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BEELT. MM ® w3, h |0 & LAE&BYRBATIH > T,

h 2

u in L*(0,00; H(1)) ,

e

L in L=(0,00; H}{(Q)),
ul S uy  in L°(0,00; L3(R))
EVAHEKRT v ITNKT 5,0
SEBA. ¥l 4.1 & J O coresiveness X ». {uP} & @* ik L°(0,00; H1(N)) DBERES. {u}}

i1 L®(0,00; L3(N)) OHRBAETH B M35, UTOMHIZ, FE 3.1 OFHELEHKTS
F 0

KROFEIR, §3 oG T 283 LEBRICREN B,
il 43. I XN THBETHE, WAL, i 3.1 OFRMEKILT B,
T, (41) OFROERES A L 3,

TR 4.1, u 2, (41) OBMTHB L, u € L*(0,00; H(Q)), u, € L®([0, 00); L2(Q)),
wt)eKa.e. t THh, fEBD p € CA([0,00); £) iz L

oo 1 oo
—/o ‘c-(ug,(pg)[;dt-{- '2-/0 C-(grad](u.),gphdt:/ﬂvov(O)dz,

u(0)=u € X

2l EE WS,
EE. ue [°(0,00; H(Q)) & b gradJ(u) € L2 ([0,00); L") HitE S0

ER 41, BNTHBLTEE, u it (41) OFETH 3,
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1E88. n > 2 X3 L. Euler-Lagrange 12 (4.2) BXIULL TV B, 9 EDRTY ¥ T L
T.n>2 kBLTRI%RES L.

o [ub(t) = ub(t = h) 1 ; -
/ <———h———,v(t)>£dt+-2- | e grad (), e)cdt = 0

L1in, B 42 v, HAFlick» T,

o [ uh(t) — uh(t —
/ < t(t) ht (t h),¢(1)> dt
h c

ce

=/h°o <uf(t),f—§lﬂ>cdt—/’:m <u:‘(t~h),—w£—t)>cdt

c* L

=/;.°° <u:'(t),%(‘L)>Cdt—/(;w <u£‘(t), ‘p(t: h)>£dt

c* c*

= - /:, <uf(z), “"L—’}Z'—”@L dt - %/ohc«u:'(t),w(t + h))cdt

- "/wc'(uhsoe)z:dt —/ vop(0)dz
0 Q
E1R 3, BifE4.2-43 2RV, §3 EEBRIC,
o0 1 o0
-;—/h C.(grad](ﬁh)’w)ﬁdt - 5[; c-(gradJ(u),p)cdt (b OHAFH10), u0) =u €K

BRE B, a

5 BELICRABI

MENDEFOZE X L. 1971 Z£D Rektorys DIgX [23] dic B oh 3, Hit. oty
B QBERSEW) OROBRIECOFEEMVE. LhL, BEUNSDRLELAERT
B, CORXRbEEHINLIH>1EITH B,

CheEaric, Fiti, BROERICHT 2 AKROERIC . OAFEEEHT S L% 1991 &
DR [11]) oFTEREL .

Hildebrandt [10] 2. Ui $FEH <. 1940 D Courant DRXOP YN IEHRDOZ
ADHEMBROLNEE, HAT hit, L L, FHEOBBELREDLDIC, EDRIXDEDES
2BLTWA200HBETETVIN,

11



D& S IHMOARRE. DR E b 20 FLEORER R b, K IERTAE R A
anf Lok, [11] BIETH 30 UTcB~36MMR, 4L 6. §2 TH~EK P J OR

FEREALTOVRN,
% ¢°. Bethuel-Coron-Ghidaglia-Soyeur [3] i3, B® » 5 S? ~0oR/NBERIcT 2 AEH OHE

KRicCOAEZRBALL, b5,

J(u)=/ |Vul?dvolgs,
B3

K = {u € HI(BS,Sz) | ’yaglu = 768’u0}

TH5ho v,y . IB® ~D trace operator TH 5, WAMDBBICRNIE, 2 v 7 F SHE M
» 5 S™ ~oRfnEfcH LEAGIEECH b . Chen [4], Chen-Struwe [5], Rubinstein-Steinberg-
Keller [25], Coron [6] £ 0 EBTH 5.

20T, FTH EL/MRiIZ. Alt-Caffarelli-Friedman (1, 2] ic & > TR & /- ZHR5E

1w = [ (93P +QPx({u > o)) ds,
(5.1)
K= {u€ H(Q) | ysu = vs5u0, x({u > 0}) € L)()}

KBALZ, CCT.Q 120 < Qmin £ Q(7) £ Qmax < 0 45 Q LOTRBIH. uwo i
ug € L=(N), J(ug) < 00 WM. S B H™I(S) > 0171432 00 LORHEE. 7, B S kA~
O trace operator TH %, (17 Cll.n— oo &L EDOEBORITEL., [18) TR R0 &
Lick EDWHERL e KL, CORBMIR CRW) LT odETH (E-THHEAA
Gateaux A UIETIR W, ELIIV,) . AT well-defined THaMn b L BAh o, B
it Caffarelli 25, 3 HFAMEORED b & THARFK LR L 2Bk TH 245, preprint 2 AFL
TWERWOTHRETE TRV, JEREBHNIEROHETERT 570, (3.2) DL S
BHMTRATIT. RETRRD &S5 UHEESLBEENRZTHA S,
Zhou [28] 2. elastic-plastic problem

J(u) = /n o(Vu)ds + /n |D*ul - /m fudH™ 1,

K = BV(Q)

iz¥}4 % evolution problem IZRfBMIARMEH Ve STy u it BV(Q) K E L. 20
gradient measutre Du % Lebesgue 5}f% L 7: & &, Lebesgue JUEFI(cBAL CHM SR %
Vudz &L, BEUEHMA% D'v &4 5, Fi:.

Sl (el <),
o(p) =
pl-3  (pl>1)

335,
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BB HFER~OIEHELT, AN [27} k& T,
(5.2) ug — Au+ [u" 2u=0
PAUNHROVIMERREBEIc CobEb#EHs i, CDBA.

J(u) = /;) (|Vu|2 + %l“lm) dz,

K={ue HI(Q) nL™Q) | Yonl = 700“0}

L. §4 DEREITIo (5.2) OLETUCEEEIE u PHMIR —Auy BSb - AER. EF &
itk »T[19,20) CTEEESNT WS, £/, [21] cit. KR CORMESERESN TV 3,

BECRMENAIER TR WY, FEOKET Navier-Stokes HE2ROFEROLIBKRT % 2
(16o

Ja(u) = /ﬂ (-li_—;:-'i + |Vu|2) dz + 2p (/ﬂ(u,,_l . Vu,...l,u)dz) - Z/Q(f, u)dz,

K=V ={ueC |divu=0} ® HY(Q) firtlic & 3526t

EL.S3 LAROERETNITL V. CCTup B R LOBSLEMETZ > -1 DL &
pz)=2,2< -2 DL % p(z)=0 2FHTbD LT 3,

Fonseca-Katsoulakis [8] @ generalized mean curvature evolution D§ECE: 3. FRHYIC 3Bk
BNAEROEZELERAOTVWEE V- TENTH S I,

MEARILI D, Bo&D LA EREAL VA, NE-Hp 13, 14] L 6BIE LTV E D0 b
Litin,

Regularity (2B L T, &Hib- =R [12], =iR [15] H5% %,

RERIZECHR 2. De Giorgi b3 48 L /2 minimizimg movement ®—@| [7, Example 2.1) T&
D, bkx KRGS 3,

6 wflix

COMUREDEROIHIL, FIFT 3, (3.2) i3, MBNIEH {u.} OPHMITH 3, LL,
" BHRIE LTHWODOTH B L, (5.1) D& dic u, MIEGRHBEREEL LS hILR SR L

&, P REILBARBEELER V. COIEDD, bo b, EAENLBEEEAL B LE L
HT<C 5, FrLOERRT 4P 12,

s h|l0DE& vk DINHKERE CIKICIGET 3,0
o J(ah(t)) HSIERIMBIBICTL B,

ERATLICEIRETHS S (B2 OBMiL. (1.2) ORI, (2.5) X oBERMIR, J(u(2)
HIEMMBABICIE B &tk B),
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BEMI AT {ua) PENEERT AN I, B h K HEKFTH0T. CITR, ThEN
{uh}, Jh &3, 0<0< T il

mw= [ L’%:"‘Edz +J(u)
® K %14 3 minimizer & LT uf® 28R4 5, (0,00) LOMK & %
#((n— 14 0)h) = ult
TERT S, HL. neN,0<0<1 &¥ %,
ih(nh) = ut
BoT, (k) OWEICE>TW3, COMRIIZ. LOBHEMLLTVS I EETHE B,
FE6.1.h |0 DEE, BAFTH - T
i* S u in L%(0,00; H}(R))

BT %o

THH) = I ()
CBIM TP EERT Bo

FH6.2. TP i3t icowT., FEMTH 3B,

Lol. ko200 Hit a* vif-LToh. chridcr i oFHEETRTEERT
&L, #CT. BIOBMEER B,

o EEME EOBJIIBSERE . J(#H(2)) WIRBE VBB B,

COERIL (25) »ORYEEDLhBL, J(EMNY) BRFfE RV, Lo @ BE 3 0DEFEE
t¥o

EIR 6.3. 5 tp € [0,00] BEEL T,
{ Tht) = TH0) = J(uo) (¢ €0,10)),

Tht) iRt >t TRERDTE B,
BL. =00, % [0,t0)=0 LRI 3,

EX. TH6.3 Oty XFHEM (waiting time) &IE3,

EHE 6.4. gradJ(ug) #0 £ $5L. =0 Th 3,
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EE6.5. J XN THBET B, COEE =0 %7 ittg=00 ThB,tg=00 EHBD
. uo B K iBiF 3B J(u) @ minimizer D& ZicfR 5, £/, COE &,

T*(t) = J(uo)

Th o

J BT nEFE b6 RO STHORESBHES (FOLILAMNENRZ E VS EHK).
EIT.ROL I LT, MM AEREERL. Thd o T* 2ERS NI k€ [0, h]u{oo}
Thbo

TR K ORNDPE K %
h _ h 2 h
ki ={ue k| 22w =inf 22}
TERT 5. BHBNAIEH {uvh} RER» S vk e K TH2H, ThllEORERT V. £ T
ul i3 Kk 12813 % J(u) @ minimizer

LB LB BMMNIC {uh} 20X S IBAK b D% B/ REMEYDEFE (minimal discrete
Morse semiflow) & BES:,
[Elkic.
6h __ éh —_ 8h

K = {u e I = ing ) ),

ulh i3 K8 1B 3 J(u) © minimizer
LT (v} 2ERL. B/ NERNAERERHET 5,

Tain() = J(ui?) (t=(n—1+6)h)

&<
B/ ERAAER. RUTOFMIRRERTTETH D, REKITT 2,

R 6.6. Jh, ORBEM t IcoVWT, RHKD Lo
1. up 28 J} OME— minimizer TH BIBS. tg =00 TH 5,

2. 1DADIBAE. 0<ts<h Th3,

BNERc T 2 UK (6, 26) 2EXToA» B L i, (1.2) OFBMcH L T J(u(t) i2—
BicHBIRT ST, H1 BOoRERESS Sbh b, 8-> T, J(@h() didigkic 3 X 5 ki
LEI LT ERABBBEDEESL VG, CLATHEBGUYSS SO THRTH D, 2DOMRIRHE
BETh30. LoFMTS, —E 1 BOoRESKHMNS b3, LhL, TEKHRESEN
KHHTII3E8TE 3,




EE67.t=(n—-1+0)h (neN, 0 e (0,1]) ikl

Jht-0)= sup J(u)
uekth

BED LD,
FE68.t=(n—14+8)h(neN,0€(0,1]) icxiL.
Jht+0)> .,é';'cfg- J(u)
BEKD M D, BT, 8#£1 X51E,
JHt+0) = . g.cfgh J(u)
B DI,

B t=nh icxL.
h .
J (t +0)= ugg:h J(u)

RAF LGB LIV, L L. T (1) KoWTREBED T,
EEG69.t=(n-14+0)h (neN,0e(0,1]) icxfl.
J&Ar—®=“§%lwx J&Aﬂ=ﬂ$AbHD=ug%J@)
B LD,
CNoSDERDLS, J BOTENIT. REZ 3,

EE 6.10. J pifThiud, JM) = IR (1) THD., holisTH 3,

T HEER

Rektorys @ [23] 23 L& T2 —HOERIE, HOED [24) TRAKR STV S, Thick
&, BYMBNAKREEX BRI, BUHRFNS 71X 5 1cd % 5,

MR [22] By COBFBESOTHBARREBIENICREE Lo RO~— VORI 2
NThHso ThicddL, ROBRIBIELREVIC b hdb o F, HEMICRBRENS N5, L
Db, BEIR A BREVEY, FFTH 2. C TR FNHSADEECLS bOTIREL, C
DHFEBEDOODTEH 5 C EMRE 5,
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EEFEROKEE (MR[22] K&k 3)
(u = Au (0<z <21, t>0),

J u(0,t) =u(21,t)=0 (t>0),

u(z,0) = sin 7z (0 <z <21),
| u(z,0)=0 (0 <z <21),
(A) h=0.1 (B) h=05

u, (n2>2) %

- 2u,_ R
I"(u)=./n('u U, h12+ Up 2' +|V‘u{2) dz

D H3(Q) icHi 5 minimizer &35, Ty oug, ) BEA SN IX0) BMRET S (u,
(n>2) DEHEL. LUTORBTIR HUQ) BHTHALBERE W),

MCE>T, LR ah, @ it 00 DEE, e DFS THES 50 L0 ERICR. LT
DSl B,

{¥;}32, % Dirichlet R &M T D Laplace operator OEERIH 5 75 3 L) o FHEXLTE
&t B, THbBL,

[ —4p; =)o, in @,
p; =0 on 9N,
llesllzs =1,

[ 0< A1 <A< A3K -

Lo
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TR 71.u & uy OV ES—HIRHEEHHPE T 3,

st .
U = Zc}w, (cf‘;éo, £=0,1)

1=kt
EBL (w=0D,& k=00 £75)
k = min{ko, k; }
TkeN ZERT 5. BBHHERXOELIRE 4, 12,
laa(®llzr = 0 (1 + Ak?)"H) (1= o)

Mo b5—HDEUR Gy KHOVWTHERTH B, - T, BRMAKIE. BELEWL,
BREBXOELBIC>WTEIROBITE L TA 2 LROBICE 3,

FET.2. uo#0 &T 3,

TEkeN £ERT 50 MHBROELIR 6, 12,
Il = 0 (1 + Ach)™%) (1 = o)

Ziitedo b5 —HDOELME 4y 2>V T HETH B,

E->T. AURLAOROBROES REIE TS 3,
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Comparison Theorem of Eigenvalues of the
NonLocal Cahn-Hilliard Equations

Isamnu Ohnishi

Department of Information Mathematics,
Faculty of Electro-Communications,

The University of Electro-Communications,
Chofu-ga-oka, Chofu, Tokyo 182, JAPAN

1 Introduction

In this note we consider the 4-th order parabolic equation (1), which was intro-
duced to describe the dynamics of micro-phase separation of diblock copolymer.

(1) u=A{=2Au— f(u)+ o(—-Ay)"(u - )} in £,

= A{~£2Au~ f(u)} — o(u — W) in Q,
u(z,0) = ug(z)
%:‘-'- = % =0 on 91},
m’—[ Jquolz)dz =15 : a given constant,

where we define f(u) by f(u) := ~W'(u), W is defined below, and n is the unit
outward normal to 9. It is clear that (1) is a conservative equation under the
above boundary conditions. This is a gradient flow of the following functional
in H-1(Q);

2
(2) F, ,(u) /n{%IVuI2 + W(u)+ %l(—A,v)‘]f(u — u))*}de,

7
¥ = = | udz, u € HY(Q),
i Jo @
where § is a smooth bounded domain in R", W(u) is a double-well potential
with global minima u = %1, typically of the form }(u?—1)?, € and ¢ are positive

constants, H}(R) is the usual Sobolev space of functions with square-integrable
derivatives up to 1 in 2, and (—AN)'§ is a fractional power of the Laplace
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operator under the zero flux boundary condition. ( The underlying space for
the Laplace operator is the subspace of L2(f2) orthogonal to constants. See
Henry [14] for details. ) The third term is of nonlocal, since (—~AnN)~? is,
roughly speaking, an integral operator in . Without this term, (2) becomes a
well-known functional from which we can derive the Allen-Cahn (non-conserved)
and the Cahn-Hilliard (conserved) equations.

The functional (2) was essentially introduced by [21] and [5] ( and the ref-
erences therein ) in order to describe the micro-phase separation of diblock
copolymer where two different homopolymers are connected and this connectiv-
ity is responsible for introducing the long range interaction, i.e., the nonlocal
term of (2). The parameter o is inversely proportional to the square of the total
chain length NV of the copolymer, and ¢ represents the interfacial thickness at the
bonding point assumed to be sufficiently small, and the average @ (-l<u<l)
stands for the ratio of components of two homopolymers. The number N is in
general quite large, hence & also becomes very small. In this note we focus on
a scaling regimie 0 < £ « o €« 1. The above micro constraint (connectivity)
prevents copolymer from forming a large domain and hence usual coarsening
process stops at certain stage of mesoscopic level. Namely, (2) has a potential
to have a variety of metastable states (local minimizers) with fine structures,
which is not the case for the usual Cahn-Hilliard dynamics, although it has a
long and interesting coarsening process. When one tries to minimize the func-
tional (2), one easily see that there is a competition between the first gradient
term and the third nonlocal term, assuming that u is close to 1 or —1 off the
interface. The first terrn wants to minimize the area of interface, however the
nonlocal term does not become small if u takes 1 or ~1 in a large domain. In
order to make the third term small, u has to oscillate rapidly around @ ( which
increases the area of interface ), in other words if u — & converges to zero in
weak sense in L2(R2), it goes to zero because of the compactness of the operator
(=An)~%. Thus there should be an optimal domain size compromizing these
two opposite tendencies.

Experimentally and numerically it is well-known in copolymer problems that
the final asymptotic states prefer periodic structures such as lamellar, spherical,
double-diamond geometries and so on ( see, for instance [11], [12], [13], [5]).

Depending on the ratio of two subchains of diblock copolymer ( i.e., 7y
). there appears a variety of morphology for the asymptotic steady states of
(2). For instance. it is confirmed experimentally (see {12]) that double-diamond
structure appears near Uy = 0 besides lamellar and cylinderical structures. and
many other types of morphology could be discovered even for the same values
of 5. This suggests the coexistence of multiple stable steady states, although
the basin of attraction of each morphology changes depending on . In order
to clarify the global morphology diagram, firstly we have to know the solution
structure of Morphology Equation, which is discovered in Nishiura and Ohnishi
[23], especially Wg-dependency of each morphology. Secondly we have to investi-



gate stability and basin of attraction of each structure, which is a clue to obtain
the global diagram. However it is quite hard to measure the size of each basin,
hence it is expected that the modulus of most dangerous spectrum plays the
role of measuring the strength of stability instead.
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2 Main Result

The evolutional equation associated with the functional of (2) can be obtaind
by taking a gradient operator in some function space. However in order to make
the resulting equation a conserved one of local operator form, the usual L?(Q) is
not an appropriate space. According to Fife [9], H~1(R) is a nice space for our
purpose and the resulting equation becomes (1). On the other hand, if we take
a gradient in L?(£2) without taking into account mass conservation, we have the
following reaction-diffusion equation of nonlocal type:

(3) u = e2Au+ f(u) - o(—An) " (u - (1)), in Q,
u(z,O) = uO(x)v
g:‘-; =0, on 91,

where u(t) := ]T{T[ Jo u(z. t)dz.
Let w(z) be a stationary solution of (2), i.e., a solution of

(4) 20w+ f(w) — o(—An)"Y(w —Tg) = const. , in £,
%’;‘:— =0, on 99,

lﬁf Jqw(z)dz = ug.

We define ¢(z) as f'(w(z)). Then the linearized eigenvalue problem of (2)
about w(z) is

(5) ~A{-€2A - gq(z)] + o(-AxN)"1}6 = A, in Q.
g—g = % =0, on 99,
fn édzr = 0.

Similarly the associated eigenvalue problem with (3) is given by

(6) -2 An—g(z)n+o(-AN)"'(n=W) =pn,  inQ,
g—,’{- =0, on 9.
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In order to consider the stability property of steady states of (2), we study
the spectral behavior of the associated linearized probiem (5) for small ¢ and o.
However it is quite difficuit to treal (5) directly. Hence we take advantage of
smallness of € and ¢. Since we are interested in the scaling regime 0 < ¢ < 0 <
1, our strategy is as follows: firstly we study the limiting case of € \, 0, and then
extract the information on the spectral behavior useful for positive £. It should
be noted that stability in a special class of periodic lattice does NOT imply
the stability to the whole class of perturbations. This apparently requires much
efforts to controle the spectrum in a rigorous way, because the number of critical
eigenvalues, ( i.e., those which tend to zero as ¢ \ 0 ) increases drastically.

Now we state our main result of this note. The following spectral comparison
result becomes quite useful to controle the spectrum of (5), which has the same
form as Theorem 8 of [4].

Theorem 2.1 Let {A\.}3%, and {pn}52, be the eigenvalues of the problem (5)
and (6), and K and o be the number of the negative eigenvalues of (5) and
(6), respectively.

Then, foranyn =1,2,3,------- , we have the following:

o The inequality pny) < 0 implies that Ay < Ajpinyr.

o The tnequality p, > 0 implies that Ay > Aypin.

o K = Kg—1 or K.
Here Ay has been defined as the first positive eigenvalue of the Laplacian
with zero flur ( Neumann-0 ) boundary condition.

The main tool for proving this is the mini-max ( and dual ) characterization
of eigenvalues of our eigenvalue problems. For the non-conserved case, we have
the canonical mini-max ( and dual ) characterization of eigenvalues {pn )3, of
(6) as follows:

Hn =maxy p mingeringin) Ro(¢)
=ming p maxger,nhi(a) Ro(4),

where

_ Jade2IV? — F(w(z))6? + ol(-An) (4 - 8)1*}dz
RO(¢) - t j‘n ¢2d3 y

Tn :={Tn; T, is a n — 1-dimensional subspace of Lz(Q)},

and w(z) is a stationary solution ( see Courant-Hilbert [8]).
On the other hand, for the conserved case (5), we encounter a difficulty that
the principal part of the differential operator defining the eigenvalue problem
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(5) is NOT self-adjoint. Nevertheless, based on the idea of [4], we can rewrite
it in the self-adjoint form. This allows us the following mini-max ( and dual )
characterization of the eigenvalues {),}52,:

Ap = maxg g l]lin¢€5:.n]]l(n)nﬂn R($)
=ming g maxges, g1 @)K, R(S),

where
S 198 =1 (=) +o)(-an) "3 (97} dr
L =am)~ 3 (#)2dz
S, :={Sn; Sp is a n — 1-dimensional subspace of Hy},
Ho = {¢ € L*(Q); [, ¢dz = 0}.

R(¢) :=

]

Using the above two ( and two dual ) characterizations, we easily see the com-
parison theorem. Theorem 2.1 is an extension of [4] to the case of ¢ > 0. The
point is that the additional operator o(—Apn)~! is compact and small, and
the structure of the eigenvalues and eigenfunctions of the problem are invari-
ant under small compact perturbations. For details and related topics, see the
forthcoming paper, Nishiura and Ohnishi [19).
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EXISTENCE AND NONEXISTENCE OF
GLOBAL SOLUTIONS TO FAST DIFFUSIONS

2R & . [ K
FARR LK FRELR

1. BALEBR
ROMYUERE D EMERIZOVTE LB,

(11) { Oiu = Au™ + uP (z,t) € RN x (0,T)

' u(z,0) = uo(z) zeRY
ZIT

maz{O,l—%}<m<1<p
ug(z) 20 ,uo(z) € L'(RY) N L2 (RY)

LT3,

DL, MOTTEIL, Brezis-Crandall[l] ik 3.
MRDOTHE.

Fa/hERT > 0L T,
31u(z, t) € C([0,T] : L*(RM)) n L=(RN x [0, T)).
IZT, T=co OF, uldXKMK (global) TH3 LV W,
lu( -, )llze =0 (¢t —T)

DR, u iTHRFEMTHRRE (blowup) T3LES,
Pm=Em+ & LB, ZOLE SX¥ORKEBBLAS,

EHE1. 1<p<pl, DEE. (L1) PRTOERMITHRRMCERS 5,
EH2. p>pl, DL E,

uo(z) = O(jz|"™=) (|z| = o0)
BTN ER ug(z) € L2(RY) KA LT (1.1) OKEMEHFEEL T,

sup u(z,t) SCt™#7, C>0
z€RN

MRV 3L,

27



2. HEiE
BMROERE. u(z,t) e RV x[0,T) 8 (1.1) DFETH 3B Lit.
(i) £EEDO< T <TiZH LT,

u(z, t) > 0,u(z,t) € C([0, T}, LY{RY))n L=RY x [0, T'])

(i) EEOBAFEEG C RV, BED0 <7 < T L. oz, t)oc = 02 BIAR
o(z,t) € C*G x [0,T)) i=* L T,

(2.1)
/u(z,f)w(z,r)dz—/ u(z, 0)(z, 0)dz
G G

T r
= / / {upe + v™Ap + uPyp}dzdt - / / u™d,pdSdt,
0 Ja o JaG

TIT. nid. ERELOBMERSS b
BRYUSLEIZED,
2FI, KREREICOWVTRRS,

M 2.1. uf[v] & (1.1) D supersolutionfsubsolution] L +3, ZDL &,
u(z,0) > v(z,0) 225, RY x[0,T) T. u>v LY I,

¢(z,t) € C}(RN x [0,T)) #% test function & LT, (2.1) &9,

(2.2) /R . u(z, 7)p(z, 7)dz — /!; . u(z,0)e(z,0)dz

-
= / / {up: + u™Ap + vPp}dzdt
0 JRN

BEOIRD, ZIT, p=e=cl=l’ e>0rBL,

(2.3) -/R." u(z, T)e<l" 4z /R.N u(z, O)e"‘Mzdz

.,
- / / {(—2Ne + 46|z)u™ + uP}e =" dzdt
0 JRV

Nk 7o,
EHE 1 OEFRIZ. U TOREICESWTITbh 3,

MmE2.2. uk (1.1)OMETE, ZDLx, £ED T (0,T) ITHLT,

(2.4) /1;." u(z, r)dz — /;{N uo(z)dz = /0f /RN u(z, t)Pdzdt

BREY LD, EBIT,
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(2.5) /R | umt)dz < eo(nt /R | uo(z)dz, te [0,7]

BRY LD, TIT,
a(t) = sup u(z, t)?P!
(z,t)ERYN x(0,7)
THa,
J(E), t20%. KOL>ICEST S,

= e~el=l gz)-1 u(z, t)e ==l
J(t>-(/RN dz) /R~ (2, t)e~*lo dz

‘ﬁ"g 2.3. Uug %\
J(0) > (2Ne)7==

W T Lo+ KETS,
ZotE,. T>0BHFEELT,

sup u(z,t) o0 (t—7T)

zERN
TH3,
ZIT. 2E¥OMMEMEDAE TSH S Barenblatt Solution IZ 2V TiR~<5,
(2.6) { v = Av™ (z,t) € RN x (0,00)
v(z,0) = L§(z) ze RN

ZZT. L>0, 6&(z)ikDirac @ §- function,

—_ 3—1_ « _ 1)-1
l-(m-—1+N) =(pn-1"1>0
Lisk,
Gm(z) = [A + Bs?|"T=
r6l.
zzT, B=4ml 50, AR fon Gu(lz))ds =1 2#RTEDKLET S,
= DRIZDNT . RORRSR S BEA TS,

i 2.4. (2.6) DRRIL.

(2.7) Em(z,t; L) = L{L™ 1) G|z (L™ 1t))~ ¥
THELbh 3B,
Ebiz, EBD k> 0ICHLT,
(2.8) kNEn(kz, kL) = Ep(z,t;L), k>0
ALY I,
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3. EHE10EH

WE3.1. u%k (1.1) DKIERET B,
IDEE, EEDL>0,e >0 IKHLT,

(3.1) / u(z, t)e~Pldz < C(N)e~F+i2=
RN
B LD,
ZIIZT. C(N)=x¥(2N)7= Th 2,
ME3.2. u® (1.1) DRERLET 3,
1<p<pl DE&, EEDL>0ICHLT,
(3.2) / u(z,t)dz =0
RN
BEEY LB,
p=p, DLE EFEDLtS0 ITHLT,
(3.3) / u(z, t)dz < C(N)
RN
BV I,
#WE3.3. u % (1.1) DXERLT 3,
p=p;, DLE EBEDLt>0ITHLT,
‘ -
(3.4) / / u(z, 7)Pdzdr < C(N)
0 R_N

BpRY Lo,
D¥DOHAIL, Friedman-Kamin[2] k3,
88 3.4. uo(z) € LYRN)NL=(RN) L L., v %. ¥IR{ERTE.

(3.5) { 8y = Av™ (z,t) € RN x (0,00)
‘ o(z,0) = uo(z) zeRY

2). D -
TDLE, vz, t) = kNu(kz, kTe) L L. v i

(3.6) { Sv = Av™ (z,t) € RY x (0,00)
) v(z,0) = kNug(kz) rz€ RV

EWZ L. v 12 RY % (0,00) CRAT—KRIC En(z, t; L) KT 3 ;

(3.7) ve(z.t) = Em(z, ;L) (k — co)
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T, L= fRN uo(z)dz TH 3,
EHE I DA, uo(z) =0 IS LT, DIKERE (1.1) BIEEALHBEFROLER

ELTFEZHEL,
1<p<pl, PBEIX. MEI2LY u(z,t) =023, £oT, p=p,NL&%

Ex3,

(3.8) ui(z, t) = kN u(kz, kTt)

LB L, u(z,t) T, ROFHERE.

Byur = Alur)™ +uf (z,t) € RN x (0, 00)
(39) { ”

ug(z,0) = kN uo(kN) zeR
DETH D,

ug (XKIEARRDOT, HEA3II LY,
t
(3.10) / / us(z, 7)Pdzdr < C(N), t>0
s Jrv
AR Y M,

EELY. RY x (0,00) T wi(z,t) < up(z,t) THB, LizdioT, #EI4 L,
Fatou DHBLY. EBN 0 < <t IZHL T,

¢ ¢
(3.11) / / E,.(z,r; L)Pdzdr < hmmf/ / ve(z, 7)Pdzdr < C(N)
s JrV k—oo J5 JR¥

BRY o, LTBT. ME24 LD,
(3.12)

¢ ¢
/ / Ep(z,7; L)Pdzdr = L"/ (L""lr)""(L""'lr)’dr/ Gm(|z|)Pdz
§ JRY § RV

BRY I,
p=pL DT, =llp-1)=-1Th3, £oT. EXDEBIX — 0 EFXIL,

t—oolLlilE, ocolZRETS,
chit. (3.11) KFETHB. LoT, TR BEASAL, O

4. EH2OEEH
p>pl T3, BE2IT. OO supersolution &R L TIERAT 3.

Z(z,t) = (t + to) ~%[a + blz[2(t + to) %]~ T==

ZIT. tg,a,b,a>0Th3,
X=a+bzf2(t +to) 2 &<, ZIX, 8,2 -AZ™ > ZP :H/FT DT,

2mNab

t ¢ —-m+2v)a
1-m (8 +to)

(4.1) X =Y aa(t + tg) "> +
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2v 2 2mb? 2
t+ ta)—(1+2v)a—1 N —
l—m)blzl(—*-o) +1—m(1 l-m

> XYt + o) *P[a + blz|3(t + to) 2]~ HER
BEDILD, ZIZT, a+l=(m+2w)a=apjie,a= ;_1_—1,1/ =R e,

GEl) = X to) (e + Tl O

)lzlz(t + to)—(m-i--lu)a}

—a(l -

2 a 2mab 2
m)X— - —m(N—l— )}

2mb (N -
l1-m 1

+1—m 1-
THd, £oT. (41) &V,

ptm—~ 1
F(X)=X-452 _ {1 +2mb(N - 172"-1)}):

p—m 4mb

a
l—m{p—l B 1—m}5°'
285, LORERE, Fa) <0,F'(X) <0 inX >a %t ab e LTRY T

2, F(a) 0XD

—p=L 1 1-m
(4.2) 0<a™1=m < l_m{2mNb—~ p—_—l—}
KBS, F'(X) <0k

m—2 -1 1 b .
(4.3) F'(X):-”—Jlf_—mrf‘—:—l_mu—zm Ilv(_p; D<o mx>a
X 12F (-
Ptm-2200kE, (43) LY.
1-m

o 'S NG 1)

P+tm—-2<0m&E, (43) &b,
—(1 - m) + 2mbN(pZ, — 1)

—2=L

(4.5) 0<a™t== < A-mp+m—2)
2E{ELHAS,

IhODREREY, 2E0HELSB S,
wE 4.1,

() p+m-2>0m0L %,

1-m 1-m
NG -1 <5 ImNGr = 1)

LB, TDLE, ax+HREBEE, (4.2) & (4.4) B3RRY x>,
(i) p+rm-2<0mn L%,
1-m <b< 1-m
2mN(p - 1) 2mN(ps, - 1)

EBL, TOLE, a B HHKREBEL, (4.2) & (4.5) BRI Lo,
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. (i) it

2 1 .
ma.x{O,l—N}<m<1—-ﬁ, Pm<p<2-m

DEEEIY, (i)iE D {m,p} ITHLTEI S,

EE2OER. to >0, L. {a,b} %, BELL ORMFEFTEDKLT S, ZOL

&,
Z(z,t) = (t+ o) "7 [a + blaf?(t + to) T FT | "=

i¥. (1.1) @ supersolution & 723,
uo(z) < C(1+ [of*) ==
B 6>0,C>0%,
0<to < (@ 2B)75=, €< (b~ttp)™=
ERET LS5 C+Ha/hE LB L.
0 < uo(z) < Z(z,0), z € RN

/5, uk (L) oMeT 3L, HBEEHEIZLY,

u(z,t) < Z(z,t)

¥/_5, Thi, #8210 (2.5) LYV KEMOFENE LT, EH 2D decay order
r2@gohsd, O
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ON THE CRITICAL POWER AND DECAY
TO THE CAUCHY PROBLEM FOR WAVE EQUATIONS

Hipeo KvuBo

Department of Mathematics Hokkaido University, Sapporo 060, Japan

1. Introduction and Statements of Results. In this note we consider the initial
value problem to semilinear wave equations:

uyg — Agu=F(u) in R} x [0, 00),

(1.1)
u(z,0) = ¢(z), u,(z,0)=¢(z) for zeR",

where u is a real valued function and ¢ € CI*/A+(R"), 4 e CI*/I+1(R™). To begin
with, we mention two typical examples of the nonlinear term F(u). First one is F(u) =

—uful[P~! with p > 1. In this case it is partially proved that if

1.2 l<p<
(1.2) <pS—,

the initial value problem (1.1) adomits a unique global solution even though the initial
data are large. (See also [8], [10], [15] and [20]).

The other one is F(u) = |u|? with p > 1. It is known that if the initial data are large
in certain sense, the solution to the initial value problem (1.1) blows up in finite time.
(See e.g. [5]). Therefore it is necessary to exist a global solution that the initial data are
sufficiently small. However under this smallness assumption on the initial data, F. John
(9] obtained such a remarkable result that if 1 < p < po(n), any nontrivial solution
blows up in finite time and that if p > po(n), then a unique global solution exists, when
n = 3 and the initial data are compactly supported. Here po(n) is the positive root of

the quadratic equation:

(1.3) n=1p*—(n+1)p-2=0.
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When 2 < n < 4, we know the criticality of the value pg(n) in the above sence. (See
for instance (6], 7], and [25]). Moreover when n = 2,3, J. Schaeffer [18] proved blow-up
of soltions if p = pg(n). T.C. Sideris [19] showed that there is no global solutioin if
1 < p < po(n) in general space dimensions. On the other hand, when n > 5, only for
the large values of p, we know some global existence results established by (3], [4], [16]
and [17). '

We now tern our attention to the decay rate of the initial data, because it plays an
important role to determine a global behavior of the solutions as well as the power p.

Let the initial data satisfy either

(1.4) Yoo+ > 10%()] < e(1 + ey ¢+
lal<[n/2)+2 laf<[n/2)+1 ‘

or

(1.5) ¢=0, ¢(z)>e(l+|z])~*=*D,

where x and ¢ are positive parameters. When n = 3, F. Asakura [2] proved that if
K > ko = 2/(p—1) and p > po(n), a unique global solution exists by assuming (1.4)
with £ sufficiently small. Moreover it is proved that if k < x¢ and (1.5) holds, any
classical solution blows up in finite time. This result extended to two space dimensional
case. And for the critiacal case k = kg, the global existence results obtained when
n = 2,3. (See {1}, [14] and [22-24]). Moreover when n > 4, H. Takamura [21] proved
the blow-up result if 0 < k < 9. Furthermore we know the following upper bound of

the lifespan, which is defined precisely below:
(1.6) T, < Ce~~V/C-(-D®) ¢ = C(n,p,s) >0 if 0< &< Ko.

The aim of this note is to research the case where x > «¢, provided the initial data
are radially symmetric and the space dimensions is odd. In what follows, we consider

the case F(u) = |u|? for the sake of simplicity. Then our problem is written as

n—1

(1.7a) Uy — Upp — ur = |ulf in  =(0,00)x[0,T),

(1.7b) u(r,0) = f(r), ur,0)=g(r) for r>0,
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where n = 2m + 3 with m a positive integer and T is a positive constant. We assume

that f € C**1([0,00)), g € C*([0,00)) and that

k+1 ) k ) )
(18): DS IFDOIH + 3 gD () <,
=0 =0

where &, € are positive parameters and we have set (r) =V1+re.

We denote the life span of solutions by 7.:

T, = sup{T > 0 : there exists uniquely a solution to (1.7) belonging to C*(Q2)}.

If the initial data can be extended on the whole line as even functions such that
rimtlf(r) € C™*(R) and r™Hlg(r) € C™(R),

we get

Theorem 0 ([11]). Suppose that (1.8),, and
(1.9) p > max(po(n),m).

Then there is a positive number € = €o(n, p, k) such that for 0 < ¢ < €0

Te =00 if K2 Ko =2/(p-1),

1.10 .
( ) T. > Ce~(P~1/(2=(p—1)x) if 0< &< kg,

where C' = C(n, p,k) > 0.

Remarks. a) The solution obtained in the above theorem is cotinously extended
at r = 0.
b)  When n =5, (1.9) implies p > py(n), because 1 < pe(8) < 2.

However the theorem can not deal with the case where n > 7. Therefore our main

interest lies in the next theorem.

Main Theorem. Suppose that (1.8); and

m-+2

(1.11) p>po(n) and p<
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Then there is a positive number €1 = €,(n, p, k) such that for 0 < ¢ < ¢, (1.10) holds.

Remark. The latter condition needs to control the singularlity of the solution at
r = 0. But it is wider than the upper restriction in (1.2).
In this note we denote various constants depending only on n, p and & by Cy, C;

and so on.

2. Sketch of the proof of Main Theorem. First we consider a linear wave

equation:

(2.1) Uy — Upy — z : lu, =0 in Q.

We put
t+r t+r

(2.2) ul(r,t) = / g( MK (A, r,t)dX + 8, FOK (A r,t)dA, r#0,
t—r t—r|

where we have set

(_l)m /\ 2m+1 a }—m -
2m! (;) (521\) $7 (A1),

A rt)y=A—-t+r)(t+r—2A).

K(\rt) =

Proposition 2.1 ([13]). We suppose f € C?*([0,00)) and g € C*([0,00)). Then u°
belongs to C*(§1) and satisfies (2.1) and (1.7b).

Proposition 2.2. We suppose (1.8);. Then we have for (r,t) €
(2.3) 102,u’(r,t)| < Coer!~™lelr)le=1g  (r 1), [a] <1,

where we have set

(t+r)y=ntm f 0<sx<m+1,
t .
U(rt) =< (t+7r)"1(1+1log Ett:;) if k=m+1,
(t+r)" 1t —r)—rtmHl if k>m+1.

Next we consider the following integral equation associated with the problem (1.7):

(2.4) u(r,t) = u®(r,t) + L(u)(r,t) in R,
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where u? is given by (2.2) and we have set
¢
L(u)(r,t) =/ w(r,t, T)dr,
0,\+
w(r,t,7) = / G\ T)K (A ryt — 7)dA
[A-1

with Ay =t —7+r and G(A, 7)) = lu(A, T)IP.

Here we introduce a Banach space X on which we will construct a solution of (2.4):
X = {u(r,t) € CY(Q) : |lu]l < oo},

where the norm ||uf| is defined by
1 o _
lull =D sup [P iu(r,t)l(r)} T (r,t)

=0 (ryt)e

where ¥ is defined in (2.3).

Note that without loss of generality we may assume
(2.5) K< (m+1)p—1.

Proposition 2.3 ([13]). We suppose that (1.11) and (2.5) hold and that u belongs
to X. Then we have L(u)(r,t) € C*(2). Moreover L(u) satisfies zero initial data and

n —

(87 — 8% — 1a,)L(u)(r,t)=G(r,t) in D'(Q).

r

Proposition 2.4. Let the hypotheses of the preceding proposition be fulfilled. Then
we have for (r,t) € Q

(26) IL()ll < CrllulP®x(T + 1),

where we have set ®,(s) = max(1, (s)2~(P~V*) for s € R.

We now introduce an auxiliary norm |||u]|| for u € X by

Hulll = sup [r™u(r, )| (r,1).
(r,0)en
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Proposition 2.5.  Suppose (1.11) and (2.5) hold. Let u, v belong to X. Then we

have
(2.7) IL(u) — L(v)||] £ C2:M®(T + 1),

(2.8) IL(u) — L(v)|| < (C3Ny + C4N3)®(T + 1),

where we have set M = |[lu — v|]|([l«[P~* + vl|?~1), Ny = |lu — v||(JjulfP~* + [JofP~?)
and Nz = |[Ju — of|IP~(Jlu||™ + |fv]|™). Moreover if we further assume 0 < & < «o, we

then obtained (2.7) and (2.8) with ®.(T + r) replaced by (T)*~(P~*,

Let u € X be a solution to the integral equation (2.4). Then it is also a solution to
the initial value problem (1.7) by Propositions 2.1 and 2.3. Moreover the uniqueness
for such a solution that u(r,t) € C'(Q2) N C*(Q\{t = r}) and 8%,u(r,t) = O(r™™) as
r — 0 with |a| = 1 is shown in [13].

First we consider the case where x > k9. We define a sequence of functions {u;}$2,
by

Ugs1 = Up + L(ug) for k>0, up=1u"
where u° is given by (2.2). By (2.3) we have |Jug|| < Coe. Since x > &g, we have (2.6),
(2.7) and (2.8) with (T + r) replaced by 1. Let &; be so small that
(2.9) 2Cpe2 <1 and 2P*2C5(Coel)P 1 < 1
with Cs = Z:=1 Ci. Then we find a solution u € X to the integral equation (2.4) for
0 < ¢ < &7 and arbitraly T > 0 by following [9], p.257-p.259. (See also [11], Section 5).
Next we treat the case where 0 < k¥ < k9. We take a positive number ¢, satisfying

€1 <€ and 22F2C5(V2)PmPmDR(Cue )P < 1.
Since 2 — (p— 1)k > 0 by 0 < & < &g, there is 2 number ¢, > 1 uniqely such that
(2.10) 2420 (v3t,) P V(Coe)P =1 for O<e<ey.
Then considering (2.9), for 0 < e <&, and 0 < T < ¢, we have

'2Ce <1 and 2P*2C5(T)2~ (=D (Coe)P~! < 1,
because (T') < v2max(T,1). Hence for 0 < ¢ < ¢; we get a local solution by iteration
and obtain (1.10) by (2.10), because T, 2 t,. a
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THE ASYMPTOTIC BEHAVIOUR OF RADIAL SOLUTIONS
TO QUASI-LINEAR WAVE EQUATIONS
IN TWO SPACE DIMENSIONS
NEAR THE BLOWING UP POINT

AKIRA HOSIIIGA

Kitami Institute of Technology
Kitami 090, Japan

1. Introduction.
Consider the Cauchy problem:

1 1
Uy — cz(‘ut, u,‘)(u" + ;u,-) = ;—u,G(ut,u,.), (7‘, t) € (0,00) X (O,Te), (11)

u(r, 0) = Ef(")v ul(r’ 0) = Eg(f'), re (0,00), (1.2)
where a a a
(ug,ur) =1+ El-u,z + ?Zu,ur + —2—3-u§ + O(Judf® + |ur?),

G(ug,u,) =O(u3 + uf),

near u; = u, = 0. Equation (1.1) is a radially symmetric form of quasi-linear wave equation
in two space dimensions which involves the equation of vibrating membrane. In [4], we
obtained the following blow up result:

1
limsup e’ log(1 + T¢) < —,
£—0 H

where T, is the lifespan of the radial solution of the Cauchy problem (1.1), (1.2) and H
is a constant depending only on f, g and 8%¢(0,0). More precisely, the blow up occurs as
follows. If we set

g, Uy )Upye — Uy

1
witl (r,t) =r7u(r,t).
2¢c(uy, uyr) voe(nt) (1)

w(r,t) =

then we find that

Jw(r, t)] — 00 as e?log(l +t) — _11;

along a pscudo-characteristic curve for sufficiently small €.
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In this paper, we investigate the asymptotic behaviour of w(r,t) when €2 log(1+ ) tends

]
to 7

2. Statement of Results.

As we did in (3], we assume f,g € C$(R2), |f] + |g| Z 0 and f(r) = g(r) = 0 for
r'= M. Moreover we assume a; — a3 + a3 = a # 0 which means (1.1) does not satisfy the
null-condition. Then we can define a positive constant H by

H =max(—aF'(p)F"(p))
pER
=—aF(po)F"(po),

where F(p) is the Friedlander radiation field which is constructed by f and g (see [4]). We
introduce a variable s = €2 log(1 + t) and we write t = fy when s = X, 1.€.,

X =¢€’log(1 +tx).
To state our results, we have to recall the facts which are obtained in [4].
Firstly, for any B > H we consider the Burgers equation:

a 1
Ups + §(Up)2Upp =0, (ps)€R |0, E]’

Uo(p,0) = F'(p), pe€R,

then, there exists an e(B) > 0 such that the Cauchy problem (1.1), (1.2) has a smooth
solution in 0 <t < t* and the following holds.

laiat"'u(r,t_b_)—er—%(——l)"'al,"'"'[,/(r - t*, i)l S CI m Be'}r—}f
pom o 2.1)

1
for r—t_{i>-——3z and [+m#0

for € < e(B). Moreover, U satisfies

U(p(s), s) =F'(po),
P F'p) (22)
Upp(p(s),s) =1 +aF (po)F"(po)s 1-Hs’

for 0 < 5 < & along the curve A,, defined by

dp

ds=§(Up)2 for s20, p=py for s=0.

These facts are proved in section 3 of [4] by using the encrgy inequality and the Klainerman
inequality.
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Secondly, we define a pseudo-characteristic curve Z by

dr

1
E:c(u,,ur) for t>t4, r=p(§)+t]:; for t=t

1
b}
and a function w by

CUpr — Upy
2c

&

w(r,t) = with  o(r,t) = riu(r,t).

Then, for any A < H there exists an £(4) > 0 such that if ¢ < £(A), then w should satisfy

w'(t) = ao(t)w(t)® + or(Hw(t) + ax(t) for ty <t<ty, (2.3)
1 1 3
w(ty) =eUplo(5), 5) +Oe*), (2.4)
where
w(t) = w(r(t),t) for  (r(t),t) € Z
and

ao(t) = = aeF (po)(1 +1)”" + O (1 +1)7),
a)(t) =0(e*(1 + )7 + (1 +1)7%), (2.5)
az(t) =0(e(1 +1)7%),
as long as u exists. Here X = O(Y') means |X| < CY with constant C depending only on
B, f,g,po,a and M. This fact is proved in section 4 and 5 of [4] by using (2.1), (2.2) and

a priort estimats of u.
Now we state our results.

Theorem. For any § > 0 there exists an €5 > 0 such that w(t) is well-defind in ty <t<
t"lr_6 for € < €5 and at the point t = tr'r""’

zm(xj(H e’log(l + 1)) . Hf (po)
holds.

However, since we are interested in the behaviour of w when €2 log(1 +t) tends to -}‘7,

we reduce the above result into

Corollary.

. 1 w(t) 1
1 — —e?log(1 +t))——= = —F"(po)-
oo, ¢21;§(11+,)_.,',(H e log(1 +1))— = = L F"(po)
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In three space dimensions, for the radial solution of the Cauchy problem:
2
e — ¢ (u)(urr + ;“r) =0,

u(r,0) =ef(r), wu(r,0)=ceg(r),
with e(u¢) = 1+ au, + O(u?) and a # 0, F. John (5] and L. Hérmander [2] have shown a
blow up result

1
I 14T,) < ———~.
TP elos H 1) S L)

In this case, if we set H = max(aF"(p)) = aF"(pg), we also expect
. 1 w(t) 1
1 — —¢elog(l+t))—= = =F"(py),
£—0, e]olgrg+l)—,',-(H € Og( t )) € H (PO)

which would be obtained in parallel.
For the non radially symmetric case, S. Alinhac [1] studies the Cauchy problem

2
Otu~ Du = Z gfjakuafju, (z,t) € R? x (0, T,),
i,7,k=0
u(z,0) = w(zie), w(s,0) = u'(z;¢), zeR?,
where 3y = 0 and g!‘j are constants. Note that this problem differs from ours in the
power of Gru. If u?, u! and gfj satisfy the non degenerate condition (ND), he finds the
asymptotic lifespan T} which satisfies the following: For any N € N, there exists an
€N > 0 such that if € < ey, then
T, >T -V

and
1 . c a
o (T7 - io®u®)liee <C for — <t<T2-€N

m

holds for some constant C. Since he estimates 9*u not along a pseud-characteristic curve
but in whole space R2, it seems difficult to determine the constant C.
In the rest of this paper, we concentrate on the proof of Theorem.

3. Proof of Theorem.

In (3], we have proved that there exists an €,(§) > 0 such that for € < &; the Cauchy
problem (1.1), (1.2) has a smooth solution uin 0 <t < t 4 —s and therefore w(t) is well-
defined in ¢ ¥ <t<Lt k-5 Thus we have only to prove that for any > 0 there exists an
€q(é,7) > 0 such that

]
5 =922~ L)) <
for € < €9 and s = §; — 6. If we take £ = 7 + 6 in the argument in section 2, there exist
an €2(8) > 0 such that if € < €2, w(t) should satisfy the ordinary differential equation
(2.3), (2.4) in ty St <ty aslong as uexists. Thus we find that for € < min(ey,€;)
the ordinary differential equation (2.3), (2.4) make sence in ty St<ty s
Now the following lemma is useful.
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Lemma. Let w(t) be a solution of the ordinary differential equation
w'(t) = ag()w(t)? + oy ()w(t) + az(t) for to <t <T

and assume
ag(t) 20 for o <t<T,

w(ty) > K
where r ¢
K = /’ oz ()| exp(— /, ay(7)dr)dt.
Then w(t) satisfies
w(te) — K
1 (w(to) — K) [, ao(r)exp(f,, a1(€)de)dr

w(t)exp(~[ a (r)dr) >

and
w(to ) + K

1 - (w(to) + K) f,’o ao(“’)exp(f,; oy (€)de)dr

w(t)exp(—[ ay(r)dr) <

Proof of Lemma. At first we consider the case a;(t) = 0. Let w;(t) be a solution of
wi(t) = ao(t)(wi(t) - K)*, (3.1)
wl(to) = IU(to) (32)

and set ,

wq(t) = / laz(7)}dr.
to
Since ap(t) > 0, we find that
wl(t) > w(to) >K = wg(T) > wg(t)

and that , ,

(w1(t) — wa(t)) =ao(t)(wi(t) — K)* — |aa(t)]

<ao(t)(wi(t) — wa(t))? + aa(t),

wi(to) — wa(to) =w(to).

Thus the usual comparison theorem leads
() — wa(t) < w(t). (33)
By solving the ordinary differential equation (3.1), (3.2), wy(t) is represented by
UJ(to) - K

1= (w(to) ~ K) [, ao(7)dr

w.(t) =K +
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Substituting this equality into (3.3), we find

- w(to) — K
wi{t) > K+ ; — woy(t
(®) 1— (w(to) — K) f. ao(r)dr )
> lU(to) - K

71— (w(te) = K) [, ag(r)dr

.On the other hand, if we let w3(t) be a solution of
wi(t) = aot)(ws(t) + K)?,

wy(to) = w(to),

then we find
(w3(t) + wa(t)) =ao(t)(wa(t) + K)? + |az(t)]

>ao(t)(w3(t) + wa(t))? + aa(t),
w;(to) + ‘wZ(to) :w(to)

Thus we obtain

Since w;(t) is represented by

‘w(to) +K
w = -~K ’
+(t) * 1— (w(te) + K) f:o ag(T)dT
we obtain (to) + K
— K Wite w
w{t) < - K + T (w(te) + ) ft: a(r)dr + wa(t)
UJ(to) + K

< 7 .
1—(w(tp) + K) flo ap{T)dT

For the general case, setting
t
Wi(t) = w(t)exp(—/ ay(r)dr)
to

and applying the result we have just proved to W(t), we obtain the inequalities we wanted.

Now we want to apply Lemma to (2.3), (2.4) as to =t and T =ty 5. By (2.5), we
have . .
exp(:i:/ a(7)dr) = exp(O( e'(1 + )7 ldr))
t 4
¥ ¥
=exp(O(e* log(1 + t)) + O(&” log(1 + ty))
=exp(O(€?)) = 14+ O(e?) for ty <t<ty g,
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t
1\’:/*
t

- [az(t)[exp(—/ ay(r)dr)dt
‘¥

¥
=O((1+62)e/ *-6(1+t)'2dt) (3.4)
‘b
=0(e(1+t4)™) + O(e(1 + 4 _5)")
.—.0(53),

r

/ ao(r)exp( [ an(€)dE)dr
‘¥ ‘¥

—(1 4 O(e)))(~ae F'(po) + O(e})) / (147)"dr
4

=(~asF'(po) + O(e*))(log(1 +1t) — log(1 +¢))
for t,!_ Stft#_é.

Since H > 0, —aF'(po) and F"(po) have the same sign. Without loss of generality, we can
assume that both are positive and then it follows from (2.4) and (3.4) that there exists an

€3 > 0 such that
w(ti) > K

and
ao(t) =0

hold for € < €3. Thus we can apply Lemma and obtain

(1 + Ce*)w(t)

S w(t*) —Ce?
“1—(w(ty) — Ce3)(—aeF (po)Upp(F) — Ce¥)(log(1 +1) - log(1 +13))
Ly Cet
= EUPP(B)I Ce : : for —1—535-}——-6,
1 - (—aF"(po)Upp(5) — Ce*)s — ) B H

where U,p(§) = U,o(p(%), ) and C is a constant depending only on B, f, g, po, a and
M and it varies from line to line. By (2.4), we get

w(t) e? UPP('llf) ~ Cex
= 20 N T R G0)Un(B) - Ceb ) — B)

_ _Unl() — Cet
1 - 3=E + Cet

-5
1 __C} 1
="-7:(Po) f for —555—1——6.
4 — 8+ Ced B H
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If we set s = ” — 6, we have

1 w(t -
— - }'" Cedt)—H °
(=97 270 - e oty
1 6 Céet
:-—f” _
7 P TeT T sy cel
1 Cet Céet
=—"f” _ _ .
" )" e T sy e

There exists an €4(8,7) > 0 such that if € < ¢4, then

Cet Céet
§+Cei 64 Cet

<,

e,
1 w(t 1 __,
(=92 = L F(p0) > -
holds. Similarly, using the other inequality in Lemma we find that there exists an ¢5(6, ) >
0 such that if € < €5, then

1 w(t) 1 _,
(g9~ —g7 )<
holds. Thus if we take €9 = min(e,, €2,€3,€4,€5), we find that
1 w(t) 1 _,
(g =)=~ 5 F ()l <n
holds for € < ¢ and this completes the proof of Theorem.
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Periodic solutions to multi-phase Stefan problems
with nonlinear dynamic boundary conditions

TOYOHIKO AIK!
Department of Mathematics Faculty of Education, Gifu University
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Introduction

In this paper, we consider periodic stabilities for the solutions to Stefan problems with periodic
condition in time in the enthalpy formulation with nonlinear dynamic boundary conditions:
Find functions v = u(t,z) on R x Q and V = V(¢,z) on R x I satisfying that

u—Af(u)=0 in RxQ, (0.1)
0B(u
{ ——%(’;—) =g(t,z,V) + p(V): on RxT, (0.2)
Blu) = V

where § is a bounded domain in RN(N > 2) with smooth boundary I' = 9; 8 : R — R
and p : R — R are given nondecreasing functions; g = ¢(t,z,{) : RxI' x R — R is a given
function which is nondecreasing in ¢ € R for a.e. (¢,z) € R x I'; (8/8v) denotes the outward
normal derivative on I'. We denote by SP = SP(8,p,g) the above system (0.1) ~ (0.2).

By many authors initial-boundary value problems for (0.1) with usual boundary conditions
have been studied. In case the flux condition is of the form —88(u)/dv = g¢(t,z, f(u)), the
problem was uniquely solved in the variational sense by Visintin [16], Niezgodka, Pawlow
& Visintin [14] and Niezgodka & Pawlow [13]. Also, some interesting results dealing with
the boundary condition (0.2) are found in Cannon (9], Hintermann [12] and Grobbelaar &
Dalsen [10]. Recently, boundary conditions similar to (0.2) were discussed by Primicerio &
Rodrigues [15] and in Aiki {1, 2] for one-dimensional Stefan problems with dynamic boundary
conditions the local in time existence and uniqueness of classical solutions were shown. In
particular, for the function p(r) = r the existence, uniqueness and behavior for the solution to
the initial-boundary value problems for SP(8, p, g) and periodic solutions for SP(B, p, g) are
already studied in Aiki [6, 5, 4]. The purpose of this paper is to establish the existence, the
order property and the asymptotic stability of periodic solutions under the periodic condition
in time, that is, g(t,z,€) = g(t + T, z,€) a.e. on R x I' x R for some positive constant T'. In
papers by Haraux & Kenmochi [11], Aiki, Kenmochi & Shinoda [7, 8] and Aiki [5, 4} similar
questions to those above were discussed.

1. Statements of main results
Throughout this paper we assume that the functions #: R — R and p : R — R satisfy the
following conditions {(81),(82)} and (p), respectively:

(B1) B is non-decreasing and Lipschitz continuous on R with 5(0) = 0.

(B2) There are some positive constants Lg, lg such that

|8(r)| 2 Lg|r| — Iz forallr € R.
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(p) p is increasing and bi-Lipschitz continous on R with p(0) = 0.

Also, let ¢ = g(¢,z,¢) : Rx T x R — R be a function and suppose that:

(gl) g(t,z,£) is non-decreasing in £ € R for a.e. (t,z) € R x T

(g2) for any € € R, g(-,~,¢) € L}, (R; L*(T));

(g3) g(t,z,€) is locally Lipschitz continuous in ¢ uniformly with respect to (t,z) € R x I,
that is, for each M > 0 there is a positive constant C,(M) such that

lg(t,z,6) — 9(t,2,¢)| < Co(M)|€ — &'}

for all £,¢' with [¢| < M,|¢'| € M and a.e. (t,z) € R x I' and there are constants m,,my
with m; < m, such that g(¢,z,6(m,)) < 0,¢(t,z,B(m;)) 2 0 for ae. (t,z) € X.

For the sake of simplicity of notations we put
X = H'(Q), H=LN)xLYD),
A(u,v) = /n Vu-Vudz for u,v € X,
(u,v)x = A(u,v) + (/nudz +/I_ud[‘)('/r;vdz+/rvdf) for u,v € X,
(4,V)yg = /nuv dzx +/rurvr dt  for @ = (u,ur),¥ = (v,vr) € H,
and Cq is a positive constant satisfying that
[vlL2e) < Calvlx, |vizzry < Calvlx  for any v € X.
Also, we define an operator £ : X — H by putting
Ev = (v,vlr) forveX.

Clearly, X and H are Hilbert spaces with inner product (-,-)x and (-,-)n, respectively, and
the range of E, R(E), is a dense subspace of H and E is linear and compact. We identify H
with its dual H* and denote by X* the dual space of X. Therefore, denoting by E* the dual
operator of E we have

(E*(v,vr)yn)x = /nvr] dz + '/l:vm dl'  for any (v,vur) € H and 5 € X,
where (-, ) x is a duality pairing between X* and X.
We now formulate problem SP in variational sense.
Definition 1.1. Let J = [to,t,] be a compact interval, Q = (to,t;) x @, £ = (to,t,) x T.
Then a couple {u,V} of functions u:J x — Rand V : J xI' = R is called a solution
of SP on J if u € Cu(J; LX(N)) N L=(Q), Blu) € L*(J;X), V € WH(J; LX(T)) n L=(Z),

B(u) =V a.e. on T and the following variational equation is satisfied:

- /Q unedzdt + /E p(V)indTdt + /Q V() - Vidzdt + /E g(t,z,V)ndTdt = 0
for any n € Z,
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where Z = {n € C'(J; X); n{to) = n(t1) = 0}.

Remark 1.1. From the above definition of solution to SP on J = [to,?] it follows that
a couple of functions {u,V} is a solution of SP on J if and only if E*(u,V) € W"(J; X*),
u€ L®(J xQ), Bu) € LYJ;Y), Ve WHHJ, LAD))NL®(J xT), B(u) =V ae. on J x I’
and for ae. t € J

(B (u(t), p(VI(O), 1) x + AB)om) + [t V(e )l =0 for any 7 € X.

Definition 1.2. Let J' be any interval in R. Then a couple {u,V} of functions
u:l xN = Rand V:J' xT — Ris called a solution of SP on J' if for every compact
subinterval J = [to,t;] of J’ the couple {u,V} is a solution of SP on J in the sense of
Definition 1.1.

Next, we formulate the Cauchy problem and the problem with the periodic condition in
time for SP.
Definition 1.3. (i) Let J' = [to, t1] or [to, t1), and let uo € L*(Q), Vo € L*(T). Then a
couple {u,V} of functions u : J' — L*(Q) and V : J' — L*(T) is a solution of the Cauchy
problem with initial condition u(to) = uo, V(to) = Vb, denoted by CSP(uo,Vp) on J', for
problem SP on J', if {u,V} is a solution of SP on J' with u(to) = uo, V(to) = Vb.
(i) Let T be a positive number, and let {u,V}:J' — V is a solution of SP on R such
that u(t + T) = u(t), V(t + T) = V(t) for all t € R. Then {u,V} is called a T-periodic
solution of SP on R.

We now recall an existence-uniqueness result for C.SP(uo, Vo).
Theorem 1.1. (cf. [3], [6, Theorems 1.1 and 1.2]) We suppose that (81), (B2), (p)
and (g1) ~ (93) hold. Let to be any number in R. Then, for any functions ug € L=(Q) and
Vo € L=(T), there ezists one and only one solution {u,V} of CSP(uo, Vo) on J' = [to, 00).

The main results of this paper are stated in the following theorems. The theorem is
concerned with the existence of T-periodic solutions.
Theorem 1.2. Let T be a positive number, and suppose

{(g4) g(t + T,z,6) = g(t,z,€) forall{ €R and a.e. (t,z) € RxT.
Then there ezists a T-periodic solution {u,V} of SP on R.

We denote by Pr the set of all T-periodic solutions of SP on R; in general Pr is not a
singleton (cf. {7, Example 1.1]). The following two theorems are concerned with the structure

of Pr.

Theorem 1.3. Under the same assumptions as in theorem 1.2 we have
g(')'y ‘/1) = g('y"VZ) a.e. on R x r fOT any {ula %}7{"’2,‘/2} € PTv

and

T
/ /g(t, z,V)dl'dt =0 for any {u,V} € Pr.
Jo Jr
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Theorem 1.4. Under the same assumptions of theorem 1.2 we have the Jollowing
statements (a) ~ (c):
(a) If {uh ‘/l}! {u21 ‘/2} € PT and

/ﬂ (0, 2)dz + /F p(Vi)(0,2)dT = /n ua(0, z)dz + /r p(V2)(0, z)d,
then
B(u1) = B(u;) ae. onRxQ and Vi=V, ae on RxT.
(b) If {uy, 1}, {u2,V2} € Pr and

/ﬂ (0, z)dz + /r p(V1)(0,2)dT > /n (0, z)dz + /r p(V3)(0, z)dT,
then
P(ur) > B(uz) ae onRxN and V;>V, ae onRxT.
(C) If {uh‘/l}: {uh V2} € PT and

/nul(O,z)dx-}-/rp(Vl)(O,x)dF >/ﬂuz(O,z)dz+/rp(V2)(0,:c)dl",

then for any ap € R with

/ﬂ u(0,z)dz + /r p(Vi)(0,2)dT" > ao > /n u2(0, ¢)dz + /r p(V2)(0, z)dl"

there exists a T-periodic solution {u,V} of SP on R such that

ao = /n u(0, z)dz + /r p(V)(0, z)dT.

Finally, as to the asymptotic stability of T-periodic solutions we prove the following.
Theorem 1.5. Suppose that all conditions of theorem 1.2 are satisfied. Let 1y be any
number in R and let {u,V} be any solution of SP on [ty,00). Then there is {4,V} € Py
such that

B(u(nT +-)) — B(&) in L*(0,T; W'*(Q)) as n — co.

2. Known results
In this section we show some known results which will use in the proof of theorems 1.2 ~ 1.5
First, we recall a comparison result for CSP(uy, V3).
Theorem 2.1. (cf. [6, Theorem 1.3]) Suppose that the same assumptions as in Theorem
1.1 hold and a pair {Hy, Vo} € L*(R) x L=(T'). Let to be any number in R and {u, V} (resp.
{1#,V}) be a solution of CSP(ug, Vo) (resp. CSP(ty,Vo)) on [to,00). Then for any t €
[tO: OO),

[u(t) = @) ¥ |y + V() — V(I |y
< u(to) ~ B(to)]* |21 (a) + [V (o) — V(o) I ). (2.1)




In particular, if u(to,-) < ©(to,-) a.e. on Q and V(to,-) < V(to,-) a.e. on T, then

u<id ae onRx and VLV ae on RxD.

Next, we consider the degenerate parabolic equation with linear dynamic boundary con-
dition:

u, — AB(u) =0 in (t, 00) x 2,
-a-%gﬂ-}-%:—/)+h=0 on (tg,00) x I, (2.2)
flu) =V on (tg,00) x I,

where A is a function given in L} _(R; L*(T)) and —c0 <ty <oo; f: R—> Randp: R — R
are functions satisfying {(81),(82)} and (p), respectively.

Following [5, section2], we say that for any compact interval J = [to,;], a couple of
functions u : J — L*Q) and V : J — L¥(T)) is a solution of (2.2) on J, if E*(u,V) €
W3(J; X*), u € L=(J; L}(Q)), B(u) € L*(J; X), V € L>(J; L}(T')), B(u) =V ae. on J xT
and
(%Ewmxﬂwanﬂx+Aw@m%m+ﬁﬁmqwr=o for any n € X and a.e. t € J.

For a general interval J' C R, solutions of (2.2) on J' are defined in a manner similar to
definition 1.2. Also, solutions of Cauchy problems and the problems with T-periodic condition
are defined just as definition 1.3.

Next, we mention some results on T-periodic solutions to (2.2) on R.
Theorem 2.2. We suppose that h € L (R;L*(T)). Let T be a positive number, and
assume that

h(t+T,-)=h(t,:) a.e. onT foranyt € R,

and .
A.AMtnﬁﬂ=&

Then the following statements (i) ~ (iv) holds.
(i) For each ao € R there ezists a T-periodic solution {u,V} of (2.2) on R such that

Awmna+ﬁmw@ﬂﬂ=%.
(ii) Let {u,V} be a solution of (2.2) on R. Then {u,V} is T-periodic solution of (2.2) if

and only if u € L®(R; L*(Q)) and V € L=(R; L}(T)).
(iii) Let {uy, W1}, {u2,Va} be T-periodic solutions of (2.2) on R such that

Ammﬂa+ﬁmm@na=Awmna+ﬁmmm@a.

Then
B(uy) = B(u;) a.e. on Rx 1,
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and there ezist functions w € L*(R), wr € L}(T') with [ wdz + [ wrdl = 0 such that

ui(t, ) —uq(t,") =w(-) ae on
PVt ) — p(V2)(t,)) =wp(:) ae. onl
(iv) Let {uy, 1}, {ug,V2} be two T-periodic solutions of (2.2) on R such that

} foranyte R.

/nu,(O,z)dJ:+/rp(V1)(0,:r)dI‘ > /nuz(o,z)dH/rp(v,)(o,x)dr.

Then
B(uy) 2> B(uz) a.e. on Rx Q.

Finally, as to the asymptotic stability of T-periodic solutions we prove the following.
Theorem 2.3. Suppose that all conditions of theorem 2.2 are satisfied. Let ty be
any positive number and let {u, V} be any solution of (2.2) on [ty,00). Then there ezists a
T-periodic solution {u,V} of (2.2) on R such that

—/nu(t,z)d:c+/I_V(t,:t)dF=/ﬂﬁ(t,x)d:c+/r7(t,a:)df for any t > to,

u(t) —a(t) - 0 weakly in L*(Q) as t — oo,
V(t)—V(t) =0 weakly in L*(T) as t — oo,

and
B{u(nT +-)) - B(u) in L*(0,T;Y) as n — oo.
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1. Introduction

We consider the following nonlinear system:

Op() , dw

~ot g ~Ou=f(tz)  inQ:=(0,400,) x &,

a
v +Bw) +g(w) 3y inQ
with lateral boundary condition:

0
3—: + an(z)u = hn(t,z) on ¥ :=(0,+00) x [,

and initial conditions:
u(0,:) =uo, w(0,:)=wo in Q.

(1.1)
(1.2)

(1.3)

(1.4)

Here  is a bounded domain in RN (N > 1) with smooth boundary I' := 9Q; p is a
monotone increasing and bi-Lipschitz continuous function on R; v is a positive constant;

B is a maximal monotone graph in R x R; g is a smooth function defined on R; ay is a
non-negative, bounded and measurable function on I' such that oy > 0 on a subset of T

with positive measure; f, hn,up and wo are given data.

For simplicity problem (1.1)-(1.4) is denoted by (CP). This is a simplified model for
a class of solid-liquid phase change problems, and in this context u represents a function
related to temperature and w a non-conserved order parameter (the state variable charac-

terizing phase). For instance, we have the following examples:

(1) Stefan problem with phase relaxation, in which g is the subdifferential of the indicator
function of the interval [0,1] and g = 0. This case was discussed as a melting problem

with supercooling and superheating effect in [13,5].

(2) Phase-field model with constraint, in which 3 is the same as in (1), p(u) = u, g(w) =
w? — cw with a positive constant ¢, and a diffusion term —& A w is added to the left
side of (1.2). This is a phase-field model with constraint 0 < w < 1 and was discussed
in [6,9,11]. We may consider system (1.1)-(1.4) as an approximation of this problem

with small & > 0.
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Furthermore we refer to [2,1] for papers dealing with similar problems.

In this paper, we discuss the large-time behavior of the solution {u,w}. In fact, under
the condition that f(t,z) — f°(z) and hn(t,z) — A%(z) in an appropriate sense as
t — +oo, it will be shown that as ¢ — +oo, u(t,:) and w(t,:) converge to a solution
{u*®,w™} of the corresponding steady-state problem

—Au® = f*(z) inQ,

4 an(z)u® = h§(z) onlT,

on
B(w®) + g(w™®) 32 u*® in .

This paper is much due to [12].

2. Existence and uniqueness result for (CP)

Problem (CP) is discussed under the following assumptions (A1)-(A6):
(A1) p: R — Ris an increasing and bi-Lipschitz continuous function.

(A2) B is a maximal monotone graph in R x R such that for some numbers o,,0" with
-0 <0, <0" < +00
T)—(m = [o.,0"};
note in this case that R(8) = R, so that there is a non-negative proper l.s.c. convex
function B on R whose subdifferential 6,3 coincides with § in R, and in the context
of solid-liquid system we can consider that w = o, (resp. ¢*) indicates the pure solid
(resp. liquid) phase and any intermediate value w indicates a state of mixture.

(A3) g : R — Ris a Lipschitz continuous function with compact support in R; in this
case note that there is a non-negative primitive § of g.

(A4) f € leoc(R'f-; Ll(Q))
(A5) hy € WI’Z(R+; LZ(F)) with SUpy>o IhNIWm(t,t+1;L7(I‘)) < +o00.

loc

(AB) uo € L(f) and we € L*(Y) with B(wo) € L*(R).
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We introduce some function spaces and a convex function in order to discuss (CP) in
the framework of abstract evolution equations of the form

U'(t) + 00" (U (1)) + G(U(t)) 3 F(2).
Let V := H'(Q2) with norm
Jelv o= {[Valta) + [ anleltar}t,

and denote by V* the dual space of V and by (-, -} the duality pairing between V* and V.
Then, identifying L*(2) with its dual space by means of the usual inner product

(v, 2) :=/vzdx,
o

we see that

vcri*Qcv

with compact injections.
Let F be the duality mapping from V onto V* which is given by the formula

(Fv,z) = /Q Vv -Vzdz + /FanzdI‘ for any v,z € V.
It is easy to see that V* becomes a Hilbert space with inner product (-,-), given by
(v,2)s := (v, F7'2) (= (2, F"'v)) for any v,z € V*.
Now, consider the product space
X :=V* x L*}9),
which becomes a Hilbert space with inner product (:,-)x given by
([er, wn), [e2, wa])x := (e1,€2)a + (w1, wz) for any [e;,wi] € X (1 = 1,2).
Next, given the boundary data hy, choose h : Ry — H'(§}) such that for each ¢ > 0

/n Vh(t) - Vadz + /r anh(t)zdl = /F hn(t)zdD for all z € V;

note from (A5) that sup,so |hlw12(te41.81 (0)) < +00.




Also, using h and 3, for each ¢ > 0, define a proper lis.c. convex function ¢! on X by
Jor(e=wydz+ [ Bw)de - (h(t),e)
e(U) = if U=le,w]e L) x L) with A(w) € L(R),
+0co0  otherwise,

where p* is a non-negative primitive of p=!. We denote by d¢* the subdifferential of ! in
X and its characterization is given by the following theorem.

Theorem 2.1. (c¢f. [5,9]) Let t > 0, [e*,w*] € X and [e,w] € D(dy'). Then [e*,w*] €
0p'([e, w]) if and only if conditions (a) and (b) below are satisfied:

(a) e = F(p~'(e — w) — h(t)), that is, p~'(e — w) — h(t) € V and
(e, 2) = /n V(p~\(e ~ w) — h(t)) - Vzdz + /r an(p~(e — w) — h(t))zdT
forallze V;
(b) there ezxists a function £ € L*() such that £ € B(w) a.e. on ) and
vw*=¢ - p Y e—w) in L}(Q).
Moreover, for U7 = [ef, w]] € 0p'(U;) with U; = [e;,w;] € D(d¢') (i = 1,2),
(Ul = Uz,Ur = Ua)x = |(e1 = w1) = (e2 — wa)lreq) + (€1 — &y 1 — wa),

where ¢; € LY(Q) is as any function € in (b) for each i =1,2.

According to Theorem 2.1, (CP) can be reformulated as an evolution equation in X in
the following form:

{ U'(t) + 9! (U(1)) + G(U()) 3 (1), in X, t20,

U(O) = [p(uo) + wg, w0]7

where U(t) = [p(u(t)) + w(t), w(t)], G(U(t)) = [0, ég(W(t))] and f(t) = [£(t),0].
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As to the solvability of (CP) we have:

Theorem 2.2. (cf. [6,9]) Assume that (A1)-(A6) hold. Then, for any T > 0, (CP) admits
one and only one solution {u,w} on [0,T] such that

tip(u) € L*(0,T;V*), tiue L*(0,T; H'(R)),
tp(u) € L*0,T; L*(R)), tu e L>(0,T; H(Q)),

tiw' € L*(0,T; L)), tB(w) € L=(0,T; L' (%)),
ti¢ € L*(0,T; LX(Q))
where £ is the function in condition (w3).

3. Large-time behavior of the solution

Further suppose that there are A € L*(T') and f* € L%(Q) such that

hy — by € LA(Ry; LA(T)),  f - f € L*(Ry; L(R)), 3.1)
and consider the steady-state problem (3.2)-(3.3):
. ou™
—Au® = f°(z)in Q, . + an(z)u™ = hF(z) onT, (3.2)
B(w™®) + g(w™)d>u™ in Q. (3.3)

We should note that problem (3.2) does not include w™, and it has a unique solution
u® € H'(Q) in the variational sense, i.e.,

/n V(u® — h*®) - Vzdz + /r an(u® — h®)zdF = (f*,2) forall z € V, (3.4)
where A® € H'(f) such that
/th -Vzdz+/roz~h zdI‘=/rthdI‘ for all z € V.
We see from (3.1) that h — h* € L?(Ry; H'(Q)).

In the sequel we mean by (P*) the algebraic relation (3.3) with the solution u>® € H'()
of (3.4), and w™ = w™(z) is called a solution of (P°).
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As the following example shows, the steady-state problem (P*) has in general infinitely
many solutions.

Example 3.1. Consider the case when
fP(x)=0, Aj(z)=lb, an(z)=1, B=0I_1yand g(w)=w’-w
where [y is a constant. Then, clearly u™ = [y and we have the following three possibilities:
(i) when il > 3725 (resp. Iy < —#), the algebraic relation
~ B(r) +9(r) 3 v (=) (3.5)
has exactly one solution 7 = 1 (resp. —1).

(ii) when lh = 5% (resp. —%5)’ (3.5) has exactly two solutions r = —713 (resp. 715), 1
(resp. —1).

(iii) when [lp] < ﬁs, (3.5) has exactly three solutions r = £_,£o, &, with —1 <£_ < & <
§¢ <L

- Physically (i) means that if the temperature is kept high (resp. low) enough, then the
limit state (as t — +o00) will be of pure liquid (resp. solid). On the other hand, (ii)
and (iii) mean that if the temperature is kept near the phase transition temperature, then
the limit state possibly includes a mushy region. In particular, in the case of (iii), all step
functions w* with range in {{_, {o, €4} are solutions of (P*°) and hence (P>) has in general

infinitely many solutions.

Our main result is stated in the following theorem.

Theorem 3.1. Suppose that conditions (A1)-(A6) and (3.1) hold, and let {u,w} be the
solution to (CP) on Ry. Further, suppose that for each p € R the (algebraic) inclusion

B(r)+g(r)>p
has a finite number of solutions r in D(B). Then,

u(t) — u™ weakly in H'(2) as t —s +o0, (3.6)
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where u™ is the unique solution of (3.4), and there exists a function w>® € L=(§1) such that
B(w™®(z)) + g(w™(z)) 3 u®(z) forae €

and
w(t, ) — w™(z) for a.e. z € ) as t — +o00.

We prove the theorem by the following four lemmas.

Lemma 3.1. Under the same assumptions of Theorem 3.1, for the solution {u,w} to (CP)
on R, we have

U — oo € L*(Ry; H'(Q)), w' € L*(Ry; L¥(R)) and B(w) € L™(Ry; L)),  (3.7)
u € L=([1,+00); H'()). (3.8)
Lemma 3.2. Under the same assumptions of Theorem 3.1, put

t+1
U'(z) := / lw'(r,z)*dr  for x € .
t

Then, U(z) — 0 as t —> 400 for a.e. z € Q1.

Lemma 3.3. Under the same assumptions of Theorem 3.1, (8.6) holds.
Lemma 3.4. Under the same assumptions of Theorem 3.1, put

V(z) := {r € D(B); w(tn,z) = r for some t, with t, — +o0} forz € Q.
Then,
(1) V(z)#0 for ace. z€Q;
(2) B(r)+g(r) 3 u=(z) for allr € V(z) and a.e. T €
(3) V(z) is a singleton for a.c. T € Q.

In particular, (2) and (3) of Lemma 3.4 imply that w(t, z) converges to a solution w*(z)
for a.e. z €  as t — 400 and the limit w™ is a solution of (P*°). Thus we complete the

proof of Theorem 3.1.
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ON SOME ESTIMATE OF CAUCHY PROBLEM
FOR DEGENERATE ELLIPTIC EQUATIONS
OF MONGE-AMPERE TYPE WITH TWO
VARIABLES

Takaaki Yamashiro

1 Results

Let D be a bounded domain in the (z, y)-plane with its boundary @D. Let I be a connected
open subset of dD. We assume that D C {y > 0}, I’ 3 O(the origin) and T is of class C*.

We writefor p> 0, D, =DnN{y<p}, I, =IN{y<p},l, =DN{y=p}. We define
the following definitions :

(H.1) There is a real number a with 0 < @ < 1 such that each I, is an open segment and
[l <] £ 1/2for any p, p' with 0 < p < p' < a.

If (H.1) is satisfied, let us say often that (H.1) holds for D,.

(H.2) Under the hypothesis of (H.1), there is a number ¢ > 0 and a function ¢(z) €
C¥({Iz| < c}) such that (0) = 0, ¢(£c) > a, {(z,());]z] < ¢} C T and "(z) > 0 in
{lz] < c}.

In (1.1) we assume that the lower order term g has the form
9(z,y,2) < Kz
for some pcl)sitive constant /. So the equation (1.1) becomes
(1.1) (9:0,u)? — udlu < Nu.

We denote the norms of L*(D,) and L>(I',) by | |l, and ( ),, respectively.
Our aim is to prove

Theorem 1 Suppose that (H.1) is satisfied. Suppose that u belongs to C*(D,) and it is a
solution of (2.1) in D,. Let

£ = (u)s + (zt)e + (Oyu)q + (0:0,u)q + (BJu)a,

And let
smax(e®, evV?he) < 1.
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Then it holds that
lullg + 10:ullg < Ca™2€t,

where C is a positive constant independent of a, K, &, I and D.

Remark 1 The inequality (2.1) is invariant under the orthognal transformation of
coordinates. So we can generalize the domain by the rotation of D arround the origin.

Remark 2 The convexity of D at O can not be removed, becauce any function inde-
pendent of y is always the solution of (2.1).

Next we assume (H.2). Let zo be a real number such that 0 < |zo| < ¢/2 and |¢’(20)| <
1/2. Around the point (zo, (o)) we take the orthognal transformation

£\ _[ cosé sind T —2Ip

n /) \ —sin@ cos@ y—o(zo) /'
where sinf = '(z0)/\/1 + '(20)?. That is, £(n)-axis is the tangent(normal) line of ' at
(20, ¢(20)), respectivelyWe define for p > 0, E, = DN{(£,7);0 < 7 < p}. Welook at Dasa
domain in the new plane with (£,7)-coordinates. Under the assumption (H.2), the following
is easily verified: There are zo, a, @ such that 0 < |zo] < ¢/2, |¢'(z0)] < 1/2,0 < @ < a/2,
D;C DN Es, and (H.1) holds for both D, and E,. We denote 3 = sin¥.

Under these assumptions we have
Theorem 2 Let u be the function in Theorem 1. Let
é = (u)r + (O:u)r + (Oyu)r + (8:0,u)r + (9lu)r,

And let
\/ﬁa) <1.

é-max(e®, e
Then it holds that
lulls + 19=ulls + 13110y ulla < Ca™2(E + |81(8%u)r)?,

where C is a positive constant independent of a, a, K, ¢, T, D, 7o and 3.

2 Lemma

We assume (H.1) and a is the real number in (H.1). This lemma is known to all (see e.g.,
Lemma 3 in (1]).

Lemma 1 Let p > 1 and f belong to C'(D,). Then it holds that for p with0 < p <a

//Dp [flPdxdy < 2P /r, [fIPdo + (2]1,])? //D, |0; f|Pdzdy.
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3 Proof of Theorem 1

We give the proof of Theorem 1 in this section. Let 0 < p < @ and u be the function in

Theorem 1. We denote by ( . ), the inner product of L%(D,).
Let us set v(z,y) = e™u(z,y) for A < —1. It is easily verified from (2.1) that

(8:0,v)? — B2v-02v — 2X8,v-0:8,v + A}(0;v)? + 220, v-0%v ~ A wd2v < K2
From this it follows that for £k > 0

(3.1)  ((8:0,v)%,]8:v[*), — (02v-0%v,|0:v]%), — 2M(0xv-0:0,v,|0zv]*),
+A%((8:0)%,10:01%), + 2M(9,vB2v, |8zv]*), — A*(v82v, 10:v]*), < K (42, ]8:0]%),.

After here let n be the outer normal of dD,. And let (z,n) ((y,n)) be the angle between
r-axis (y-axis) and n, respectively. By integration by parts we see that

1
~(82v 0, 0:01), = ~ = (8:(10:v1*0:v), B}),
- 3 vl* 9. 152 1 m )
- 14+ k 8D, |():U| azvayvcos(l‘, n)d0'+ 1+ k(laz'l’l azvy a:ayv)p,

and

(19.v]*.v, 8.0%), = /a _ 10:01*0,08.0, cos(y, n)do — (1 + K)(10:01*, (8:0,0)?),.

Here the third derivatives of v appear. But it is not necessary to assume three times differ-
entiability of v, if we take an approximating sequence of v. Thus we have

1
_(3§v-0§v, Iazvl"),, = _m o, Iazvl"azv'afv cos(z,n)do
1 .
TR Jop, P01 0cvB:0,0 cos(y, m)do = (0,01, (2.0,0)7)s

Further we have the following equalities:

y ; 1
(0:v-8,0,v,|0;v]F), = 9+k(11ay(|3xv|2+k)),
= .)ikéo Iatv|2+kcos(y, n)dU,
(B,vd%e, 0 0]%), = L(ayv,az(larvlk(?,v)),

1+ &
L/ |0:0]*8,v-0,v cos(z,n)do ~ ——L—(a d,v, |0, v{kd,v)
].+k oD, 'z T y y 1+k Uy Y, (U VU )p

I

i
T o, 10016209, cos(z. m)do

1 ”
“TTOETH oo, 01 cos(y, m)de,
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(v02v,10:vF), = +——(v,0:(|0:v]*8v)),

1+ k
= ——/ |0,v|¥ 0, v-v cos(z, n)do — -—1—(1,|3zv|2+k) .
l1+kJop, ' °F ’ 1+k g

Combining the above equalities with (3.1), we obtain

2+k

(62) g

——A%(1, |0:v IZH) < 1+k[/ {0z vl"a,va vcos(z,n)do
_/30, |8:v[*0:v-0,0,v cos(y, n)do]

+ i A /a . |9, v]*** cos(y, n)do

- 1+k1\/ 10, v|*0;v-0,v cos(z, n)do

+ g + k)(2 )A/ |9,v]*** cos(y, n)do
tITE / 19,v[* 8, v cos(z, n)do

+ K(v*]0:0* )

From now on let k be sufficiently large and let us take A with 2K < A?. Here we have
the following equalities:

/;D, [8:v[*0;v-0;0,v cos(z,n)do

1
/r I2v*0.00.0,0d0 ~ 5= /, 8,(105v[*+*)do,

¢ J2+k , 2+kyy 24k
/o/l’a,([a,al )dodz (1,0,(|0-v| ))a-[;D‘k?,vI cos(y,n)do

= /I‘ [0z v]*** cos(y, n)do +/l [8:v]*H* do.
Hence, integrating the both sides of (3.2) from zero to a with respect to p, we obtain

24k, 0 24k < 1 14k 92
(33) T2 /(1,|a,v| )odp < "—'1+k[/ |6,0]"+*|02v]do

T+ 8
+ / 19,0[1+*10:0,v|do + ——/ 10,07 do]

lv‘

+ T ]Alf 10,v]***do
9
1+&
+ 1+LI/\|/ 18,v]1+419, v|do
A 2+kd
+ (1+L)( 'I/ 10" do
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2 1+k
+ —IHA/ 19, **|v|do

+ 1\/0 (v?,|0:v]%)

By Cauchy-Young’s inequality, we have for any function f, g

[ 4lolde < 35 [ 1o+ i [ g,

k 2 24k 2+k
J e < o [ 1P+ 2 [ et
Thus we obtain from (3.3)

RS

2+k
1+k 7+ kl‘/(l 10:01%)dp
<

/ |0:v)**do

1
t ITIEED [/ 1, v|2+*da+/ |62 |’+*da+/ 10,9, v[***do]

+
2
< A 5 124k 2+k
+ TThet ]l[/r [0:v] da’+/r°|3,vl do]
1 A2 24k
+ 2+k I@ v|***do

1
/\2 24k
t O neEn /r ol de

21\’ 2 2+k
+ 2+IC o (lvlv' )Pdp'
Since A2/2 < (2 + k)A2/(1 + k) — kK/(2+ k) and k is large, this becomes
(3.4) /0 (1, 10:0)%%),dp < /[_ 10.v]***do + /r |02v]*** do
+ /F 19:0,v|*** dor
+ /I: |0, v|**do +/r [v[**do
4K * ;+k
* sarm b WP,
From Lemma
(3.3) (L, u]?+h), < 22+ / o[***do + (1,|0,0[2*),.
Hence we have from (3.4)
(3.6) Fiia.r,dp < o [ 180*da + [ 1820l*+*do
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+ /r 19,0, v|**do
+ /[_Iayv|2+kda+/ [v|***do

2K 2+k 2+k
* aal /lvl do).

Now in general it holds that for any f € C°(D,), f > 0in D,
2 i3 a a
= / = - = - >~ a.
F@nmde= [ (1 0)do=at, flu = [ 00,(1,0)0dp = (6= 4, fla 2 5(1, s
From the above (3.6) becomes
; 2+k : 24k 24k
3[/1', 10.0[**dor + /r 19,0]** do +/r., v|***do

+ /F 1620|*** do + /r 10.0,0[**do + 27+ /r |v[*** do].

a
(1, 10:01)

a
2

Hence

(3.7) (/ |0,v]**dzdy)HE < (6/a) +~[/ 1, L|’+'°da)z+~+(/ 18,0]***do) 745

+ ([ ldoy ([ (gop+eda)s
/ 18:0,v|*do) T TR +2(/ [v|*t*do) 7+ *],

+

1
where we have used the inequality (Z a;)% < Za}’ for p > 1 and a; > 0. Letting k — oo
n {3.6), we obtain l '
”azv“§ <(Ov)a + (Oyv)a + 3(v)a + (031)),, + (azayv)u

And from (3.5)
lvll < 2(v)g + 10eols-

Combining these two inequalities, we conclude that
(3.8) lvllg + 110:vllg < C{v)a + (Bzv)a + (Gyv)a + (928,v)a + ()]

where C is independent of a, A, ¢, A, " and D.
Here we use the following inequalities:

(V)e S(u)ar  (Ozv)a < (Dzut)a,
(Oyv)a < (Gyu)a + [A(tt)a
(9:0,v)s < (0:0,u)a + |A|(D:)a,
(O,v

20)a < (O2u)a + 2|A|(Dyu)a + A2 (u)a,

v
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Then (3.8) becomes

¥ (lulls +10.ulls) < CN[(u), + (deu); + () + (8:0,u),
(Ogu)a)-

+

From the definition of £ we can write
Ala
lulls + Ho.ully < CA2es%e.
We set
Ala
3

Then A < —1 and 2K < A? from our assumption on ¢. Since 1(a]A|/3)? < ¥ we have

AZ< Ca=2'3*. Therefore

(= N

Ala
llulls + 10.ulls < Ca~%e™s"c = Ca~2%

This completes the proof of Theorem 1.
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HARDY ZHORIUS HFBRANDILH
(EVANS-MULLER ORX & D)

K gz (M2)
060 ALMRAHTILE L 1 0 %FE 8 THILMHKFRERRELRE

- £ ¢ Poisson H 12,
1) -AYy=w in R?

D1 BEESOF ML EL D, TOEK, KOMBZENLAET S,
ER. ¢ € C°(R") i,

(2) supp¢ C B(0, 1),/“ =1

YWt ET LR, COLE, fe L], (R KRIFL,
1 z-y
= [ swe(2Y) 4

(4) Hioe(R™) := {f € Lipe(R™)If*" € Li,(R™)}

(3 [ (z):= sup
o<r<!

£ 8o HL(R) %. BAf Hardy Z2ME v 3,
Z 2T, Evans-Muller[l] K& 2, XOERE, FDEFHILOVWTHAT 2,

EB. € HL (R, (1) DFHET D, 7272L. we LYoc(R?),w 20 £F 5,
':0) a 3 ~ ¢:1¢:27(¢=1)2 - (¢¢2)2 6 7'lllcu: Rz) —cb%°

B R>8 %W h., BET %,
1
v(z) = -5- w(y) log(lz ~ yl)dy
* JB(0,R)
LB, THk, r:=¢—vit, B(O,R) THM, E5HIT,

1 i —Yi
5 2 (2) = ————/ w d
(5) veu(2) = -5 oo Wz r Y

Typeset by ApmS-TEX
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K BEZ (M2)
Thd,

YR —R¥, (2 2M@L, BlY20&E%22L30Eb, RZEDHp R ED,
BZET5. 0<r<liztil,
)dz
1

(6)
= —— Ty — Y1 T2 — 22 z—-p
T 4ar? /B(o,n)w(y)W(Z)dydz x|z =yl |z - 2'21/) ( r ) d

Top):= 5 [ o v,,(::)v,,(z)w(

£5<,
Y1 T2~z
(7 K (p;y,z) == Iz—y|; I:—z;d)( )d;c (v # 2)
LB,
. r r
® il S & (=) (1)
% BBl R 195 BAUHRD
(8) DR % (6) IAEAT B & |
2
9 Tl sC LW
© T, < (/B(o,mrﬂy—my
Edbo w2 OREET L L,
2
) (p) = T ()| < w(y)
1) ()R = sup | (p)I_C(/B o
1183,
1 = w(v) 4
() o(p) /B(o,n) ly -7l y

EHALTOLI LT, o(p) € L}, (R?) £ 22 HdbH 3, (10) LMALHEL T
ET, ROFMEIS:

(12) vz, ve0) " llercmio.r/2)) S CRUVEIE: (B(02RY)
—~F. rRECHK oW T},

(13) [{re, 7e2)" " Neraio.mr2y) S CR("V%{’”{:(B(o,R)) + "“"”}.‘(B(O,R)))

(14) (72, v=2)""liLr(ao,rr2)) S CrUIVHZa(8(0,R)) + IWlIE1(a(0.RY))
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HARDY M DRSS H 12X~ DIGA (EVANS-MULLER DR L )
(15) (Ve 725) " iz rBo.rr2)) S CrIVEIIZaca(o.r)) + w2 (a0, 7))
PR oA, EiL,
(16) lwliZ 1B c0,rY) S IVlZ3(B(0.2RY)
i oTWA, (12)~(16) 2 MAEhe 5 £ T,
(17) 12, 822)""llLr(B(o.rs2)) S CrIVSILaB(0.2RY)
BTy o b, € HL,(RY) A0 E B,

+ % Y] “ﬁ@iﬁliﬁwfli‘ ry — (2’1 +12)/\/§, g — (.‘L‘l —z;)/ﬁ&%ﬁﬁ%
BRET2IETHRILEERS, O

HE. FHEB) 2BILIAVIDHANAD A v ThD, BRINSOKL LIBSD
MBEIT2IDILTRM2ZERTVES,
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Semigroups of differentiable transformations :

The semilinear case

i T RITERR

§1 Introduction

NEonzEm (XD Kk sEBRRERGTRR

(DE) uw'(O=A+Bu(®), t>0;u0) =x

DEBE 52 HIERHIEREOLEZ{(SW): 4201295, CCTAWR X EDC —
FHE(TO): 20} DERIFAR. BERXOMNBHEAS C CTEBINFERMIEAET
HHLTH, (FRAEBABSTRETHHBAIC. ERBEF{SOIAEOHEICOWT

L7\,

§2

TTICE S DORREVFE A ZHHROL LIRLTWSED ., B BMSTHELSE.
HtZ 0L, FFAESOR TV V2RI H F—DOE%RCHAFIEETH D, —F
HtZ0CHRL, FARSO GBS TETH-> T BIIESTR LTV 22V, KO
IR BRI TR <,

R#F] X=C=R A=0, f->T&Ht20icL, TORESESR, Fic LK@
By=Bx)%* (2.1) ROBICED S,

y H#EE B(o)
\v”\/Q#AN/\/«v/ £ e S(1)
1 \\\\§\~__________'—”//z
+ + +—t —t—t—t —t x
-4 -3 -2 -1 ol 1 2 3 4 5 t Bk

2.1 (2.2)

CHiZROKEZ #HF>
HFEOH XX L, Bx) >0 *BAEB() XY v TV v v EE

CEROBPIHL, [T = 555 10 TRIBBO) HBS T



R EOEBEDOS o i\ T, EEB() CHBriarE2 5, (2.2) B
COBEORZ 0T ABEN L THHEBED, B ticiT 28S0OBEYS(Hx
LEDHEK TS, TR TERT L&ROBICKED :

de =1

SS(l)x 1
x  B(o)

(S : t 20}z X = R LOEGHERICLY . FiC
-%smx=36mm=m+m@mn

Fl _ B(S(tx)
‘@S Wx = B()
N1

ZLTHEAH, 2EHE2)ICELER. & CAHPEEICL VEARBO) IIMS FTHE TR
AV |

CORRICES () DB THEK ST TR, B OB TREE A BB I Oy,

ZIT{SO: t 2 0 HCBALA»BIOKE L BT 2HICL D, B OMSITESOHE

HICREAERIC L7V,

§3
DTROBEZRET 5o
=z (0] :
¢ C {3 Banach Z2fd] X @ convex set
ASH: 20} R CEEBEL L COER LHFRDI SAT
(5,1) S(0)z=2z S(t+s)z=S{SG)z for s,t=20,2€C
(5,2) EEDxe CicLt— S(H)x i3 [0,00) THfE
AT 20} 3 X LD Co— B, TDEMEIT A
cpid CEEREL L. [0,) ICE% & 5T ELNABIK,
Zaz 0l L Ca={xec: p)<a}lB<, & C 3AESE,

=3
<t



* 13 [0,00) 75 [0,00) NDOFEHEBIN T, EED a = 0% LYII#ERIE
w®) =gw®), t>0; w0)=a
13 [0,00) TRABEm(tia) HFED
HEEDL20, a20, zeCaloHL
2(S®2) < m(t;p(2))
LLERSM (3] TELIh TV BEE, BickofE (1], [I], [[I] #&<,
(1] #BBE CLLXKERX LAEAEBAFEEL, £EDa> 0N L BIXC, E
HiE,
(I] #&DzeC, t=20IcL

SWZ=TWZ+ S;T(t — 9B(SG)z}ds  HRT

e {(x—y:x,yeCa} ¥ EURIOPABFEMN%E Ca LT 5,

(M) &a>0,2eCalctL Co 6 X ~OHERBMIEMEBL(2) HEEL, £EOD
z+azeCaicnfl

@ lim,,“,lT{B(z+hAz)—B(z)}={B:'z(Z) }az

@ #HEDa>0, weCs i Lz Bi@w it Ca LE

&HE1 [0]. [I). (D) (W] #&EELT5E. &D (Al (B). [Cl. [D] Wiz

(4] Faz 0L, (t,2) — S(Hz13 [0, ) x Ca LAk

(Bl BEDt>0,a20,zeCalct L Ca 76 X ~OERGHIERE SL(1,2) PHEEL.
LUT®. @bz

@ limyy SDEEMI =S5Oz _ g0 for all 2+ seeC
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@ HEDa=0, we Ca oL (4,2) — {SL(t,2)}wit (12)e [0, ) xCa
g4

[C] ® HEDa=0, z€Ca, we CaloftL
lim 1 1St 9w — T®Ow} = Bi@w

® HEDa=20, we CaloHL
z —— Bi(2)w it C. THikF

(D] limy, %{ S@®z— T®z)=BE) for zeC

® §AORMBATIIp=0LT5E (o> TEEDaZ 0IC2WT, Ce=C=X)ITLY
(0], (1] (@] & [A]. (Bl [D] #R3L, (W] & [C] BV ILA7E\,

@ RE[0] & [1])DbeT, [I] & [D] BFAE. CHiCBAELALIELVR
Bt emR [3] OE®E3. ILICEREhTWw5,

HHIDIHDHOTL HiC [BIOKK 2V THERLV, W2pD UV /IR BLTE
L

Lovl H80Da20 LbzyeCallHL, $5¢> 0 BEELTUTHBRIL
Sup {I|Ba@))l : lz—2ll<¢ 2€eCu}< o0

S Ba@ W IERE/ VLEET,

5 B FE (O] QkEH, —BEREEEXHES, |

L2T2 H8Da=20t.2€Ca HO01CKH L, $5¢>02M>0HBFELT,
I S (z+4z) — SOz lI< M-l Az ||

if z+082€eCs lAzli<e, 05t h
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i 8 [H]kEBLT

S(8) (z+Az) — S(B)z = T(t)Az + S;T(t—s){BS(s) (z + Az)— BS(s)z }ds

zLTLu=1wAVE, |

LT3 2, 2+ 082€Co, > 0REEEETHL
limnyo %{ Sz + haz)— S(B)z )

Ho<t< bhicBVWT—BEET S,

S Bl lzhi>h>h> >0  limhi =0 %@ TEEORIN A HiCH L,

—_— §—> 00

Pil)= -(S(t) 2 + hit2) — S(8)2)

LB, lim Pi) #1 € [0,0) TRILES SHLTRE LN, LY 2 50BN
S (P )it [0, 0] C—BER. ZCCTO<I<ty, n=1,23 o8 L

gn() = Sup{ | Pi(s)— P9Il : 0<s <t, §,j=n}
q() = infgn(t) = him gn ()

s, (D] OKEBLTLY=1 ELYT22BWTelh) =0AFREh5E, ¥
B lim P 1B0<1< fh C—RIUE L. BicLv=3iEnro. |

[B] DODHAY a =20, z2€Ca, bo> 0 ZEEICEKS, VU/TIICEBALT
P(t, 02) =lim—{ s(8) (z + hdz) — Stz }
Kioh

r D, 127 Lz+bzeCa 0<t<th b5, Co DEHBDOEED W e Co st
L. CaDEF| {z + 8z }i LARBEDFIn), n(2), n(3) B LUERai(i=1,2, .
j=1121 """ n(i)) bsﬁEL

n(i)
w = lim2.aijdz
f-ro0f=1
n(s)
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%,

DY #%zeCiconTlim o S0 TOB gz,

COLEEBMEC L, Xk AERABAFELT (11, (L), (0] A%
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@ @20 (DY UAOEREIRBEZENES (D) d@mlShuwflzEEdS s,
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Integrated semigroups and the application

to the degenerate Cauchy problem

SATOSHI TORIUMI

Department of Mathematics, Waseda University

§1. INTRODUCTION

In this talk, we discuss the inhomogeneous abstract Cauchy problem associated
a-times integrated semigroups which are not necessarily non-degenerate. Moreover,
we consider the degenerate Cauchy problem by using the result on the inhomogeneous

abstract Cauchy problem.

Let X be a Banach space. Let A be a closed multivalued linear operator in
X,z € X and f € C([0,T); X), where 0 < T < oo. We consider the following

inhomogeneous Cauchy problem (for A):
(CP;A, z, f) (d/dt)u(t) € Au(t) + f(t) for0<t<T, and u(0)==z.

where by a classical solution u to (CP;A, z, f) we mean that u € C'([0, T]; X) and u(t)
satisfies the above equation (CP;A, z, f).

Next we give the definition of an a-times integrated semigroup. We denote by
B(X) the set of all bounded linear operators from X into itself. Let a be a positive
number. A one-parameter family {U(t) : ¢ > 0} in B(X) is called an a-times integrated

semigroup on X, if
(1.1) U(+)z : [0,00) — X is continuous for every z € X,
(1.2) UU(s)z = -rﬁ( ot 45 — )oY (r)zdr
| ~ [t +s~ r)"‘lU(r)a:dr) for every z € X and t,s > 0,
(1.3) U(0) = 0 (the zero operator).

For convenience we call a (Cp)-semigroup on X also 0-times integrated semigroup

on X.
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If an o-times integrated semigroup {U(t) : t > 0} on X, where a > 0, satisfies the

non-degenerate condition:

(1.4) U(t)z = 0 for all t > 0 implies z = 0,

then it is called a non-degenerate a-times integrated semigroup on X, or simply it is

called non-degenerate. Clearly 0-times integrated semigroups are non-degenerate.

Definition 1.1. Let {U(t) : t > 0} be an a-times integrated semigroup on X, where

a > 0. The generator A of {U(t):t > 0} is a multivalued operator defined as follows:
z € D(A) and y € Az if and only if

[+ 4

(15) U(t)z — T;J{_—l)z _

t
/ U(s)yds forallt > 0.
0

Remark 1.1. Let A be the generator of an a-times integrated semigroup {U(t) : t > 0}
on X. Then {U(t): t > 0} is non-degenerate if and only if A is singlevalued.

We refer to (9] for further information on a-times integrated semigroups which are

not necessarily non-degenerate.

§2. INHOMOGENEOUS ABSTRACT CAUCHY PROBLEMS
The following result is a generalization of (1, Theorem 5.2].

Theorem 2.1. Let n > 0 be an integer. Let A be the generator of an n-times inte-
grated semigroup {U(t):t >0} on X, z € X and f € C([0,T); X), and set

(2.1) w(t) =U(t)z + /otU(t —s)f(s)ds for0<t<T.

Then (CP;A,z, f) has a classical solution if and only if w € C"+([0,T]; X) and
w{™(0) = z. In this case, the classical solution u of (CP;A, z, f) is given by u = w(™.

The following result which extends (7, Corollary 4.5} is a direct consequence of
Theorem 2.1.

Proposition 2.2. Let n > 0 be an integer and A be a multivalued linear operator in
X. Let f:[0,T] - X be a function. Suppose that

(a1) A is the generator of an n-times integrated semigroup {U(t) : t > 0} on X,
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(a2) f € C™H([0,T]; X),
(as) z € D(A), 71 € {Az + f(0)} N D(A), z2 € {Az1 + f'(0)} N D(A), -+,
2r41 € {Azk + FO0)}VD(A), ---, and 2, € {Azazy + FD(0)} () D(A).

Then (CP;A, z, f) has a unique classical solution u. Moreover we have u'(0) = z,.

We give the definition and a generation theorem of an exponentially bounded
a-times integrated semigroup. In §3, we consider the degenerate Cauchy problem by

using Proposition 2.2 and the generation theorem.

Definition 2.1. If an a-times integrated semigroup {U(t) : t > 0} on X, where a > 0,

satisfies the exponential growth condition:
(2.2) there are constants a > 0 and M > 0 such that [|U(t)|| £ Me® for t > 0,

then it is called an exponentially bounded a-times integrated semigroup on X.

The following result is obtained by the same argument as {2, Proposition 3.1] and
[5, Lemma 2.2}.

Theorem 2.3. Let A be a multivalued linear operator in X. Suppose that there are
constants a > 0, M > 0 and 8 > —1 such that {A € C: ReA > a} C p(A) and

(2.3) IR(A: A)|| < M|A|P  for Re A > a.

Then, A is the generator of an exponentially bounded a-times integrated semigroup on
X fora>p+1.

Next we introduce the notion of locally Lipschitz continuous a-times integrated

semigroups.

Definition 2.2. If an a-times integrated semigroup {U(t) : t > 0} on X, where o > 0,

satisfies the following condition:

for all T > 0 there exists M7 > 0 such that

2.4
@4 1U(®) = U(s)ll < Mrlt — sf for all 5 € [0,TY,

then it is called a locally Lipschitz continuous a-times integrated semigroup on X.
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Lemma 2.4. Let a > 0 and A the generator of a locally Lipschitz continuous (a + 1)-
times integrated semigroup on X. Then A is the generator of a (3-times integrated

semigroup on X for > a.
The following result is an extension of [4, Theorem 4.6].
Theorem 2.5. Let a > 0 and n the smallest integer such that n > a. Let A be a

multivalued linear operator in X, f : [0,T] - X and z € X. Suppose that

(by) A is the generator of a locally Lipschitz continuous (a + 1)-times integrated semi-
group on X,

(b2) £ € C™[0,T}; X) and f™(t) = f™(0) + [y $5rry9(s)ds for 0 < ¢ < T, where
g € LY(0,T; X),

(bs) = € D(A), 21 € {Az + F(0)} N D(A), 22 € {Az; + £/(0)} (1 D(A), - -,
ze1 € {Azi+ B0} ND(A), -, and 2 € {Aza_y + FP-D(0)} () D(A).

Then (CP;A, z, f) has a unique classical solution u. Moreover we have u'(0) = ;.
By [9, Theorem 5.2], we have the following.

Corollary 2.6. Let a > 0 and n the smallest integer such that n > a. Let A be a
multivalued linear operator in X, f(-) : [0,T] - X and z € X. Suppose that

(b}) there are constants a > 0 and M > 0 such that (a,0) C p(A) and

(2.5) <M for A>a and k € NU {0}.

(A _ka!)k+1 [R(/}\;A)} (k)

Moreover, if we assume (bz) and (b3), then (CP;A, z, f) has a unique classical solution
u. Moreover we have u'(0) = z,.

Remarks 2.1. (i) In the case that o is nonnegative integer, the weaker conditions

(by) f e C™}[0,T); X) and f("~V(t) = F("=1)(0) + fot g(s)ds for 0 < t < T, where
9 € LY(0,T; X),

(b3) z € D(A), z1 € {Az + f(0)} N D(A), z2 € {Az1 + f'(0)} N D(A4), - -,
Trs1 € {Aze + FO0)}ND(A), -+, and z, € {Azp_y + F~1(0)} N D(A).

instead of (by) and (b3) are sufficient to yield the same consequence as in Theorem 2.5
and Corollary 2.6.

84




(ii) In the case that a = 0 and X is reflexive, if we assume the conditions (b}), (b})
and “(b}) z € D(A)” in Corollary 2.6, (CP;A, z, f) has a unique classical solution (see

(10]).
§3. DEGENERATE CAUCHY PROBLEMS

Firstly, we consider the following degenerate Cauchy problem:

(d/dt)Bu(t) = Av(t) + f(t) for0<t< T,

(DE‘I;A’ B) T, f)
Bv(0) = =z,

where A and B are closed linear operators in X, f € C([0,T};X) and z € X. By a
solution v to (DE-1;4, B, z, f) we mean that v(t) € D(A)N D(B) for 0 <t < T, Bo(t)
is continuously differentiable in ¢t € [0,7], Av(t) is continuous in t € [0,T] and v(t)
satisfies (DE-1;4, B, z, f).

Proposition 3.1. (See [10].) Let A and B be closed linear operators in X, f €
C([0,T); X) and = € X. Then the following statements are equivalent:
‘ (i) (DE-1;A, B, z, f) has a solution v,

(ii) (CP;AB~1,z, f) has a classical solution u.

In the case, we have u(t) = Bu(t) for0 <t < T.

Next, we consider the following degenerate Cauchy problem:

B(d/dt)Bu(t) = Av(t) + f(t) for0<t< T,

(DE-2;A4, B, z, f)
Bv(0) = z,

where B € B(X), A is a closed linear operator in X, f € C([0,T];X) and z € X.
By a solution v to (DE-2;A, B, z, f) we mean that v(t) € D(A) for 0 <t < T, Bu(t)
is continuously differentiable in ¢ € [0,T)], Av(t) is continuous in ¢ € [0,T] and (1)
satisfies (DE-2;4, B, z, f).

Proposition 3.2. Let A be a closed linear operator in X, B € B(X), f € C([0,T}; X)
and z € X. Then the following statements are equivalent:

(i) (DE-2;A, B,z, Bf) has a solution v,

(ii) (CP;B~*AB~!,z, f) has a classical solution u.

In the case, we have u(t) = Bu(t) for 0 <t < T.
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Example. (See also [10].) We consider the following initial value problem in LP(R)
(1<p<oo):

3.1) { %mg(z)v(t,x) = —6—a:c-v(t,x) + f(t,z) for0<¢t< T and z €R,
mEg(z)v(0,z) = vo(z) for z € R,

where m g(z) is a characteristic function of a measurable set E C R, that is, mg(z) =1
for z € E, mg(z) = 0 for = ¢ E, f(t,z) is a given function, vo(z) is an initial
function, and v(¢,z) is an unknown function. We define linear operators A and B by
(Av)(z) := —(d/dz)v(z) for v € D(A) := W'P(R) and (Bv)(z) := mg(z)v(z) for
v € D(B) := LP(R) respectively. Clearly B is a bounded linear operator on LP(R)
satisfying B?> = B and ||B|| < 1. Therefore (3.1) can be written as (DE-1;4, B, vg, f) or
(DE-2;4, B, vg, f). We shall investigate the initial value problem (3.1) for some special

characteristic functions mg(z).

(I) In the case of E = (~00,a) U (b,00), we consider the problem (3.1) in LP(R)
(1 £ p £ o) and treat (3.1) as (DE-1L;4, B, v, f). Now, for any f € LP(R) and
Re A > 1, we find a solution v € W1P(R) to the follwing problem:

(3.2) Img(z)v(z) +v'(z) = f(z) forz € R.

By the same argument as [10, Example 5.1(1)], (3.2) consists of three problems: Avy(z)+
vi(z) = f(z) in z < @, under lim; oo vy(z) = 0 if 1 < p < 00 (sup, <, |v1(2)] < o0 if
p = 0o); vy(x) = f(z) in @ < z < b under vy(a) = vi(a); and Ivy(z) + vi(z) = f(=)
in z > b under v3(b) = va(b). By simple computation, we see that (3.2) has a unique
solution v € W'P(R), that |lv|l, < M,|f|l, for f € LP(R) and Re A > 1, where
Mp > 0 is a constant depending on only p € [1,00] and || - ||, is the norm of LP(R). In
fact, the above argument shows that AB — 4 is bijective, (AB — A)~1 B(L?(R)) and
(A — AB=')~Y| = | B(AB — A)~'|| < ||B||M, < M, for Re A > 1. By Theorem 2.3.

AB~! is the generator of a-times integrated semigroup on LP(R) for o > 1. Hence we

can use Proposition 2.2.

(II) In the case of E = (a, 00), we consider the problem (3.1) in LP(R)(1 < p < c0)
and treat (3.1) as (DE-2;4, B, vy, f), where f(t,z) = mg(z)g(t,z) for 0 < ¢t < T and
z € R (g9 € C([0,T]; LP(R))). Now, for any f € LP(R) and A > 0, we find a solution
v € W?(R) to the following:

(3.3) Amg(z)v(z) + v'(z) = mg(z)f(z) for z € R.
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The problem (3.3) is essentially the following: Avi(z) + vi(z) = f(z) in z > a, under
v;(a) = 0. We see that (3.3) has a unique solution v € W!P(R). Then we get that
lvll, < XNfllp for f € LP(R) and A > 0. In fact, the above argument shows that
R(AB?—A) D R(B), (AB*-A)"'B € B(L?(R)) and ||(A-B~'AB~")"!| = |[B(AB* -
A)71B|| < ll_i’.ll < % for A > 0. Hence we can use Corollary 2.6. In particular,
if 1 < p < oo, by (ii) of Remarks 2.1 (DE-2;4, B, vy, Bg) has a unique solution v
for vo € D(B"YAB™'), for example, vo(z) = mg(z)w(z) for some w € LP(R) and
vo € W1P(R).

(III) In the case of E = (—00,a), we consider the problem (3.1) in L*°(R) and
treat (3.1) as (DE-2;A, B, vy, f), where f(t,z) = mg(z)g(t,z) for 0 < ¢t < T and
z € R (g € C([0,T); LP(R))). Now, for any f € L*°(R) and A > 0, we find a solution
v € WHP(R) to the following:

(3.4) Img(z)v(z) + v'(z) = me(z)f(z) forz €R.

The problem (3.4) consists of two problems: Avi(z) + vi(z) = f(z) in z < a, under
SUP <, [V1(Z)| < 00; and vj(z) = 0 in z > a under vz(a) = vi(a). We see that (3.4)
has a unique solution v € WH(R). Then the estimate [[v]oo < 3||f|lco holds for
f € L™(R) and XA > 0. Hence we can use Corollary 2.6 the same as the case (II).
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HUEBHZE L bR I BRF/HERIL>VT
BE Rt (LKEE

Tho—RicBREShLKEHREBICRET IHRR. RNOREE
UCEMORERLEDHAMRELTELS POPRENATE ., VIO
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W~ EELTWL, & D& 3% Rayleigh-Bénard sftic B S h 2 &L i
~0EE B 1. Ruelle-Takens ic X 2 EREDO L+ VA 2 KT 2 b
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LEMBEORPF I ERELL, REHMT 5 /¢ 54— %2FLa e
1ol & EREODBEDOHIC “A PL Yy T ES 25" 0WS5HMR
BEZb2T7T 3575 —BRA, TOPBEAORELMFENCEE S
3L L71:0DTH 5, Ruelle-Takens © C 0 B3 iz il & ©1. Navier-Stokes
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2o T I T, 2 & Rayleigh-Bénard 342 b+ 2 FBEAZORO
GHEL—BUHOHB. BXUEDT7 5325 —~c2WTEXL 3B,

2 X7t Rayleigh-Bénard it 2 I0b 4 2 HFERA RO MR TH Ik, KT
HEE zy-HE. SMESEE z-BREICED &, wo kS>3 ([1),[2) :
1)y

%tli—-uAu+u-Vu+Vp=e,,f(¢9),

V-u=0, t>0,z€Rx(0,1)

%tg—nA€+u-V9—e,,-u=nD(u):D(u).

T, e2=(0,1);u=(u",v?) REEIB ;pEN ;0 RBFELH I
REOBESA 1 -2, LOEEKRT D(u): D(u) REEMBEIFTH
30T

v [ o (91&")2
D(w): D(u) =2 3 [ L 9%
(u): D(u) = 3 .',E: (azk 35

EpF. fRREOBOHRBMTE 5. v=(8)1 k= (52)? T
5. Ra. Pr iz # v £t . Rayleigh #(. Prandtl § &1 h 2 |k T
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ThHb. (1), Tn=0&L. f(0)=0&%2%&. Wwbw 3 Boussinesq
BEAx@Eoh s,
u, i+ 2, =01 BT RALHER

2) u=0; =0 at z,=0,1

THbo Ffe. CCTR, zy-FRIE>DVWTROBHBARE

o’ o’ &9 ]

O il =m0
dz} £1=0 0z] o= oz 2120 oz’ o=

2T LT B, Cho kMBS

(4) U|t=0 =Yy , 9'::0 =4,

EMABE. (1), s MMEBREMBESBREEN S,

Foias-Manley-Temam [3] i2. 2 &t Boussinesq 51X 0 yilEER
HEBE: LOBRRGFLEVMHRBEOTCEL, KBT IS5 29 —-DHFE
2Rk L1 K7 F5229—-125 5 Hilbert ZHloihoavscs v
BT, T XTOREL—o 0 DLEJNEFEILOTH, HY%W Ra
 PricxLe, k2R T 560TH B, £/, EoRCODT L+
2 % — @ Hausdorff RS BERTH B2 ER L. *DRLOFEMSE

(6) |1+ Pr)(1+Gr+ Ra), c=cla), 2=(0,a)x(0,1)

o5k, T, Gr= % THdo K7 + 52 % — o Hausdorff
RTOERER., SLHOEBMERARORIBVBFREBHERDOL S
KRABEVHIERNPFEEHENLCRHEAITITZ60TH 3,
Rayleigh-Bénard s$ifiic 4 2 MENH R TR, (1), Tn=0 L&
HIUELAFERABEFVAFEBRLELTHVWSATE 2, 2 CiREE
MM EERICANLFERE (1), et s REMEE2EX. L
TOL>LBRBOFEHELE—FlE, BLUARBKT 32— kBT 5&8%

=% A
A ficoVwTRKD (5) $713 (6) 2IRET 20
(5) f(6) =46,
(6) UuzxgﬂM<w,mu<w and |f"|e < o0.
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ST ffi foMPAKER T,
BOBEL>VWTRERD S EBKITLT 5,

EEL. () fRO)&RR(6) 2MrTET 5, L. f5(5) %
BT LERN<1ET B, COE &, FROMBIM {uo, 80} € L2xL2(R)
XL T REFLTEMAENTEE {v,0} BEET 2 : FEO T >0

Xt LT
u € L*(0,T; L2) N L*(0,T; V),

g € L*3(0,T; L*()) N L*(0, T; L*3(R)).

L2 = {uel?Q)?; V-u=0, U201 =0, ull; o0 = ul|z =a}

V = {ue(H},.); V-u=0}

0,per

(i) fix(6) @=L {uo,60} € V x L2(Q) Et B, Coks., (i)
O R {u,f} BR%2ERT : FEO T>0 kLT
u € C([0,T]; V)0 L*(0,T; (HZ,)%),
9 € C([01T]) Lz(Q)) n Lg(o; T) H(},per)'

Ehic, COHER (u,0} ROMKZEM
(C([0, T} V) N L2(0, T; (4., *) x (C([0, T]; L3(R)) N L*(0, T; HY,.,))

@¢T_ET550

(iii) f ot (6) 27 Uy {uosbo,} €V x L3 (Q),i=12 &4 5, %
AN {ui(t)lgi(t)}) i = 1)2 ENEHh {uo,i,go,i}, i = 1’2 %?ﬂﬁf“ﬁc‘:‘?‘%
FHET B, COLE EROT>0HLT. $5EH C = C(T) b

ZLT
IVua(t) = Vur (¢)113 + 1162(¢) — 6:()i2

< C(lIVuoz = VuoallZ + [[60,2 — 6o,4113)
B A D,

EE1THERLL (1), 0BREn=0& L% (1) OBRE OBk
RO &L S IBAESKIT 5,
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EE2. () fi2(5) £/ (6) 2t et so {u,0,) % T8
L THAL 7 {uo, 6o} € L2 x L3(Q) 2 MMl E T 5 (1), OB ES 3,
g {u, 0} ZEILMBEE S (1) © (—FX) BRET 5, Co&
EEFEOT>0kLT.n—>00DL %

u, — u strongly in C([0,T}; L2) n L%(0,T; V),
6, — 8 strongly in L*/3(0,T; L*())

MBE D LD,

(i) &5, f i3 (6) 2L, {up,fo} €V XLYN) 3+ 3&. (T
BoT>0kcyHlTt.n—00& %

u, — u strongly in C([0,T]; V) n L*(0, T; (HZ,)?),
6, — 8 strongly in C({0,T}; L*(Q)) N L*(0, T; HL,.,)-
LB,
EE (Do e+ 2V HEFRARIE &
(L=(0,T; L2) N L2(0, T; V) x L¥3(0, T; L*(R))
T-REILFRE b ([4))

H=VxL¥Q) &+5, £E1 o (ii),iii) i & »T [ 5 (6) 28~
&R, H Lo¥Es {S(t)}oo:

S(t) : H > {ug, 0} — {u(t),8(t)} € H

2ERXDBILHNTE S,
CDERE {St)}po Dt o0 DEEDEBICOVTRD I EHNBKD
LD

EE3. fiR(6)2MrTET 5o COLE, LTEDL¥B {S(t)}exo
RREELTREP IS 25 - A %4>

(i) A (H2,)NV) x Hpoo () K BWTHR T, H Ta vty by

(i) A Hod<TOBERBEEE3&EFR 3, T+hbb, HoEE
ODERBE B oL T, lime d(S(t)B,A) = 0. & . d(Bo,B;) =
SUpP,ep, inf,eg, dist(z,y).
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EEI CHALKRETFS52 72— Hausdortff ikcicBi L TRk £ 5
REEHEE SN B,

4. FEHIOKET L3525 — A o Hausdorff ®Tid
c|Q|(1+ Pr)(1+ Gr + Gr'?Ra + O(n))
Tt sFHME NG,

CCTR, 2RAEBETHRMBEEZERICANLIBE TN DK - 1o b5,
fO)=0DLE2RRO—BUPHELEBR LRV TRDI > TVEL,
SRuMBIo VWTR, BHMBEMNEROEES L U+S/MNS Ry |
X3 M ABNEROTEE DL > TV IEETH H., BEAEY
FROGFAERDIP - TVHV, SKTMBIcBY 2ROEENBEOR L
& i3 Navier-Stokes FBE X OB OF A OMBE L BECEELTY 3,

2E XK
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ASYMPTOTICS OF HEAVY MOLECULES
IN HIGH MAGNETIC FIELDS

FUMIHIKO NAKANO

Dept. Mathematical Science, Univ.Tokyo
ABSTRACT. We extend the results of Lieb, Solovej,Yngvason, that is, consider the as-
ymptotic behavior of the properties of large molecules. We study the energy asymp-

totics of a molecule made of some atoms, and compare the each component of the
energy.

0. INTRODUCTION

We study the Hailtonian of N-electrons interacting under Coulomb repulsion
forces and under the attraction by K-nucleii submitting the uniform magnetic field:

N K
Hy =) {0 + A" + 0" B~ Y 21" — Ry|™")

i=1 i=1

+ Y -2+ Y ZuZRe - R onmM.

1<k<ISN 1<k<I<K
where, HY := ANL?(R3;C?) is the Hilbert space of antisymmetric(fermionic)
spinor valued functions, p = ~iV, A = %B x z is a vector potential of a con-

stant magnetic field B = (0,0, B) (B > 0), and o is the Pauli spin matrices. We
investigate the ground state energy of HV,

EQ(N,{Z;},{R;}, B) := inf{< ¥, Hy'V >: ¥ € domain Hy,< ¥,¥ >=1}.

We are interested in the asymptotic behavior of EQ as Z; = k2,2 — oo, N/Z
fixed, and B depending on Z. It is considerd as the model of the surface of a
neutoron star, and Lieb, Solovej, Yngvason([l]) studied this in case of K = 1
deeply. They considerd the 5-different regimes of the ratio B to Z. Among this,
we treat the region 3,4,5 in {1} here, namely, B/Z4/3 — 00 as Z — o0, and try to
extend the results of [1] to the K-nuclear case.

The first observation is, when the magnetic field is large enough, the coulomb
force can be seen as the perturbation, and the ground state is confined to the lowst
Landau band leading order. To be precise, we define,

EQ,;=inf{< U, HNU >INV = ¥, < ¥, ¥ >=1}

[

where IIy := ®Ilg, the n-th tensorial product of ITy which is the projection onto
the lowst Landau band.

Typeset by ApS-TEX
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ASYMPTOTICS OF HEAVY MOLECULES IN HIGH MAGNETIC FIELDS
Theorem 3. Let \,n7:= B/2xZ3 fized. Then when Z tends to infinity,
Z—4pQ(Z°II; N; {Zj}i Bv {RJ}) had p(.’L‘; ’\l {kj}’ 27"’1 {RJ}) weakly in Llloc(Ra)

Z7*KQ9(N,{Z;}, B,{R;}) — KPM(A, {k;}, 270, {R;})
Z73A%(N,{Z;}, B, {R;}) — APM(), {k;},2mn, {R;})
Z73R2(N,{2;}, B, {R;}) — RPM (), {k;}, 27n, {R;})

1. IDEA OF PROOF

Unfortunately, the proofs are so complicated that I can only show the sketch of
proof. The prof of Theorem 1 and Theorem 2 is mainly due to the method of [1}.

Idea of proof of theorem 1. Let a is grbitrary 'subset of tl}e integers 1,...,N. We
define the projection I1* := [];., T} H-'ea Iy, where II}, := I — IT;. To prove
Theorem 1, we separate the Hamiltonian in terms of the lowest Landau band,
Hy = 3} MI*HpII?, and estimate each term by E,,, f from below and estimate
that the error term is lower order compared to EQ.

Idea of proof of theorem 2. We study first the property of EPM | that is, the existence
and uniwueness of the minimizer. This is done by the standard arguement of
variational method(but the treatment of the kinetic energy is more sutle).
estimate E9 from above by EPM | we yse the variational principle of Lieb[3],

E® < Tr[(HA-—ZZ lz—R;|") K]+~ / k(z, z)k(y, y)lz—y|~  dzdy+(Repulsion of nucleii)

i=1

where, K is a density matrix such that 0 < K <1and 0 < TrK < N, and k(z, 1)
is kernel of K. And for from below, we use the special bound of the exchange

energy({1]).

N
Hy>Y ((1 _z- 3y ¢DM(z‘) / /’ pr'(;)px;?y) dzdy

i=1
—Ca(1+ A%)(1+ 2%3)(1 + [In(B/2%)]?).

Idea of proof of theorem 3. Let U(z) be a C§°(R?) function. We define Hy(a) :=

Hy+a Z._ U(z') and EPM(a) := EPM 4o [U(z)prdz. As the proof of Theorem
2, we can prove E9(a)/EPM(a) — 1 as Z — co. Using the concavity of a, we can
conclude :TEQ(Q)/ -8%—,ED M(a) — 1. So we can obtain the weak convergence of
p? by putting @ = O The convergence of each term of the energy, we follow the
arguement of [2]. Define ES by EQ replaced its kinetic energy KPM by aKPM.

Similarly define £2M, and we differentiate with respect to c.

Apology and Correction. Theorem 4 of Abstruct has been seemed to be false!(This
is difficult problem...). I am deeply sorry for all the participants.
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Theorem 1. If A:= N/Z < A, and B := B/Z*/3, there ezits § = §(\*/38, A) with
the property that 6§ — 0 as X238 — oo such that, (1-86)E9 > E’gﬂ,

For a given ¥ € H", We define the density matrix associated to ¥ as follows.

FS_L(I311‘-I,!) = Z / /‘I’(IJ.,-’Es,I 1 T )\I’(:L'_L,I:;, [ 1IN) dI2"'dIN
‘ol =41

I'¥, can by considerd as the bouded operator on L%(R) parametrized by 3 and if

the state ¥ lives in the lowest Landau band, and in the domain of Hy, I‘;"J_ satisfies
the following properties.

(1) For arbitrary f € L%(R), the map z; — (f,T¥ ' f) is measurable.

(2) Ty, is a positive semidefinite, trace class operator for almost all z; € R2.

(3) 0 < T < B/2n for almost all z; € R2.

(4) fR’ TTLQ(R)[(l - Bg)l"]da:l_ < 00.
Trrar)[(—83)T] is defined to be the usual trace of 33T83. We define the set of
density matrices, GEM := {T : I satisfies the properties above}. The aim of this
paper is to approximate EQ by a suitable functional of I € GRM. We define

EPM[r] .= / Trz,n(n)[ 822 3 ]dzl—z_/hfr}(;)

// pr(I)Pl"(y) dzdy + Z ZrZy|Rx — Rll_

where pr(z) := 'Y, (z3,23). And we consider the infimum of £°M on GEM with a
constraint.

EPM .— inf(€PM[1): T e GBM, / Trpary([lldzy < N}
R!

The main theorem of this paper is following,

Theorem 2. Let A := N/Z fized and § := B/Z*/3 goes to infinity, then
EQ/EPM _, 1.

Next, we consider the convergence of the density function and each term of the
Hamiltonian. To do this, we set R; = 2 "ﬁj on account of the scaling property.
We write pQ := p9(z; N, {2;}, B, {R;}) which is the density corresponding to the
groung state and similarly pPM := pPM(z; N, {Z;}, B, {R;}). Moreover, we write
each term of total energy,

E? =K A%+ RS+ RY.
And similarly for EPM,
EPM — gPM _ APM 4 ROM 4 RDM.

We write K9 = K9(N, {Z;}, B, {R;}) etc.
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On the extinction time of the motion by

anisotropic mean curvature

Kazuyuki Yama-uchi
Department of Mathematics

Hokkaido University

1. Introduction and statements of results The motion by anisotropic mean
curvature appears in evolution of phase-boundaries such as the growth of crystals
in supercooled water, grains in anealing metal and so on. This note is concerned
with the extinction time of surfaces moving by its anisotropic mean curvature.

Let a continous function v : R® — Ry = { A > 0 }, which is often called a
energy density function, be homogeneous of degree one and two times continuously
differentiable except the origin. We suppose that v is strictly convex, that is, the
Hessian matrix of v is non-negative and not degenerate without the direction to

the origin. Namely,

Py a"{fgpjmee >0 (11)
for linearly independent vectors ¢ and £. Let {D;};>o be a one-parameter family
of open sets and let I'y be the boundary of D;. We shall regard {D¢}¢>0 as motion
of open set and denote the inward normal velocity of ', by V(¢,z).

We consider the following equations:

.9 8
BV =Y 5‘%5%(,/) on Ty (1.2)
i=1 PR

Dy|4=0 = Ds. (1.3)

Here v is the inward unit normal vector of ['; and 8 : S"~! — R is a positive smooth
function. In theory of the crystal growth such a 3 is called a kinetic coefficient.
The right hand side of (1.2) is called anisotropic mean curvature of I'y and the
motion described by the equation (1.2)-(1.3) is called anisotropic mean curvature
flow. In general we cannot expect smooth solutions of (1.2)-(1.3). Hence we adopt
the level sets approach, which regards T', as level sets of some suitable function u

such that
I={zeR"; u(t,r)=0 }, t=>0.
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Then u satisfies (1.2) the following equation provided cach of its level sets moved

by anisotropic mean curvature:

Vel ~ 9% v
= v n )
" ﬂ(w/Wul),,,Z:la.-ap,-‘ Vg, © (0o xR (14

u(0,x) = g(x) on R", (1.5)

where ¢ is a smooth function satisfying
Dy={zeR"; g(z) >0}

and g+ a is compactlly supported for some constant a. The equation (1.4)-(1.5) is
called the level sets equation on anisotropic mean curvature flow. It is known that
{T'},>o depends not on ¢ but only on Dy.

The equation (1.4)-(1.5) admits the unique global solution in the sense of vis-
cosity solutions. It is known that the solution D; becomes empty for large enough
t. We call the least upper bound of such ¢ the eztinction time, and we shall denote
it by t.(Dy) or simply t,.

Theorem 1. Let Dy be a bounded domain with smooth boundary and let t, be the
extinction time of the motion (1.2)-(1.3). Suppose that the energy density function

multiplied by the kinetic coefficient is less than or equal to 1. Then,
t. > 2(L" (Do) /E ([o))’ . (1.6)

Here L"(Dy) is n dimensional Lebesgue measure of Dy and E(Tg) is the surface
energy of I'y defined by
E(Ty) =/ y(v)dH" 1,
To

Here H""! is n — 1 dimensional Hausdorff measure.

It is not a essential assumption that the energy density function multiplied
by the kinetic coefficient is not greater than 1. If « is the maximum of #(¢)7v(¢) on
the unit sphere we can see that the extinction time is dominated by the right hand

side of (1.6) divided by a. Furthermore we can also see that the above theorem
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holds for n — 1 rectifiable initial figures.

We next consider the motion under some conditions for the kinetic coefficient
and the surface energy function.

In theory of the crystal growth and metallurial science many scientists often
refer to the crystals or the grains whose volume is maximal for their surface cnergy.
The figures of these crystals or grains are called Wulff diagrams. In the case that
the kinetic coefficient is inversely proportional to the surface energy function, all
the solutions of (1.2}-(1.3) are Wulff diagrams at any time if the initial figures are
Wulff diagrams. Hence we now consider the case that the surface energy function
multiplied by the kinetic coefficient equals some constants ¢ on the unit sphere.

Particularly we suppose the case that ¢ equals 1, i.e.,

Blg)(g) =1 for [q¢l=1. (1.7)

In order to give the pertinency of the estimate in theorem 1 we need an as-
sumption of the balance of surface energy. Namely, there is a orthogonal projection

P from R™ to a (2 dimensional) plane in R" such that
P(VA(P())) = V¥(B()). (1.8)

For v and « satisfying the above assunptions we can show the optimality for

the estimate given by Theorem 1 in the following sense.

Theorem 2. Suppose that 8 and v satisfy (1.7). If there is a projection satisfying
(1.8), the constant 2 in the inequality (1.6) is optimal, i.e., for any constant C > 2,

there is a bounded open set D with smooth boundary such that
t.(D) <C (L™ (D) /E(dD))*. (1.9)

References
[AAG] Altschuler, S., Angenent, S., Giga, Y.: Mean curvature flow through
singularities for surfaces of rotation, Hokkaido Univ. Preprint Series #

130, December 1991.

99



[CGG1] Chen, Y.-G., Giga, Y., Goto, S.: Uniqueness and existence of viscosity
solutions of generalized mean curvature flow equations, J. Differential
Geometry 33, 749-786 (1991).

[CGG2] Chen, Y.-G., Giga, Y., Goto, S.: Analysis toward snow crystal growth,
Proceeding of a Symposiumn (Sapporo 1990), pp. 43-57. Functional
Analysis and Related Topics (ed. S.Koshi), Singapore: World Scientific
1991.

[CGG3] Chen, Y.-G., Giga, Y., Goto, S.: Remarks on viscosity solutions for
evolution equations, Proc. Japan Acad., 67, Ser.A, 263-266 (1991).

[ES1] Evans, L.C., Spruck, J.: Motion of level sets by mean curvature 1, J.
Differential Geometry 33, 635-681 (1991).
[ES2] Evans, L.C., Spruck, J.: Motion of level sets by mean curvature II,
Trans. AMS (to appear).
[ES3] Evans, L.C., Spruck, J.: Motion of level sets by mean curvature III, J.
Geometric Analysis 2, 121-150 (1992).
[ES4] Evans, L.C., Spruck, J.: Motion of level sets by mean curvature IV,
preprint.
[F] Federer, H.: Geometric Measure Theory. New York: Springer 1969.
(Gi] Giusti, E.: Minimal Surfaces and Functions of Bounded Variation.
Boston-Basel-Stuttgart: Birkhauser 1984.
[Grl] Grayson, M.A.: The heat equation shrinking embedded plane curves to
round points, J. Differential Geometry 26, 285-314 (1987).
[Gr2] Grayson, M.A.: A short note on the evolution of a surface by its mean
curvature, Duke Math. J. 58, 555-558 (1989).
[Gu] Gurtin, M.E.: Thermomechanics of Evolving Phase Boundaries in the
Plane. Oxford, Clarendon Press 1993.
(I] Imanen, T.: Convergence of the Allen-Cahn equation to Brakke’s mo-

tion by mean curvature, preprint.

100




HENA IR OFHRIEMHEIC DT

HMERFETERER KR &

1. &

HEEABHOREHERE. FHBEBAENEIREIEIL>TEOMEEE LULIRE
B LR R D ENEEINEVSMEEER D, I TREEFBERLE U THEEAER
AEZ . HIEEIZE @K E 7 — 7 18D Ditichlet BREMTEZ 5, b5,
0% R(n > 1) OEREE. £OHEAT 13 C°RET 5. ZOK. ROVBHERFEME
AEZ D,

(1) Y-~ AY =0 inQ x (0,T)
(2) Y(0)=Y° Y(0)=Y" inQ
_fv onTgx(0,T)

© v={s mEircon
o1 UToldT AR, Fic. X, V% Hilbert ZR & U7cky. AIHEMEORBEIZKRD LS
I 5o

T >0 25X 7k, XICEBT AEEOTMT—4 {Y°, Y} icxt LT VICE T % FltRA%K
oHEEIE LT #ET3 (1)(2)(3) DY = Y(z,t;v) D¥EMIRH:

(4) Y(T)=Y'(T)=0 inQ

AEET-d LS IHEIE, X7 4 (1)(2)3) RAXTHEVICLHITHE TS LS. §
bbb, Bt =0 TRE{Y°, Y} O 27 LEEHM TORICHILHEK S,

Lions[4] « [5] « Ho[l] . Komornik[2] i¥ HUM EROTROERERI, 2o = (25,--,270)
% RPOIEED S & LT v(z) = (n(), -+, va(z)) ZQOSE S BAERR T Iy m(z) =
(21— 20,0 — 20) £F B0 T DRTDELEATo = Lo(2o) %

(%) To(2o) = {z € T;(m(z) ov(z)) 2 0}

EF B, 122U (-0r) iZ RPOWH, & SIZT > 2sup{|m(z)liz € O} &9 % COBYRT L
(1)(2)(3) i3 X = LA Q)xH(Q) (HTY(Q) i HL(Q) OFet22/)) THIEY = L*(Tox(0,T))
KD AHIETH 5,

O T TR (YO, Y1) AE Y AREEM X2 LD E SO ZEM WCHIRR U7, #
MEMVDEDBOOEEMICE D VAT LD THIEICES I ORI SRBE
R & HEDZ2 R D regularity DORMEAZZ 5, | RTOEBHHEROBEICIT Narukawa[7] «
Narukawa-Suzuki[8] 3% %,
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EEOEMReCH UTTOEAERT, = T, (z0) %
(6) L'e(z0) = {z € [;(m(x) o v(z)) = —¢}
LT B, Fio. [HQ) LOAE A% A= —Au, D(A) = HYQ)NHY(Q) TEDHS, &
DE. ROEREET,

TR EEOHARY m A UTER T.OFELTT > T.0B. Y274 (1)(2)(3)
1t X = D(AT) x D(A™F) THE YV = HF (0, T; LX(T.)) N L*(0, T; H™(T,)) =& b ariam
THbo

EEl. #HMTAIERLOERIMEFEOERm > 11 U TRILT %,

2. FERDIEA

ZERAI Lions[4] 128 » TiTbh 3, HUM BBEHAEE X 5 Z &Ik D, FEHFREIBMESE
RIEHBRR (1)(2)(3) O HIMAIREE RS 5 FROVHESERES X (TR (7)) @
7Y A Y FHHEOMBEICREET S,

m AETOERKE L. Xo = D(A™) x D(A%) . X; = D(A™T) x D(A%) &§ 3%,
SO, Xoh S X DE/AEROF RIS RES BN () LIFROINHEEERE S
R (9) TUTDL I ITED B,

{®%, ®'} € XoilH LT

" - AP =0 inQx(0,T)
(7) 3(0) = 8°,8'(0) = @' in
=0 onI'x(0,7)

ERRE %%%:@@ifﬁﬁrﬁ]#&ﬁ}& L. T'x(0,7T) LoB# vE
0P
(8) v = S(a)r(t) 5

TEDD, SZTSeC(N).0<5<1 %

_ 1 xEFo
S(x)_{O zel'\I,

EL.reC=(0,T) . 0<r<1 %

1-(')(0) = T(')(T) = 0,1 = 1,2)""
rt)=1 te[§T~68 6>0

&3 %, v% Dirichlet R 7 — 7 ICHF DRDIEFA KRB NHENEFERIE M < .

V' —A¥ =0 inx(0,T)
(9) YT)=¥(T)=0 inQ
U=v onlx(0,T)
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Z DB, fEAEA%

(10) A{2° 8"} = {¥'(0), —¥(0)}
TED Do
EE2. %D HUM T3 (9) @ Dirichlet SR 4412

\Il:{ %% on Iy x (0,7)
0 on(C\Ty)x(0,7T)

TEZBH. COEETH5E {2°,8') OET 32 XD regularity # EIFTH. 5
O regularity 13 _E233 958 |p(o,r) D regularity {3 EAXS7EW, (8) TS&ricdk h i oI
I, x (0,T) LICHIRT B &ickD ‘Z—‘: E Ty o) = vi2A U regularity ZHD, O
T¥3. AR X & X~ DB L UT Well-defined TdH 5,

A{2°, '} = {¥'(0), —T(0)} D D(A™T") x D(A%) IKBY 5 2 LEREE L,
{8°,8'} € XD TL € H™(T x (0,T)) ( Lasiecka-Lions-Triggianif3] ) o &>T v =
S(z)r(t)32 € H™(T x (0,T)) o Fic. vUNT) =0,5=0,1,---,m — 1 L DT, #HMEBIE
(9) D#HIFT— 4 {0,0} i2xHd 3 t = TTD compatibility conditions i3I~ TRz SN Do
& > THU Lasiecka-Lions-Triggiani[3] & » {¥(¢), ¥'(t)} € C(0,T; H™(Q) x H™(2)) o &
nk b, iz {¥'(0),-T¥(0)} € H™ () x H™(Q) %185, X 5ITt = 0 TD compatibility
conditions 2 5

0= v|t=0 = \I’(O)IF’ 0= v(2)|¢=0 = A‘I"(O)II‘) AR
0= v(m Do = A"FL(O0)|r (m : 1B
0 = o™ Voo = A U(0)|r (m: FFHK)
L5, BT, ¥(0) € D(AT) . RBEIZ,

0= v(l)|t=o = ‘I”(O)ll‘» 0= 1)(:’)|t=0 = AT (0)r,---,
0 = oD, = ATV (0)r  (m : 1B%)
0 = v(m-2)},_g = A&{—’\IJ'(O)IF (m: FE)

L1 B, HuS. ¥(0) € D(A™) o #->T {¥(0),—¥(0)} € D(A®™) x D(AT) %183,
[m]

FEE3 LD X o Xi~DEMHADEE B b LA THIE, Y274 (1)(2)(3)
13 XCTHIBY = H (0, T; LA(T.)) N L*(0, T; H™(T,)) CAMBMLEIES, KB AD'EHTSH
hif. £ED X0 {Y°, Y} $Hbb (Y1, -V} € XIS LT, % X057 {2° 2"}
DEEL T, A{®% ')} = {V?, -V} LHikZ, ADEHICLYD. hid

(11) ¥(0)=Y°, ¥(0)=Y' inQ
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EERT D, o, VI (9) DBTHEIHN S, WHTY = VEBEIHE, (9)(11) 3o X7 4
(D2)B) KX THAFBATH 2 LERLT S, oI, BEEI LD € H(T x (0,T))
THBHIEE. 8) &b

®
vlr, = Sr%/— € Hy*(0,T; L*(T,)) N L*(0, T, H™(T.))
‘Ulr\[“ =0

OT, HEZMYE LT HP0,T; LT,)) N L0, T; H™T.)) &3 & Stk 3,

3. BigAo2tt
{¥,0°) € XS LT Xo LB RBFERBEE :
{2° 8"} — ({¥', 0%, {2°9'}) = (A"‘T“\I:‘,A”%qﬂ)m(m + (A?xIﬂ,A%l)Lzm)

(ZIT(, Jamyid LA(Q) OBEHOWREET,) AWESEEFRETETHE. T X,
S Xb (Xpid XoDTAEM) ~ORBFL LB, Lidi>T TAIE Xohh s X~DE
RAEEDBY. RTRTHEL. 212ED. ROFER :

(12) all{2° @ Hlx, < (A{2°,2'},{2°,@'}) < cs|{2°, 8"} |1,

AUERD {2°, 81} € Kol LTREN B, THbB (A{20, 81}, {2°, 81}) I3 Xo DB
EWHD, £oT Riesz DEB LY TAIZ X 5 X \DORIBIBHENL D, LT, Ab X,
ho X, ~ORBEBE/ LS,

4. fHRE1 . 2

RER (12) 3RO 2 >OFWIC L hRAN B,
=1 0l D X,D5E {2°,8') . {8°,8'} it LT, ROBRABRD T,

' z (m)
0 511 13° ') = [T [, 92
(13) (A{2°, '}, {3°, & })“/o/r” S drdt

272U {2°, 8"} £MMF— 4 & LBD (7) OBET B,

ZEBA. Ux (9) OMEE L. & —AD = 0% iICBALT m B85S Lic b Dic ™ 4 #
30 x (0,T) ETHS LAREBABST 5 SicL VROREB B, (L <12 Lions[d]
B

: (m)
T o ~ (m+1) = (m+1)
(m)Z 2 — (m) _ (m)
/0 /F oM drdt /ﬂ (1™ (T)de /n‘I' 08"V (0)dz
- /n T+ (1) ™ (T)dz + /n T +1)(0)3™ (0)dz
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STV AT =04

AST (1 18%)
0 = L =23,
v {A'T\Il' (I 2%) 1=23,---,m+1

THosho. Fi

| ary) (%)
\I:(:)(T)—{ AR W(T) (1: 353)
A

| aswo) (:EE)
\1/(’)(0)_{ AR w(0) (- i?ﬁ)l—m,m+1

£E5, £/, VORMZEELVY(T) = ¥(T) =0 Thh. EE3 XY {¥(0),¥'(0)} €
D(AT) x D(A™) THa505

(m)
/ / om = LA

l=mm+1

/ ATV(0)AT 8%z — /n ATU(0)A%d' dz (m: 18%K)
/ ATV (0)A™H 8%dr — /nA”‘-z*-‘\If(O)A"T“é‘dz (m : Z73)
___ ~0 m m=1

=/0A v(0)A $ dx-/nA ¥(0)A%8"ds

= (M{2°,2'},{8°,8'})

8%, O

WE2. EORM o1, o DVEIE LT ERED {8°,8'} € Xo i3 L TROTFERAUR
URTAS

(14) all{2°% @'}z, < / /v("ﬂa‘p drdt < c]|{2° ' Hl%,

. Lions(4] Iz & D EDEM c1v c2v To0FEL T, D {2°,2'} € Ho(€2) x

L*(Q) = D(A?) x D(A°) « T > Tolaf LT, A%

T = TS BNy o < [ g Parae

(15) 2 (1] 1
<//|——| drdt < (T + DIHE B HE, Ly e

% (7) DRDICH LTHRI I De & 8V =1,2,---,m) i3

0" -AO=0 in0x(0,T)
0(0) = ( A)2<I>° 0'(0) = (- ~A)$®! inQ (5:1EB¥)
{9(0)~( A5, 0(0) = (-A)Fe nQ (j: A

©=0 onIx(0,T)
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DOREIEDTO = oWz (15) =EA LT

adu)
1] 1 2
a(T - To)ll{2% @ }”D(A'L;‘)xD(Ai‘) / r.,! ov [*drdt

< [ rarar < ex(r + )i a0, 2

(16)
pa#)xpat)

BEED {2°,0') € Xo& j= 1,2, m I LTES, (14) OEMOREREEL

T o% (™)
(m 02
/0 /rv = dldt
T 9%\ ™ 5 ™)
/FS()((t)a) 5. drd

=3 (m) / / S(z)rm=9) )g@ g—f(m)drdt

=1 \J

m S 08 g™
(m-3) = ||I=
<3 (5) [ s UGy v

=1
m T 5pU) g™
,z:/O/r|a I, ldrdt
Z

< C,
53 ) 0% ™
<C, ( |~ |2drdt) <|—— |’drdt>
ot // ov
(16) DEMOFERL D

< C,Co(T +1) Z H{e° @'}

< Cll{2° 2'}l%,

I
S~

0<S5<1.reC=(0,T)) &b

paF)xpat)

& - T (14) DEMDTRERIE Shlce RIT (14) DEMDAFRNEHL,

(m)
/0 T/r v""’%% drdt
S () o2
S(z) =1,z €Tokr J(t)= te[&T 5];9
> [ ren 2 paras
m_l ( ) /+/-)/| ("'"’(t)ll I|a—¢m |dTdt

> /5 [ 15, ldI‘dt
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S (L ) (o L 138 )

=1
(14) DRERLY
> Ci(T - 26 - To)|l{2°, @' Hl%,

m—1
~C.Ci(25+1) X IH8% 8}l ige o 127 @Ml

Jj=1

> C{T — (26 + To + C7'C'Co(26 + 1)) HI{2°, 2" H%,

EoTTm = (26 + To + C7'C'Co(26 + 1)) LB T > T B ERED Tk LT,
Ci=T-Tn.& LT (14) ODEMOAREXN D ILD, O

EEXM
L.F. Ho [1], Observabilité frontiére de léquation des ondes, C.R.Acad.Sci. Paris Sér. I
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V. Komornik (2], Contrélabilité ezacte en un temps minimal, C.R.Acad.Sci. Paris Sér. I
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BRI OB R DOMOERHIZH>WT

28 ® . PR FR
R SLRFEHER

1. FLER
0% RY DERLRESEYL LT, Q=RY -0 BEYONDEK (HL 9Q 1@

b)) CTROEWHHFBXEELD :

we — Aw + b(z, t)we =0 in Q x (0,00)
(1.1) w(z,0) = wo(z), we(z,0) =w(x) in Q
w(z,t) =0 on 9Q x (0,00)

BL bz, 1) > 0 k15, HoT bz, u, "LEEBORMER LR T, £, TR
{wo,wi} € HA(Q) x H(Q) &1 5. (11) OROZFA¥—iL

WO = ST s + e D)

51503 [BLWE) = {wd), w(t)} £T3) . ELZFALF—2H E £ ROMR
'S
E={W() | [WEle <o}

ZOLERDZFINF—HERBRY LD :
¢
12) WO+ [ [ e ryur)dadr = IWEE  ©<s <8
s JQ.

H1Z b(z, ) DRFCTORMIC E > TZFNX—IRSDEPHEBE 25, THICHL
CHUFORRSMEATNS :
(Energy decay) ##H [1]:Cauchy f in R¥N 21T

bi(l+|z| +¢t)~ <b(=,t) S bey bryba: EEHK
{ be(:l", t) S 0

72 BN RNFE—iL t — +oo Tdecay T3, .
(Energy nondecay) 24 [2],(3]:Cauchy i in RN(N#£2)T

0< b(z, t) < b3(1 + I!«BD_J, bs : EEX
{ §>1

12 b —RICBO TR NF—ILt — +oo T decay L7V
TRALNEEFUTORICEBETSZ A TER(6]:
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Theorem 1. N >1 &L, b(z,t) X

by(1+ |z| + t)~ {log(a + |z| + )} % < b(=, ) < b2

(1.3) 0<6<1, a>1, by,by: EEXK
bt(:z:, t) S 0
E#iT

= (1.1) DEDO=RLF—iLt — +oo T decay T3;
0<3u=u(d)<1

st |WEE < 3K(W(0), p){log(a + &)}

BEL loga > max{1,2u — 1} THH K(W(0),p) € (0, +oco) ITHHE W(0) & 88X
w(t) = {log(a + )} TKLIBRTH D,

wo(z, t) ZEREAD RV (free 72) BRFBRADOBELTS |

Woee — A'IUO =0 m Qx (Osoo)
(1.4) wo(z,0) = fo(z), woe(z,0) = fi(z) in Q
wo(z,t) =0 on 40 x (0,00).

il Uo(t) z Uo(t){fo,fl} = Wo(t) = {‘wo(t),wog(t)} 723 E iITHBT 5 unitary ER
RT3,
Theorem 2. N >3 ¢ L. OREKCHLTRRET S, b(=z¢) &

L5 0 < bz, t) < ba(1 + |=l) " {log(a + =)} ~°
(1-5) { §>1, a>1, by:EEHK

YT
= (1.1) DMOZRNAF—iE—RIT t — +00 T decay ¥F.

Jwo(t) : (1L4)PM st [[W(t) - Wo(t)lls =0 as t— +oo
BIER Y LD,

UTOHCIREAOREE 5 XD,

2. Thl OFEH
BELOBK o =¢(s) (s20)EXNDLS 2BE LT3,

p(sy 21, ¢'(s)>0, ¢"(s)<0, lim ¢(s)=+o0
(2.1) , s+

3k>1 3,t @(8)"(s) +k(s)><L0.
ZDESRe LLTUTTR

(2.2) o(s) = (log(a + s)}*, #>0, loga> max{1,2u — 1}
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DA ZEZD, ZDpiZFH LT (1.1) DRODEADEZRNNF—RRTEDS:
1
IWONE, = 5 [ follel + 0wt + 190} = o (i) + u(e)lds-

FLTEADEZXNF—BME, &
E,={W() | IW®IE, < oo}

TEDH D,
(1.1) 0% 1 KOTIIC {p(|z] + w)e 2R ETREHREMES &L ROSXSRY L
N
JYT + V . Y + Z =0
8L,

1 o 1
X = So(lz| + ){wi + [Vol’} = 5" (el + thw” + ¢ (ja] + thwew

, 1
Y = ~{p(jal + thwe +¢'(|o] + w}Vw + 5"zl + t)wz”-:

Z = b(z, t){p(lzl + t)wi + ¢'(lz| + hwew}

1 N-1
+ 59/l + Vol - 30f +2(= - Vww} - =

“hE Qx (0,t) ETHBAMNT S I LiCk V ROWBEBBRSNS:

Lemma 2.1. N > 1 & L. FIMER {wo, w1} € B2 Q) xBY(Q)NE, T3¢, &
DRGKHHLY IL:

ELiw s, + [ [ ollel+ (e, ryuddadr

<p"(jz| + t)w?.

kE+1 “ro
<EELw oI, + [ [ o al+ 7zt + o nlwl)dsdn
0
Z Zi2 Young DARERNEAVTREHFLNS:
Proposition 2.2. Lemma 2.1 LRICEE:R L. EiZ, UATEERETS:
(2.3)

kel st 2 /*‘ / & (jz|+r)wldzdr < (1-¢) /0 ‘ [n allz|+r)b(z, rywldzdr
Q JQ

(2.4) aKl(W(O)v ¥) € o, o)
s.t /0 /n ¢’ (I=] + 7)b(z, T)wew|dzdr

< Ky(W(0), 9)( / [n o(|| + T)b(z, rYwldzdr)}
TDELEJMBEYIALD:
1C>0 st WIS, < KWE),e) = CUWO)E, +Ex(W(0),0)} <

FEH-T
W ()% < K(W(0), 9)e(t)™

MEL D 3L,
(2.3) B END I LIFRITES:
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Lemma 2.3. g %0<p< %(loga)'~? (0<§< 1) LiBEEL (2.3) BRRY L,

Lemma 2.4. 2 3 0< <1 2BEL (2.0) ¥RV x>, BL

Ki{(W(0),0) = J(@){IIW (0l + llwollZ=(ay}

J(p) = /'w(a +7)"Hlog(a + ) }*~%dr < co.
0

Proof. Schwartz D RER LD

/‘t/ lo'(Iz] + 7)b(z, T)wew|dzdT

o Ja

< [ o7 (el + bte, ) (ol + s’

o Ja

X [/0 /(;go([:ﬂ + 7)b(z, 7)w; dzdr]3

THBE. u OBUFBE
/l; /ncp‘l((zl + 7)b(z, 7){¢ (2] + T)w}?dzdr
- - 112 2
(2.5) < /0 o~ () e (NP /n b(z, )w?dz]dr
Bbrd, i
@) [ [ el + e ) e+ e S K (WO, 0)
0

BREANLEV, (BT (2.6) DESR) BIHASEOEXEHRL Schwartz DFFA,
iz (1.2),(1.3) A5 &

[ e iz < 36+ AW O + ballnlzzcn)

B0 o, ThE (2.3) Enb (2.6) XS, O

3. Th2 DIEHA
RN 2 SOEXSR I Lo (ERIZDA (4] HE 26.2. 264 TBEEL):
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Lemma 3.1. (1.4) DM wy CHLTRBKY LD (BL ¢ = o(r) iIZFEEBEI L

L. Er=lo| &T3):

N-1 ;I’ W=D =3) o

a1
2 {2 (wot? + |Vwg + ——
at{2(1uo +|Vw + o Wo "

- N -1 z
-V - {'wa Vwe + —¢ ‘U)oﬂ)ot—} =40,
aT r

9 N-1
a{d’(wor + = wo )wor }

Y(N -1) YN =1) ,z ¥, , 2T
-V- {1/)1.00,.va + ——2r—-onwo + —4—1‘—2——100: + -2—(wm - lwol )-r—}

¥, . N-1 =z

+ 5 (wo, + [Vwo + —- ‘wo;lz)

)(N ~1)}(N -3)

2 _
303 wy = 0.

£ (L) (Vo — ) + (20 = o

Z0EREHAEDETROMEBHRLND:

Proposition 3.2. N >34 L, ORFARKICELTERETS. ZT0LE (1.4) O
A L TUTORERSRKY LD

1/t n
IWols+5 [ [ /wi +Vuolt)dzar < ICIWe(0)IE

BL
7lv{log(a + |z)}% - 1]
v{log(a + |z|)}

¥(l=)) =

1
(a>e, 0<(=6-1)<1, v>1+—, 0<7y<1)
loga

ERIIDA (4] DFEICHED . F72 Th2 ORERIZROGEICLS :
Proposition 3.3. Th 2 LR CEEN T T.

F={fo,fr} € Hz(ﬂ) X H‘l(ﬂ)
L. o020 ZXRORICES

/ / b(z, T)wi dzdr < 4}|F|%.
o Q

T w® EROBEBSBAORET S :

wf, - Aw? + b(z, t)w! =0 in Qx(0,00)
(3.1) wo(z,0) = wo(z.0), w{(z,0)=wo(z,0) in Q
w?(z.t) =0 on 9N x (o, ).
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ZDEE W (t)||e i decay L7V,

f_,«oof. FHBECLD, [Wol)le =0 as t— +oo LEETS, (3.1) PELRD
T wye 'L T Ax(0.8) (0<o<t) TROMY L THESNASRKIC Schwartz D
TERzAVD &

WEFE = 2W7 (o), Wo(o)) &
< {/a /ﬂ b(z, r)w;’(r)i’da:dr}l:‘{/u /ﬂb(z, rywd,dzdr}?

= |Flls / / b, )w,dzdr.
o Q
ZZi(, )ERERBIINATHD. Thi?
lo o]
4|FI3 < / / bz, 7w, dzdr
o 0

BEWFREHRS, O
Th2 DHHD Proof. Prop3.2iCE&E 75L& VFe EITHL

(Ua( =)W (8) — U)W (&), F)gl < 3C|Flls{ / ‘ /n b(z, 7)([Uo(r) Fl2)Pdzdr}}
BESAAINT
[Uo(=E)W (2) - Do(~£YW(¥)s < C1 / ' /n b(z, 7)([Uo(r) Flz)*dzdr}3.

Zhiv&Reg>5. O

4. 8 .
EREMD wa(z,t) =0 on I DBAICHL O BERRSE Thl LRICERS

BRI, EEABEETITER LOBERITTRNLE—D decay KIZLAVEREEX
RWI Ebbh3,
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A CONSTRUCTION OF A FUNCTION f SATISFYING
Af € Ll,, AND 8;;f ¢ L}

loc loc

(WOLFGANG ROTHER (1987) DR3XBA)

I EARF EH HERZ AR BB (M 1)

E-mail:t-ishibe@math.hokudai.ac.jp

1.Introduction

BANERELT1<p<oo KHL fe W,P(R*) ThHHAf e L}, (R") %
biE, 8;f € LY (R*) (1 € 4,7 < n) THHILHFAMOGNTW DD, p=1 DB
feWir (R Thh Afe LI (R") #2 8,;f ¢ L}, (1<i,j<n) THB fHHF

loc loc

ET 2. TNEI% f #MBETHI LN, CORIXDEBTH 3,

2.The construction of a counterexample
0<é<1, Bsj:={z € R"||z]| <6}, wn % nKTTHEMROEKE L. g(z),[(z)
YUTTEHET %,

o(z) = { [z|"(loglz)=? (0 < |z| < )
Lo (Iz} =0, |z| > &)
1
___-___IJ'.l?-—n (n > 3)
[(z):= n(2 —nwn

1
—log: =2
27rlog,|:t| (n=2)

Filfi=geT &T2E fe W R (g€ LN(R"),T € L}, .(R")), Af =g

loc loc

inD'(R") Eleh, g HEDEHL Y g€ LI(R") 2N TAf € L}(R") BB 5,

Typeset by AneS-TEX
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Lemma 1.

a) /” l lz — w[*""dS, = nw, - [max|z|,1>"" (n >3)

b) /“-l loglz — w|dS,, = 2w, - max{log|z|,0} (n=2)
CDIHEBHND n =3 D& XiIZDOWVW T, [J.Wermer,Potential Theory.LMN 408,Berlin-
Heidelberg-New York 1974.] ¥ BB L T/ & /2w, /2, n # 3 OB IZIZA

BIIRsnb,

Lemma 2.

O<|z} <63t L, LITFAELD L2,
|z| § R
a) f(z)=(2-n)"! {[z[z'"/ 3™ Y(log s)~%ds +/ 517" (log s)‘zds} (n23)
0 1=}

b) f(z) = -1 + log(—log &) — log(—log|z]) (n =2)

Proof a) 0<r=|z| XL F(r):= f(z),G(r) :==g(z) €T 5o
f(I):g*F
= (n(2 =) -wa)™ [ 90) |z = vy
s
=(n(2 - n)-w,)! rw) |z — rw|?~"dS, 7! dr
(a2 =)™ [ [ gtre) p =S,y
5
= 2 — cWp -1 G(r rolz —w|?-" ds, dr
(a2 =m)-wn) [ G)r [ el

T, Lemmal *HAWT

8
f(z) =(n(2~-n) cwa)”? / G(r) r-nwp - [max{lr"z|,1}]2"" dr
0
£3] s
=(2-n)"! G(r)yr|r~'z)>™" dr + G(r)r dr
( ){/ (ryrlr ] e }

2|2~ / G(ryr™' dr + / G(r)r dr}

s

n)‘ {

- {l$|2 " r~"(log r)~?- 7"t dr + / r~"(log r)~*r dr }
0 fel

Irl

n)‘ {

[
lz]*~ r~i(log r)~%dr + /

r1="(log r)~% dr }
|zl



b) K2V TH, RIZEMHNHEICL YV RENE, =

Lemma 3.

a) F'(r)=-r'"".(logr)™! (0<r<3§)

b F'(r)=r""-(logr)™® + (n—-1)-r""-(logr)™ (0<r<3$)

Proof

r 1)
F(r)y=(2-n)"! {r’""/o s7(log s)"2ds + / s'""(log s)%ds }

F'(r) = rl'"/ s~ !(log s)~%ds
0

log r
= r‘-"/ t2dt
—00

=r!"". _(log r)~}
= —r'=" . (log r)~!
F”(T') = —-(1 - n) N (log r)_l + {_rl‘" =1 (log r)--Z . é}

=r""(logr)™? + (n—-1)-r " (log r)~! |

Lemma 4.
1<4,j<nilxtl O;f ¢ LY(B;) (B; := Bs\{0})
Proof
t#JOBE, z € By ilafL,

9ij f(z) = 0 F(|=|)
= (F"(lz]) = F'(lz]) J=)™")zizjlz| 2

ZIZT, Lemma 3. 2V T

i f(z) =1Iz|™" - (loglz)™* - zizjlz| ™ + n - |z| ™" (loglz)™" - ziz |z|
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(4
(1
A

fi:=le|™" - (loglz]) 72 - ziz || =2

fri=n 2| (loglz]) ™" - ziz, ||

ETBE. fy € LI(B;) Th b,

&
[ itz =n- [t togritar [ loi-wjlas.
5 0

H Sn-1

(¢
(1
A\

§
/ r~log r|~'dr = 40
0

/ |w,~ -wjldSu >0
Sn-t

DT, f § LY(B;). £ > T.9;f ¢ LY(B})
i=jOB

Giif(z) =1zI™" - (loglx))™? - 22 - 2|7 + |z|™"(log|z|)™* - (n- 2% - je|™? - 1)
&, i=jnBFLEMICO; ¢ LY(B}) TH B,
FoT. 1<4,j<nilLT, 8,;f¢LY(B;) TH%, W

BEWC LY, SCTMBL fid, 8 f € LL(R") (1<i,j<n)%iildI¢&
RSN,
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AN INTRODUCTION TO THE TREATISE
"THE FUNCTIONAL CALCULUS”
AND ITS SIMPLE APPLICATION.

MAKOTO NAKAMURA

Department of Mathematics,Hokkaido University,Sapporo 060,Japan
E-mail:m-nakamu@math.hokudai.ac.jp

This is a paper which introduce to the treatise

E.BRIAN DAVIES.
"THE FUNCTIONAL CALCULUS”(1992)

Institut Mittag-Leffler.

and is added its simple application.

I added the simple application because I wanted to show an advantage that
f(H) (2) could be given by an integral formula and I thought it would be boring
only an introduction of the treatise.

I omitted all the proofs in the treatise.

Finally, I am very glad that I have attended at this seminar and felt men’s aurae

of whom I had heard.
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1.I Introduction to the treatise "THE FUNCTIONAL CALCULUS”.

Notation ( N ).
X:Banach space
H:Densely defined closed operator on X with spectrum spH C R and
dc,a >0

s.t

<z>

ey ( V2ECR )

I (z=H) " laexy < el Imz |7 (

((<z> =Q1+]z)t )

A: {f€C®R,C) | IB<0 st Vr=01,2,-
| F(2) IS O(< = >P-) }

Remark. The above resolvent norm inequality holds in the following cases.

(1) X =L'(R)
dz
T da?
In this case it holds with ¢ =2, = 0.

(2) X=L"R") (1<p<)
H=A.
(3) X:a Hilbert space.
H:a self-adjoint operator.
Clearly with¢=1,a =0.
4) X=c¢C®
H:a n x n matrix with real eigenvalues.
(5) If H satisfies the above inequality then a+ bH (a,b€R, 0<b<1)

satisfies it too with the same c and a.
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Our purpose is to construct a homomorphism H from A to B(X).

Let 7 be a following function.

T € C3°(R,C)
N EREAS!
T(l)_{o lz|>2

With above r,given f € A and k > 0 we define an "almost analytic eztention”of f

to C by the formula

k
flay) = D @) y) /! (<) (1)
r=0
( <z>= (1+|1:12)% )
So we define a function H from A to B(X) as below.
For f € A,
M) =fH) = -+ g’; ~ ) dady @
d 1,9 .0
( 3:=35(3; +l5§) )-

This is uniquely defined independent of k and 7 if ¥ > a, so that we proceed

hereafter as k > a.

The function M has following properties.
a€C, f,ge A suppf:supportof f

(af)(H) = af(H)

(f+9)H) = f(H)+g(H)
(fo)(H) = f(H)og(H) &)
suppfNspH=0 = f(H)=0

(z-)"YH) = (z=H)' (Vze€C\R)
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2. A simple application
. . N . d
In this section,we keep in mind to prove the next theorem.The notation 3 means

the strong derivative.This will be used without notice as the same hereafter.

Theorem 1.

Let 1 < p < oo fix, Q be an open set in R® which satisfies spA C (—00,0] and
the resolvent inequality in (N) holds as X = L?(Q), H = A (for example { = R"
,ball,cube) and a,b € R (0 < b < 1) fix.

Under these assumptions,for arbitrary u € LP() there exists {v(t)}:>0 C D(4)

uniquely which satisfies the following equations.

dt
limyyo v(t) = u

{ W) _ (o +va)p(t) (t>0)

To deal with the problem generally,we start basing on the new assumptions

(N’) which is only added to (N) that spectrum spH C (—o0, al.
Stepl. (The construction of C®— semigroup {e*F}i>0 )

(construction). Let € > 0 fix and x. be a function which satisfies

Xe € C=(R,C)

1 z<a+e¢
0 a+2<rz

Xe(z) = {

We denote f, for f € A
fe(x):= f(x)re(r) z€R.

At this time, '’ (t > 0) is in A. So we could get a subset {Hel }i>o in B(X).
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If we denote
et =Het (t>0)
e®¥ =1 (I:identity mapping )
then the {e'#},5 becomes C°—semigroup [See (1),p16~17]

and it satisfies el ¥ H = et HetaH for ¢ 4, > 0 [See (3))-

Step2. (H is the generator of {C’H}tZO-)

Let A be the generator of the C°— semigroup {e'"®}i>0. Then
A = H.

This will be proved by using the Theorem 10.14 which is described
in [2] (p236) and the definition of e'H.
Step3.
By using the Hille— Yosida thorem|[See {2], p240 ],we can get the following result

from Stepl and Step2.

Thorem?2
For arbitrary ug € D(H),

{e'"ug} >0 is the solution of the following equations.
du(t)
dt

limg)o v(t) = ug

=Hu(t) t>0

Remark. In fact, {eMug}(>o is the unique solution of the above equations. But I
q

omit the proof.
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Step4. (Thorem which involves Thoreml )

Here we start adding more assumptions to (IN’)
i.e 1<Vp<oo :fix
Q : open set in R",
X = LxQ),
C§o(8)) C D(H)
and
u{€ X) is in D(H)
if and only if
Jv e X st JouHe = [qvp Yo € C§(R2)
and at this time v coincide with Hu.

These added assumptions come from the properties of A in Theorem1 mainly.

Thoerem3
For arbitrary u € X,
ey € DMH) (t>0)

and {e'"u}>0 is the unique solution of the following equations.

= Hu(t)

dv(t)
dt

limglo 'U(t) =u
Except the uniqueness of the solution,this will be confirmed soon by using the
result in Step3 if the next lemma is proved.

Lemma

For arbitrary u € .X, eHue D(H) (t>0).

This will be proved by using the added assumptions.

On the uniqueness of the solution,I omit.

Remark. If we put H = a + b then Theoreml is proved by Theorem3.
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THE STEFAN PROBLEM WITH A KINETIC CONDITION
AT THE FREE BOUNDARY ( XIE WEIQING ®#&H XA )

mHE FB (M2)

TO060 AWML ]1 048 TH iERF BFER MEKE
E-mail:s-nisiji@math.hokudai.ac.jp

1.Introduction
BFeBwT, u=u(z,t) RIBELEL., [\ :z=s(t) SEHERE
#TbDET B, KD system ¥EZX 5 |

(1.1) up = kpuz, in (0,5(t)) x (0, T]

(1.2) ue = ksuze in (s(£),1) x (0, T]

(1.3) v =ut=u' on I

(1.4) kpu; — ksu} = —~Li(t) on T

(1.5) u' =¢e3(t) on T,

(1.6) s(0)=5b ,0<b<1

(1.7) u(z,0) = p3(z) :given ,z € [0,

(1.8) u(z,0) = @a(z) :given ,z € [b,1]

(1.9) u(i — 1,t) = fi(t) :given ,t€[0,T] (i=1,2)

T I Tk, ksid. BaHtkERS . BUKRS COMEERET, LR, e >0TH 5,
7, (1.7) ~(1.9) KBWVT, ¢, € CH0,8 ,p2 € C'b,1] , fi € C}(R)NL(R)
Thb,

LT, ME(11)~(19) %, (P) THY,

Typeset by ApmS-TEX
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2. Existence and Uniqueness
Theorem. B (P) OBE—BIHEEST 2,

(GEBR o> e )
(FF1EE) Schauder DAWAER A5,

K(To, M) := {s(t) € C}[0,To}; s(0) = 4,0 < s(t) < 1,|5(t)| < M} & ¥ B, =
ST, Mid fixed, ok +5/MC. MTy < min{b,1 —b} &+5, B Fs = h %
h(t) := b+ %A‘u(s(r),r)dt TEEL. 2O F FAHEs 2HOZLERETH
Vo BUF. F 3%, compact Bfg & %5 T & &R, FERICOV TOEEIEHR
5%,

(&) 2 00BDM (u(z,t),s(t). (i(z,t),5(t)) Hbor: LT, FhbD
EN. 0 %D ERERTRIETS.

Y. BHERFERLEC 2 0OEHEREBI L ). HLVEROEK 3

.
£ =ofz,s(t)) (z,3(t) €[0,1] x [6,1 ~§]
T, EEY b. COEBERIR., UToRK b5 :

(2.1) a(i,s) =1 (i=0,1) ,a(s,s)= % 1az(8,8) =1 (6<s<1-6)

(2.2) ar(2,8) 2 a9 >0 ,|DPal<c (If|<3) in [0,1] x [6,1 — §]

(7272L. ag,c>0:constant ) COEBUC L 5T, z,t DEIBkIL. &t DRAEAE
HARIONEB, £IT, TREDBBE . v(6,t) = u(z,t) ,w(é t) = i(z,t) T,
BYCEIT D, WEET, w,aT, BAENS system i, v,wTRBEhD L
K2do £IT, 2(6,t) == v(6,t) —w(6,t) E B, 2 =0 2RT 2 &5, B&E
|50 BT, v,wTRAE N7 system %, 20 system TS L .

/ l 22(€,T)dE = 0
[

R, —BHOEMNERT 5, (Q.E.D.)
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3. HHER D Regularity iZ2W T

TR, BHER @) B CPLEL>TWVB I LEERRT,

Y. BRE®
(3.1) £ =1z —s(t)
7%, HERELERLT 2. 72, v(,t) = u(€+s(t),t) for Ny EB<{,
2T, (s(t)u(z,t) ik (P) o—&MTHY,

N ={(t)| - 6<€<8,0<t<T} Thi,
ZHEE, v=u({t) k. AT system 2723 :

(32) vy — kLvsf = s'(t)vf in (-—6, 0) X (0, T)
(3.3) ve ~ ksvee = $(t)ve in (0,8) x (0,T)
(3.4) v(£,0) = B(€) ,E€[-46,4]
cae g { POZRED L celio
— - N P i= . _
‘PZ(E) = 972(6 + b) » 6 S [016]

(3.5) v (0,t) =vt(0,t) =€es(t) ,0<t<T
(3.6) krvg (0,t) — ksv}(0,8) = —Li(t) ,0<t<T
BE . kL >ks

Def.
(37) w({,t) = v(f,t) - U(—’EE, t)
(38) w(,t) = v(évt) + iév(—z:f,t)
I T,

: ks.1

(3.9) k= ('k—L-)z <1

CDEE, w=w((t) BT O system % i/ ¥ :

(3.10) wy ~ kpwee = 3(t){ve(€,t) — ve(=k€,8)} in Nj
(3.11) w(0,t)=0 ,0<t<T
(3.12) w(,0) = ¢1(€) = @a(—k€) ,—6<E<O
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T, w=w(¢,t) RELF O system 2577 ;

(3.13) We ~ ksge = $(t){ve(€,t) + kvg(—=k€,t)} in NJ
(3.14)

s B
(3.15) W(E,0) = ¢1(€) + kpa(—k¢) ,—6<€6<0

PREUL NT i={(§t); -6 <€<0 ,0<t<T} Ths,
CIT, (| DHEOALERICLY,

(3.16) we, e € CT¥(N;) (N CNp,0<a<l)
bbb, (3.7),(3.8) £ b,

1 N
(3.17) v(é,t) = ,;—+—1{w(§, t) + o(¢,t)}
(3.18) v(—k¢,t) = E—:Ll{w(é,t) - w(¢,t)}

LETHRENTEZ, HLit, bootstrap LIFITh 2 HiEX A5,
9. (3.16) £ D we, 0 € CETH B,
i, (3.17),(318) LB, vee CHEHbh B,
EoT, (835) KLY, s(t)e CO¥Ntbd 5B,

ChbH % (3.10),(313) KRAT B &, H4DHDE CE, T T, [1] D Regu-

larity theorem IZ2& D, w, % € CTHo ¥ b iz,

COTEE, (316)I2L D, we, e € CHHFAbhd, ThE, (3.17),(3.18)

REoT, vee CHFEpbhs,

UF. CORELHEEDFRBIHT 5 &, v, € C®,veC® se Cohbhd,
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Asymptotic Stability for a Modified
Penrose-Fife Model of Phase Transitions

A. Ito
Department of mathematics
Graduate School of Science and Technology
Chiba University

1. Introduction and assumptions

We consider a one-dimensional solid-liquid phase transition problem. This model is
described by two parameters 0 and w; 0 is the absolute temperature and w is a non-
conserved order parameter which indicates the physical situation and is constrained by

-1<w<1l on@:=(0,400) x (=L, L).

. Sy . 1
Now, we introduce a new parameter u which is given by the relation § := —— (~co0 <

u
u < 0). Following Penrose-Fife approach [5], we obtain the coupled system P:={(1.1)-

(1.6)}:

[ +3@)] —we=7 nQ, (1.1)

Wy — KWzz + g(w) + € — N(w)u=0 inQ, (1.2)

{ €0l y(w) inQ, (1.3)

tug(t,£L) + u(t,£L) = hy(t) fort >0, (1.4)
we(t,£L)=0 fort >0, (1.5)

u(0,z) = up(z), w(0,z)=woe(z) forze€[-L,L). (1.6)

Here, L is a positive number; « is a sufficiently small positive constant; 0lj_1, is the
subdifferential of the indicator function of the compact interval [—1,1].

We are interested in the large-time behaviour of the three regions Q1_(¢), Q,(t) and
Qm(t), where Q_(t) := {z € [-L, L} w(t,z) = -1}, Q4 (t) := {z € [-L, L] w(t,z) = 1}
and Q,(t) := {z € [-L, L]; -1 < w(t,z) < 1} are respectively the pure solid, pure liquid
and mushy regions.

Next, we consider the following system P*:={(1.7)-(1.11)} which describes the steady-
state for P when f converges to 0 and hy converges to A as t — +o0 in some sense:

—-uX =0 in(-L,L), (1.7)

—kw + g(w®) + ¢ — N(w®u* =0 in(-L,L), (1.8)
{ € 31[—1.1](10“’) in (—L,L), (19)
Tul(£L) + u=(+£L) = h*, (1.10)
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wP(+L) = 0, (1.11)

where 4% is a negative constant.
Then, we note that from (1.7) and (1.10) u* is a constant h®.
In this paper, we discuss P and P* under the following assumptions:

(A1) g(w) = W + w;
(A2) Mw) = —-;-wz;
(A3) [ € WiZ(Ry; L(—L, L)) 0 LA(Ry; L¥(~L, L)) such that

S‘;‘g{|f'W‘-7(t,t+l;L7(—L.L))} < +00;

(Ad4) hy € WEH(R,) such that

loc

s:l;g{l’l+|u”.'(:.z+1) +lh-lwiaguen} < 400

and

he — h™ € L*(Ry);
(A8) ug € H'Y(~L, L) with —--1;1— € L*(~L,L), and wg € H*(—L, L) such that
0
wor(£L) =0, -1 <wy<1 on [=L,L}.

Notations: For simplicity, we use the following notations:
HY(—L,L)" : the dual space of HY(-L,L),
(--) : the duality pairing between H*(~L,L)* and HY(-L,L),
(v,2) = /_ I;v(z)z(:c)da: for all v,z € L}(~L, L),

L
a(v, z) := /_ _Vu(z)- V(s)de forall v,z € HY(~L, L),

2.Results
At first, we give the variational formulation for P.

Definition 2.1. A couple of functions u and w is called a solution of P, if the following
conditions (w1)-(w3) are fulfilled:

(w1) For every finite T > 0, u € L>(0,T; HY(-L,L)), ! € L*(0,T; L*(-L, L)) n
u
W'0,T; H'(~L,L)*) and w € L=(0, T H' (=L, L)) n W**(0,T; L¥(~L, L)).
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(w2) For all ze€ HY(—L,L) and for a.e. t >0,

<(_ Yo, > + (M@))(8), 2) + a(u(t), 2)

+u(t, = L) = h_(t))2(=L) + (u(t, L) = ho ($))2(L) = (£(2), 2)

and u(0) = ug, where the prime “ /" denotes the derivative R

(w3) Forall z€ HY(~L,L) and a.e. t >0,
(w'(t), 2) + ka(w(t), 2) + (g(w(t)) +£(), 2) = (M (w(t))u(t), z)

and w(0) = wo, where ¢ € L}, .(Ry; L?(—L, L)) is such that ¢ € 3]y (w) a.e. on
Q.
Next, we give the variational formulation for {(1.8),(1.9),(1.11)}.

Definition 2.2. For a given constant A, a function v is called a solution of {(1.8),(1.9),
(1.11)},ifve H¥(—L,L) and

~KVzz + Y+ 9(v) = N(v)h® =0 aein (=L, L), (2.1)
ye€ L¥~L,L), y€0l_1y(v) aein (-L,L), (2.2)
v (L) = 0. (2.3)

For simplicity, we denote by P{° the problem {(2.1)-(2.3)} and put ¢(h*°;v) := g(v) —
N(@w)h= = v + (1 4 k).
From the results of [4], we obtain the following theorem.

Theorem 2.1. Under the conditions (A1)-{A6) and k™ € (—o00,0), problem P admils
one and only one solution {u,w} which satisfies the following (a)-(d):

(a) u € L®(Ry; HY(~L,L)), w€ L=(Ry; H¥~L,L)) and w' € L®(Ry; L*(—L,L)).
(b) u—u® € L*(Ry; HY(~L, L)) with u® = h* and w' € L*(Ry; L¥(~L, L)).
(c) u(t) —s h™ weakly in H'(—L,L) as t — +o0.
(d) The omega limit set w(uo,wo) of the order parameter w, defined by
w(uo, wo) = {v € HY(~L, L);w(ty) — v in H(~L, L)
Jor some t, with t, T +00},

is non-empty, bounded and closed in H*(—L, L) as well as connected in H'(—L, L).
Moreover, any function w™ € w(ug, wo) is a solulion of P,
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From Theorem 2.1 (c), it is enough to investigate the large-time behaviour of the order
parameter w only.

QOur main results are the following theorems.

Theorem 2.2. If =1 < h®™ < 0, then P admils one and only one solution 0, that is, the

v
omega limit sel w(ug, wy) is {0}; hence the order parameter w converges to 0 ast — +oo.

(See [igure 1)

Theorem 2.3. If =2 < h*® < —1, then the omega limit set w(ug,wo) is a singleton
{we}, that is, the order parameler w converges to w™ as t — +o0. (Sece Figure 2)
Moreover, w™ is a solution for the following ordinary differential equation:

—Kvg + q(h°;v) =0 in(-L,L), (2.4)

v.(£L) = 0. (2.5)

These theorems say that that if ~2 < A < 0, the constraints give no influence upon the
order parameter w after a large time. And this case is essentially same as in [2].

The most interesting result is stated as follows.

Theorem 2.4. [¢f. 3] If h° < =2, there are the following two possibilities (1) and (2)
where G(h*;v) := / g(h*°;s)ds (See Figure 3 and 4):
0

(1) w(uo,wo) is a singleton {w>}. In this case, the order parameter w converges to w™
in HY(—L,L) ast — +oo.
Moreover, if G(h™; £1) < G(h*; w®(—L)) < 0, then w™ is a non-constant solution

of {(2.4),(2.5)}.

(2) w(uo,wo) contains a continuum of solutions of Py. In this case, the following state-
ments (el)-(e3) hold:

(el) G(h°;v(£L)) = G(h*™;%1), that is, v(~L),v(L) € {-1,1}, for all v €
w(ug, wo).

(e2) For the order parameter w it holds that
Jim twe(®)L2(-L.) = |vzlz-L.r)

and L L
Jdim [ Gk w(t, z))dx = /_L G(h™; v(z))dz
for all v € w(ug, wo).
(e3) The number of alt points x € [—L, L] with v(z) = 0 is finite and independent

of the choice of v € w(uo, wo).
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3.Construction of solutions (A < —2)
We note that the set of constant solutions is {—1,0,1}.

In this section, we consider non-constant solutions of P;°. We observe that q(h;v)
satisfies (ql) and (q2) below:

(ql) (oddness) ¢(h™; —v) = —q(h™;v) for all v € A.
(q2) (convexity-concavity)
q(h*;0) = ¢ (h°°;i —-(1+ h°°)) =0,

1(]00 d co - oo — =)
q(h%5") (= Eq(h ;-)) >0 on (—oo,—\/ (“;" ))U(\/ U;" ) +o0),

y (,,m;i‘/jl_gm) _o,

¢(h”;) <0 on (—\/—(H;;hw)’ \/-(l;hw)),
" (-] dz ©o
723 (= sa(h=i) <0 on (~o0,0),

q"(h=;0) =0,
¢"(h*;-) =20 on (0,+00).

To construct a non-constant solution, we use the solution v* of following ordinary
differential equation denoted by O7:

—xvi, +¢(h=;v*) =0 in R,

1
—2b\?
v*(0) =0, v;(0)= (——) .
K
where G(h*°; 1) < b < 0. From the general theory of ordinary differential equations,
O has a unique solution v* and there exist two constants z4 and z_ such that
.= —z4, (3.1)
z_ <0<y,

ve(z) >0 on (z-,74),

ve(zs) =0, v(zs) =n2(b)
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and
K n+(b) dv

3
R (E) /rr-(b) {G(h=;v) — b}3 = 1),
where v = n4(b) are the roots of the algebraic equation G(h**;v) = b with —1 < 5_(b) <
0 < 74(b) <1 and n-(b) = —n4(d).
Also, let *(z) := v*(~x).
Finally, we construct non-constant solutions of P7> using v* and #*.

Theorem 3.1. [¢f. 3] Assume G(h™; 1) < b < 0, and () there exists a natural
number N such that 2L = NI(b). Then P} has a non-constant solution w™ such that
b= G(h=;w>(-L)) = G(h*;w™(L)), i.e. w(=L),w>(L) € {n-(b),n+(b)}.

Moreover, for example, when N = 3, the non-conslant solution w™ of P’ is expressed by

v or —v, where

v (z_ + L +z) forz € [~L,—L + I(b)],
v(z) =< 9 (—zp + L —I(b)+z) forze (—L+I(b),—L+2I(b)], (See [igure 5)
, vi(z. +L—-21(b)+z) forze(—L+2I(b),L]

Remark 3.1. (1) From Theorems 2.1 (d) and 3.1, we see that w(ug,wp) is a singleton
{w*}, that is, the order parameter w converges to w* as t — 400.

(2) In Theorem 3.1 (2), any non-constant solution associated to N satisfying () is simi-
larly expressed, too.

(3) The properties of function I(b) is referred to [1}].

Theorem 3.2 [cf. 3] Assume G(h*°;£1) = b and let N* := max{N € N;2L > NI(b)}.
Then, for any natural number N < N* P> has a non-constant solution w™ such that

(%) 2L = NI(b) + 19| + 4],

where Q_ := {z € [-L, L);w™®(z) = ~1} and Q4 := {z € [-L, L];w™(z) = 1}.
Moreover, the following (1) and (2) hold:
(1) v(-L),v(L) € {-1,1}.
(2) For ezample, when N = 3, any non-constant solution w™ is ezxpressed by v or —v,
where

[ —1 forze[-L,—L+&],

vz-+L-6+z) forze(—L+&,—L+6&+I(b)),
1 forz € [—L+ 6 +I(b),—L +6; + 6+ I(b)],

(x4 + L -6 — 86— I(b) + )
v(z) = forz e (=L +6 +6&+1(b),—L+6 +6 +2I(b)),
-1 Jor x € [—L + &8 + 63 + 21(b), —L + 6, + &2 + &3 + 21(b)),
vi(z. +L—& — 8 — 65— 21(b) + z)

forx € (=L + 8 + 6+ &3+ 2I(b), —L + 6, + 62 + b3 + 31(b)),

1 Jorz € [~L 46+ 6, + 8+ 31(b), —L + &; + 83 + 63 + 64 + 31(b)]
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and §; (i = 1,2,3,4) are any non-negative constants which satisfy 2L = 31(b)+é, +
82+ 83+ b4

Furthermore, once a non-constant solution is given, any other solution is obtained
by translating the non-constant parts wilthout changing the order of the non-constant
parts, when 2L > 31(b). (Sce figure 6)

Remark 3.2. From Theorem 3.3, we see Theorem 2.4 (2). This means that the pure

regions may drift very slowly.
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1. Asymptotic behavior as k — 0.

HEBMELZELT 5, ROFEBRERMD HERD system 2EZ 3.

( (v +w) — Au = f(t,z) in @ :=(0,+00) x {2,
vw, — kAw + f(w) + g(w)du in Q,
Ou
P! o + nou = h(t,z) on ¥ := (0,+00) x I,
ow
= 0 on L,
L w(0,°) = up, w(0,-) =1y in §.

(U+‘U))t-—Au=f(t,.’E) in Q7
vwy + B(w) + g(w) S u in @,
P,
(Po) g% + nou = h(t,z) on X,
u(0,-) = uo, w(0,:) =wp in .
SITACRYN(1SNKLI): AR, I'=00Q: smooth &L, RERETS.

(A1) B : maximal monotone graph in R xR s.t. D(f) = [o., 0*} for some constants o,,0*
with —oo < 0. < 6" < +00.

(A2) g : Lipschits cont. function.

(A3) f € LE(Ry; LHQ).

(A4) h € WRH(Ry; LA(T)) N L=(Ry; L=(T)).
(A5) v, ng : positive constants.

(A6) ug,wp € L}(Q), 0. < wp < 0.
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Z CTHIEE (P.) & (P) DRDEHREER 5.
Definition 1.1 0<T < +o0, £ >0 &F 5. u,: {0,T] » HY(Q)*, w, : [0,T] — L}N)
D {ux, we} BRDEH (N1-1) 25 (N1-3) Z#ilfcd & X, {u,,w,} ZMHFE (P.) OB

ol s 53

(N1-1) u, € C([0, T]; H} ()" )NW,,2((0, T); HH(Q)*)NL2(0, T; L* ()N LE.((0, T]; H(R)),
we € C([0, T); L3(Q)) 0 Wi2((0, T); L*()) N L*(0, T; H(R)),
and B(w,) € LY(0,T; LY());

(NL-2) (u6) +w,(0),2) + [ Fn(t) Ve + [ (nowa(®) = A(B)2 = (£(8), 2
for all z € H(2) and a.e. t € [0,T], where (,-) : the inner product in L?(f) and
(-,) : the duality pairing between H'(Q2)* and H!(Q2).
(N1-3) there exists £ € L}.((0,T]; L2(2)) s.t. £ € Bwx) ae. in Qr := (0,T) x Q and
Wwlt),2) + & | Vuoa(t) - Dzde + (£(0), ) + (9(wa(8), ) = (1e(t) )

for all z € HY(Q) and a.e. ¢t € [0,T].

Definition 1.2 0<T <400, k=0 &7 3. @:{0,T] » H' (), w: [0,T) = L¥}f)
D {4, w} BWRD%FM (N2-1) 205 (N2-3) 29 &%, {o,0} ZHE (P) OREWE

A

(N2-1) & € C([0, T); H* ()" ) NWL2((0, T]; H (Q)*)N L2(0, T; LH(Q) N LE,((0, T); H (%)),
i € C([0, T}; LX) N Wi (0, T} LX(Q), and B(@) € L}(0,T; LX(R));

(N2-2) = (N1-2)

(N2-3) there exists £ € L2 .((0,T); L*3(9)) s.t. ¢ € B() ae. in Qr and

v(w'(t), 2) + (£(t), 2) + (9((2)), 2) = (a(t), 2)
for all z € H'(2) and a.e. ¢ € [0,T].

BOBLEL—FHIZONT, ROEBEIEH L.

Theorem 1.1 (Damlamian-Kenmochi-Sato[4])

(A1) S (A6) ZIRETS. 0<T <400, >0 £F 3L, HIfE (P,) 3—FM {u.,w.}
Ho.
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Theorem 1.2 (Damla.mia,n—Kenmochi~Sato[4])

(Al) 25 (A6) 2RET 3. 0<T < 100, k=0 &7 3 &, M8 (P) i1—E {g,w}
6.

A, UTOREBICHET 28BS V=T a %k fFot.

Theorem 1.3 (Colli-Sprekels[2))
(Pe)y (Po) DRE {ue, we}, (@, b} b3t LT

U — 4, we — in C([0,T); L*(Q)) as & — 0 for any T < +o0. (Fig.1)

2. Asymptotic behavior as ¢ — +o0.

< ST, MR (P, (P) DD EHEEIZ D TR~ 72, RD steady-state
problems ¥#% 3% 3.

—Au® = fo in Q,
—kAw™ + f(w™) + g(w™) 3 u® in Q,
(PX) 8L+nou°°=h°° on I,
on
duw™>
o= 0 on .
~Au® = f in Q,
(Pooo) ﬂ(woo) +g(w°°) 3 u*® in Q,
Ju®
—— + ngu™ = > onT.
on

CCT fRe L) & h® e L) BEhER f) Eh(t) Dt — 400 & LI E 2D
IRTHB. EBIZIL, f- fo e L*(Ry; L)), h—ho ¢ LY (Ry; LY(D)) #RETHIE+

2TH3.

Theorem 2.1 (Sato-Shirohzu-Kenmochi 9
(Ro), (Pg°) Dk Zh {v,w}, {u=,w>} &3 3.

(1) u > u>:= — weakly in H'(Q) as t - +o0.
0
(2) w = 3w™ in L*(0) as t — +o0 s.t. B(w™(z)) + g(w™(z)) 3 u*(z) ae. for z € Q.

(Fig.2, Fig.3)
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Theorem 2.2 (Ito-Kenmochi [8])
(Pe) DfEZE {u,w} £7°5.

(1) u = u™® := — weakly in H'(Q) as t — +oo0.
g

(2) w IE—AICUR LA ODS, w-limit set %
w(ug, wo) == {v € H'(N); I, — +00 s.t. w(t,, ) = vin H'(Q)}
EB &, wlug,wo) IBKRERICT.
(a) w(uo,wp) : non—empty, closed, bounded in H%(Q2), and compact, connected in H'(Q2).
(b) Vv € w(uo, wo) ITREFH=TF;

{ —kAv + B(v) + g(v) 3 u™ in Q,

ov
$—O onT.

Remark 2.1 w-limit set 1, —fRISEHEESTL . (Figd)
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ASYMPTOTIC COMPLETENESS FOR LONG-RANGE
MANY-PARTICLE SYSTEMS WITH STARK EFFECT, II

TADAYOSHI ADACHI AND HIDEO TAMURA

Department of Mathematical Sciences, University of Tokyo
Meguro-ku, Tokyo 153, Japan
and
Department of Mathematics, Ibaraki University
Mito, Ibaraki 310, Japan

§1. Introduction

The present paper is a continuation to the work [AT] where we have proved the
asymptotic completeness of the Graf-type modified wave operators for many-particle
Stark Hamiltonians with a class of long-range potentials. We here study the problem
of the asymptotic completeness for many-particle Stark Hamiltonians with a larger

class of long-range potentials.

We consider a system of N particles moving in a given constant electric field £ €
R% £ # 0. Let mj, e;j and r; € R3, 1 < j < N, denote the mass, charge and
position vector of the j-th particle, respectively. The N particles under consideration
are supposed to interact with one another through the pair potentials Vji(r; — i),
1< j <k < N. Then the total Hamiltonian for such a system is described by

. 1
A=Y {-—Ar.—ej€~rj}+V,
1Gen b 2m

where £ - n = Z;=1 &inj for &, n € R? and the interaction V is given as the sum of
the pair potentials

V=Y Vilry—re)
1<j<k<N
As usual, we consider the Hamiltonian H in the center-of-mass frame. We introduce
the metric {r,7) = Z;V=1 mjr;-7;forr = (ry,...,ry) and ¥ = (f1,... ,FN) € R3*V,
We use the notation |r| = (r,r)}/2. Let X and X.m be the configuration spaces

equipped with the metric (-,-), which are defined by

X={T‘€R3XN: Z ij‘j=0},

1<EN
Xcm={reR3"N:rj=rkfor1§j<k§N}.
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These two subspaces are mutually orthogonal. We denote by 7« : R**Y — X and
Tem @ RPN 5 X, the orthogonal projections onto X and X, respectively. For
r € R3*VN we write z = nr and z.p, = TemT, Tespectively. Let E € X and E ., € X
be defined by

E=7r(f‘—g,... ,ﬂ"—g), Eem = Tem (6—15,.. -—5>
my mpy my my

respectively. Then the total Hamiltonian H is decomposed into H = H®Id+I1d®T.m,
where Id is the identity operator, H is defined by

H=-A/2-(E,z)+V  on L*X),

Tem denotes the free Hamiltonian Tem = —Acm/2 — (Ecm, Tem) acting on L2(Xcp ),
and A (resp. Acm) is the Laplace-Beltrami operator on X (resp. Xcn). We assume
that |E| # 0. This is equivalent to saying that e;/m; # ex/m; for at least one pair
(7, k). Then H is called an N-particle Stark Hamiltonian in the center-of-mass frame.

A non-empty subset of the set {1,...,N} is called a cluster. Let Cj, 1 < j < m,
be clusters. If U1<J<m i =41,...,N}and C;NCy =B for 1 < j <k <m,
a={Ci,...,Cn} is called a cluster decornposxtlon We denote by #(a) the number
of clusters in a. We denote by A the set of cluster decompositions and set A4 = {a €
A #(a) > 2} We let a, b € A. If b is obtained as a refinement of a, that is,
if each cluster in b is a subset of a cluster in a, we say b C a, and its negation is
denoted by b ¢ a. We note that ¢ C a is regarded as a refinement of a itself. If,
in particular, b is a strict refinement of a, that is, if ¥ C a and b # a, this relation
is denoted by b C a. We denote by a = (j,k) the (N — 1)-cluster decomposition

{Go k) (Do, G)re ey (B, .., ()}
Next we define the two subspaces X¢ and X, of X as

X = {r €eX: ijrj =0 for each cluster C' in a},
Jjec
Xa={r € X:rj=r¢ for each pair a = (j,k) C a}.

We note that X ¢ is the configuration space for the relative position of j-th and k-th
particles. Hence we can write Vo(z®) = Vji(r; — r&). These spaces are mutually
orthogonal and span the total space X = X* @& X,, so that L?(X) is decomposed as
the tensor product L?(X) = L?(X°®)® L*(X,). We also denote by 7 : X — X* and
7, : X — X, the orthogonal projections onto X* and X,, respectively, and write
z® = 7%z and z, = m, z for a generic point r € X. The intercluster interaction I, is

defined by
Li(z) = Z Va(z%),
afa
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and the cluster Hamiltonian

Hy=H-I=-A/2—(E,z)+V*, V%) =) Va(z*),
aCa

governs the motion of the system broken into non-interacting clusters of particles. Let
E* = 7* E and E, = 7, E. Then the operator H, acting on L?(X) is decomposed
into

H,=H*®Id+Id®T, on L*(X*)® L*X.),
where H? is the subsystem Hamiltonian defined by

H® = —A%/2 - (E*,z®) +V*  on L*X*%),
T, is the free Hamiltonian defined by
T, = —A./2—(E,,z,) on LZ(X,,),

and A® (resp. A,) is the Laplace-Beltrami operator on X (resp. X,). By choosing
the coordinates system of X, which is denoted by z = (2%, z, ), appropriately, we can
write A% = |V?|? and A, = |V,|?, where V® = 8,. = 8/9z® and V, = 9;, = 8/0z,
are the gradients on X® and X,, respectively. We note that we denote by z* (resp.
'z,) a vector in X (resp. X,) as well as the coordinates system of X (resp. X,).

We now state the precise assumption on the pair potentials. Let ¢ be a maximal
element of the set {a € 4: E* = 0} with respect to the relation C. As is easily seen,
such a cluster decomposition uniquely exists and it follows that E* = 0 if « C ¢, and
E* #0if a ¢ c. Thus the potential V,, with a ¢ ¢ (resp. a C c) describes the pair
interaction between two particles with e;/m; # ex/my (resp. e;/m; = ex/my). If, in
particular, ej/m; # ex/my for any j # k, then ¢ becomes the N-cluster decomposi-
tion. We make different assumptions on V,, according as a ¢ ¢ or & C c. We assume
that :

(V) Vo(z*) € C°(X*) is a real-valued function and has the decay property
8P Va(z®) = O(|z|~ @t IV/2) e, 8Z.Vo(2®) = O(jz®|PH1A) o Cc

for some V3 -1 < p<1.

Under this assumption, all the Hamiltonians defined above are essentially self-adjoint
on C°. We denote their closures by the same notations. Throughout the whole
exposition, the notations ¢ and p are used with the meanings described above. If V,
satisfies this decay assumption, then Vj, is called a long-range potential. To formulate
the obtained result precisely, we define the modified wave operators. The definition
requires several new notations. We assume that @ C c. Then the subsystem operator
H® does not have a uniform electric field, that is, E* = 0. Hence it may have
bound states in L2(X®). We denote by P® : L?(X*) — L*(X*®) the eigenprojection



associated with H®. We also denote the direction of E by w = E/|E| and write
z = (z,w). We should note that z = (z,,w) because of w? = 0. We set zj = zw
and r; = r -z}, and write z,,; = 7,z . Then we can write z, = (J:a,_]_,l'”). We
also write ps = (pa,1,p)) for the coordinates dual to z, = (z4,1,7)) and denote by
D, = =iV, = (D,,1, D)) the corresponding velocity operator. If we write 0| = w0,

we see that D = —i0, and D, , = D, — Dy. Let I be the intercluster interaction
obtained from H¢:
L) =Iz)= > Va(z®).
alc,afa

We consider the time-dependent Hamiltonian
Hop(t) = H, + I3(tD, 1) + I.(tD,, 1 +t*E/2)  on L*(X). (1.1)

Since Dg,1 commutes with H,, the three operators on the right-hand side of (1.1)
commute with one another. We note that IS(tD, ) = IS(tD,) for IS(tpa.1) =
I5(tmp,,1) = IS(tpe). Then we denote by U,p(t) the propagator which is generated
by H,p(t), that is, {U,p(t)}ier is a family of unitary operators such that for v €
D(Hap(0)), ¥+ = U.p(t)¥ is a strong solution of idy,/dt = H,p(t):, o = 1.
Uap(t) is explicitly represented by

Uap(t) = exp(—itH,) exp (—i/o {I5(sDa,1) + I(sD,,1 + szE/2)}ds) . (1.2

With these notations, the Dollard-type modified wave operators in question are now
defined by
wi =s- Jim _exp(itH)Uap(t)(P* ® Id), aCec. (1.3)

It can be easily proved that if these wave operators exist, their ranges are all closed
and they have the intertwining property exp(itH)WfD = WaiD exp(itH,) for t € R.

The main result of this paper is the following theorem.

Theorem 1.1. Assume that (V') is fulfilled. Let c be as above. Then the Dollard-type
wave operators 1V ;tD, a C c, exist, have the intertwining property and are asvmptoti-
cally complete:
LX) =) @ Range W2,
aCce

If, in particular, ¢ is the N-cluster decomposition, that is, no subsystem has zero
reduced charge, the asymptotic completeness of the Dollard-type modified wave op-
erators can be also proved under the assumption (V) with p > 1/2. For we need not
apply the argument of Dereziniski [D] to this situation. Furthermore, we can introduce
the modifiers which are different from the Dollard-type ones, so that the asymptotic
completeness of such modified wave operators can be proved under the assumption
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(V) with p > 0. This result is an extension of the result for two-particle systems of
Jensen-Yajima [JY] and White [W1,W2] to the case of many-particle systems.

The problem of the asymptotic completeness for many-particle quantum systems
has made great progress for the past several years. For the systems without electric
fields, this problem was first solved by Sigal-Soffer [SS1] for a large class of short-
range pair potentials. After that work, alternative proofs have been given by several
authors (cf. [Grl], [Ki], [T1], [Y] and {Z]). On the other hand, for the long-range
case, Enss [E] first proved the completeness for three-particle systems with the pair
potentials decaying like O(|z%|™") at infinity for some v > /3 — 1. This result has
been extended by Dereziniski [D] and Zielinski [Z] to N-particle systems and also
the case of potentials decaying more slowly has been dealt with by Gérard [G] and
Wang [Wa)] for three-particle systems. We should note that the condition p > v/3 — 1
in our assumption (V') is assumed in order to apply the argument of [D].

For the systems with uniform electric fields, if the assumption (V) is satisfied for
some p > 1, V, is called a short-range potential. For the class of short-range pair
potentials, the ordinary wave operators

WE=s— Jim _exp(itH) exp(—itH,)(P* ® Id)
—oo

exist without adding the time-dependent modifiers I5(tD, 1)+ I.(tDq 1 +t2E/2) to
the cluster Hamiltonians H,. The asymptotic completeness in the short-range case
has been proved by Tamura [T3] and Mgller [Mg] for N-particle systems. However
it is known that such wave operators do not generally exist for the class of long-
range potentials which we consider here (see [JO] and [O] for the case of two-particle

systems).
In the previous work [AT], we have considered the class of long-range potentials

such that
08 Va(z®) = O(|z>|~(+ully o ¢ ¢,

for some p, p > 0 such that p+ u > 1 (V,(z2%), @ C ¢, satisfy the same assumption as
in (V)) and we have proved the asymptotic completeness of the Graf-type modified
wave operators

Wt =s- Jim _exp(itH)Uag(t)(P* 2 Id), aCc,

where the propagators U,(t) are generated by the time-dependent Hamiltonians
Hug(t) = H, + IS(tD,) + I(t*E/2),

and are concretely represented by

Uso(t) = exp(—itH,)exp (—i /0 (15(sD) + L(E/2)) ds) :
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This type of wave operators was first introduced by Graf [Gr2] for two-particle systems
(also see [JOJ). However it is known that such wave operators do not exist for the class
of long-range potentials which we consider here (see [JO] for the case of two-particle
systems). Therefore we need introduce the Dollard-type modifiers (1.2).

§2. An outline of the proof of Theorem 1.1

In this section, we give an outline of the proof of Theorem 1.1. For brevity, we omit
the proof of the existence of the Dollard-type modified wave operators WfD, aCec.

We define a conical neighborhood of w = E/|E| by I'(w, &;,r) = {z € X : (w, z/|z|)
21—e,jz| >r} for e >0and r > 0. Let G € So(X) = {g € C®(X) : 10%(z)| <
Cg(x)~1P1} be such that ¢, = 1in I'(w, 2¢;, |E|/4), and §. = 0 outside I'(w, 3¢y, | E]/5).
We consxder the time-dependent Hamiltonian

Hc(t) = Ho + We(t), We(t) = F(z/t2 2 |El/4)dc(2)1c(z),

and denote by U(t) the propagator generated by H.(t), that is, {U.(t)},>; is a family
of unitary operators such that for ¢ € D(H(1)), ¢ = U,(t)¥ is a strong solution of
idipe/dt = Hc(t)he, Y1 = . Then we need the following proposition, which is a key
step for the proof of Theorem 1.1. Its proof is completed some propagation estimates,
but we omit it here.

Theorem 2.1 (Asymptotic clustering). Let the notation be as above. Then for
¥ € L*(X), there exists T € L*(X) such that

exp(—itH )y = U(t)pT + o(1) ast — Foo.

This theorem implies that we have only to study the scattering theory for each
cluster decomposition @ C ¢, where the constant electric field £ has no influence.
Hence, we can apply the result due to Derezinski [D)] to prove Theorem 1.1. Now we
prove the asymptotic completeness. By Theorem 2.1 and Dereziniski’s result, we have

ast — oo,

exp(—itH)y = U(t)pE + o(1)
= Uan(t)per* + o(1)

aCc

for some ¥2'* € Range (P* ® Id). This implies

P E Z @ Range W:’D,
aCe

which completes the proof of Theorem 1.1. O
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Stability of solitary waves for coupled nonlinear Schrodinger equations
RIERFERFE - SEEREPRR KH HA

Z Z Tid Coupled nonlinear Schrodinger equations (CNLS) DI MDD L EHEIZ D
WTEXS. 7, COMBICMT B 2MBICKRDES. HIlo FEHIE Schrodinger
FTEE (NLS) OIMLHEMOREN - AREMHICHET 2 HFRIPIRI ° 8 0 ERFIRIC
Berestycki and Cazenave (’81), Cazenave and Lions ('82) % &ic ks Shi. *
o, BIMDIERE Klein-Gordon A (NLKG) IZ1 LT b Shatah (’83), Shatah and
Strauss ('85) A &Ik DR A N7 £0% NLS, NLKG, KdV HER74 E QT
MOLEN - AREMOMEIL Grillakis, Shatah and Strauss (’87) 12 & U S A7 £
MAHICE L ohic. Fi, Grillakis, Shatah and Strauss ('90) Tid & 2 HiDO S ERk
5o L ABRRROMIIBMOLEN - TRERZRA S L5 I1IC ZOREIIT—RILX
N3, 1A, Klein-Gordon #4#3# & Schrodinger FERAEHH v 7V L7z Coupled
Klein-Gordon-Schrédinger equations (KGS) % 75 X<#BicHlh 3 Zakharov A2
FREPBHICEELLZCOABRRBESOBMDITIE STIRESHL. ST £X
5 CNLS &

{ iug + Au+ (afuf> + v]*)u=0, teR, zeR", (1)

e+ Av+ (Ju?+apf’lv=0, teR, zeRN (2)
THB. ZZTu,vidteR, zeRY ZEBETIHFRYADOKRMBEMT a € R ITE
B HHe=10LX(1)-(2) 12

i?+A7+l?l2?=0, ?:(u,v) (3)

ERERMICHIMDICET 505, ZDEXITR D (1)-(2) i3 Grillakis, Shatah and Strauss
('90) DHRMAICHTRE D, ThENDO L XTI TRESKL. KIFEB~T: H25E
OMBHULIBIIDOLINEKRTSHS. Bl BRI 2 BRI UL, KGS ©
Zakharov FEAFD & 5 7L Schrédinger RN & OB HBRENH v LIV LIz i
HXROMIUBEMOKEHRZR/RD EB—DDOMBEE L TER->TWAY, ZZTiE, €0
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& UTHILO NLS OBREIGREEZ 503 (1)-(2) ZMY LEIF5. bHAHA,
a=1,RBRBSIHNGEEEEXS. (1)-QBN=1DEXNT 74/ X—FDH/IVLZAD
CiEiedd 37NV E LUTHRNS (Wadati, lizuka and Hisakado ('92)). ZDFE, &
BallTHa>00D2a#1 THEHDHBN3. ZIT, (u,v) B3EETHSHD2
BRAICHEL TS, (1)(2) Tu=v & EMHEDOEMD NLS 1245 5:

iug+Au+(a+Du]’u=0, teR, zeR". (4)

KT 7 A/XN—FOK/ SVIDRIEEERT S E7I/VE LTI B NLS (4) ¥MEbI 5
S ENRBUL (F27ELU N =1 D& &) A5 CNLS (1)-(2) TR X512, 2 DD OEESE
ANERINTNAS. 1SN <3, a>-1D&E (4) BUILER u(t, T) = e“pu(z) %
bD. TITw>0 T, (T

{—Aso+w<.o—(a+1)lwlzso=0, zeRY, 5)

¢ € H'(RY)
DO—BWLEMRAHBET S, D& X, (uo(t,z), uu(t,z)) & CNLS (1)-(2) OHEIL
HRELED, COBMOABROBHI S Sh M ERORERICHONTEZ S,
Z DRI, Bl NLS icH T 38R 2RkDES. X2 58RI

fug+ Au+[uff'u=0, teR, zeRV, (6)
p>L, N>, KKHELN>23DEZIIp<(N+2)/(N-2) T3, 2,00, %

{ —Ap +wp—|pfPlp =0, z€eRY, ™

¢ € H'(RY)
DO— BRI IEMEERT BB ST 5.
1<p<1+4/N DESHEED w >0 XL T(6) DILEM u,(t,z) = e“pu(z)
IBROBEH® THBEERE TH 5 (Cazenave and Lions ('82)): FED e >0 LT §>0
B0, bL ug € HYRY) dt|lug — pullm < 6 &Iz uo ZWPELT S (6) O
u(t,z) iF

su inf u(t) — e, <e
SUP en il g flu(?) yPulla
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¥ilcd. SCTru(z)=v(z~-y) &7 5.

p>21+4/N OLEEED w > 0 I LT (6) OIMILHEM u,(t,z) BRAEETH S
(p > 1+ 4/N @& % Berestycki and Cazenave ('81), p = 1 + 4/N ® & % Weinstein
(’83)).

ChoBJMDIFADOERIS N = 2, 3 ®& % CNLS (1)-(2) MMM (uu(t, z),
U (t,2)) IBRLRETHEZENEBIIANSE. FCTC,UT N=1&d3. N=10D¢&
&, (5) O—E RIS IEMEERI BRI oo

Yul(z) = \/ a2:1 sech wz

EMERBEHCTEEINS. TTIREBRAL I ICHMEO NLS OUILHEME u,(t,z) =
et (z) IBMERETH 5. Wadati, lizuka and Hisakado (’92) Ti, (1)~(2) OMLH
BELT (vo(t), w(t)) BFET S5 LIRTINTOEY, ZOXBHICH L TIIERS
NTHE. 41, ROERER/TI,

EH 1.a>-1¢F3, COLEEFED w > 0 IXHUT (1)(2) OIMILHM (uo(2),
u, (1)) BROEKRTHERLETHS: FED e >0 RHLTE> 0B, b L (uo,v) €
H(R) x H'(R) 2%

”(uO,UO) - (‘Pwy ‘Pw)”Hl)(Hl <é

WIS (uo, vo) EFWUEL T 5 (1)-(2) DRE (u(t),v(t)) 12
sup inf | [I(u(t), v(t)) ~ (e mypu, eyl <€
teR @

EMleT. ST ru(z)=v(z—y) £T 3.

2. FED (uo,v0) € H'(R) x HY(R) 12 LT (u(0),v(0)) = (uo,v0) 753 (1)~(2)
DR (u(t),v(t)) 2 C(R; HY(R) x HY(R)) OHic—FEMICIFEL, ROBEFRERE 9

lu®lle = llwollz,  llv(®lle2 = llwollze, t€R, (8)

E(u(t),v(t)) = E(uo,v0), te€R. (9)
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ZIT
2

+
L?

v
Oz

du

o - S0l Bl = [ lu@)P o)

L? -

E(u,v) =

£ 1 OIFHTIE Cazenave and Lions ('82) IZHEL R D B/IME I E:
I(\) = inf{E(u,v) : (v,v) € H(R) x H'(R), |lull?: = v[Z- =2}, A>0 (104)
#EZA. 12, 6(0) % (10)) OBLBEOEELET S, THbD
G(A) = {(u,v) € H'(R) x H'(R) : E(u,v) = I(}), lullf. = |lvl|?. = A}
EBL.ER 1 OEBATIHGN) R ROLIICHERFI OB ER HF LS.
GAMw)) = {(¢°Typus €Prypu) 1 @, B,y €R}, w > 0. (11)

CIT Mw) = |lewllf: = 4/w/(a+1). ZhdSBIRD NLS O uy(t, z) = o, (z)
M52 St CNLS OIMISIEM (uo(t, z),uo(t, z)) BEBA t 2O TR/MLEE
(10 (w)) DMETH B L2305, & &3 Lions D concentration compactness method
EFOTROME 3R, ENEME-T, FEED A > 0125 LT G(A) 4 CNLS (1)-(2)
K LTRETH S - EeRrEid L.

BE 3. a>—1,)>0&35. {(u;,0))} C H(R)xH(R) 5 Jluj]| 2 — A, |[v]| 2 — A
E(uj,vj) — I(/\) ZHircgid,

(Ty,'luj'7 T.'I,"v]") - (‘Pl’ 902) in HI(R) X HI(R)

&13 5 8RF {(uy,v5)) {5} CR & (¢, %) € G(A) DFET 5.

G 4. fEED A> 01/ LT G()) 12 ONLS (1)-(2) K LTRETH 5.

@i A QFFY. WEETTT. bLd GO PRETENETBE, 55 €0 >0 L4
EDF {(uoj,v05)} C H'(R) x H(R) T

ind uojs vo;) — (', ? -0, 12
(w‘,s;’r;ec(/\)”( 0j>v05) = (#7s ") 1 (12)

155



1), vi(9) ~ (¢, ¢* 2 13
ek (o1, ’)EG(A)'I( (@) i) = (@', @) xmr 2 €0 (13)

BB BDIFETS. T, (u(t),vj(t)) 12 (voj,vo;) ZHIME LTS CNLS (1)-(2)
DRE. (13) D6

(e, ’)GG(A) lI(u;(t;), ”J(tj))“(‘f’ P )”H‘xHl =¢€p (14)

E1B t; € R AT 3. (12) LARERAI (8)-(9) 25
lui(E2s = Nluojlliiz = A, lvi(t)IE2 = llvosliE2 — A, (15)

E(uj(t;), vi(t)) = E(uoj, voj) — I(X) (16)

*18%. (15)-(16) L4588 3 kb
(ry;os(83), Ty (Ej0)) = (9, ¢*)  in H'(R) x H'(R)

< BERTN {(uje(ty), v ()} & {yj} CR & (91, 0°) € G(N) PHFET 5. LdL,
(T-g;0 "y 7oy, 0?) € G(A), K05 ZHUR (14) EFET B, BT, 6()) REETHS. O

G(A) 28 (11) DL IRFBUTII 5B 2 EERTICITROHE 5 £ 3.

B 5. a>-1,2A>0&95. (u,v) €G(N) £ETBE, |u(z)] = |v(z)] W EBED z R
X LT D L.

COFE SICEYMERSy TNV L TORNEAICREIhS.

ZEDO®DHESR

HEFt I F—-OFRERL L2 T, BHIZB~/: Coupled Klein-Gordon-Schrédinger
equations (KGS) & Zakharov FBRADOIMIBEMOLEE LR 1 SI1FIFFRRICHEN
TE5 I LM o7z. BT KGS IKDWTHBICHET 3. £ 5HBRL
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62
ot?
SIT Y RERMIE, ¢ BRMMBINT m RIEEHET 5. KGS (17)-(18) ik FH L
PRFEOHEEAELRT 2 HMALETINC, ¢ BEFHE, ¢ BPMETFHEEL, m
BHEFOHAREET (Yukawa 1935).
KGS (17)-(18) 3RDORFAE M- T:

8, 1
{ iz¥+ 500 =—¢y, teR el (17)

$—Ap+m?$=]p*, teR, zeR (18)

(tIZ: = livolll., teR, (19)

”%(ﬁ(t)”%’ + E(%(t), 4(t)) = [|411l72 + E(¥0,40), tER, (20)

22T (40, ) 13 ((0),40), F4(0)) = (u, o, ) 555 (17)-(18) O,
E(w,9) = [Vulls + Vol + ol —2 [ fu(e)o(e)d
R3

CNLS &3 ¢(t) @ L2 JIIVLRBRELLNI EICEET 5. CNLS O & X ELRIBICK
/MLRRE
I(p) = inf{E(u,v) : (uv,v) € H'(R®) x H'(R®), ||u|}2 = p} (21)

%273, CNLS D& & &8 v I 20O TIIFHRBERTN &IcEET 3.
Z(u) = {(v,v) € H(R®) x H'(R®) : E(u,v) = I(n), |lull}: = u}

ERLE BBEEYCo VFEEL T > Com THNED(p) 3B THEL(w)x {0} 1F
ZVF—20 HY(R?) x H'(R®) x L*(R®) O# T KGS (17)-(18) KM LTRETH 3 =
EdRENS. B NLKG OBMICEFELLTORBERITITXTALKE TH S (Shatah
('85)) = & AEETS. 4 EOE R Klein-Gordon 1243 Schrodinger HFBRE A v
TNTBIERIDRELEEREL DI EATRLTNAS.
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Pohozaev-type inequalities and nonexistence results for some
quasilinear elliptic equations in exterior domains

Takahiro HASHIMOTO

Department of Applied Physics,
School of Science and Engineering, Waseda University

In this note, we are concerned with the nonexistence of nontrivial solutions of quasi-
linear elliptic equations of the form:

(E) ~Apu =|u)" 2y inQ, 1<p,q< oo,
u=0 on 01},

where A, := div(|V - |P~2V-) is the p-Laplace operator, and @ is an exterior domain in
R" with smooth boundary 9. This equation arises from the minimizing problem for
the Rayleigh quotient R(v) = [[Vv||zs/||v]lLe, i.e., the minimizing element u of R(v) in
WyP(2) \ {0}, normalized in a proper way, gives a nontrivial solution for (E).

When  is a general unbounded domain, the significance of our equation from this
aspect might fade away, since the infimum of R(v) could be zero in general. On the other
hand, quite recently, the existence of nontrivial solution for —A,u = f(u), ulsn = 0 has
been studied vigorously by many peoples under various conditions on f(-) and Q (not
necessarily bounded). For instance we refer to [4, 5], [10], {3].

Therefore, from this view-point of partial differential equations, it would be meaning-
ful to investigate the nonexistence of nontrivial solutions for these equations in unbounded
domains. This effort in this direction has been done by several peoples such as in [1],
{7], [6]. However these are all restricted to the case where solutions are classical, i.e.,
in C¥(Q) N CY(11), and it should be noted that the solution of (E) with p # 2 does not
always belong to C?(f2). Hence, in order to establish persuasive nonexistence results, we
should work in much wider class of weak solutions. This kind of attempt was already
done in [8] for the case where 2 is bounded. The purpose of this note is to show that the
nonexistence can be discussed in a class of weak solutions analogous to that for bounded
domains in [8]. The details of proof is shown in a forthcoming paper [2].

Our main result reads as follows.

Theorem 1 Let § = RV \ Qo, and let Qo be a bounded starshaped domain. Put

B
P = {ue L) [ul' € LI (@), Vu € LP(Q), ulon = 0}.

Then the following hold.
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(i) Letl < q<p* withp* =00 ifp> N andp* = Np/(N -p) ifp< N, then (E) has

no nontrivial weak solution belonging to P.

(i) Let p < N and q = p*, then (E) has no nontrivial weak solution of definite stgn
belonging to P.

Remark
Above results together with our previous results in (8] suggest the following duality be-
tween the interior problems and the exterior problems for starshaped domains. Although
it seems that the existence of nontrivial positive solutions for the exterior problems with
g > p* is not yet proved, we strongly believe that it should hold true.

duality between interior and exterior problems
domain g<p* g=7p" g>p
interior J positive solution | no positive solution | no nontrivial solution

exterior || no nontrivial solution | no positive solution { 3 positive solution 7

To prove the theorem, we introduce a “Pohozaev-type inequality” valid for weak
solutions u belonging to P. To do this, we need some approximation procedures.

We can apply the same basic idea as in {8]. However there appear several difficulties to
be overcome which comes from the unboundedness nature of the domain Q.

First of all, we prepare a sequence of bounded domains 2, = 2N Bgr, (Br,: ball

centered at the origin with radius R, which tends to co as n — oc0) and the cut-off
functions gn(-) € C'(R) such that 0 < g/,(s) < 1 Vs € R, ga(s) = s for |s] < n, ga(s) =
(n+ 1)sign s for |s] > n + 1.
Let u be a weak solution of (E) belonging to P, and let u, = gn(u) and let u, := unlq,.
For ¢ € (0,1] and n € N, we take a function v € C§°(2,) such that ||vé}jz» < C and
v5 — 2|un |9 2u, strongly in L7(Q,) for all r € [1,00) as ¢ — 0 .

We introduce the approximate equations:

wt =0 ondQ,,

n

(E; { sl —2us + Acws, = o5 in O,
n

where A, w(z) = —div{(|Vw|? + £)°F Vuw(z)}.

In order to obtain a Pohozaev’s type identity, we arrange the cut-off function xg(|z|)
satisfying xr(|z]) € C®(R), 2R < R,; xr(lz]) = 1 for |z| < R; xr(]z]) = 0 for |z| >
2R; 0 < xn(lzl) < 1; IXk(lz])] < %; for as to the integrability of u € P in Q, we
only assume that v € L9(Q) and Vu € LP(Q), therefore we encounter serious difficulties
concerning the integrability of various integrants in procedures of deriving the Pohozaev-
type inequality.

£

N
We multiply (E)% by XR(IxI)Z:c,- ?;;)" and carry out integration by parts several
ot S

times and pass to the limit in the order of ¢ — 0,7 — o0 and R — oo . Then by delicate
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arguments on the convergence of wf, with the aid of the convex analysis, we finally deduce
the following lemma:

Lemma 2 Let u be a weak solution of (E) belonging to P. Then the following Pohozaev-

type tnequality holds.

N - N

(— + ‘—”—) / |uldz + R < 0, (1)
q P Q

where

-1
R = Bim fm 2 /ar,(lefJ’ +¢)i(-z - 7)dS, p = min(p,2).

n—o0 g—0 Y4

Proof of Theorem 1
The first assertion (i) is a direct consequence of (1), since ® > 0. As for the assertion for
the critical case (ii), we need additional delicate arguments. The relation ¢ = p* together
with (1) implies that R = 0. Hence, for any 7 > 0, there exist N and £o > 0 such that

/an(ww;P +e)}dS<n Va> N, 0<Ve<eo

On the other hand, since
NiQo| = / divz dz = / z - (—i(z))dS = / (=2 - 7)dS,
0 ;1o an

there exist a positive number p and a relatively open subset 'y C 9Q such that (—z-) >
p>0on Ty
Thus we have
/r [Vwi|PdS <7 Vn > N, Ve € (0, ¢0). ()
]

Recall that Vw: — Vw, strongly in LP(Q,) as € — 0, in particular, w;, — wn strongly
in LP(To). Then by (2), there exists a subsequence wg* such that Vwit — Vw, weakly
in LP(T'g), whence follows

/ IVw,|PdS < ¥n > N. (3)
To

Let z¢ be arbitary point in I'o, then there exist a sufficiently small number £ > 0 and
y € Q2 such that zo € 8By (y)NIN. Put v(z) = o(3¢—r)f-atl, r=|z—-y|, a>0,6>0.
Then a simple calculation shows that for a sufficiently small ¢, @, and sufficiently large

8, v satisfies
—Apv+ 1771 <0, in Q= Bae(y) \ Be(y) (4)
On the other hand, recalling that u,(z) 1 u(z) in Q and wn(z) > 0 in 2y, 50 War1lon, >
0 = wnlaq,, we can apply a comparison theorem (see [9, Lemma 3]), to deduce wn(z) 1
w(z) on .

Hence, since the Harnack principle (see [11, Trudinger]) assures that w,(z) > 0 for all
z € Q,, there exists a sufficiently small & such that v|gp,(y) = (28 -1)¢8 < waloB,(y)
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hold for all n. Again by the comparison theorem, we see that v(z) < wn(z) in Q¢ for all
n.
In particular we get

v(zo + tii(z0)) — v(20) < wa(zo + tii(z0)) — wa(z0)-
Dividing both sides by ¢ < 0 and letting ¢t — —0, we finally obtain
dv ow
Y. B own
0> -abt an(::o) > on (zo) for all n,

which contradict (3).
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H B ERRBAFERZRD
IEEEEBRIZDONT

FEEE (RXETI)

UT oW ILHBERETE L OHRFHR T

1 [

EZHMBRROMBEFLEFBERRN S & T 3.

u, = A{(1+ av)u} +aeu(l —u—bv) in§ x (0,00),
ve=A{(1+Bu)w}+dv(l+cu—v) inQ x(0,00),
u=v=0 ondQ x(0,00),
u(+,0) = uo,v(,0) =vp in 9,

R LARBED SO EERINE S OERER, o SIZFERER, a,b,c,d ZEEHTH 3.

ZOABRIBEEYFICHN, A L& LHAFOMRICHS 2 DDEY AB OEMGEE
FAXZLIDLDTHS. vk ADORBGHEEE vEB OBEEMERETS. 1BHoHER
IKEETBE b>0TH305, ARBIZELDOATEA L, F@MRLTOESICLD,
B ESOMINICE > THHMBIIEDT . —H2BBOHFERNKBEHTSE (> 012
EE), BRATAR-THML, RPICLDBSESORWINTHMBICADOTHRERKITT.
BbIEL Mo TS prey-predator (SFE EAHE) model i

u=Au+au(l—u—-bv) inQ x(0,00),
v=Av+dv(l+cu—v) inf x (0,00),
u=v=0 ond x (0,00),
u(+,0) = ug,v(-,0) = vy in 0.

TH3H55, (1) TiEu, vOILBIREIC v, vBE LTS &0 D, L HHKITHEL model
K-> Ta, #UIEEL (2) O BRXROEMEBROFE, —FHIKOVLTT (12 28
DI &.
(1) DFBRZDEMEFFHICONTHANRS ; T4bL
A{(l1+av)u} +au(l—u—-bv)=0 inQ,
3) A{(1+ Puv} +dv(l+cu—-v)=0 inQ,

u=v=0 on 09,

(1)

(2)
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EAHICTIEMM (u,v) (2L u>0,v>0) OFEE—FHICOOTH.
ETESUELEETS.
EED q(z) € C(Q) 2H1-AI e &, ROBFEMEOR/NEFIMEEN () THODHT.

—-Au+g(z)u=Au  inQ,
(4) =
u=0 on dQ.

M) BUTO L) it ons Z &mshTn 3.

—_ 2 2
M@= at (Ve + [ o(ewdz)
IS q(z) =0 DEE, A (0) DHD DA EHL.

a>M&ETBE RO (5) BEMMENLNLVDESDS DI EBMONTNS. ZOREY,
&7 5.

5) { Au=aqau(l-u) in{,

u=0 on df.

72l a < A\DEEIR, ¢ =0 KT 3.
CD&IHICHGFET B E, UTORENEETE .

Theorem 1 (:)e < M2 5L, (3) DIEMEMIIFEEE LI,

a(bgq — 1) —d(cda +1)
(u)a >METS. Al(———l ¥ ods ) <0, 1\1(—1—_’_—%“—) <0
56&;& . d(cho +1)
D=0 T >0

@%#bfmtén'm\m:. (3) DIEMMHHELET 5.

Theorem 2 ¢ > M\ 2a < b &7 3.

(i),\,(-"-‘i(CT‘*“ﬂ:—l)) > 0 ThHHL (3) DIEMMBITIEE LT

(i) I f<cDEE, A (“5”%’ wl))>° THIUL, (3) DEMREHE LU, 7720
¢4
Y= T3 8

Remark 1 a,d #/85 29 —&H5. a<bdD&%, Theorem 1,Theorem 2 DREHE{ &
Fig.l D& 3icii3.

Theorem 3 N=1<&9 %, a<h, f<c,a+b< §RSHE, (3) OEERII—ETHS.
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S1, S ERD &L I ICEET 5.

_d(c¢a + 1)

Sl = {(a,d) € Rzy’\l( 1+ ﬂ¢

)=0},

51 = {(ad) e R () o),

B—cAEICEDE STHMBHIMCA S (Fig2). So512f—chAE < ENUE, S, SHikA
&b 5 (Fig 3).

Theorem 4 (a,d”) € $1&F 5. a% fizx TEHERDNTRIIEKD L.
(I) 26, 5FFFELT d € (d°,d" + 6;) 12DUT (u,,0) DI < 1K IEMMMIIEET 3.
(IT) 28,0 LT d € (d"—§,d*) IEDUWT (u,,0) D3 ISR EMEMROTFET 3.

Remark 2 S22 T HRIBRDOERIEONS.

Remark 3 & U b Fig.2,Fig.3 THIR VOANRD (q,d) IZ0 LIEDSEMENFEET D55
&, ZODBEBOMICPIICEDL LI I DEMEBRVFEET I ENMEPTES. Lrrd
a,b,c,d,a, B AEHEEH/I-T LI ITENIT, Remark 3 TR~ ENEKBITHE I b,
EERY DI &b 2 DFET S,

SE R
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unstable 3 another pos. sol.

—P  Fig.2 d< p

a

:stable 3 another pos.sol
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