, ERLUNORS 2
YTIVBEERVTRWIBAUg, Tho, RIEL, XDK1IRa 2 1967 %
TEESE L EDR(0,0,0) TORUME L 2 DRE Es, Eg, Th B,
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(8) ROBBEEBRERIILTOLIIC% 5, 272L. WOHETROIOHEURD
{1, 6.897 bW TH 5,

E-¢ UsL 5] % UsL [EE-¢ UaL

1.000000 6 |6.562074 | 12 | 6.870039
4.658887 7 |6.687010 || 13 | 6.876421
8
9

5.092090 6.764882 || 14 | 6.880265
5.643809 6.812715 || 15 | 6.882577
6.069547 || 10 | 6.841818 || 16 | 6.883928
6.366208 || 11 | 6.859422

#2 . K5 (0,0,0) TOE

D s Wy = O

DL, AEEERTVCONT, (8) ROAPRITEMF TV (I &
Do SO Tk, | 6BITEHHMEZILDLD, COKREIHAL TV LELIZRW
ELREFELND ERbILS,

$E M

(1]
2l

Bl

(4]

(5]

(6]

HE B RREHEL TOIA, FLHR, 1983.

MA A, #£0 %8 #7ror VEEORERE, ICRAEE, Vol
No.3, 2-20, 1992.

Tl BE: CREREC LA RHTBAORE, KR LR RE R TEM
RS E, 1990.

AV L, S B, KB B, Mo B BT KARERICL B KT Y VA
ROBMEWL TG, 1994 £X AF¥FER DARETHR RRT 7
Ab77 b,

‘7. Nehari: On a class of nonlinear second-order differential equations,

Trans.Amer.Math.Soc. 95 (1960), 101-123.

A. Mizutani and T. Suzuki: On the iterative and minimizing sequences

for semilinear elliptic equations, I, preprint.



2R EBEIRIZE1T B elliptic system D
low frequency asymptotic expansion 22T

HBERFHFR @ fBF

§1. Introduction and main results

Let Q be an unbounded domain in the 2-dimensional Euclidean space R? having
a boundary 90 which is infinitely smooth and compact. Let A(2,0) (0 = (&, ),
9j = 8/0z;j, x = (z1,22) € R?) be an m x m matrix of differential operators of the
form:

(1.1)  A(z,0) = A(0) + P(z,0)
2 2
A(@)u(z) = Y AY99,0;u(z), P(z,0)u(z)= Y 8;(PY(z)d;u(z)),
ij=1 i,j=1
where u is an m-dimensional column vector, AY and P‘j(q:) are m X m matrices. The
elements of A" are all real constants and the elements of P*’(z) are real valued functions
in C§°(R?). Put A%(z) = A% + P¥i(z) and A(€) = X7 -, A6, for € = (£1,6) € R™.
In the present paper, we consider the boundary value problem with spectral parameter
k in the domain §:

(1.2) (FI+ A(z,0))u=f inQ, B(z,)u=0 ondqQ,

where I is the m x m unit matrix and B(z, d) is either the identity or the following

operator:
2

B(z,8)u = Bn(z,8)u= ) v;(z)A"(z)0u.
i,7=1
Here, v(z) = (v1(z), v2(z)) represents the unit normal of O at z € 9.
Now, we introduce the assumptions (A.1) - (A.4) below.

(A.1) tAl(z) = Aﬁ(x)
(A.2) 3C > 0s.t. Z (A¥(- )a u, du)e > C||Vul},
i,j=1

for u € L}, (Q), Vu € L*(R2) and u = 0 on 99, if B(z,d)u = u, for u € L} (Q) and
Vu € L*(Q), if B(z,8)u = By(z, 6)u Here, || - |la and ( , )9 denote usual L? norm
and inner product on ).

In view of (A.1) and (A.2), A(z,d) is a strongly elliptic system. If we note that
Pi(z) vanish for large |z|, we have A(£) is 2 symmetric matrix and that

36> 0 st. A(E) > 6|€*T forany £ € R%:
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Let Ay1(€),...,An(€) denote distinct characteristic roots of A(£), then

(A.3) Ai(€), 5= 1, ..., N have constant multiplicity for all £ € R*\ {0}.
PutZ; = {(£€R*| )\;(§)=1},5 = 1 , N. The final assumption is that

(A4) the Gaussian curvatures of the curves £;, j =1,... , N do not vanish.
From the assumptions, A;(€) ( =1,...,N) have the following properties:

(1) Xj(€) € C*(R*\{0}),j =1,...,N arereal and N is independent of ¢ € R?\ {0}.
(2) X&) =t2x;(€) forallteR, E€R? (j=1,...,N),

(3) 36>0 st Aj(€) > 6)¢f* forallE €R? (j=1,...,N),

(4) Viw) w=2 forallweX;(j=1,...,N),

(5) X (j=1,...,N)are C*, bounded and non-intersecting closed curves, enclosing
the origin (cf.[22]).

Now, we shall give the notation. Let G be a domain in R%. Put

H,(G) = {u| pu € H?(G) for any ¢ € Cg°(R")},
L%(G) = {u € L*(G) | u(z) = 0 for |z| > R},
H'(Q) = {u € H}, () | 07u € L*(Q),1 < a| < p},

loc

Sr={z€R*||z|=R}, Br={z €R®||z| <R}, Qr=BrNQ.

Take a constant a > 0 so that 32 C B,—; and A(z,d) = A(0) when |z| > a—1. Let C
be the set of all complex numbers. Put

D={keC\{0}|-n/2<argk <3%x/2}, Di={keD|Sk20}

When we assume that (A.1) — (A.4) are satisfied, Vainberg [15, 16, 18] proved that
there exists an operator Ry € B(L2($2), HZ .(Q)) which depend meromorphically on the
parameter k € D and the asymptotic expansion of the operator Ry as |k| — 0 has the

form

oo ml

(1.3) Re=k) Y [F(lokg_k)] log™ kPpp n,

m=0n=0

where a is an integer, £ is a non-negative integer, P is a polynomial with constant
coefficients, and P, n: L2(2) — HZ () are bounded operators independent of k. We
can get expansion (1.3) from the corresponding expansion for the case of general elliptic
problems. But the integers a and ¢ and the polynomial P was not known, even for
equations of second order. Recently, Kleinmann and Vainberg [5] obtained the complete
asymptotic expansion in the case that A(z,0) coincides with the Laplace operator in
some neighbourhood of infinity. We apply the idea of [5] to the system case.



In the case of displacement problem, we denote by uo (m-dimensional column) and
U, (m x m matrix) the solutions of the problems:

(1.4) A(z,0)mo =f in{,
ug =0 on 3, Jue|l=0(1) as |z} oo,
(1.5) A(z,0)U =0 inQ,

Uy=0 ond, |Uy- Eol =0(1) as |z| = oo,

where E, is a fundamental solution: A(9)Eq = 8I. Here, 6 is Dirac’s distribution in
R2. We can show that the uniqueness and the existenee of solutions of (1.4). Then, the
unique solvability of (1.5) follows from that of (1.4). In fact, if we write the solution of
(1.5) in the form U; = $Ey + W, where ¢ = ¥(2z) is a cut-off function such that ¢ =1
for |z| > a and = 0 near 842, then (1.5) is reduced to (1.4).

Since we can show that the solution of (1.4) converges to some constant, we can
define the constant matrix and vector as follows:

L= lim (U’ —Eo)='l|im er b= lim Ug.

[z]—o0 |zl—eo

With this notation, we shall state our main results.

Theorem 1.1. For the solution u = Rif of (1.2) with f € L2(Q) in the case that
B(z, d) is the identity, the following asymptotic expansion is valid when k € D, {kj — 0:

N oo
(1.6) Rif =) > k™log " kGmaf + v,

m=0 n=-m
where G, » € B(L2(2), H%(S2,)) are independent of k and
lanllaz .y < C(a)lklog kN HIfll L2 (0)-
The leading terms of the asymptotic expansion have the form

i

-1
(1.7) u = ue(z) + U ((logk— 2)M+B—L) b + O(klogk),
where

1\?
=Cx —d =\
M=c S, Aw)™'dS,, ¢ (2“_) ,

N _ . o
: P;(w) ea - R

B =cy Z /; log |w|2md2,-,r;d2j is the surface element of ¥, -

J=l t] J

the matrices P;(£) are projections on the eigenspaces corresponding to the X;(€).




In the case of the traction problem, let us denote by v, the solution of the problem:
(1.8) A(z,0)vi=f inQ,

Bpn(z,0)vi =0 on 9Q, vl—-(Eo—%M+B)d—+0 as |z| — oo,

where d = d(f) is constant m—dimensional column and f € L2(2). We can show that
uniqueness and the existence of solution of (1.8) and :

1,0 (= - .
(1.9) d=-M (;A) /nfd.

Note that the unit matrix satisfies the equations: A(z,0)I =0in Q, By(z,8)] =0 on
0.

Theorem 1.2. For the solution u = Rif with f € L2() in the case that B(z,d) =
Bn(z,0), the following asymptotic expansion is valid where k € D, |k| — 0:

N 2m+1
(1.10) Rif =Y Y k™log" kHpnmf + in,

m=0 n=0
where H, m € B(L%(Q), H*(2)) are independent of k and
lanllaza,) < C(a) k1IN |log kN ¥3||f]| L3 (q).
The leading terms of the asymptotic expansion have the form:
(1.11) u = log kMd + v; + O(klog® k).

Let A denote the set of all poles of Ry in D.
Theorem 1.3. Assume that (A.1)~(A.4) are valid. Then,

(1) ANDy =49.
When A(z, 0) = A(3), we have

(2) AN(R\ {0}) = 0.

§2. Sketch of the proof

As a fundamental solution: A(9)E, = 6I, we adopt Ey(z) = -3 p.v.A(6)7).
Then we have a representation of Ey(z) such that

(2.1) Eo(z) = log lz|M + Q,




where M is a constant matrix. Furthermore, projecting on the eigenspaces correspond-
ing to the A;(£), we have that for fundamental solution: (k21 + A(9))Ex = 41,

(22) Ey(z) = Eo(z) + (log k- 1271) M + B + F}(z) + F}(z),

where

(2.3) sup|F}(z)| = O(klogk) and ||F? * f|| y2(g2y = O(k?)
z€N

for f € L2(Q) as k — 0.

Let us denote by 5 a particular function which is infinitely smooth, n(z) = 0 for
|z] < a—1and =1 for |z| > a—1/2. For any smooth u let us denote by g the following
function:

g(u) = A(9)(nu) — nA(d)u, =z e€R>
Since A(z,0) = A(Q) for |z| > a — 1, for u = Rif, nu satisfies the following in R?

(I + A(9)) (nu) = g(u) + f,

where the right-hand side has compact support. Representation

(2.4) nu = Ej * (g(u) + nf)
follows immediately.
From (1.3),
(2.5) =kt QU8 | ey i, k-0,

S(log k)

where s in an integer, S is a polynomial with constant coefficients and Q is a polynomial,
not identically zero, whose coefficients are functions of z.

Substituting (2.2) and (2.5) into both sides of the equality (2.4) and equating the
leading terms which contain the multiplier * and using the uniqueness of the problems
(1.4) and (1.5) or (1.8), we get the leading terms. If we have the leading terms we can
obtain the asymptotic expansions by the usual perturbation method.

§3. An application

We shall discuss the rate of the local energy decay of solutions to the dynamical
system: :

d?u(t,z) ~ A(O)u(t,z) =0 in R x Q,
3.1) u(t,z) =0 on R x 99Q,
u(0,z) = f'(z), du(0,z) = f¥(z) in Q,
71



where t denotes the time variable and 8, = 8/0t. Put
f=(f.09, £f=(fA@Q)f"),

ooy = / A0 - Bighdz + (2,80, (Il = (5, Paes
J—

={f|f' € H'(Q),? € L}(Q),f' =0 on 80},
D(L) = {f| ' € H*(Q),f* € H'(Q),f’ =0 (j =1,2) on Q).
Let us adopt (f,g)» as the inner product of A, then H is a Hilbert space. Since £ is
skew self-adjoint in H, from Stone’s theorem it follows that £ generates one parameter
unitary group {U(t) | t € R} (cf.[13]). Put U(t)f = (u(t,z),du(t,z)). Then, u(t, z) is
a unique solution to (3.1) with initial data fl € HI(Q) and f? € L*(R).
Definition. We shall say that 0 is non-trapping if there exists a T > 0 depending only

on a and Q such that all components of U(t)f, f = (0,f%), belong to C*([T,00) x )
for any f? € L2(Q).

Vainberg [17, 18] proves the following theorem.

Theorem 3.1. Assume that Q is non-trapping and that (A.1)-(A.4) are valid. Then
there exist positive constants a, B, C and T such that for integers s and j, 0 < s <1,
0<j<2

Y. 18" Raflla, < Clk|' 7™ 5 7 |107fa

17i<2+s—; 7l<s
for any k € {k € D | |Sk| < alog |Rk| — B} and f € L3(Q).
Put Heo = {f | £ € C°(Q) j = 1,2}. As is well known, we have

1 +oo+io ikt o
(3.2) Ut = 5 / e MR + £) 7 fdk

—oco+tio

for any f € Hoo and o > 0. Then, we have the local energy decay of solutions.

Theorem 3.2. Assume that ) is non-trapping and that (A.1)-(A.4) are valid. Let
f € D(£) and suppf’ C Q,, j = 1,2. Put U(t)f = (u(t, ), dyu(t,z)). Then, we have the

local energy decay estimate:

33) S 19%u(t, Mla. + I0cu(t, Yo, < Cult|™ log™2 ¢t [ S 0%t la + n'f’un}

la|<1 laj=1

with some positive constant C, depending only on a and § for ¢ — oo.
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Bpr b o ab—F 1 v A —HFBEROELRBOHERIIONT

AMAERBEGER  +H B
(FBRASEENH BEAHK L OXFTE)

BRIBPOHBEFISHTA 2 V—F 4 N —HBEROMPMERE L F 2 5

N 1, ., 8 . |
ihsu(t,z) =[5 ;(-zhE — Ax(t,z))? 4 V(2)u(t, z), (1)
u(os x) = uO(z)) teER, z= (2:1,' o 134) € R?. (2)

SITO0< h<1BNIA5— (TS5 0FH%E 22 THIoAbVD) T, A(t,z) =
(Ar(t,z),---, Ad(t,z)) & V(z) i, RO PVRTF Y IYXNVERNT—HRT ¥ VT
REBRET 5:

Assumption (A). Ak(t,z), k=1,...,d, 13 (t,z) € R x R¢ DEBEMRHT, EED a
I3 LT, 8%Ax(t,z) 1 (t,z) ERXx R IZDOVWT C! TH B, >0 D FELT,

102 Ax(t,2)| + 028 Ax(,2)| < Car o 21, 3)
102 B(t,2)| < Ca(l+|2))7%, |2 1. (9)

I ZT B(t,z) i3 BRHWTHT, (k, )-BS 1 Bu(t,z) = (0A1/0z — 0Ax/Bx1)(t,2) T
$0,|B| it BDO R LOERE/ VL THS. V(z) i, EEE C REKT, RE#@d.

162V (2)| < Cay ol 2 2. ()

CORER, BB KXo TEA 6N, HHY (1)(2) DEXMLMBL LI
o(r) %, 8%l s Ty % IT, B3t Tz iC#T 5, BRSTPORTOEANEL T
%: g(r) ¥ Lagrange H12XOMFMERIE, ' '

i(r) = v(r), () = B(r,q(r)(r) + F(r,a(r)), s<t<t (6)

Ws)=v, qt)=gz,
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DETHB. T T F(t,z) = —(0,A)(t,z) — (8:V)(z). Assumption (A) H*#ELSND
B, |t — s| T AN EVLR oI, FED z,y e RUIIH LT g(s) =y, g(t) =z &2 5 (6)
ORA—EMIELET S (7). Z£IT, IOHEREGE o(r) 8 ERRK S(t,s,2,y)
S5 IT Y L(r,q,v)

‘02
L(T: q»v) = ‘2— + A(T) q)v - V(q) (7)

I2&-T :
S(t,s,z,y) = / L(r, g(r), v(r))dr 8)

E¥ 5.

BMEME [s,t] OEEDOHHEA : s=nn<n < - <71 =t tTh A=
Tj=Tjc, j =1,--,L, € LT |A] = max, ;<L A5 EBL. 774X Y ERETO,
HBRATTHEA

L L-1

1 e-15 L .
K(A:-h. t = I l d/2 T F, S(v,mi-1,T5,75-1) I | .

(B h,t,s,2,y) j=1(2"iﬁATj) ,/fuu._x)e - dzj (9)

i=1

THILNAB ZZTz;eRITHY, ELT =z, y=19 LBV

A=0T,V »5(5) A7 LEERICEKIT T 254, R 3] i3, b5 BRERC
L TCHEEBEMBL, K(A; K t,s,z,y) P |A] = 0 TEXRRIHE VAT (amplitude
function 2 B(R? x R T) T AT L (R L7:. ESLIZHR (1) 13, 3] L ABDOFE
%, Assumption (A) ¥ WATHBLZ VOV aL—F 1 v F—-FBNIERAL, EFB L
L K(A; A t,s,z,y) DIRER L7, —%, R (5] 1, A =0TV #5(5) 0T
b &, EEBOBEIZTESHER % BV, stationary phase method [4] b LIZLT:
HETHES (9) ¥ EERY, BONAATOPRRE ZOBRIEERTHLELZ/RLL. K
& T3, stationary phase method [6] % b &1L T, [5] DH k% TR T, Assumption (A)
Y HBTRBEO OV 2L —F A v T —HBROEXB LMWK T 5.

ﬁﬁ‘ (9) ® phase function 2?:1 S(rj,Tj—1,%j,Tj-1) W, 71 T zj &, 7; Tz
%45 KESH L ERMECH S ANKT, KOWEE @7 ([6])
(S) S(7j,75-1,2j,%j-1) BKRDETDH 5: '

lzj — 2zl

e meTa _1... L 1
2(Tj—Tj—l)+w(TJ,TJ 1, X5, %5 l)) J 1, ) (0)

S(75,Tj—1,%5,Tj—1) =

75



T & Ti EHELT

Si(zj,zj—1) = S(75,7j-1,%j,Tj-1) (11)

wj(zj,2j-1) = w(75,7j-1, %, Tj-1) (12)

EBLE, wi(zj,zj-1) BRD (1)) Zi@T:
() EEOm 22 XL, j KKOZVEM km >0 FFHELT

8%08w;(z,y)| < &m. 13) -
B, 2 EO 5 € o w

(ll) (ilu" . ’50) é; ;koﬁ#iit/%a)ﬁgoﬂtj-é
a’-’j'g)""l(ij'fl,ij) + azjsf(ij:ij"l) =0, j=1,---,L-1 (14)

FOLE EEOM>1I1I3L, E¥ B, >0 ¥FELT

L—1 ,

S )T MBejy + By + 025, )08 (w5 + wis1)(Fjo1,Ej, i) < Bm  (15)

Jj=1 151|T|5m :
Bl=1

2B, By BRI d ICEET A, (8L, ,%0) 578 AICREFLZ2ZY. 2T
multi-index & = (au, -+, aa) KIF L, (Bs;_, +05; + 82,30 )% = TT201(Be; 00 + B +
O zj )™ THS. ' \

phase function EJI-;I S(75,7j-1,%5,%j-1) D d(L~1) x d(L ~ 1)-Hessian T3 Ha +
Wa(X) 1, KDL 5 8 3. '

(Alr, -“-1 Alrg )I I—Alr,lI )
S ) SN (= priges TR JEE T G
Ar Ar A At
HA= :z 2 : 3 :a ) l ' (16)
) : : ’ :ATL-ll .
0 (ATL—I An_)I

ZZTCId,dxd @iﬁﬁﬁurvﬁa._ LT X = (20,71, - ,21) KHLT,

0% (wy + w2) 0,0,w, 0. - .

8,0w O (wy +w3) 80w3 O
wax)=| D% Gltes) G a7
N __ : S - OL10L—wi :
] e e B y(wp-1 +wr)/

16



ElBD. TIT 810wt zjoy & oz; OWSET B dxd T TH B, (9) D phase
function MK (S) 2 i#B7:F O T, KD stationary phase method A h 2.
Proposition 1. ([6]). § > 0 BFAELT, |t —s| <6 % 64 K(A;h t,s,3,y) 1, KO
AN X

K(Bihyt, s,2,y) =(s—— )U/26 " S(t,2.0)

2mih(t — s) ;
x D(Ast,s,7,y) V(1 + (8 k¢, 5,7, 9)). (18)
2L,
D(A;t,s,x,y) = det(I + HZIWA(X))IX=(y,:;,-~- E_pE) (19)

SZT (y,z, - .25, 2) 13, ZJI;I S(7j,Tj-1,%5,Tj-1) D critical point ThHb. £ L
T, HEED o, ITHLT, Cop >0 BPFEELT

Iafafr(A; ht,s,z,y)| < Caphlt — s|?. (20)

Cop W, 58I A IR L B\
. A(t,z) =0 OE &, (20) KKBWT |t—s| DML, 2 Th< 3 LTES (B [4)).
RD2ODEEN, = THOENTH 5. |

Theorem 2. 6 > 0 PHFHELT |t —s| < 6§ DEE, MK d(t,s,z,v), r(h,t,s,z,y) €

B(R? x RY) ML T,

D(A;t,s,z,y) = 14 (t — s)d(t, s, z,y), in B(R? x RY), as|A]— 0,

21
r(&; Kyt s,2,y) - r(ht,5,2,9), inB(Rx RY), as|A|— 0. 222;
Fi2, KOFEIRLT 5. C >0 WFELT
ld(t, s, z,y)| < C(Jt — 5| +lz —yl). (23)
HED o & ITHLT Cup >0 HMHFELT
10595 d(t,s,2,y)| < Cops ‘ (24)
|8288r(h,t,s,z,y)| < Caghlt — sf*. | (25)
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. Alt,z)=0 DX, (L21) KBV CHERIE L+ (L — s)2d(t,5,5,y) & TE B (i
5 [4)). '

KD Theorem 3 T 14 (t — s)d(t,s,z,y) PAALAKES5 2 5. L % Hilbert space
L*([s,t RY) L L, NikE

d t
(u,v)e = Z/ up(7)ve(r)dr, for u = (uy, - ,uq), v=(v1,--- ,v4) €L

k=177
&+ 2%. H% Sobolev space H}([s,t]; R?) = {ulu,u € £, u(s) = u(t) =0} & LTRE*%
(u,0)5 = (i,0)c THLA.
(6) D—EHI L%

t—71 T—S
—_— 2
syt (26)

a(7) = ¢°(7) + ¢*(7) with ¢’(7) =
L& FhE,
§(r) = B(7,q(7))§(7) + F(r,q(r)), s<t<tandg'(s)=4¢'(t)=0. (27)

B H 3 u — S(¢° + u) DE—LESH U, critical path ¢! THZ 5. ¢! TOEZE
i
t
H3ho / |2 M)+ B )Y (), (28)

(&
(v
A

(YR)(r) = Blr,a(r)) 2 h(r) + Z(r)h(r)

0 Byy(7,9(7)) Bas(r,q(7)) -+ - hy ()
[ Batamy 0 Balmalr) | d [
- : : : SR I B
Bai(7,q(7)) ... 0 ha(T)
gu(‘r) glz(‘r) I’:l(-r)
2{(1‘) 2-2(1') e 251‘) (29)
Z.;;(."') hdtf)
ZIT Zu(r), k=1, ,d, i,
: Zur) = 3 (Bley Bam )72 4(r))im(7) + (Peop, F)(r (7)), (30)
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THEXHONAHTHEAETHS. FAE Y 1, £ T symmetric T, 7,y € R 4244 L',
HDS LANDHERERETHAH. Z 1X H »5 L ~D Hilbert-Schmidt {fEAETH 5.

G kT4 7 VEREME
—i(r)=f(r),s <7<t u(s)=u(t)=0
Or)—AEREETAE, G I3 L 25 H ~O Hilbert-Schmidt fEHETHBDT, GY
{3, H Lo Hilbert-Schmidt fEA¥E, GZ {3, H £ T Traceclass &% 5.
Theorem 3.
14 (t—s)d(t, s, z,y) = |gilmo D(A;t, s, z,y) = deto( + GY)eT*CZ, (31)
= Z T, dety I3 regularized determinant T TrGZ i3 GZ @ trace Th 5.
E. (31) D 14 (t—s)d(t,s,z,y) PDRBRIL, A=0 OBE[5) DERLBRLS. [5 T
{2, GY #* trace class ZDT 1 + (¢t - s)d(t,s,z,y) = det(I + GY) L2 575, T ZTit
GY 7f trace class TRZVDTHEIETHLEND 5.
k(h,t,s,z,y) ERD LS ZBL.
k(h,t,s,z,y) = (1 +(t — s)d(t,s, z,¥)) " /2(1 + r(h,t,s,z,y)). (32)
Theorem 4. 6 > 0 #FHEL T [t —sh<.f DEE, K(A; K, t,5,2,y) D |A] = 0 DER
K(ﬁ)tvs) z, y) = |££‘|EOI\(A’ h;t:,s) z, y)

_ 1
B (21rih(t —s) s
i1, Yal—5 1 H—FER ONNMERE (1)2) DEARTSH 5.

Y2 S s ) k(B t,s,z,y) (33)
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ON THE STABILITY OF VISCOUS SHOCK FRONTS FOR
CERTAIN CONSERVATION LAWS IN TWO DIMENSIONAL SPACE

MASATAKA NISHIKAWA

Depertment of Mathematics, School of Science and Engineering
Waseda University
3-4-1 Okubo, Shinjuku, Tokyo 169, Japan
1.Introduction

We consider the Cauchy problem for the equations of the form

uy + f(u); = pAu (t,z,y) € Ry x R? (1.1)
u’(oxzr 3/) = uO(I» y) ‘ (1.2)

where f is a smooth function, p is a positive constant, and
up(z,y) 2 ur as z — too for any fixedy € R (1.3)

We investigate the stability of viscous shock front of (1.1) of the form u(t,z) = ¢(€)(§ = = — st) uniformly
in y satisfying

-3¢’ + f(¢) = ne" (14)
$E) 2 usr as £ oo (1.5)

where the constants u; and s satisfy the Rankine-Hugoniot condition
—s(uy —u )+ fuy) - f(u-) =0 (1.6)

and the Generalized shock condition

if Uy << ¢ <t~

) o= =@ - ) + @) - fu){ T e O )
It is noted that condition (1.7) implies
) €95 ) 18)
and that, especially when [ is a convex, the condition(1.7) is equivalent to
J(uy) <s < f'(n-) (1.9)

which is well-known as Lax’s shock condition. If (1.9) bolds, we say the shock is "nondegenerate”. On
the other hand, if at least one of the equalities holds in (1.8), we say the shock is "degenerate”.
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Notations.

In what follows, we will //}(l > 0) to denote the usual Sobolev space with norm |- |li, and || - lo = || - |l
- will denote the usual L? norm.
For the weight function w, L2, will denote the space of measurable functions f satisfying Vui € L?
with the norm

o = ( /R w(z)|f(2)dz) /2

When C~! € w(r) < C for some positive constant C, we nate that L2 = L? with || - || ~ |- |w.
Moreover, by C or ¢, we denote several positive constants without confusion. For two functions f and
g, f ~ ¢ as £ — a means

C~'f(z) <g(z) <Cf(z) in the neighborhood of a.

2.Main Theorems

We begin by stating the existence of viscous shock front. Integrating (1.4) over (d:00,£) and noting
the Rankine-Hugoniot condition(1.6), we have

ne = —s(d — us) + (@) — J(uz) = h(¢) (21)

We find (2.1) admits smootb solution with shock profile satisfying (1.5) if and only if (1.6),(1.7) hold.
So we have

Lemma 1. }

(i) If (1.1),(1.2) admits a travelling wave solution with shock profile ¢(x — st) connectingu_ and u,,
then u_, u, and s must satisfy the Rankine-Hugoniot condition (1.6) and the Generualized shock
condition (1.7).

(ii) Conversely, suppose that (1.6) and (1.7} hold, then there exists a shock profile ¢(z ~ st) of (1.1)
(1.2) which connects u_ and u,. ¢(x—st) is unique up to a shift in £ = x — st and is a monotone
function of £. Moreover, if h(¢) ~ |¢ —us|' 1%+ as ¢ - uy with ky >0, it holds

¢ —us| ~ exp(—ci]) as £ - oo (k+=0)
6 —usl ~ €175 as € - +o0 (ky #0)

|6 —u-| ~1€I7 %" as £ oo (k- #0).
It is noted ky =n if W(ug) = --- = bt (ug) = 0 end h*D(uy) # 0.

Proof. The proof is given in Kawashima and Matsumura [1).

Following Goodman|3], we reformulate our problem. As an asymptotic state, we consider ¢ = ¢(€ +
&(t,y)). Since ¢(£) satisfies (2.1) or (1.4), ¢(£ + 6(, y)) satisfies

$u — Pebe + f(b)e = ndee. IR



Hence u — ¢ should be satisfied with following equation:
(u— ). — 8(u — e + {f (1) — S(@)}e = 1nA(u — @) + pubeed,” + e (60 + 6yy) (2.2)

If the terms proportional to ¢¢ cansel and

= 0’
t=0

Lw—ﬂa

then we can decompose the solution ito u(l,£,y) = ¢(€+ 6(t,¥)) + Ue(L, €, y). So (2.2} is equivalent ta
the following system of U and é:

U, — pQU + I ($)Ue = F + pgeb,® 2.3)
6= by (24)

where

F=—{f(¢+Ug)— f($) - f(#)U¢}

Since u(0, z,y) = ¢(z + 6(0,y)) + Ue(0,z,y), the initial shift function 6p(y) is given as

mew—mwwwma=o (2.5)
or, explicitely,
o) = e [ fole.g) - ot (26)
Furthermore,
wmw=[Jw@m—MHw@mw @7
Here, we assume
bo(y) 2 64 as y— *oo (2.8) ‘

for some constants 6.

Goodman(3] has obtained the stability ¢ for weak shock to the following problem:

u + f(u): +9(u), = Au  (L,z,y) € R, x I
u(0,z,y) = w(z,y) = ux as z — oo

where f is convex and 8, =6. =0.

Our main aim is to investigate the stability theorem for ¢ when [ is nonconvex and 6, # 6.
Main theorems are followings. :



Theorem 1 (the case §, = é_ = 0).
Let ¢(£) be a shock front and that ug(z,y) — ¢(z) is integruble in z uniformly in.y.

(1) (nondegenerate case f'(uy) < s < f'(u-) )
Assume Uy € H3(R?) and & € II*(R) if
IUolls + lidoll2 < €
then the problem (1.1)(1.2) has a unigue global solution u(l,r,y) satisfying
u — ¢ € C([0, co); H2(I2)) N L2(0, 00; H3(1?)).

Moreover, the solution verifies

sup |u(t,z,y) —~ ¢(x —st)) >0 as t = 0
R3

(ii) (degenerate case f'(u;)=s < f'(u_) )
Assume

(@) ~ |¢ — uy|'T*t  as ¢ o uy  for finite integer k.

ond that Up € I3(R*) N L2, . (?) and & € 11*(R).
Then there erists a positive constant € such that if

{lUolla + |Uol<e>, + |doli2 < &
then the problem (1.1)(1.2) has a unique global solution u(t,x,y) satisfying
u—¢ € CO([0, 00); HA(R?) N L%, (1R?)) N L0, 00; IF(R*) N LE,. , (R?)).
Moreover, the solution verifies

sup |u(t,z,y) — Pz —st)] -0 as t = oo
H?

where

Next, we consider the case 6, # é_. Setting w(#-f) as a similarity solution of (2.4) satisfying
w(+00) = b4, our second theorem is given as follows.



Theorem 2 (the case 6§, # 6_).
Let ¢ be a shock front and w(-‘?h) be a similarity solution of (2.4) satisfying w(+oo) = 6x.

(i) (nondegenerate case)
Assume that Uy € H3(R?) and 6y —w € H*(R).
Then there exists a positive constant € such that if
Uolls + 6o — wllz + 16, —6-] <€
then the problem (1.1)(1.2) has a unique global solution u(t,z,y) satisfying
u — ¢ € CO([0, co); H3(12%)) N L3(0, oo; HA(1?)).

Moreover, the solution verifies
y
sup [u(t,z,y) — Pz — st + w(——==)}| = 0 as Lt — o0
up (tz,y) — &l ( \/er—-l))

(ii) (degenerate case)
Assume

') =s<f'(u) ond f'(u;)#0

and Uy € H3(I?) anf}: (12) for 1 < a < 13 and 6y —w € H*(R). Then there exists a positive

constant € such that if
Uolla + [Uol<e>g + b0 —wll2 + 164 —6-| <&
then the problem (1.1)(1.2) has a unique global solution u(l,x,y) satisfying
u— ¢ € CO[0,00); I2(R*) N L5 () N L0, 00, IF(R*) N L2 ¢ q (R%)).
Moreover, the solution verifies

s:’p u(t,r,y)-—¢(z—st+w(\/t_3£_*’_1)) —0 as Lt — o0
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Nonexistence of nontrivial solutions of —~Ayu = |u|?"2u in
unbounded domains

RE RE (RREX - BI)

1 Introduction
KDL IFREBBYEABRROEHEMOFEELEIZOVWTER S,

(E) —div(|Vu/P2Vu) = [ulf"% inQ,
u=0 on 9N.

SCITQREOHLIER OO EHORY O, 1<pg<oco £T5.

Ap- = div(|V - |72V - ) i p-Laplacian &FHINZ{EBET, p =2 OBEED
Laplacian i2—¥¥ 2. Q #*FREARDBEITIIL A Y —B R(v) = [|Voljwe/|v]lee %
B/AMET B0 (HL IS IERILTHIE) (B) O Wo”? TOREL DL EDDP S,

— &I Q PFEFRBEHEOBEITIE, LA RL I LEFEMNTERIITE 2V,
L LA RMGHTEAEOLIBIOAT, EERARICBTLIEEBROIERF
EIOWTRLAZLIIREDDHI L THH ). EBIO L) L RAVBEEN,
SNT&/.

LALEMG, SNOCOBRBITRTRDOI SAN CXO)NCH) KRESNbD
Tha. LALEETREZ LI, (E) O p#£2 OBICIE CHQ) RS LV LWL
ICETHE ENWX, RBNOH2EFEEERLRRAT A0, RLI1ZL DK
WIS ATHREE LTV LEND S, ZOHORAL, Q KEROBE, [4] 2Lz
SN FMAOBMIL, (4] OFRBBUZBY 2 EFEEROMR L X2, IH FER
B2 2] Lh@NLs FACOEFEEREIMAETLEIHILDS.

2 Main Results
SE/RONIHEREUTICERS.

Theorem 1 p* := Ni"}p ifp<N;=o00ifp>N,Q= RY \Q T, Q BER »2
ERFUE (B0D, MU FER T L AL, 3 A(z) 20V €0Q L42) ThHHLTH,

Q = {u € LYQ); Vu € (LP(Q))" , ulsn = 0}.
LT B, ‘



1. bL,g>p 26, (E) 13 Q RT AWML R,

2. bL,q=p" 251, (E) & Q RV 2IAVEMMBERI L.
Theorem 2 Q =R" L45.

Qo = {u € LI(RN); Vu € (LP(Q)Y , z;Jul'* € LE (RY) = 0).
BB, bL,g#£p 26, (B) i Q WWRT AFHBMER LV,
Remark Q=R" OB/, (7112480, bLg=p" 25, (E) X
u(z) = [a + bjz|P1)  (a,b>0)

EWIHEEMELDLEWV) T NG oTV S,

3 Pohozaev-type inequality

(E) OB $4# 15 L T Pohozaev NER 2 B T LIIFSH TH A, Bk
ATEZBVEPOEAE, BRICHLTOLAED LR L AL LRI UI L 6. EDM
413 Pohozaev DEX Db Y @Y A EXHMF I NS
BFT (B) 0bh52 5 R (P) (KT 5588 u 1K 2 “Pohozaev HMOFEX " %
W+ 5.

Proposition 1 Q % Theorem 1 DIREXR/-THB LT 5.

P = QN {u;|u" € L1 () VR > 0}
ST, Qr=0NnBr(0) £ T5. COK, P ICRT S (E) DM u 3LLT @ Pohozaev
BoXREX LR/t

N p-N q
— dz <0, 1
(q+ p )/nlul tR< M

S,

R = Tim im 2— ! /m(IV'wf,l2 + 5)5(—:1: -)dS, p= min(p,2).

n—400 ¢—0 P

iEMIE (BE) L8 2 AR %2 TTH 5, compact support ¥ b2 cut-off function
20, [4) CAVONLFERBRATAZLICIYRENS. L], 2] 28R

Remark O = RY O34 00 = 0 2O THRERSOEIIHL, UTo kL iciE
Xk 3. '

Corollary 1 Q=R 42, otk (E) D Q RTHILTOMIILUT®D Po-
hozaev RID%EX *iR/-3.

(B2 [ sz =0 @
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4 On the regularity of weak solutions

BB Tit Pohozaev BOFREX LML DI, Jult2u € LE, () L) &RHERL
2. SOBMTE, bo b bl TATHS Q TORFELRBLLZHDOVDH
DIEREOERETRT.

Proposition 2 g < p*, LI p< N OKiZ g=p* £¥5. u & ue LYN),
Vu € (LPA(Q)Y %ili7zF (B) OMTHHETBE, [ult 13 LL(Q) BT 5.

Proof W 2HLDBEIIFTTEZLA.

1. p> N OB4
HEOERBAR Qp LT, / VA ”u”Lq(QR) + “V‘u."u(nn) i VV”’(QR) )]
norm LEETH S, LoTp>N (H2dvidp=N) 2o uid LZQ) (55
wiz Lp (Q) for all 7 € [1,00)) BT 5. WA [ul™! 12 LE @) %5,

2. p< N D&
EHIZRD 2 DOBBIZFTTERS

(a) ¢ <p* DH
[4] ® Lemma 3.1 T® “bootstrap method” L [F L & ) ICEHMATE 2. %
MK>0MFELT

lullee < K||Vuljrs for all u € C3°(2), (3)
[4] ® Lemma 3.1 LR LMRT |lullia@ < Cx PHEEENLD. 2

iz
_ N .+ & _ _ —
Qi1 = i Gt =% — 9+ P01 =4,

L .2 %
Cinr = K% (g — g + 1) 5 (B)FCHE,

Cl = "U"Lo.
%642 (4] ® Theorem 11 VY & FARICEM d > 0 HFFELT G < €
for all k. WA ue L®(Q) ?*Br 5. o
(b) ¢ =p* DK

BRENOBETO C° Hilid 3] THENTVIH, T TIRROED
Lemma * ¥ 1 5.
Lemma 1 p< N & LT ue {4 Vue (L), u € LF(Q),ulsn = 0}
At (BB D ERKT)

Ay = f(@)uff % inQ,
! P
(E) { u =0 on 99,




RRITETE. I, 5> L RHLT fe ). ToBue
L®(Q) ThY, b1

lullzo < KTT6T| £ a0, (9)
Tl éd= 9.(‘;7‘1 > 1.
Proof of Lemma 6 =gt —1)/pt kﬁ(, t>N/p 2DTs>1. 22
Dl g & e %

N
G=q 8 qg= -t ptrp—2=p-8k=12,....

N-p

LE#T D, section 3 TEH S 17 cut-off function g,(-) AT, (EY
2 |un ™ 2u, 28T B L RORNELNSG,

(re = 1) | VP29 - Va2 = [ [ulr =l S,

HEET L
S 1VunPlunls e < [ juletns2 s,

Holder OF%Kic & b

p
p k &
(p—————+ — 2) 19 1ual® Pz < £l

(3) &b, bLueLyQ) %51
lunlzn < K% 6% || £l oellufloncs, (5)

go=¢q u€ L) DT, k=10KD (5) RIY |lup|lpa BERT,
N2 tTBILlLoT,ueln(Q). LoTk=20DLED (5) MR
DUD. INERYETLIILY, EBO kIS L, ue L) T, u, ¥
u & LTH (5) MDD wiiZ,

k e %—Z;:# ol
KZim G shim & |2, Nl

"“n"L'm <
§
< KET5E0 | f|RD || Vull o).
kooo k¥ kizkDh, (4) ANEOLNS. R -
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C® Lemma ¥ f=|u|*?,g= —,5—"}, ELTHATS.

' féL‘ < uel*(s>q)
THoHIH,Hd s> qgilHLTue L*(Q) ¥2EXRV. E¥Da >
p—-1%¥BELT B=pa-(p—-1) LBL &, (3] D Proposition 4.2 1= &

n,

uEL"=>v=u+€LF‘!—Ll
7)*b\x.7.> WAL 2B = g EMBE, ’,3 =q/(1) >gq = NA’L 2DT
ve L% (Q) v=(-u)t &L, u EL?(Q) bEICLTER o

5 Proof of Theorems

Z OETIX, Theorem 1 & Theorem 2 DAL T 5.

Proof of Theorem 1 BIfiCBLICR/A L5112, bLg<p* 26iL, QICRT A
BMIL, PILRT A ENDLBDT, Q ICRT HEEDNTMIL, Pohozaev RIND %
REWRZT. R>0THHDT, g > p* (super critical) DRRIL fufjee =0 &% D, 8
HOREHIHEHENS.

critical exponent NDHE (¢ = p*) 13, El»ﬁ#ﬁ&iﬁ%ﬁfﬂ\gk&a ifﬁ?ﬂl-,
g=p ThoENL R=0LE%D. OB EED >0 LT Ny & o > 0 45
LT

/m(wwm2 +e)f(-z-A)dS<n foralln> No, ande € (0,60).  (6)

N|%| = / divzdr = /8 & (~7i(z)ds = / (-z - R)dS

DT, p>0 LHEMNEREERE T, C OO ﬁWEL’C(—x i) >p>00nTy L4d.
ZRWZ (6) LD

/F |Vt PdS < g for all n > No, and € € (0, o). 7)
[/} d PN
[y = {:Bg}()s;s‘ & parameter RRTHETHFIEL> 0 L Yy € Q PHEELT

{xc} aBu(yt) N ox.
= Bae(:) \ Belwe) L 5%, Q) LOBK v,

vt(z) = a(3£ - r)‘s —all, r= |:z: - ul,
LEEL, L EBEITHAELED, § B RELBE, v B, KOREWRLT.

{ Ave+v{ <0 in Qf, @®
ViloBy) =0, vilosy = 0(26 - l)e‘» vt € [0,1].
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ZIT, (E), x4 2 HBER ([5, Lemma 3)) 12X 1, thpy1(z) > Wa(z) in Q
&2, ELT wy(z) T u(z) for ae. z € Q PE@mSNS. & 5I2 Harnack DFEH
O] :& D wa(z) >0forallz € Q, T w A wy (Z—HIURT 25 LIZHEET
&, +FhE a HEELTEED € € (0,60) & t € [0,1] ML T, vos,q) =
(28 —1)88 < wh|ap,) PHILT B, ) —FEHBER Y AV T o(z) < wi(z) for ae.
z € Q.

EFNWZ A<O0IIHLT

v(z, + AMi(z,)) — vlz) < Wiz + Mi(z,)) — wi(z:).

W% A<OTEHY Ao 0,T2L, EEDO >0 LT

66w ( 0) < ——(Z'g) = —a&f" <0
for all t € [0,1] and € € (0, &,).
I (7) IKFNE. _ o
Proof of Theorem 2 Pohozaev MDHR (2) L1, [lullpe #0 2 51X X422l =g,
2%h g=p* &4, Theorem 2 MR EN 3. ]
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Static Output Feedback Control of Flexible Structures
(Asymptotic Stabilizing Control of 2 nd Order Evolution Equations)
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Abstract '

In this report, we propose a theoretical essence of the stabilization of flexible struc-
tures by using the static output feedback control.This shows that not only strain outputs
but also other outputs are valid in this control method for flexible structures of many
boundary conditions including cantilevers, free ends, and other general boundary condi-
tions. Sufficient conditions of structures and observation mechanisms are obtained for the
closed loop systems to be asymptotically stable.

1 Introduction

Recently, great attention is paid to control of flexible structures(1][2]. The driving forces
behind this interest are that flexible robot arms are required due to their high-speed
performance and low energy consumption and that large flexible space structures { in-
cluding large flexible space manipulators) will be launched with in a decade. In order
to suppress vibrations of these structures, many control laws are proposed for stabilizing
flexible structures. The dynamic model of flexible structures are described by infinite di-
mensional models. In most of these methods, feedback controllers are desigined to finite
dimensional reduced models which approximale to original infinite dimensional models.
It is not easy to implement these controllers in flexible structures, due to uncertainties in
design models, to unmodelled dynamics (control and observation spillovers), and to high
order of these controllers.

As a simple and robust controller, Luo proposed the direct strain feedback controller
(i.e. static strain feedback controller), in order to control vibration of flexible arms.[9][10)
For uniform flexible robot arms, he showed that if the strain (the bending moment) signal
at the root end of the flexible robot arm is measured and directly fed back, then the
vibration can be controlled(damping enhanced). This control strategy is called direct
strain feedback.

This is the one of the static output controls. The stabilization of distributed pa-
rameters using static output feedback control is introduced by Gressang-Lamont(3] and
Sakawa-Matsushita [4][5]. Nambu studied the stabilization using boundary outputs[7][8].
In these researches, parabolic systems are mainly considered and the key to the stabi-
lization is the observability and the pole displacement of the lumped parameter systems
which approximate the original distributed parameter systems. Later, the static output
feedback stabilization of hyperbolic systems were reported by Sakawal6]. In all these
research, observation operators which generate outputs are bounded. But in the above
static strain feedback control, output operators are unbounded. In this problem we show
that unbounded output operators are transformed to bounded output operators. This
transformation is valid for not only strain output but also other unbounded outputs. The
theoretical essence of the static strain output feedback control is extended to other kinds
of outputs. Thus static general output feedback control of flexible structures is discussed.
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2 Dynamics and Observation Mechanisins of Flexible Struc- '
tures

Consider a flexible structure and let u;(t,2) € R? (¢ = 1,2,3) is an elastic displacement at
time ¢, position z € Q where () represents a domain of structures and  C R? (p = 1,2,3).
In general, the displacement (¢, z) of a flexible structure at time ¢ at position z satisfies
a partial differential equation ‘

621[1 3u1

ap +Dz'5t_+Azul(tax)=f2(tvx) . ) (1)
for suitable partial differential operators D and A. For fixed time t, the spatial function
uy(¢,-) can be thought as an element of a suitable Hilbert space H. 'The operator A
represents stiffness and D represents damping of flexible structures. f,(¢,z) is a control
input.

By introducing uy(f,z) = 0u,/8t, the dynamics Eq.(1) of the flexible structure
becomes
2 s “l(tnz) — u2(t)x) 0 (2)
5t \ w(t2) ) T\ ~Aaa(tz) - Dowa(ty) ) ¥\ falt,2)
Let u(t,z) = (wi(t,z), wa(t,2))7, f(t,z) = (0, fa(t, )7, and
Azu(z) = (ug(z), —Asui(z) — Dyug(x))” (3)

for u(z) = (u:(2), u2(2))”
Then, Eq.(2) can be rewritten as

du
Bt

Suppose we can measure the following data

(a(’), Cra(t, Ny
u(,,b,)(t) = - (5)
(CN(')1 C'“'I(t1 ))H )

where ¢(z) is a spatial weighting'function (k = 1,2, N) and (-,-)g is an inner
product in a Hilbert space H.

CONDITIONS We suoopse that C~! is a bounded operator on H, CAC™! is a self-
adjoint positive definite operator on H, and CDC™! is a positive deﬁmte operator on
H. -

Examles of A and C which satisfies this condition are as follows.

= A:u(t,z) + f(t,2) (4)

Cantilevers When the flexible structure is a cantilever, the spatial domain  of the
structure is one-dimensional and {} becomes an open interval (0,L) where L is a

length of the cantilever. Let H = L?*((0,L);R), A EId“/dz“ D 84, and
C: = d*/dx? , where 6 and EI are positive constants a.nd
D(A) = {u € H4(0,L);0 = u(0) ='(0) = u"(L) =w"(L)}  (6)
D(C) = {u € H*(0,L);0 = u(0) = /(0)} . D
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which reflect the boundary conditions of the both ends (z = 0, L) of the structure.
H™(0, L) is the Sobolev space of order m on an open interval (0,L) and El is a
positive constant.

Let ci(z) be a positive continuous function which approximates §(z — a;) (k =
1,2,--+,N). The time derivative of the strains (the bending moments) of the struc-
ture at = a;,qs,---,an are measured. A and C'AC'™! becomes positive definite
self-adjoint operators on X and the above conditions are satisfied. (See Appendix

1)

Free Beams When the flexible structure is a free beamn (a beam whose both ends are
free), the spatial domain € of the structure is one-dimensional and §? becomes an
open interval (0, L) where L is a length of the beam. Let /I = L2((0,L); R), A, =
EId*[da’, D = §A, and C, = d®/dz? , where § and EI are positive constants and

D(4) = {u € H'(0,L);0 =w”(0) =u"(0) = u"(L) =w"(L)}  (8)
D(C) = {u € H*(0,L);0 = u(0) = w'(0)} (9)
which reflect the bbundary conditions of the both ends (z = 0, L) of the structure.

H™(0, L) is the m-th order Sobolev space on an open interval (0, L) and EI is a
positive constant.

Let ¢x(z) be a posilive continuous function which approximates é(x — a;) (K =
1,2,--+, N). The time derivative of the strains (the bending moments) of the struc-
ture at T = a,,4a,,--+,ay are measured. A and CAC~! becomes positive definite
self-adjoint operators on H and the above conditions are satisfied. (See Appendix

2.)

General Structures The above conditions are satisfied when A is a self-adjoint positive
definite operator on the Hilbert space H, C = A* (0 € a €1 is a constant) and
D = 6A where § is a positive constant, since CAC™' = A, f C = A* (0 < a £
1 is a constant), the observed data correspond to time derivatives of the elastic
displacements of the structure when o = 0, to the time derivative of the strains
when a = 1/2, and to the shear forces when a = 3/4.

3 Static Output Feedback Control of Flexible Structures
Consider a static output feedback control

J(t2) = Glz)uoun(t) o)
where the feedback gain G(z) is.

G(z) = (’_gl(x?,’.'.'.',’gyN(x)) . B _' (11)

For this matrix G(z), we set

a(z) = & (C'e).(z) (12)

where g is a positive constant. (k= 1,2,--,:N)



The closed loop system becomes , ,
0 (t,z) ‘ :
at ( wlts) ) B B e
(2 i) )
~Azu(t, 2) — Dow(l, z) o 9k (C7her) (2) (er(), Cualt, Ny

Introduce a new variable y;(t) = Cu;(t)(z = 1,2) and y(t) = (1(1), 12(2))”, the closed
loop system Eq.(13) is rewritten as follows.

9 (mt)\ _

ot ( Zz(t,-) ) . (14)
y2(ta') 0

( —CAC 'y (t,") ~ CDC 'yt ) ) + ( TN aker(s) (e () vty )y )

We show that this system Eq.(14) is asymptotically stable in the Hilbert space D ((CAC“)I/ 2) X
H. (This equation looks like the equation in [6]) Let (-, -) be an inner product in the Hilbert
space D ((CAC“‘)‘”) x H, id est

(u,v) = ((CAC_I)W ""‘(CAC-I)U2 ”1)” + (u2, v2)n . (15)
for u = (uy,u)7,v = (v, 22)" € D((CAC™)") x H

For the solution y(t) = (yl(t),yz(t))T of the closed system Eq.(14), we have

Lo (16)
= 20 i : an
= 2((cac™) " w (cac™) " n),, (18)

2 (CAC w (1), 3a(1)) , — 2 (CDC™ walt), walt)) , (19)

-2 (LN; Grer(-) (crsy2(t)) i » y2(t))"
= -2 (CDC—lyz(i)a !Iz(t))H -2 g:l.‘?k (es 32 () (20)
<0 (21)

Therefore, for % (y(t),y(1)) = 0, it is necessary that y2(t) = 0, since CDC™" is a positive
definite operator. This leads to the conclusion that dy,/dt = 0 and y;(t) = 0 from
Eq.(14). Thus, (y(t),y(t))tends to 0 as t — oo, Since ui(t) = Cly(t) i =1,2) and C~!
is a bounded operator, u(t) = (u,(t),ug(t))T tends to 0 as t — oo and the closed loop
system Eq.(13) becomes asymptotically stable.

4 Conclusions

In this paper we found the theoretical essence of static output feedback control of flexible
structures. This essence shows that not only strain but also other outputs are effective
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in the stabilization of flexible structures by the static output feedback control, and this
control method is applicable for many types of flexible structures including cantilevers
and free ends beams and other struciures who has general general boundary conditions.
The sufficient conditions (CONDITIONS) of outputs are clarified for the the static output
feedback control to be effective.
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Appendix 1 _ :
Let A and C be operators on the Hilbert space H = L2(0, L) defined as follows.

A, = EI%;, D(4) = {u € H*(0,1);0 = u(0) = v/(0) = u'(L) = w"(L)}. (22
Cm o DO = e O 0= =w ) )

- dx?’
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For any u € D(CAC™!), since’

' &*u
D(C) 35 AC 'lu= 21—2' (24)
we have ‘
0 = u"(0) = w"”(0) and u € H*(0,L) (25)
and since u € D(AC™'), we have C™'u € D(A), we have
0= u(L) = u'(L) S (26)
For u,v € D(CAC™'), by integrating by parts, we,.have
_ u d*v Y .
(cac lu,v) = EI (d 4,1;) El (d T 2) = (u,CAC 'v) (27)
Appendix 2
Let A and C be operators on the Hilbert space H = L2(0 L) defined as follows.
at . w .
A= El—, D(A)= {u € HY(0,L);0 = u"(0) = u"(0) = w"(L) = u"(L)} (28)
& 2 :
Ce= =0 DIC) = {u € H*(0,1);0 = u(0) = w(0)} (29)

For any uw € D(CAC™!), since

B d%u
we have
0 =u"(0) = «"(0) and u € H(0,L) (31)

and since u € D(AC"?), we have C~'u € D(A), we have

, 0=u(L)=1d'(L) (32)
For u,v € D(CAC™), by integrating by parts, we have
_ d*u d?u v ny .
(cac 'u,v) = EI (d - ) = EI (51—,@) = (u,CAC v) . ®
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JEARTE BB A R OBELFEIC DN T

IEHEF A”5 (BEREXFHEIER)

1 WALHEHR
RO BB HERD AL ER 5,
(1.1) Ou= F(u), (t2)€R xR".

ST 0=8-A=8-T",8,0,=03/0t,0;=0/0z;(j =1,---,n), F(u) = MulP~'u
23N ulf (A e R\{0},p > 1) THh 3, UT u IWHO/-DERERMBE TS, T
BERNBIDREOUAET B0 <z >:= /1 + [z]2&H < H(R"), W(R") T, £
heEN L L Bo /KL 7BMEERT. H(R") T. CP(R®) O 3 /WA ||Vl TD
SERLERT, X = HY(R") x L(R") &4,

b= (n*+3n+2)/2 &BL. RHUIHERROEAT = {0 |j =0,-,p} =
{00,01,-++,0n, L1y, L, Qs - - - yScin, Lo} Z8AT B, ZZTH = 0, L; =10;+2,0,
Qe =210 — 20k (1 Sk < €< n), Lo =tdh+2,0+ -+ 2,0, THB., BEE
a = (ag, - ,a,) I L. ' = Igl---Tsr &95, HABMNEp (1 <p < o0)icxnt
L. /WA

lu(t, Nirwve == 3 (/Rn II“’u(t,z)|de)”p

la|<N

EERT 50 N7 PV Du:= (Bu,du,---,0,u) i L. /L4

IDu(t, Mewo = 3 106u(t, Nirw,

k=0

ZEMRTH, TRIVF— VLA

lut, e = %\/ua,u(t,-)nzz + IVul, I
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AERT 5, RIETERS N SWNMMH = H(E) 13 L. EHRIEmNso %M
S'(R") LMK H(V=A) %

H(V=28) = FUH(¢)Fv] (v € S'(R™)

TEHT S, CITFRISR") LOT7—) EBRTHD, FHREOHEXRERT, 1§
Bz, wi=V-ALEBL. BTFicBiF3MADKD. LY RY) x L{R') OMGHRE

% ={ (f,9) € LXR*) x L}R*) |
2
HHalls = 20 1 <- >R & fllea + 30 I < - >% 8 fllua

la|=0 |aj=3

1
+ 3 < >k azgli+ Y |l <> 8gllr < o0
lal=0 fai=2 o

EWAT B, SITHE =80 THB. >0 LL = { (o) I/, )Mz <8}
EE <,

Theorem 1 (1.1)iIZBW\Tn=4,p>2&F 5, vE2<v<3IBBERDOEHET S,
A, v, pDBITHERIFT B EMEVFFE L KD (1), (11) HBRILT B
(I) F&®D (f-,9-) € S5ttt L. (1.1) DR u = u(t,z) T\ ‘

(12)  we () BO(o0,0; (R,

(1.3) Iy, I'*8u € BC((—o0,0]; L*(R*)) for any a with ja] <2,k =0,---,4,
(14)  lu(t) —u-(t)lle = 0 (¢ = —o0)

EBIZTRIMW—DFFET B T Tu(t) = (coswt)f- + (W sinwt)g- THDo 65
2. ZOMRIZ

(1.5) sup [[u(t, )lir.2.2 + sup [|Du(t, )Ir.2z
t<0 t<0
< CiI(f-,9-)llg for some constant Cy >0,

O(lt -1 if2<p <3,
(16) ”u(t: ) - ‘U_(t, f)“l".l,‘l = { O(It|—;3(072)/f1) lf p> 3,
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A1 M) - us(t ez = O I),
(1.8) [1D{u(t,-) — u_(t, ) }Iraz = O(Jt| =312+,
(1.9) HD{u(t, ) —u.(t, ’)}“[‘,2,2 - =Q(|t'—3(p—1)/u+x)

(t — -—oo) ’Ebf..‘?’o
(IT) EXED (fy,94) € Btz L. (1. 1) DMy = u(t,z) T

(110) wue ﬂ BC#([0,00) ; H*/(RY)),

j=0
(1.11) TI'u, T'*du € BC([0,00); L*(R*)) for any « with |a| <2, k=0,---,4,
(112)  Jlu(t ) = ue ()l = 0 (¢ - +00)
ZEBHICTROME—DFEET B0 ZZTuy(t) = (coswt)fy + (w'lsinwt)g, TH3, 35
IZ. CORT

(113) sup lu(t, lIraz +sup 1Du(t, Mlirzz < Cill(fa, g4Iz,
[0) t_a(l’—z)/2 if 2 < 3,

(1.14) : llu(t,) — uylt, hraz = { Ogt*f‘(f’"?)/"i ) i g,_

(1.15) Nu(t,-) — us(t, iz = O(?—S(p—Q)/V),

(1.16) ID{u(t, ) — uy(t,-)}Irp2 = O3~ 1241,

(1.17) ID{u(t,-) — uy(t, YHIr 22 = O(t=30~1/++1)

(t - +oo) %6&?0

Theorem 2 (1.1)IZHW Tn=4,p>2&¢9 53, V’E? <v<3 fAZ)EE’E'O)IEﬁc':TZ)o
X v, pO BRI T B EBMTFELE L RIEKILT B,
E£ED (f,g9) € A U, (1.1) DR u = u(t,z) T

(1.18) (u(0), am(O)) =(f,9),
(1.19)  ue n BCi(R; H*(RY)),

(1.20) I‘“u, I'0iu € BC(R; L*(R*)) for any a with o] <2, k=0,---,4,
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EHITHROME—DH D, CORuid

(1.21) sup ||u(t, Iz + sup || Du(t, Mlr22
teR teR
< Coll(f,9)lls for some constant C3 >0 -

2H71-F. il 0u=0DHu;,u_T

(1.22) (u£(0), Bu(0) € X,
(1.23) llu(t, ) = (e, Mle = 0 (¢ oo)

2B IRHME—MFET 50 CDusld

(1.24) (u£(0), Brus(0)) € %,

(1.25) [I(u£(0), Beue+(0))lle < Cs||(f,9)|ls for some constant Cy >0,
_ oy if2<p <,

(1.26) Nu(t,-) — us(t, Hirae = { O(|t|-3(p—2)/") 5> 3,

(1.27) lfu(t, ) — us(t, Nieaa = O(C=27),

(1.28) ID{u(t,-) — ux(t, ) Hlraz = O(|t|'3("‘)/2+‘),

(1.29) 1D {u(t, ) — ux(t, )Hir22 = O(|t|~ e~V

(t = xoo) 2HITF

Theorem 1 @ (I), (I1) =36t} 5 M u 4%
(u(0), du(0)) € T, |l(u(0),du(0))||lz < C4é for some constant Ci>0

A(tzdoEi. PLIKRTSE (L), (1.13) oM Z é:?)"(‘_% Bo 2T .
Theorem 3 HRHERR W,

Wy : (u£(0), Bius(0)) — (u(0),9:u(0))
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. S BEc,; ODFNDOERELTERTZ S,

Cb<e&liBLH6EMDET, < SMDELTH. Theorem 1 {TKILT B, &-Ts
Theorem 2 &&bHT
Theorem 4 MWEIERAFKS

S : (u~(0),0u~(0)) = (u4(0), ru4(0))

y Ol Em\BEc,c‘; 0)4"\@3&& ULTERTSE 5,

2 p® lower bound DB MEICDINT

ROMIPFBEREEZ S5,

(2.30) u(t) = uo(t) + /0 ‘SNl T) pour))dr, ¢ 0, z € R

w
ZIT. F(u)i3§licsir 3 F(u) ERAUEBE BB, 72 u(t) = (coswt) f + (v sinwt)g
THB,

Proposition 2.1 4 < n <64l <p<(n+3)/(n-1)&lL.n2>2TLsl
1<p<142n+1)/(n*-3n—-2) &9 3, HEEDEMIE I DEDEFET S, D,
suppfUsuppg C {z € R* | 2| < k } W BEED (f,9) € H}R") x H'(R*) iZH4 L. T
(T > 0) 2¢||fllaz + llgllan, &, n, A, piAREELTENT, (2.1) DM u=1u(t,z) T

a) vecoriomy (o= 202D),
(2.32) suppu(t) C{zeR" | |z|<t+k}
ZHITHRIME—DFET B, oI, TOMIT

(2.33) u€ (l) C([0,T}; H'(R™)) () L=(0, T; W'4(R™))

j=0
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251

. fERAIZ. Sideris (4] POEE } DIEMIZEEATL L. Proposition 2.1 1% (2.1) Dt > 0
CORMBFREEERE DRI bOTHS, £{RRITLT, (21) Dt <0 TORFF
ELHEWTE S, .

ETpo(n) = (n+1+Val + 100 — 7)/2n—1) EH <o BB 1 < po(n) < (n+3)/(n—1)
(Vn > 2), po(d) = 2 L BBAKD D 5. (4] OEE 22 LT, Fu) = Mul, L >0,
1< p < po(d) DB, BL (f,9) B¢ B

[ el (=)dz > 0, /R lel*g(2)dz > 0
£57:4&E. $5 Ty (0< To < 00) IZHL
im [l e = o0

¢, Proposition 2.1 {2313 2 RPTM u IZDWTHRILLTLE S [lu@lles < WSllee +
tsupgc, < 1Bcu(s)llez &« qDBOF & D H'(RY) — LY(R*) ICEET 5. #-T1<p<
po(4) = 2 DEE, (2.1) DRITRIRMT

u € C(R; H'(RY)), du € C(R; L*(R"))

A1z D

lu(t, ) — uz(t, )|l = 0 (¢t — %oo)
% free wave equation DM IEAR vy, u I LAHIT LD SEPELELIENI ENH S
CEhibhh B, n=4,1<p<2T. f, ghtBHIZLDSHT suppf N suppghta /737
F OB HER (1.1) % (u(0),0u(0) = (f,9) DT THL VW R & sy AR
(2.1) DML EKTORMEHERT EHTX B, $€- T Theorem 2 iZki35pD TR
2(= po(4)) IIBETH S,

116




3 WERDHERLEDLLE

T—FHNENEZD (1.1) X479 B HELMIREIT Strauss 5] ICX DB TRLSN
2o [5) TIE—MRKIT (n > 2) THREER > T 3, [5| OFE 14 iLhid. n = 4 DI
(34 2v3)/3(= 2.154---) < p < 7/3 13 51T BMELEARY (H(R?) N WIHP(RY)) x
(LARY) N LH*VP(RY)) D 0 DiEED S (H'(RY) N LPH(RY)) x (LE(RY) N W-1#+1(RY))
DFDERE LTERTES, I TWIP(RY) i3 CP(R?) D ||Vul|» TOREILTH
D W-'(RY) (1/p+1/p = 1) i3, EDB/EMTH S, D FRIE. i< Mochizuki
& Motai [3]i2&k D 2.086 - - ICHBREN T B, 272U, [3] TOF—F D2 5 Rid. [5] ®
ENLHBWNL I THB, Theorems 1 -4 i3, (3], [5) COTFREREL. HoOWHETEL
HERLISBDTH B, n=2F/T3 Dby > po(n) DIREDFT/NI T —F 2%t
LBEFARDSEBTE S Z LHRENTLE (WA [2), 6. LrL. €2 T
BRERIZTCOENLDBLMRI N/ DDOTH S LA EBELTH . Bk, 21
XIZH1 5 mELEERIZ DU T Ginibre & Velo [1]) D&fE 3.3 2R oz,

& 3wk
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In this talk, we will study structurc of positive solutions to the following initial valuc
problem

(IvP) r p-
u(0)=a (0<a<»),
where n =3 and p >1. In [HaW], Haraux and Weissler have shown non-uniquencss of

solution to semilinear heat cquation,
(¢Y) v, =Ay +jyl 'y, (ex) E0,0)xR".
In the proof, they have used the properties of solutions to (IVP). When we discuss the
following function, which is called a self-similar solution,
A
t,x):=t " ( z ),
tp(v,x) U 7;
it can be scen that ¥ satisfies (1) if and only ifu(y):=u(x / Jt) satisfies
1 1 -1 L}

2 Au+—y'Vu+—u+ =0, YER'.
@ 3y Vur =tk =0, y |
Moreover, if we set r = |y, thenu =u(r) satisfies the equation of (IVP). x and Weissler

have obtained the following result on (IVP).

THEOREM 1. ((HaW]) If1+2/n <p <(n+2)/(n-2), then there exists a positive number
a. such that u(r;a.), which is a solution o} (IVP) starting from u(0) = a., satisfies the
following conditions:

() ulr;a.)>0for r=0.

@ii) tim, .7 "r;a.) = 0.

(iif) For all m >0, lim, . r"u(r;.) = 0 and lim . r"y,(r;c.) = 0.
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In view of Theorem 1, we can see that there cxists a positive:solution which decays rapidly as

r—o incase1+2/n <p <(n+2)/(n-2). Moreover, using above result, they have shown

THEOREM 2. ([HaW)) If 1+2/n< ;é <(n +2)/ (n —2), then there exists a solution to (1)
satisfying the following properties:

(i) w(e,x) >0 for all (¢,x) €(0,0) xR".

() If1=q<n(p-1)/2, then lim . |fw (), =0

In order to prove Theorem 2, put 1
wlexa)=¢ 7ulr;a.),
where u(r;a.) is the solution to (IVP) obtained in Theorem 1. Noting r = [/ V£, we can sce
y(t,xa.)>0 for all (¢,x) €(0,®)x R" from (i) of Theorem 1. Moreover, in view of (ii) of
Theorem 1 since [ju( ;a.)||, <« forallq =1,
1
o ), =t 7 2 fu(- sa)l, =0 as £ 0.

Therefore, it is sufficient to take ¥ (¢, x;a.) as a solution of (1).

In view of Theorem 2, initial value problem of heat equation
v, = Ay +yl 'y, (6,x) €0,)xR",
{w(t,-) — 0 as t—0 in certain L'(R"),
has at least three solutions, i.e., trivial solution, tll(t,x, a.) and —w(t,x; a.), which is also a

solution in view of the form of (1). Thus non-uniqueness of solutions to (1) has been shown.

As already mentioned, Harawx and Weissler have shown the existence of positivc solution
to (IVP) which decays rapidly as r = . Our aim of this talk is to get the umqucncss of this

solution, i.e., to prove the uniqueness of a. €(o, ) which satlsﬁcs conditions of Thcorcm 1.
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~ Moreover, we want to investigate the behaviour of u(r) for cach a €(0,%) completely. In
order to make.this. problem clear, we will classify the solutions to (IVP). For each a €(0,),
‘(IVP) has a unique solution u(r) EC*([0,%)) with u,(r) =0, which is denoted by ulr;a).
Furthermore, starting from initial value a, u(- ;@) decreases as long as positive. So at ﬁrst; we
want to know whether u(- ;a) has a zero or not in [0,®). Furthermore, if u(- ;) does not

have a zero, i.c., u(: ;a) >0 in [0,%), then we also want to get the asymptotic behaviour as
r = In this direction, Peletier Terman and Weissler [PTW] have obtained the following

estimates.

THEOREM 3. ((PTW]) Set S:=lim,..r**"u(r;a). Then for all a =0, § exists and is
finite. Moreover,

(i) If S = 0, then there exists some constant R = 0 such that

® uria) =R cxP(-’-:-) {1+0(- )} as r =,
(i) If S = 0, then
2 .2
(4) u(r;a) -Sr - +o(r ’_l) as r—>o,

Theorem 3 says that the asymptotic behaviour of solutions to (IVP) is cither (3) or (4). Now

we will classify solutions of (IVP) as follows:

(i) ulr;@) is a crossing solution. <> u(- ;@) has a zero in (0,%), i.e., there exists some
2€(0,) such thatu(za) =0.

(i) ulr;@) is a rapidly decaying solution. <> u(*;a)>0 in [0,).. . Moreover, ulr;a)
satisfies (3) with R>0.

(iiiy u(r;a) is a slowly decaying solution. <> u(- ;&) >0 in [0,%). Moreover, u(r;a)

satisfies (4) with S > 0.
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In view of above classification, we want to decide completely whether w(r;a) is a crossing
solution, a rapidly decaying solution or a slowly decaying solution for each initial value «. To

our problem, we will summarize results in [HaW] as follows.

THEOREM 4. ([HaW]) On the structure of solutions to (IVP),
() Ifl1<p=s1+2/n, thenulr;a) is a crossing solution for every a > 0.
(i) If p z(n +2) /(n-2), then u(r;a) is a slowly decaying solution for every a > 0.

(i) If 1 +2/n < p <(n +2)/ (n - 2), then there exists a rapidly decaying solution.

In [HaW], they could not obtain complete structure on case 1+2/n <p <(n+2)/(n-2). But

they have given the following conjccturc:' -

Conjecture by Haraux and Weissler [HaW]

There exists a unique positive number a. such that u{r;a.) is a rapidly decaying solution.
Moreover, u(r; @) is a crossing solution for every @ € a.,) and u(r;a) is a slowly decaying

solution for every a €(0,a.).
Recently, Yanagida [Ya] shows that above conjecture is right in case 1+2/n<p <n/(n -2).
In addition, if 7 /(n—2) = p<(n+2) /(n -2), as a joint work with Claus Dohmen (University

of Bonn) we also get

THEOREM A. ([DHi]) Suppose n =3 and n /(n~2)= p <(n+2)/(n -2). Then the conjecture

by Haraux and Weissler is right.

This thorem is proved by using the structure thorem by Yanagida and Yotsutani (see [YaYo)] or

[Yo]). Thus we can conclude the complete structure of solutions to (IVP)forn z3 and p >1.
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Moreover, m(p a) +planc we will define the following domains;.
= {(p.a) €(1,2) x(0,®) | u(r; ) is a crossing soluuon}

{(P. a) E(l, ) x (0 °°) | u(r;a) is a rapidly dccaymg solution }

D;:= {(P, a) €(1,) x (0,) | u(r; a) is a slowly decaying solutlon}
From above definition, we want to mvcsugatc the relation of D,, D, and D in (p, @) -plane.

To this problem, as a joint work with Eiji Yanagida (Tokyo Institute of Technology) we have
THEOREM B. ([HiYa]) For 1+2/n <p <(n+2)/(n-2), D, is unique C'-class curve in
(p, a) -plane. If we define D, by ’

" a=a.(p) for p%1+2 n+2)

then a.(p) satisfies

+
a.(p)—»Oasp—'1+% and a.(p)—> » asp—': ;

Moreover, in (p, a) -plane, domain D, is the left side of curve D, and domain D is the right

side of curve D,. (See Fig.1.)

ah

- {Fig.1)
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Sketch of proof. In view of Theorem ‘A, we. have alrcady known .that for each

p €(1+2/n,(n +2)/(n-2)) there exists a.(p) uniquely. In order to obtain that & = a.(p) is
a C'-class curve in (1 +2/n,(n +2) /(n - 2)), we will carry out the following steps:

I. Using implicit function thc('m:m. (IFT), we will show that there exists unique C'-class
branch at the neighbourhood of (p,a) = (1+2/5,0).

II. Moreover, using IFT again, we will show that this branch can be extended to
p=+2/(n-2).

I11. Finally, we will prove a.(p)—=> © asp = (n+2) /(n-2). |
Furthermore, it follows from Theorem A that the left side and the right side of D, are D, and

Dq, respectively.
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ASYMPTOTIC BEHAVIOR OF BLOWUP. SOLUTIONS OF
A PARABOLIC EQUATION WITH THE P-LAPLACIAN

ATARU FUJIL AND MasaHITO OHTA

Graduate School of Mathematical Sciences
University of Tokyo
Komaba, Tokyo 153, Japan

1. INTRODUCTION AND RESULTS

In this paper we mainly consider the blowup problem for the following initial boundary value

problem:
uy = Apu + Juf? "2y, zef, t>0,
(1.1) u(z,t) =0, z€d, t=>0,
u(z,0) = uo(z), z €,

where p, ¢ > 2, Apu = div(|Vu[?~2Vu) and Q is a bounded domain in RN with smooth boundary
d9). Especially, we here study the case when p = g.

As for the existence and non-existence of global solutions of (1.1), the following results are well
known (see [14],[9],[5],[11]):
(i) When p > g, (1.1) has a global solution for any uo € W,'P.
(ii) When p < g, for sufficiently small initial function up € W} ? (1.1) has a global solution, and
if ug is large enough, the solution blows up in a finite time.
(iii) When p = ¢, put Ay = inf{||Vu|B/[lul} : v € WeP \ {0}}. If Ay > 1, (1.1) has a global
solution for any ug € Wy ™. ’
Here, W)'* = W,?(Q) denotes the usual Sobolev space with the norm [|ufly1.» = | Vullp, and
|| - lI, denotes the LP(£2) norm.

From the above results, we see that the case p = ¢ is critical for the existence of blowup
solutions of (1.1). For the critical exponents of other equations and their role, we refer to the

survey paper by Levine [8]. Here, we should note that little is known about the case when p=g¢
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and A\ < 1. So, in what follows, we study (1 1) with the case when p = ¢ > 2, that is, we consider

the following problem:

ur = Apu + |ulP~ 2y, T€R, t>0,
(P) u(z,t) =0, z€d, t20,
u(z,0) = uo(z), z €

Our first purpose in this paper is to derive sufficient conditions on blowing up of solutions of (P)
(Theorems B and C). The second purpose is to study the asymptotic behavior of solutions of (P).
Here, we note that we consider not only the asymptotic behavior of blowup solutions but also
that of global solutions. In both cases, we show that each solution of (P) behaves asymptotically
like a self-similar solution of (P). First, we derive Blowup rate and decay rate of solutions of \(P)
for each case (Theorem D). Next, we investigate the asymptotic profile of both blowup and global
solutions of (P) near the maximal existence time (Theorem E). These results for the case p > 2
in (P) may be regarded as a natural extension of the linear case p = 2 in (P).

To be more precise, we here recall the local existence results for (P). The local existence of
strong solutions of (P) is already studied by many authors (see [5],(7],(10],[12]). Here, a function
u(2,) is said to be a strong solution of (P) in [0, T} if (i) u € C([0, T]; W3 *(Q)), (i) u,, Apu and
tul?~%u € L*(0,T; L*(R2)), and (iii) u satisfies (P). Assume that p > 2, and 2(p—1) < Np/(N —p)
if p < N. Then, for any uo € Wy, there exists a positive number T such that (P) has a strong
solution in [0, T]. Moreover, let T* be the maximal existence time of the strong solution u(t) of
(P). Then, if T* < oo, it follows together with (1.6) below that

Jim Il =l [Vu(0)l, = oo.
Furthermore, if we put E(u) = [|Vu||? — |lul2, we have

(1.2) Aeflu(@)|3 = —2E(u(t)) ae. in [0,T*),
(1.3) 8 E(u(t)) = —pllu ()2 ae. in 0.77).

We note that E(Au) = APE(u) holds for any A > 0 and u € W,'?, which is a special feature

in the critical case. Our main idea in this paper is to introduce the Rayleigh type quotient

E(u)/|luli§. The following lemma is important in this paper.
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Lemma A. Assume that ug € Wo** \ {0}, and let u(t) be a strong solution of (P) in {0,T*).

Then we have ( ( ))
E(u(t
Ot =°

Lemma A follows immediately from (1.2) and (1.3), but it plays an essential role in the proofs

a.e. in [0,T").

of the following theorems. We should mention that a similar result to Lemma A is obtained by .
Berryman and Holland [1] for the fast diffusion (u9™1), = Au with ¢ > 2. In [1] they study the
asymptotic behavior of finite time extinction. solutions of it.

First, we derive two sufﬁcxent conditions that the solution of (P) blows up in a ﬁmte time.

Theorem B. Let p > 2 and \; < 1. Assume that up € W0 P satisfies E(ug) < 0. Then, the

strong solution of (P) blows up in a finite time.

Theorem C. Let p > 2 and \; < 1. Assume that uo € Wy'? \ {0} is non-negative in §). Then,

the strong solution of (P) blows up in a finite time.

Here, we recall that Ay = inf{||Vu|}/|jul} cu € WP\ {0}), and if Ay > 1, every strong
solution of (P) exists globally in time. Theorems B and C supplement the known results by
many authors concerning the existence and non-existence of global solutjons of (1.1) by giving
information about the case of p = ¢ > 2. In [2] Galaktionov showed a similar result to Theorem
C for u; = Au™ + u™ with m > 1 by using the so-called Kaplan method [6] We should mention
that this method is not applicable to our problem (P), and our proof of Theorem C is quite
different from that of [2}.

Next, we consider the asymptotic behavior of strong solutions of (P). We begin with deriving

blowup rate and decay rate of strong solutions of (P).

Theorem D. Assume p > 2 and up € Wy \ {0}. Let T* be the maximal existence time of the
strong solution u(t) of (P). Put v, = lim—r- [E(u(®))/lu@)3].
(1) IHKT* <oo, we have v, < 0 and

(149 Jim [—7u(p ~ 2)(T* ~ O u(®)ll2 = 1.
(ii) HT* = oo and 7. > 0, we have

(1.5) Jim [.(p — 217 flu(t)ll2 = 1.
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Remark 1.1. Put v; = inf{E(u)/||uf} : u € Wy \ {0}}. Then, we see that 71 > —oo. In fact,
by the Gagliardo-Nirenberg and the Young inequalities, there exist positive constants a € (0, p),
C, and C; such that

lully < Cullully ™ IVully < IVull + Callully,  w e Wy,
from which we have
(1.6) IVullp < 2B(u) + 2Co||ullf,  ue Wy,
and we have v; 2 —C,. So, it follows from Lemma A and this fact that the limit v, =
lim;_.7- [E(u(t))/[lu(t)||}] exists and v, > ;1 holds for any strong solution u(t) of (P). We also
note that from Theorem B, if T* = oo, we have v, > 0. Moreover, we see that v; < 0 [resp.
711 =0,7 >0]if and only if A} <1 [resp. A} =1, A > 1.
Remark 1.2. A function u(z,t) = v(¢t)w(z) of variable separation type is called a self-similar
solution of (P) with uo(z) = v(0)w(z) if v and w € WP satisfy
1.7 vy = =[P %0 in R,
(1.8) -Aw-|wP2w=qw in D(Q)
for some v € R. From Theorem D, we see that the blowup rate and the decay rate of general

strong solutions of (P) in Theorem D are the same as those of the self-similar solutions of (P).

Remark 1.3. In the case when p < ¢ in (1.1), the decay rate of small global solutions of (11) is
given by H. Ishii [5]. However, it seems that in [5] there are no results for blowup rate of solutions
of (1.1) when 2 < p < ¢. For the semilinear case p = 2 < ¢, see Giga and Kohn [3] and references

therein.

The following theorem states that the asymptotic profiles of solutions of (P) are given by the
solutions of (1.8).

Theorem E. Assume that p > 2 and ug € Wy?\ {0}. Let T* € (0, 00} be the maximal existence
time of the strong solution u(t) of (P). Then, for any sequence {t;} satisfying t; — T*, there
exist a subsequence {t;} of {t;} and w € Wy'? such that

t
(1.9) ) i owe,

(i)l
(1.10) —Apw — le"_zw =Y w in D'(Q), lwll2 =1,

where v, = lim¢_7- [E(u(t))/|lu(t)|I5).
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Remark 1.4. It is natural to ask in Theorem E whether the limit u(¢)/||u(t)]|2 exists or not in
W,'P as t — T*. At the present, we do not know the answer, even if the solution u(t) of (P) is
non-‘négative. Of course, if non-negative solution w € W,'? of (1.10) is unique, then it follows
immediately from Theorem E that u(t)/|lu(t)||z — w in Wy*? as t — T* for any non-negative and
non-zero solution u(t) of (P). However, as we show in Section 2 for the case N = 1, non-negative

solution of (1.10) is not unique in general.

2. EIGENVALUE PROBLEM (1.10) FOR N =1

In this section, we consider the eigenvalue problem (1.10) for the case N == 1. Especially, we
are interested in the set of all non-negative solutions of (1.10) with v, < 0, which is related to
the asymptotic profiles of non-negative blowup solutions of (P).

First, we consider the following boundary value problem:

{ ~(W'P(2)) ~ luf?u(z) = ~u(z), z€Q,

(2.1) u € WhE(Q), u(z)>0,£0, z€Q.

Here, the symbol ’ denotes the differentiation with respect to z. Let S; be the set of all solutions
of (3.1) for 2 = (—1,1). Then, the structure of S; is determined as follows.

Proposition 2.1. Let I, be the positive number such that

u'||® .
A (—lp, lp) = inf { I|IIU|I|I£ tu € WyP(=lp, 1p), u # 0} =1,

and m, = pl, /(p - 2).

(1) If1 < 1,, then S; is empty.

(2) Ifl, < 1< my, then there exists a unique positive solution & of (3.1) and S; = {®,}.

3) Ifl > my, then S; = [Iim' ] SF, where [I/m,] denotes the largest integer not exceedin

P k=1 *I P g
k .

I/my, and Sf = {35, Bm, (- —¥5) : =1 S 1 —my, yj+2mp Syjgr, =1, k=
1, ye +m, <1}

As a corollary to Proposition 2.1, we have the main result in this section.
Theorem 2.2. Let v < 0 and () be the set of all solutions of

{ ~(l' P! (2)) — |ulP?u(z) = yu(z), =€ (=11),
we WiP(=11), fulla=1, u(z)>0, =ze(-LD).
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(1) When Il < 1, $(v) is empty for any v < 0.

(2) When l, < 1 £ my, let vy = E(®)/||®i]|5. Then m1 < 0 and £(m:) = {&;}, where -
&, = &1/(|®1lf2, and £(y) is empty if v # m1.

(3) Whenl>m,, fork=1,2,--,[l/m,], let yx = k' P2E(®n,)/|®m, [|5- Then v < 12 <
co < Yymy) < 0 and B(ye) = {Thny Bm, (-~ ;) 1 Sy1 —my, y;+2mp Syjn, =
1,--- k=1, yx + mp <1}, and I(7) is empty if v ¢ {71, 72, , Yiym,} }- '

Theorem 2.2 follows immediately from Proposition 2.1. We note that 4; defined in Remark 1.1
coincides with that in Theorem 2.2 in this case. In order to prove Proposition 2.1, we consider
the following initial value problem:

(2.2) { (/P2 (2)) = u(z) ~ [ulP~Pu(z), z >0,
- u(0)=a >0, u'(0)=0.

Lemma 2.3. Let a, = (p/2)!/*~? and F(s) = (p/(p — 1))(|s|*/2 — [s|P/p), and let zo = oo if
@ < ap, and T4 = [ [F(s) — F(a)]/?ds if a > a,. For a > 0, there exists a unique solution
va of (2.2) in (0,x.), and ¢, is positive in (0,z4). Moreover, when a > a,, To < 00 and g,

satisfies pa(To) =0, ¢ (za) < 0 if a > ap, and ), (z4) =0 if @ = a,.

Remark 2.4. By an elementary computation, we see that z, is strictly decreasing with respect
to a > a,. It is known that I, = (p — 1)Y/?B(1/p,1 — 1/p)/p = [v(p — 1)*/?}/[psin(n/p)], where

B(-,-) is the beta function. Another elementary calculation yields lima o0 o = I, and Ta, = M.
Proposition 2.1 follows from Lemma 2.3 and Remark 2.4. In particular, ®; is given by

any(z), for 0<z<]|,

®i(z) = {

‘Pa(l)(_x)r for —-I<z< 0,

where a(!) € [ap, 00) is the unique number such that | = z,().

REFERENCES

(11 J. G. Berryman and C. J. Holland, Stability of the separable solution for fast diffusion, Arch. Rat. Mech.

Anal. 74 (1980), 379-388.
[2] V. A. Galaktionov, Boundary-value problem for the nonlinear parabolic equation u, = Au®t! + uP, Differ-

ential Equations 17 (1981), 551-555.

128



(3]

(4]

(5]

6]

(7

8]
(9]

(10]

f11)

(12)

(13]

(14]

Y. Giga and R. V. Kéhn, Gharscterizing blowsp using similarity varigbles, Indiana Univ. Math. J. 36 (1987),
1-40.

‘T. Ido'ga‘v;vAa’ and M. '6tﬁn’ii The first eijinualues of some abstract elliptic operators, Funk. Ekva. 38 (1995),
1-9. B . _ _ _ _
H. Ishii, Asymptotic stability and blowing up of solutions of some nonlinear eguations, 4 Differential Equa-

tions 26 (1977), 291-319.

S. Kaplan, On the growth of solutions of quasikinear pambolit.: equations, Comm. Pure Appl. Math. 16 (1963),
Y. Koi and J. Watanabe, On nonlinear evolution eéuations wi.th [ dtiﬂ';rencc term of, _aubdi':ﬂ:gie;uials, Proc.
Japan Acad. 52 (1976), 413-416. o

H. A. Levine, The role of critical exponents in lalowuplheonﬁu,’ SIAM Review 32 '(1996), 262-288.

H. A. Levine and L. E. Payne, Nonezistence of global weak solutions of classes of nonkinear wave and parabolic
equations, J. Math. Anal. Appl. 55 (1976), 329-334.

M. Otani, On ezistence of strong solutions for du(t)/dt +Qz[11 (u(t)) Orﬁz@(t)) 2 f(t), J. Fac. Sci. Univ.
Tokyo Sec. IA 24 (1977), 575-605. ‘

M. Otani, Ezistence and asymptotic stability of stmn;q .;_oluﬂtig_mv‘ of_ nonlinear cﬁolJutipn equations with a
difference term of subdifferentials, Colloquia Math. Soc. Jéht;s Bofyai 30, ng]i,tativé Theory of Differential
Equations (1981), North-Holland, 795-809.

M. Otani, Non-monotone perturbations for no;ilinear jmrabolic cquaiibns associated with subdifferential op-
erators: Cauchy problem, J. Differential Equations 46 (1982), 268-299.

S. Sakaguchi, Concavity properties of 3qutions to some degenerate quasilinear clliptic Dirichlet problems,
Ann. Scuola Norm. Sup. Pisa, Cl. Sci., Serie IV 14 (1987), 403-421. |

M. Tsutsumi, Ezistence and nonexistence of global solutions for nonh"near yémbolic eguations, Publ. RIMS,

Kyoto Univ. 8 (1972), 211-229.

129




FEHAMABFRXOBMIRROMEE & BEt N
BT 8 (REA - BENE)

AR, WHRZ (RLIX), UVE&- (HEX) OMXL OKRAMRETH 5.
EREMMB RN ' ' '

Au+ K(jz)w* =0 inR®, (%2ZL, p>1, n>2)

D IEMERATBR 2 MO KBROIBEIZ OV THET 5.
A HER

n-1 ,
® Urr + u, + K(r)uf =0, r>0,
y0)=a>0,

TREOH o 2BP L L EOROBEFEMNS, 7L, uy = max{u,0}.
IV, SAGNULRE K(r) CRORHEEATE.

K(r) is continuous on (0,00),
(K) K(r) > 0and K(r) # 0 on (0, 0),
rK(r) € L(0,1).

5% (K) 0 b £ T, MMM (E) 11— R0 7% KRN
u=u(r;a) € C([0,00)) NC?((0,00)),
262 (12, K(r) € C((0,00))DEER, u(r) € C?([0,00)), ur(0) =0). &b 1ML,

ROD=ZDDE 4 TDOETUDIL B,

(i) u(r)»BaELbob0. (crossing solution & & %)
(iiy 7 > 00 &F2 L& " 2u(r) HHROWRGEE L2 b D, (rapidly decaying solution & X 4)
(i) r 00 EFTBE " 2u(r) BRBMT 2 LD, (slowly decaying solution & L&)

&<z, p=(n+2)/(n-2), K(r)=1.0L &, (E)RIIRDKERTHTIONS,

atln-2) )~ (=272
11.(1‘; a) = {1 + mrz}

ZORIETHD, +XTOMMMEIZIL T, rapidly decaying solution TH 3.

ENRT, K(r) = 1 ZEBEMAZLOLFEL/ L 20RO EIZOVTIRNS,
IR T SBEMDOER L RISERS,
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[Ding-Ni] (1985)
=(n+2)/(n-2) tT5.
K(r) 12, (0,00) {2BWVTHMMTHY,

K. (r)#0,

tiRETS.
IOt EROMERTXTOWRMEISHL T,
slowly decaying solution & %%,

K(r) ix, (0,00) i2BVWTHRITHY,

K.(r) #0,
LEETE. o

_mkéﬂwﬁiwf«r®MMiLﬁLr
crossing soluigon_\ Lud.

[Yanagufa-Y ks ,

 (1993)

p=(n+2)/(n~2) &'9'6 Re (0,00) tz33L T

K(r) it (0, R) LTH®RD,
K(r) X (R, ) J:’(‘?Fiibﬂ,

THhy,

Jim K(r)= linaK.(r),

k(r)

K(r)

K(r)

0

22, (0,00) LT K(r)20, K(r)# B THDERET 5.
OLEROMEIDTORNLR/AT o, HE—DOHFETS.

a > % AL & u(r;a) ik crossing solution

o= a. l).{: 3 u(r; a) 12 rapidly decaying solution

agay 0&'3 u(r; a) 12 slowly decaying solution

K(r)=% Li&[vﬂ)b’)‘b‘&&!&%f}xa LA Lo TROMELFEFIZEALL T2 L
JIZRZAB. km" TEEK p = (n+2)/(n —2) CEAELALbDLEX TN, &
: CROFILEELD, LoT, (E)REBVT, RATOM o LiF
p—a FHEIZBI 2BOMELT RN

B p £/55 K

Bp ORGP LI L EOROBTFERMS. £IT,

AiZdhizh
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D:={(p, a); p>1, a >0},
L, Do %S Dg, Dp, Ds ¥RDEIIIEDS,

D¢ :={(p, @) € D; u(r) is a crossing solution},
Dp = {(p, @) € D; u(r) is a rapidly decaying solution},
Ds := {(p, a) € D; u(r) is a slowly decaying solution}.

B8 K(r)=1 RS2 b0EFRNLE, p—a FEIBIS Do, Dg, Ds OB
AL, REMIZ K(r) ¥52T, p- o FEOBRMMHEOERETT.

P1. a=3&L, K(r) k0L B, (e=1)

K@) =1+enr), )= (3-1r - 31) xg),

K(r)

) AN
,

0 1/2 1

M2 n=3%L, Kr)¥kOLIizB<. (e=1)

1 3
r)={;-Ir—= r),
K(r) =1+ e(n(r) — m(r)), (41 4 p Xt(")
m(r) = (Z =|r- ZI) x(l.%](r),

a4

K(r)
) ‘/\/_

012 1 3
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1O p—a PEOKMMADKBEREL, n=30HAI, p=(+2)/(n-2) 28
FABNOKRE —HLTVAIEHbDA, p=(n+2)/(n—2) KEBLLELOTELT
VB E, bTARARICE > TROMENTERZILTVD LS IZRALA, & p &/
SA—SLLTHATIEILD, ROMENARLETERNIITALTVE I Edtbro
7. ‘ '

4, p—aFETIIN%KS D, Ds NHY, TOWMRAMN D i2—B LT, ZDDg il
HEBLTABZ EIZTA. R

WM e LA MILIEE, oibK&)_llﬂTéﬂM#bf#&ﬁ%mﬂmmﬁL
B 5 MOKEV RO RO TRT.

EHR  n(r) it compact support ¥ bOME L, K(r) ik
K(r) = 1+en(r),

THEALNBLTE, ZDLE e BHHATHNE, Dpit, 2000 LHATHY,

' 00 n a‘/("_Q) 2 —"d .
Ln+2+ 2 ../o rne(r) 1+,n(n—2)r re

Thn-2"n-2 je A=
n—1 2
/o r {1+——n(n—2)r } dr

EAPTES.

BELEPEI L YOBRELRETHOT, BROLZERETOHL. BRELT, #
A1, W2 20NET5.

#HM 1. (Pohozaev {H%¥R)
u ¥ (E) X %77 L &, KD Pohozaev %X A h LD,

{TI(,(T) _ (n _ 2)? — (ﬂ + 2) K(T)} rn-—lu_h(.’.)ri'l’

d
E:P(r, u) =

p+1 2

=L,

P(riu) = 57" e K () (r)PH,

Wl 2. (ROBEHHT)

(a) u = u(r;a) % crossingsolution & L, z(a) % u(r;a) DBAETHRIL, r€ [z(a),00) 2
HLT, P(riu) >0 2D, : -
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(b) u = u(r;a) #* rapidly decaying solution THhiX, H5 {F;} Ti — 0o DE X,
F; > 00 BIU P(Fi;u) = 0 X BAETOONFET 3.

(¢) u = u(r;a) 7* slowly decaying solution THh ¥, &£¥ {#} Tiooo D &,
fy =00 BLUY P(fi;u) <0 X7 TLONEET 5.

EROMBMONA Ko(r) ICHET 28T u¢ EBL. Wll, 25D, u(r;a) #
rapidly decaying solution % & 1¥,

Jlim P(riu’(r;a)) =0,
Li+%. Pohozaev H¥X LD,

Aoo {rI(:(r) _ (n- 2)P2— (n+ 2)K¢(T)} r"'l(ui)”“dr =0,

HaETE,

/o ” {erne(r) = 232 (p - 253) (1 + en(r))} (g )PH0dr = 0.

Wil (p, €) = (3, 0) 0ibHTF— 5 -RET 2.

/ooo {erm(r) -2 (P - %‘_‘%) 1+ en(r))} r1(ug JPHdr

r=it3

=0

p=Bt3 (”‘ 3'5%)

+ (-2 (- 2) - [Ty

+ 3%- {e '/o r"f),(r)(u.‘,_)"“dr} -+ hot. =0,

P
=0

3. 3 o W
{—"T"“ . [’mr""l(ui)”“dr}

+ { /o mr”q,(r)(ui)’“dr}

p=B32 (” - ﬁ‘f%)
c=0

¢ +hot.=0.

.

=0

4. (v €)= (223, 0) i< THER TV HOT,

_"_;_2./0 rn-l(uo)zn/(n—Q)d,. . ( - %1'—3) +/° r"n,(r)(u°)"‘/("‘2)dr e+ h.ot. =0.
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FEETL,

wrz 2 [ rHEE N
+

. T €
n-— 2 . n-2 rn—l(u0)2n/(n-1)dr
0

=L, Wi

(uo)" + n: 1(u0)' + (uﬂ)(n+2)/(n—2) =0, r>0,
v%(0) = a > 0,
ORTH5H., Eid

ot/ (n=2) -(n-2)/2
o
n(n - 2) }

THE26h30T, WL ERATHE,

uW(r;a) = a{l +

0 a‘/(""?) 2 -n
n .
_n+2, 2 .L r*“%}+ﬂn—mr} d

r -

"n-2 n-2 o0 4/(n-2) 7"
. n-1 o 28 de
. /o r {1 +\-—-——-—n(n_2)r } dr

COREBDEDICVAVARRER R LI AMHLOTERNZIERTHS. BFENERI,

s 1% (N

[MYY2] £ BT &\,
Bxohi: K(r) 23T 5 Dp ORBMLAPAERD S,

1., n=3¢tL, K(r) 2R0EHBL. (e=1)

K =1ten), )= (5-1r-3) )

1)

: a
K(r) 6
Dp
. VAN
r : '<0

’ 2! 4.8 5 5.2

= 5 + Mas(—15840— 2928a4t + 5770® 4+ T8a'?)

P = [ d (3 + a‘)z(lz + a4)2(16 + 30‘)2
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[
M2, n=3¢L, K(r) 2RkDEIBL. (e=1)

wr) = (3 - 1= 31) xg ()
1

K(r) = ~mird) ) '
(r) 1+ 5(17(7‘) 771( )) m(r) = (Z - |1‘ - g') X[l.;](r))

a
K(r) 6

N —

0 1/2 1 3/2 48 5 5.2

Dr

1536/3 (589824 — 331776a* — 69836808 — 148224a!? + 10044a1® + 20250%°)
= (12 + a*)%(4 + 3a)?(16 + 3a4)2(48 + 25a4)? &
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