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(Yanamoto.ﬂ.s On an Inverse Problen infGoophysica)v :

$1. Introduction. In this report, we consider an inverse.
spectral problem for a Sturm—Liouville'avopqrator (Aa) with a
piecewise continuous coeff!cient a(x) b ‘

~dtatodh 2% 0 < x<1, xAd; (1 Esm

duy du

ducg) = 1) = 0
(A,)

u(dj+) = u(dj-). (1 £ j<sm,

dy —yducy -
Latd 9)9%d +) = atd;-)9%d - (15§s<smp,

vhere

0’d0(d1<"'<dm<dm+1‘1p

a « €%1d;, dj,,3 0 s} £n),

- Our pfobiem is closely related to. the’followinglpne'in geophysica
i The eigenfrequencies o, (2) (&,n = 1,2,:*+) of the torsional

' oacillations of a sphor!cally aymmetrlc. non-rotating, elastic and
xao;ropxc model for the earth can be given by the eigenvalue
problem

(1.1) - gt P(r)ﬂz(r)d ) + (z+2)(z—1>r2p<r>52<r>u =

2.4
wh(z) roetriu (Rc {r { Rm. Rm <{r<R)

Qa
Q.

[¥] . au
(1,2) R = GUR) = 0

;Qith the contipuity conditions at . Rm ’
u(Rm+),=-g<km—>
(1.3) '
. 2 _ 42 o
PR HIB(R )’ 5§4Rnf>-- PR ~IB(R - R -

Here #(r) and B(r) denote the density of the oarth and the ™
velocity of the S-wave at distance r from the center of the
earth, roupoctivoly. and let us assume that both ‘functions are

/




- 08

posxtxve and have unique twice continuously differentiable
extensions for Rc S r < R and R Sr SR . Further R and Rc

are the radii of the earth and the core. respectively, and Rm

corresponds to the distance from the center of the earth to the
Mohorovi!ié dimscontinuity. The equation (1.1) ia derived from the
one in Alterman, Jarosch and Pekeris [ 1 ] (cf., Hald €L 3.)) and
the conditions (1.3) come from the conttnu1ty of the displacement
and the stress at the interface.

In investigating the interior atructure of the earth, we have to
determine p(r) (or B(r) ) on the basis of the data on the .
eigenfrequencies o, (2) , that is, we have to consider an inverse
spectral '‘problem for the Sturm-Llouv1lle problem (1.1) - (1.3) with

interior discontinuities. In L 3 ], an inverse problem of
another type is considered for a similar Sturm-Liouvile problem.

$2., Formulation of our problem, e nbté that there is a

2
countable set of eigenvalues ( 1 () ) a2y ©of (Aa)..‘Here 1. ()

2 0., Thus we can introduce
Definition. Let & (x) = ¢ (xja) be the eigenfunction of (A)

associated with an eigenvalue 1 (a)2 asatisfying ¢ (0ta) =1 ,
Then we set

1 : :
2 ;
(2.1) P, B Pn(a) 8 J 0 ¢n(x) dx (h 2 1)

and we ca[l ( ln(a)z , pn(a)_) net the ‘spectral

characteristics’ of (A,

Since [¢n]n 2 1 is a complete orthogonal basis in L2(0.1). we

obtain Parseval’s equality t

(u,¢n)zv.3n)

= '
n=1 pn

(2.2) (u,v) = I for each u, v « L2(0,1).

Here (:,°) denotes the inner product in L2(0.1) and a is tﬁe

<
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complex conjugate of a ¢ € .

As is seen from Gel’fand and Levitan L[ 2 1, ve get '

Theorem 0. Let a, B e C2C0, 11. Then in(a)z = xnkﬂ)z (n 2 1)

and p_(a) = p (B) (n 2 1) imply BLx) = alx) (0 s x < 1),

Thus we can state our problem as follows 1 Does the conclusion of
Theorem 0.hold true for «, B ¢ c2to, 13 7.

e ————————————————

For the above question, we obtain the affirmative answer ( ——
Theorem 1).

$3. Main Result. We get

(Aﬂ) }

Theorem 1. Let us consider. two Sturm-Liouville problems (Aa) and

(- %;(a(x)g%) = 22y 0¢x<1, xhdy
du = du =

(3.04 - |
92d1+> = utdy-)

' du = ald =944 -

L“(d1+)dx(d1+) = a(d1 )dx(d1 )

where a € CZEO. d13. a € CZCdi. 11, and a is right continuous
on €O, 13.

(- %;(ﬁ(x)gf) = 2% 0¢x<1, xhte

dv, = dv =
g(0) = 31 = 0
(3.2)<

v(e1+) = v(el—) ’

\s<.1+>§§(.1+).- a(.1->§§<.1-> .

3
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vhere B8 e« czto. ell. B e szei. 13, and B is right continuous

on (0, 13,
Then the conditions

(3.9 2 ()? = 2,(8)%  and p (@) = p (B) (nz1)
imply

- (3.4) B(x) = alx) (0 s x<1),

In $4 and $5, we sketch its proof.

Remark. Also for the case where the number of discontinuities in
the interval (0, 1) is greater than one, our argument holds true,
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Proof of Theorem 1.

First, we Have

Lemma. In (3.1) ané (3.2), let us assume that

(4.1)

2 ()2 = 1 (p2
(2] n

Then we have

1.2) 4

1

and either

(4.3)

(4.4) °

(4.3)

(4,6)

(4.7)

(4.8)

Here

)
1]

=22

(n 2 1)

of the six cases (4.3) - (4.8) holds ¢

|

a, =1 and h, =

a2'= 8y = i,

hy =0, or &,

a, = a4 and’ h2 = h1

a, = aIl and 52 + h1
we set

1

|
|

0

(a(
(al
dy

0

d

(ateN1’2 .’

dy+) ) 1/4
d,= /)

—d§
(att)’2’

£2A

and

hy

1
0

(B(°1+)
v 83 F (Ble, =)

)

‘=1 and h2 =0, or 21 ’

0, or 21 v

and h2 = 0, or 11 ’

—d§ ,
Bgni’z

1/4

e
1 dt
(83

0
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In view of this lemma, we have only to show the following two
propositions, In fact, when either of the cases (4.3) - (4.,6) in
this lemma holds, we can apply Proposition 1, while either of the
cases (4.7) and (4.8) holds, we can apply Proposition 2.

Proposition 1. Let us assume that

(4.9) a, 8 «cPo, 13 ,

2 .
@« C°Ld;, d;,4] (0 sjsm)
(4.10)

B e Clte, e,,,1 (05 j € my)
where
0=dg¢dy¢dy< e <dp <y =1
and
0= L) < ey < e, ¢ +++ < emz( 7m2+1 1

Then the conditions

(4.11) 2 (@2 = 2 (8%  and p_(a) = o (B)

imply B(x) = a{x) (0 £ x s 1),
.- Proposition 2. Let us assume that

a e Cztdj. d...1,

i+l
(4.12)

B« c?e;, e;,,]

and a, B are right continuous on

(0 < j <m),

(n21)

o, 11,
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‘where N
0= do £ di < d2 { e <,dm'( dm+1 =1 and
0=Qo<°1<82<"‘<°m<em+1=1o
'-di e - . »
. (4.13) T -——gi-T7§ = ___Qi_I7§ (1 < s mtl) ,
(a(§)) (B(EN™ )
0o 0
ald.+)  Ble.+)
_J— = ¢
@10 @iy o BEREFELIN

Then the conditions
4 2 - - 2 = .
(4.15) ln(a) ln(ﬁ) and Pn(a) 'ﬂn(ﬂ) (n2z2 1)

imply B(x) = al{x) (0 s x < 1) ,

‘Appendix 1, - Qutline of the proof of Lemma. Let ‘¢1('. ®) »an&3
¢2('. #) be the solutions to (I,1) and (1,2), respectively}

(- Sotatx) g2 = wy (x) 0<x<1, xhd ,
; dby(0) '
90 =1, —G =0
<1.1><

: do, (d, +) . d¢,(d, =)
1'9 _ 99489
\a(d1+) e .= a(d1 )— e

and
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(- d s : < x <1 #

- a‘;‘ﬁ(x)r) = Wz 0 x ’y X €4
d¢2(0)

¢2(0) =1, dn =0

¢2(e1+) = ¢2(ei-)

dé,(e,+) dé,(e,~)
2'8¢ _ _ 2 "1

Furthermore let us set

dwi(l. #)

% (i=1, 2> ,

(1.3) @i(u) =

Then, by an argument similar‘to the one ih Levitan and Gasymowu f
S 1, we see that the eigenvalues of (3.1) and (3.2) coincide with
the zeros of the entire functions w1<u> and Wz(u). respectively,

ang furthermore Wi(n) and @2(u) -are functions of order one half.

;herefore. by Hadamard’s theorem (Levin [ 4 1, for example), we
ave

(1.4) mz(u>’= c@ltu)

for some non-zero constant c¢ .
. Moreover, applying an argument in Mizutani [ 6.] with
modifications, we can get the asymptotic behavior of ¥y and ¥, 1

+ aTi

&a.
(1.5) ¢ (w) = -V u( 55— -ain Vi ¢,

+ Aol .ain VI (2h-2,) ) + 01 (i =1,2)

as lu| » =, |
Combining (1.5) with (1.4), we reach the conclusion of Lemma.

Appendix Il. Outline of the proof of Propositions 1 and 2,

The -proof is composed of the three steps ;
Eirst Step. We transform (A,) and (Ap) into another systems

4
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(Ag) and (Ag) of first order, respectively. That is, by
defining .
J x de + Laiuc
z = z(x) = —_— d (2) = )
0 (agnt/?2 7 L (aon1/2 dut J
: x
= VD),

L8z =atx, £=2(1), and d; = 2(d) (1S i sm in (A), ue get

—= + d’=:':/1ic>:t

(/o “1) de, 0 Lizrr2icz)
10

{ 0<¢z< 2, z# aj (1 <jsm
0 (2) _ (2 -
(Ap | 6,27 = ¢,y =0,

172 ,(2) _ 2172 () oy, .
;«(dj+)) ¢, (81+) = Cald;=)) o, <3j ) (1 25 sm)

{1’ « %o, 23,

_ (2) 0 .

Second Step. For the systems (AO).and (Ag). we construct a

deformatlon formula®, uh1ch is a transformatzon from each
eigenfunction of (AO) 1nto one of (Aﬂ)' In comparison with a
deformation formula in Yamamoto [ 7 ], its construction is more
difficult because of the discontinuity of the coefficients of (Ao)

and (AB) .

Third Step. UWe apply an argument in [ 2 ] with modifications, so
that we reach B(x) = a{x) (0 £ x s 1) ,
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On the analyticity of spectral functions for some exterior boundary value
problems

By Y, Shibata, Institute of Mathematics, University of Tsukuba, Ibaraki 305

Here, I report our joint work [1] with H. Iwashita, Tsukuba University.
Let 2 be an unbounded domain in the d-dimensional Euclidean space Rd having a
boundary T which is a ¢~ and compact hypersurface. Let A(d) ( @ = (a],...,an),'
a/axj ‘aj) be a dxd matrix of differential operators of the form:

A(a)u(x) = (Amnanu(x)) ( U = the transpose vector of ("1”"'"d) )

d
m n=1 m
We consider the following boundary value problem with spectral parameter k:

(1) (A(®) - KO)(x) = ?(x) in @, B(x,2)u =0 on T,

where B(x,2)U = U or = zm n=1 m(x)Amna U(v= (v],...,vd) denotes the unit outer
normal of T). The former and the latter are called the displacement and traction
boundary conditions, respectively.

Put Amn = (Am nas P ¥ T,0005d, g + 1,...,d) and A(E) = .n=1 Amngmgn
for £ = (51,...,§d) € R The Ampnq are real numbers and satisfy the following
assumptions.
(A.1)(Hyperelasticity) A q (myn,p,q = 1,...,d).

mpnq = Apmng =
(A.2)(Stability) There ex1sts a constant ¢ > 0 such that the inequalities:

54
Im

d — 0 d
Zm,n,p»a=1 mpng Snq Smp 2 € Zm,p=1 |Smp

|2

hold for any Hermitian matrix s = ( Smps ™ t 1eeaed, p>1,...,d).

(A.3) The characteristic roots of A(f) have constant multiplicity for all € # 0.
By (A.1), A(g) is a symmetric matrix. Let N denote the number of distinct

roots A (¢) of A(t). Then, the AJ(E) are all real and by (A.3) N is independent

of £ # 0 It can be shown that the AJ(E) can be enumerated so as to form N distinct

and analytic branches in the following way: A](g) < Az(s) < eee < AN(E). With

this enumeration the roots r.(£) are in d”ﬂf’- {0}) and homogeneous of degree 2.

By (A.2) A(3) is in particular strongly elliptic. Thus, there exists a p051tfve

constant ¢' such that Aj(z) ;zc'lelz, J=T1,0...N. Putz,=1{¢te R As (g)

j =1,...,N, which are called slowness surfaces, According to Wilcox [2], the ZJ
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are bounded and non-intersecting closed and C hypersurfaces, enclosing the origin.
It is assumed that
(A.4) the Gaussian curvatures of the sheets zj, J=1,...,N, do not vanish.
Finally, we assume that :
(A.5) d > 3.
Va1nberg [3] proved that there exists a bounded linear operator R(k) from
L (n) to HZ (9) which depends meromorphically on the parameter k € D and R(k)f
sat1sf1es (1) for k ¢ A. Here, A denotes the set of all poles of R(k) in D,
D=c when d is odd and = { ke C': -3n/2 < arg k < 1/2 } when d is even, L (9)
{ u : theu, e L (n) and vanish for |x| > a } and Hz(n) U : exp(- Ix| )a Y3
L (n) for all |a| <2 and j = 1,...,d }. Furthermore, in [3] it is proved that
is discrete. 1In [1], we get

> Mm n

Theorem A. Assume that (A.1)-(A.5) are valid. Then, the following three
assertions are valid.
(a) The intersection of A and the set:{ ke C': Ink <0, k # 0 } is empty.
(b) If d is odd, then R(k) is a holomorphic in some neighborhood of k = 0.
(c) If d is even, then R(k) can be represented in the form:

R

R(k) = Zm n=0 Rmn(kd'zlog k)" K" in some neighborhood of k =

where the Run 2re bounded linear operators from L (Q) to H (9) and the double
series converges uniformly in the operator horm,

Example. Put A(2)U = pay + (A+u)v(v U) where Au = §=] a?u, v(veu) =

the transpose vector of (2 (23_] Ju .), az(z ]a U.) a3(z 212 uJ)) and it is assumed
that u > 0 and 3x + 2u > 0, Then the A(a) sat1sf1es a]l assumptions (A.1)-(A.4).
ifd =3,

Combining Theorem A, the results due to Vainberg [4] and Yamamoto [5] we
get that the local energy of solutions to the linearied equation of dynamic

elasticity decays exponentially. Namely, we get

‘Theorem B. Assume that d = 3 and that the complement of ais convex.

—— —

2ZU(t,x) - (uali(t,x) + (m)v(v-a(t,x))} = 0 in R'xa,
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U =0 on R] x T, u(0,x) = ﬁo(x) and atﬁ(o,x) = ﬁi(x) in a.

Here, it is assumed that w > 0 and 31 + 2u > 0. Then, for any large numbers R

and R' there exist constants c, and c, such that

| dogite? + 1517 ox
Q

R

< cqlexp =c, | t]){ || vyl + 114,11 }
1 2 ol 2y *Mlz )]

fgr_ggx_ﬁo € H](n) ggg_ﬁ] e L(8) which vanish for x| > R'. Here, 0o = {x € a:

[x] <R}
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The Hamilton-Jacobi-Bellman equation

with a gradient constraint
Naoki Yamada
Department of Mathematics, Kobe University

1. Introduction

In this note we are concerned with the existence and
uniqueness of solutions of the Hamilton-Jacobi-Bellman (HJB)
equation with a gradient constraint.

Let LP, p=1,...,m be second order linear elliptic

operators defined in a bounded domain Q in RN. For given

non-negative functions fP, p = ly...,m and g, we consider

the Dirichlet problem

1 1

-max(Lku - £, ... ,L" - ™, 1pul - gt =0 in Q,

(1.1}
ulag- 0.
Here Du 1is the gradient of a function u.

Evans {2] was the first to treat the equation with a
gradient constraint in the case m = 1 in (1.1). Relaxing
‘the restrictions in (21, Ishii and Koike (9] have proved
the existence of solutions in the space w2'°%sn and the
uniqueness in the class wgéz(g) A C(Q with r > N.

On the other -hand, the HJB equation has been treated by
many authors. Using a system of variational inequalities
Evans and Friedman [6], Lions (101, and Evans et Lions (7]

have proved the existence of solutions in the space w2'°%sn

for uniformly elliptic HJB equations. Moreover Evans [41, [5]
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has proved the existence of classical solutions for uniformiy
elliptic HJB equations (see also Gilbarg and Trudinger (8]
Chapter 17). By defining an appropriate notion of weak or
viscosity solution, Lions (11] has obtained uniqueness in the
“space C(Q), with the aid of stochastic representation of
solutions. In (11] it is not assumed that the‘operators are
uniformly elliptic, but rather that they contain zero-th-ordér
terms with strictly positive coefficients. Note that our
equation (1.1) is a non-uniformly elliptic HJB equation

without zero-th order term.

2. Main result

N

Let Q be a bounded domain in R with smooth boundary dQ.

Consider second order elliptic operators

+bPv. +cPv, P=1, ... ,m, (2.1

va = -aP v
- 137xxy 1%y

where m 21 1s a given integer. We use the summation convention
throughout this paper. We also follow normal usage to denote

various function spaces such as Cn(Q), vT(Q) or Wn’u?Q) etc.
iDu! denotes the size of the gradient of u, i.e. Ipul? = Eiflui .
i

We make the following assumptions on LP:

P e 2 : \

3135154 2 81¢l | (2'2),
for some 6 > 0, all ¢§ € RV and p=1, ... ym, ‘

aP,, bP, e 2@ . (2.3)

for p =1, ... ,m and 1 31, j SN,

P

c 2 c0 , : (2.4)
for some constant Sy >0in Q p=1, ... ,m,
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p _ _P .
aij = aJi o (2.5)
for p=1, ... ,my, 1 &1, J &N.

On given functions fp, g on Q, we impose the following

assumptions:

P, g € 2D (2.6)
for p=1, ... ,m,

P, g 20 - (2.7)
in Q for p=1, ... ,m.

Under these assumptions we may state our main theorem.

Theorem 2.1. (i) Under the assumptibns (2.2) - (2.7), there
exists a solution u € wgc'):’(m ~ w"°°(m of the equation
max(Llu - £!, ... L™ - ™, 1Dul - g} =0 a.e. in Q
(2.8)

ulaQ = 0. \ |
(ii) If, in addition, 9 >0 in Q,  then the solution of (2.8)

is unique in the class Cl(Q A C(D), where the solution is
understood as a viscosity solution satisfying the boundary

condition.

3. Approximate systems and a priori estimates
, In this section we construct approximate systems for (2.8).
Let ®e€ C™(R) be a function such that

Wt) =0 if t S0, pt) = t-1 if t 2 2,
' (3.1)
P (t) 20, P'(t) 20 on R. '

For € > 0 we put Bett) = rs(t) = P(t/e). Note that
Bett) S tBé(t) on R. (3.2)
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We consider the following approximate Systems:

P, P P2 _ 2 P _ P+l, _ P
L ug + pS(IDueI g©) + Te(us Jug ) = f in Q,

(3.3)

P _ _ ’ . m+l _ 1
us’aﬂ =0, P=1, ... ,m, where u, = ug.

To prove the solvability of (3.3) we'apply the Schauder fixed

point theorem. For this purpose, we choose the Banach_space

1

E = (C'()™ and convex set

K=d(v=(l,....uv™1i uv‘ul sc, vl 20, in g
clia

i -
where C 1is an appropriate constant to be selected.

For v € E, define u = Tv by a solution of the system of

equations:;

LPuP + Be(IDupl2 - 92) + rstup - vp*l) = P in Q,

(3.4)

P _ _ m+l _ 1
u IaQ =0, p=1, ... ,m, where Vv = V.

- The applicability of the fixed point theorem follows from
a priori estimates below and linear elliptic theory.
In the following we shall state some a priori estimates for

solutions up. p=1, ... ,m of (3.3) which are independent of

€
£ > 0. The . proofs of these estimates are found in [12].

Lemma 3.1. We have

0 Suzéc in Q, (3.5)
ou?
0 = n =C on JAQ. (3.8}

Here and hereafter capital C denotes various constants depéhding
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on known constants and 9/9n denotes the inward normal derivative

on 9Q.

Lemma 3.2. We have

p .
hu™_ il s C. (3.7)
eyl =g
Lemma 3.3. We have
v P -
"ue"wz.oo(m = C. (3.8)
Qoc

4. Proof of the main result

In this section we shall prove the existence of solutions
2,00 1,00
in wnoctn) ~n W (

solution in the class CI(Q) ~ C(Q), which comp;etes the proof

Q) and the uniqueness of the viscosity

of Theorem 2.1.

Lemma 4.1. There exists a solution u of (2.8) belonging to

2,0 1,00
wQOC(Q) ~n W Q.

Proof. From a priori estimates in the preceding section, we
can choose a sequence sJ (which_we simply denote &) such that

ul;—>up in C(Q), Dulz——»Dup compact uniformly in Q,
(4.1)

R2. P 2 p r

D ue—-—->D u weakly in Lro‘Q’ with r < oo
Since rs(ui - uﬂ+l) are locally bounded, it follows that uPf
defined in (4.1) satisfy ul = ... =u™ = u € wﬁ&?(m ~ W%,

We shall prove that u solves (2.8).
First we note that Lpui - fP = 0 a.e. in Q. Hence we

‘have LPu- fP 50 a.e. in Q, p=1, ... ,m. Since
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2

Be(lDu';|2 - g“) are also locally bounded, we get

max(Llu - £, ... L™ - ™, 1Dul - 9> S0 a.e. in Q (4.2)
To prove the lnequallty in the opposit direction, it is
sufficient to show that u is a vlScoslty supersolution of (2.8).
Let ¢ € CZ(Q) and assume that u - ¢ takes its local strict
minimum at x, € Q. We.shall show
p=1;7?¥,m(-a¥J¢‘J + bf?l + cPu - £P, I1D91 - 93 20 at Xg- 4.3)
Since IDQ(xo)l = g(xy) implies (4.3), we may assume ID?(xo)l < gixg).

$ince u? converges to. u uniformly, there exists a sequence

€
(xﬂ) c Q such that
(1) lim xﬂ =%, foramny p=1, ... ,m,
e
(i) “2 - ¢ attains its local minimum at xﬂ.
P : P :

ity ID?(xc)l s g(xs).

For each &, let p(g&) be such that
ple) _ ple), _ P _ (P
(uc _?)(x8 ) = min (ue ?)(xe). (4.4)

p=l,...,m
Since p varies in a finite set there exists P which appears

infinttely many times in  (4.4). Consider such P and €

such that p(g) = p. Then we have Bs(lDul;I2 - 92) =0

and re(uz - uifl) =0 at xP. Since uP

€ e is also a viscosity

supersolution of (3.3), we get

_aP P PP > ¢P P
aj#yyt bi#, + cu, =f at  x_.

Passing to the limit as & — 0, along which we take P = plg),

we have (4.3).

Lemma 4.2. Assume g > p in Q. Then the viscosity solution

!

of (2.8) is unique in the class C () A C(Q.
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Proof. By Lemma 4.1 we have a solution u belonging to

(Q A w"“in) and approximate solutions uP  which

ro €
converge to u along a subsequence. In the following we fix
such a u and convergent approximate solutions uz (simply we
J

denote up).
>
Let v be any viscosity solution of (2.8) which belongs
to cli@ A c(@.
First we claim that v Su in Q. 1If not, there exist
Xq € Q and Py such that
Py

_ p
(v -~ u_)(x,) = max_ (v - u)(x) > 0. (4.5)
& 0 X € Q €
P=l,...,m
Since v 1is a viscosity subsolution, we have
PP Py P P P
0 0 0.°0 0 0
iJ el ] + b ue’1 + c v Sf at Xg»
(4.6)
Py
IDue (xo)l = g(xo).
Pg.2 2
The second inequality in (4.6) implies BS(IDu8 |¢ - g©) =0
Py po+l
at Xp and (4.5) implies Te(us - ug ) =0 at Xg-
Hence we have
PP Py P Py P P
0 0 0.°0 0.0 _ 0
iJ .13 + b u&l tcu, = f at Xg+
Subtracting this from the first inequality in (4.6), we get
Py Py
J(x,) =0,

Cc (XO)(V - l.le 0

which is a contradiction.
Next we show that ou Sv in Q for 0 < p< 1. 1If not,
there exist p € (0,1) and Xg € Q such that

(v - pu)(xo) = min (v - pu) < 0. (4.7)

XEQ
Since v € Cl(Q) we have IDv(xo)l = pIDu(xo)I < g(xo).
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Then there exists a ball U with center Xg satisfying
ibvl < g in U. (4.8)
This implies that v is a viscosity supersolution of
max (LPv - £y =0 in u. (4.9)
P=l,...,m :
Consequently v 1is a viscosity solution of (4.9) in U.
Considering (4.9) with boundary condition '¢ = vlaU. it is knqwn
(Evans (4], (5], Gilbarg and Trudinger (8] Chapter 17) that (4.9)
has a smooth solution. On the other hand it is also known
{Lions [11]) that the viscosity solution of (4.9) is unique.
Therefore we can conclude that v 1is the smooth solution of
(4.9) in U.
By a selection lemma, thefe exists a measurable function
p:U —— {1, ... ,m} such that
Py - gPX) 2 g ae. tn u.
Since u 1is a subsolution of (4.9) we have

Py - i) - (1 - £fPX) 20 a.e. in U.  (4.10)

On the other hand by Bony's maximum principle we get

lim ess inf (-aP 7 (v-on),, + P (v-on),) sO. (4.11)
iJ , iJ i i
X = Xg ,
Combining (4.10) and (4.11) we have
p(xo) p(xo)
C (xo)(v - pu)(xo) - (1 - pf (xo) 20

which contradicts (4.7).
Since p 1is arbitraly in (0,1) we have v = u in Q.'

This completes the proof.

By Lemmas 4.1 and 4.2 we have completed the proof of

Theorem 2.1.
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Structural Theory for Functional Differential Equations
in Banach Spaces
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Existence of Time-Global Solutions for Semi-Linear Heat Equations

By Yoshiki NIWA

§ 1. Statement of Results.

We consider the initial value problem :

u-lu\r_1 on Q_ = (0, %) x R" ,

U - A u
(1)

u(o, ) 9 " on R! ,

for r 2 1 and a given initial datum 9 . We aim to show the exis-
tence of solution under a -weak assumption on ‘f’ For_ this purpose,
we study in a framework where ¢ is a signed measure on R"® . When
the I.V.P. has a time-locai solution, Baras and Pie;re ( (21 )
showed that ‘f .must not be sb concentrated. And in [5] we showed
the existence of time-local solution for any initial datum <f
satisfying the undermentioned condition (A,) for some V €[0,n]

such that (n - »)(r - 1) / 2 < 1.

There exists a positive number k such that

(A)’) » n
9 B(x,f)) £ k§” for any x ¢ R" and fe (0,1),

Where |®| denotes the total variation of ¥ and B(x,f) is the
closed ball at center x with radius f The index » indicates the

degree of non-concentration of measures.
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In case of tilhe—global solution, we also need consider
the decay of initial data as |x]-— o0 . (For example, if @ is a
positive constant and r > 1, the I.V.P.‘can not have a time global
solution.) So we introduce the following condition (A'y,) together

with (A,). Wherey' varies over [0,n] and indicates the decay of ¢.

There exists k 2 0 such that
(A’vl) p' -n
19| (B(x,§)) = k§ for any x € R" and $§€l1,9%).
Then we have

Theorem 1. Suppose the indices » and »' satisfy

(B,) (n-»)(r-1)/2<1 and

(B,) (n-p"Nx-1)/2>1.

‘Then there exists a positive number d such that the I.V.P. (1)
‘has a solution for any ¢ satisfying the conditions (A,) and (X,)

with k = d.

We show the existence of solution satisfying the following

property :

There exists k' Z 0 such that

(-(n-»)/2, -(n-»")/2)

(C, ./ lu(t,x)lvs k' t for (t,x) ¢ Q. and

'R
, (v, V')
\u(t,y)\dy'g k f for (t,x) ¢ Q_and fe (0,00).

SB(x,f)

and if we assume the property (C;, v') for u, the solution is unique..
r

_tbc) _{ab for a € (0,1] and

a® for a € [1,00) .
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(The condition for uniqueness can be much weakéned.) Later we
generalize the non-linear term of (1) and state a similar result
for the generalized equation. The meaning of "solution" shall be
specified there. (See the conditions (E.1) to (E.3) after the

theorem 3.)

Remark 1. Suppose r > 1, ¥ 20 and that the I.V.P. (1) has
a.non-negative time-local mild solution. Then Baras and Pierre

({2], Proposition 3.2) showed that

. < -
there exists k Z 0 such that 3’(K) k C2/r,r*(K)

(2)
for any compact subset K C R" .

Where r¥ = (1 - r"1)_1 and Cz/r r*'denotes the capacity associated
’ .

: x
with the Sobolev space w2/r,r

. (We say u is a mild so}ution of
(1) if u satisfies the integral equation associated with the I.V.
P.). In case rb} 1 +2/n , it follows from (2) that @ mﬁst saﬁisfy
the condition (A,) for v=n - 2/(xr-1). (Same reference as above.)
So it is expected that the condition (B1) in the theorem can be
replaced by (n -y)(r - 1) / 2 < 1. But the undermentioned fact

shows that it is impossible.

Let Y be a compact submanifold of R"  (whose dimension is any).

We define its characteristic measure XY by XY(A) = SAnY dvy

for any measurable set A C R". Where de is the standard volume

element of Y. Then we have
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Theorem 2. The I.V.P. (1) with initial datum XY haé a
time-local positive mild solution if and only if the dimension

of Y satisfies that

(n - dim(Y) )(r - 1) / 2 < 1. : (3)

(Proof) Suppose the inequality (3) holds. Since the measure
X Y,satisfie’s the condition (Adim(Y)) , we can apply theresult of [‘5] )
and have that the I.V.P. (1) has a tiltje—local solution. Next we -
assume that the inequality (3) does not hold. Then it follows that

Cz/r r.(Y) = 0. (Baras and Pierre [1], Proposition 2.4). Since
' .

X Y(Y) is positive, the measure XY can not satisfy the condition

(2) for K = Y, So the I.V.P. (1) can not have a pdsitive mild local

solution. (End of Proof.)

v Remark 2. Concerning the non-existence of time-global solu-
tioﬁs, it is known that if n (r - 1) / 2 £1, 920 and P40, the
I.V.f. (1) can not have a time global solution. (Fujit'a [3] and
Kobayashi-Sirao-Tanaka [(4]1). So we can not replace the condition

(By) by (n -p')(r - 1)/ 2 Z 1.

Remark 3. Weissler [6] studied the LP setting of the problem.
and showed the existence of time-global solutions for ¢ e LP in

case p = n(r - 1) / 2 >1 and |¥| p is sufficiently small. This
L

can not be derived from our result directly.
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Remark 4. In case the non-linear term of (1) is replaced by
- uly| r-1 , Baras and Pierre ( [1] ) showed that the I.V.P. has a
time-global solution if the initial datum ¢ satisfies
@] (E) =0 for any E C R™ whose capacity C2/r ¥ (E)
r <
(4)

is zero,

and that the condition (4) is necessary if r > 1 and 9 2 0.

Now we generalize the non-linear term of (1) and consider
the following initial value problem.

u, - A u = Feu on Q?. and u(0,-) =9 on R (5)
Where F is a continuous f_unction,defined on R and asumed to satis-
fy the following condition (Dr r.) for some.r and r' > 1.

’

There exists k 2 0 such that

|F(s)] = k |s|(r"r) for any s € R and |

‘ F(s,) - F(s.)
(D, ) sup{ [Fis, s )|
Isy - 54l

H Isilg s (i=1,2) and sS4 fsz }

r-1

< k(1 +s )  for any s > 0.

Here we introduce following notations.

M), p' = {‘f ; a signed measure on rR" satisfying the conditions
[J . ) .
4
(A,) and (Av,).}
Xv,v' = iu € C(Q,) ; u satisfies the condition (Cp'v.).}
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Then our result is

Theorem 3. Let F satisfy the conc?ition '(Dr"r,) for some
r and r' > 1 and the indices p and y' satisfy the inequality (B1)
and | o -

(B,") (n -v') (' -1) /2 >1.

Then there exists a positive number d such that the I.V.P. (5) has

a unique solution u € X for any initial datum €M,
r .

v, »'

satisfying the condition (Ay) and (X,) with k = d.

A function u on Q. is caled a solution of the I.vV.P. (5) if

the following conditions are satisfied.

1,2

(E.1) The function u is of class C' '" on Q, . That is to say

u has continuous derivatives U ,ouy and LI (i,3
' : i i’7y
=1,++,n) on Q.-

(E.2) ut(t;‘x) - A u(t,x) = F(u(t,x)) for any (t,x) € Q. .

(E.3) lim S wix) u(t,x) dx =S wix) d P (x)
tio rR” R ¥

for any compactly supported continuous function w .
§ 2. Proof of Theorem 3.

As usual, we consider the following integral equation :

u =E[¥]) + K[Feu] (6)

for a function u on Q,, . Where
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E[@](t,x) = S o ltyx-y) d ¢ (y) ,
R

t
K[£)(t,x) =5 ds g e(t-s,x-y) f(s,y) dy
4 0 rR?
and
-n/2 2
e(t,x) = (41Ct) exp {—lxl / (4t)} .

We introduce the norm of My, by
r

_1'3)

Where L is the volume of the n-dimensional unit ball. Next we

"Ny,,,- = sfl;g W (-»,-»") ,(N(B(x,f)) for (PeMV,u'

define the norm of X” Pt by
14
lul ( (n-»)/2, (n-»')/2)
u =max}s up lt : u(t, -) ‘
»v' t€(0,0) | ! sup ,
s up u(t,-) vy
t e, ) | s, }

Where lu(t,')‘ sup {'u(t,x)li x € R"! } . The norm I-"“‘.

sup

induce a complete topology into Xy v

r

In what follows, we state some propositions without proof.»

They can be proved similarly as the related propositions in [5].
First we derive estimates for the terms E[ (]7] and K[Feu].

. Proposition 1. (i) Let § be an element of M for some

v,
Yand ¥' €[0,n}. Then the function E["f’] belohgs to X,,,,. and
r

‘has the estimate :

IE[?]"P,V' = Z.Iﬂ»,v' :
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(i) Let F, v and »' be as in the theorem and u be an element of

X . Then the function K([Fe«ul] is wel}—defined and has the

pyv'

estimate :

*
‘(r,, r)
IK[F-u]ﬂv’y. < 2

=1
S N L TR T

Where =1 - (n-¥)(r-1)/2and § = (n-»)(x'-1)/2 -1,

n/2+1(0_1

-r', - * .
lFlr,r' = sup'{F(sﬂlsf ToT) o5 e R& ) ¥y = min (r, r') and r =
max ( r, r'). By the assumption, ﬂand 9' are positive and,F|r r

r

is finite.

This proposition shows that the integral equation (6) is

well-defined in X, pt o Now we consider the integral equation :
r’

u = u, + K[(Fesu) u € X)ﬁy. (7)

Where F, v and »' are as in the theorem and u, is an element of

X . Then we have

v,»! _
Proposition 2. (i) The equation (7) does not have two or

more solutions in Xy,y. .

(ii) Suppose there exists a positive number M such that the
satisfy-

estimate : Jug, + K[F'u]ngv' = M holds for any u € X, ,,

=

ing |ulg', < M. Then the equation (7) has a solution u e X, ot
’

satisfying |u||v " < M.
Kj

We use the contraction mapping argument for the proof of the
second assertion. At last we need reduce the I.V.P. (5) into the

integral equation (6).
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Proposition 3. Let F, » and »' be as in the theorem. Then

the following atatements are equivalent for a function u € Xy e
-1

(a) u is a solution of the I.V.P. (5). That is to say u
satisfies the conditions (E.1) to (E.3).

(b) u is a solution of the integral equatidn (6).

End of Proof of Theorem. Let @ be an element of M, ,,.
’

we put 4 = |‘f’|yy. . Suppose u is an arbif:rary element of qu.
14 r

satisfying |u|), »! < 44 . Then by the proposition 1, we have
’

IELP 1 + R(Feud] .

*
: (ry,r )
n/2+1 (-1 r=1 * 7
< 24 + 2 6 +o" 7l o0 (4) .
* .

We remark that r, and r are both greater than 1. So if 4 is.
sufficiently small, the right hand of the above inequality is
majorized by 4d. Then applying the proposition 2-(ii) in case
M = 44 and u, = El ? ), we have that the equation (6) has a solution

in X . Then by the proposition 3, the solution is a classical

v, v
solution of the I.V.P.(5). The uniqueness of the solution follows

by combining the propositions 2-(i) and 3.
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UNIQUE EXISTENCE OF SOLUTIONS TO LINEAR EVOLUTION EQUATIONS
AND AN APPLICATION TO SOME DEGENERATE HYPERBOLIC EQUATIONS

Taeko Shigeta

Department of Mathematics, Tokyo Metropolitan University

SO0 Introduction
This note is concerned with an abstract linear evolution equation
in a Banach space and, as an application, the uniqdé existence of

the following degenerate hyperbolic equation in a Hilbert space H:
(0.1) u"(t) + ¢2(t)Au(t) + @(tIu (t) + S(Hru(t) = £(t)

for t <t < 82. (WE)

0
= v - v

(0.2) u(to) = g It1%ur (t) t=t0' uys

where u’ is the t-derivative in the sense of vector-valued

derivative, A be a positive self-adjoint operator in H, «a are

real numbers with and o« > -1, & and ¢ are functions on [S|,S,]

2
([81.823 L] to, 0) to [O,+] satisfying the following;

e |
(0.3) <§<‘> « WPIT((S,,SO\(0)), (S, £ ty £ S
0.4) "% ¢ ety ¢ It

(0.5) 16 ()1 < CItI®Th,  1eml ¢ CltI®72,

for a.e.t on (81,82), with some positive constant C,
(0.6) BCt) -/t e Ll('Sl,Sz) with =2a-1 < v < 1.

We note that & takes value O or o at t = 0. That is, the
degeneracy occurs at O. Especialy if 2a > -1, we can take v = O.

First we study a linear evolution equation in a Banach space 2Z
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with norm I-lz:

(CP:F) dult)/dt + A u) = F(s) for, s Lt ST, u(s) = v,

where 0 { s < T, (A(t))teEO,T] is a family of linear operators in Z.
Let (X, r0,77 39 (Yydyepp, 77 be families of Banach spaces in Z .

with norms {l'ﬂx } and (“."Y } respectively such that Yt is
t

continuously andtdensely imbedded in X, for each t. _Here we note that.
Xt (resp. Yt) is not necessarily equivalent to X; (resp. Y;) for s #
tf If Xt and Yt are equivalent to some Banach spaces X and Y
respectively, several conditions for the existence of the unique
solution of (C.P)_ are knoun under Kato’s stability condition for
{A(t)) on {Xt} and on {Yt}' But for example, an operator associated
with (WE) does not satisfy Kato’s stability condition, if a # O.

In fact, X, and Y, must change at t =0 (here we take [S,,S,]

2
instead of [0,T1). Then Y. Komura conjectured that (C.P)S has a
unique solution under the weak stability condition for {A(t)3}: for

x € D(A(L)),

_d 2 " 2
dtllxllxt { 2Re(A(t)x,x") + i(t)l!xnxt

for some x* e Jx (x), where JX (x) is a duality map of‘-Xt and f(+)
t t

is a measure on [0,T]. UWe note that Kateo’s stability condition
implies the weak stability condition.

Our purpose is to construct an evolufion operator {U(t,s)} under
the weak stability condition (with some additional assumptions) for
{A(t)} on {Xt} and on (Yt}, and show that {(U(t,s)} gives a

unique solution of (CP:O)S.

Secondly. we apply our abstract theorem to (WE). For various
results on (WE) with to =0 and a > 0 (i.e. the degeneracy

occurs at initial time), we refer to Carroll-Showalter [2] Chap. 3,
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section 2 and the references quoted there.

| When to = 0 and @ <0 (i.e. the singurarity occurs at
initial time), (WE) has been studied by Lacomblez (4], Bernardi
L11, Povoas [5] and Coppoletta [3] in various setting.diFFerent from
us. They assume that ug = 0, and furthermore u, = 0 (resp. f = 0)
in €11 and [3] (resp. [41), uwhich is essential for them. They solve
(WE) by showing that the range of the perturbation of operators

a2/012

and ¢2(t)A becomes some function space. Hence the
assumptions for f is weaker, but the assumptions for initial values
are stronger than are stronger than us. In .this paper, for every

(uo,ul) e x{ (for the deFinition, see (3.1) ~ (3.3)), we obtain a
. o

unique solution u with (u(t), 1t1Yuw () € 2 for every t «
Eto.Szl. Here we no{e that since xﬁ is different from others only
for t = 0, the solution u starting before O keeps thé space
regurality before and after O, and the regularity of u(t) or

u* (t) haises'uheh t gets to 0O or gets out of 0. UWe also note
that the sun of thg space regularity of u(t) and u’(t) 1is kept
1/2 + & if v = 0.

§1 Notations

First Qe describe notations used in this report;

For an operator A from a Banach space Y to X, “A"Y.X is defined
by lAIY.X = sup (ﬂAyﬂx: yeV, Iyl = 13, uhich-may be =

Let m = 0,1. For a closed interval 1 in R, ACT(I;X) denotes the
set of functions in C™(I;X) all of whose derivatives ofvorder‘g m
are absolutely continuou§ on I (as a X-valued function). For a
subset 1 of R, ACToc(I:X) denotes the set of functions belonging to
AC™(I’;X) for all closed interval I’ C I. AC?DC(I:X) is denoted by
AC, (13D, '
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§2 Abstract Linear Evolution Equations

In this section, we study (CP:F)S. First, we describe some

definitions.

Let {Ut}tGEO B be a family of Banach spaces in a Baﬁach space

Z with norms {I°IIllj 3.
t

DEFINITION.1. UWe say that n-uu is differentiable at t if the’
: t
following holds; -Ut+h -equals Ut as a linear space for -

sufficiently small |hl with t+h € [O,T] and (Nxl - Mxt,, )/ h
Wien 7 Wy

is convergent as h tends to O, wuniformly to x 1in each bounded -

d
"xn v
dt t

DEFINITION 2. A two-parameter family {U(t,s)30 (s (t (T

subset of Ut' The timit of the above is denoted by

of operators in 2 1is said to be an evolution operator on (W,} |if

.t
it satisfies the following: for O ¢ s é r < t S T,
(i) U(t,s) 1is a bounded linear operator on Us into Ut’
(ii) U(t,t> =1 on lJt and U(t,r)U(r,s) = U(t,s) on 'US.

Let ' be a closed subset of [0,T] which has at most countable
numbefs. Let Z, Xt and Yt be a Banach spaces étated in §0. \UWe
assume the following conditions for these spaces. ‘

(S.1) There are constants Ci, i=1,2,3, and 8§ € (0,11 such that

2 & cln-‘nxt < oty ‘u.nxt‘; can-nlta %, for0 gt ¢ T,
(s.2) 1If tn tends to t €« [O,T] from the left and {yn € Ytn) is

a sequence such that sup 'yn“Y { « and Y, converges toy in 2,
n t
n
then y belongs to Yt with
Kyl £ 1im sup Ny # ’ Wyl £ lim sup ny ] .
Xt = Tpoe Xy Yy noe Ytn

(S.3) For each t ¢ (O, TO\I, . nx (resp. - 'Y ) is
differentiable u1th bounded derlvative near t uniformly to the

bounded set in Xt (resp. Yt)‘
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(S.4) For every t €l and & > 0, if h >0 |is sufficiently

small, then there exists a linear operator P on Yt into Yt+h

such that

nPh

X and HP"Y v < l+e, "‘I‘P’"vt,z <e.

t* Xt +h t*Yt+h
REMARK 2.1. (S.2) means the left lower-semicontinuity of the

norms I-lx and n-ny at t (¢ ) in the topology of nouz in some
t

t
sense. (S.3) means the differentiability of these norms at t (¢ I')

in its own.

Let {A(t)}tCEO.TJ be a Fami]y of linear operators in 2
Wwhich satisfies the following conditions;
(A.1) For each t « CO, TN, A(t) 1is a closed operator in X

t
with Yt C D(A) (C Xt); and if 2 isvsufficiently large, 2
belongs to the resolvent set of A(t) and (A(t)+11)~lYt is
densely included in Yt’ '
(A.2) (Weak stability condition) There are integrable functions
f and g such that all points of [O,TIN are LébesgueApoints of
f and g and that the following hold: If t e CO,TIN[, then for

every x € Yt and vy € D(A(t)lY ) = {y € Yt: A(t)y e Yt}, there

t
are x" « Jx (x) and y" « JY (y) such that
t t
112 ¢ 2Re(ACLIX,x*) + FCtONxD.2,
iy, £ £ Xy
—dy g2 2

Y Y, $ 2Re(A(t)y,y*) + 3(t)nynvt. -
(A.3) For each t € [O,TIN[ and each y e Yi» ACs)y is right
continuous at t in Xt.

(A.4) lIA(t)nY is dominated by an integrable function £&(t)

X
t’7°t
which is continuous at every point of CO,TI\TI

Let F(+) be a Z-valued function with F(t) e Xt a.é. on
0o,T).
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DEFINITION 3. 1In the above situation, we say that uy(.) e
C({s,T1;2) is a solution of (CP;F)5 with y € Ys' if
(i u(t) e Yt for every t e [5,T] ’and u(s) = vy,
(ii) for all t except at most countably many points of (s,T),
there is Gt > 0 such that u belongs to AC(Et—St,t+6£];Xt) with |
du(r)/dr + A(M)ulr) = F(r) in Xt a.e. on (t—Bt,t+6t).

Now, we describe our main thgorem.
THEOREM 1. Assume the conditions (S.1) ~ (S.4), (A.1) ~
(A.4). Then there exists an evolution operator {U(t,s)30 { s { t ¢

T} on (Xt} and on (Yt} with the following three properties.

(i) HU(t.S)Hx X

t t
o Xy S exp Jsj(r)dr, "U(t’S)“Ys.Yt £ expjsg(r)dr,

for 0 { s Lt ST,
(ii) For every r e [O,tN\[', and vy « Y, the function _U(t.s)y
is continuous in Xr. as to (t,s) 1in the neighborhood of (r,f).
(iiiy If Yt isva separable Banach space for every t e Eo;TJ\F,
then for each s € [0,T] and y € Ys’ u(s) = U(.,8)y is a unique

sglution of (CP:O)S with sup HuCt)Hh { o,

s<tgT Y

t

THEOREM 2. Assume the same condition as (iii) of Theorem 1.
Let U(t,s) be an evolution operator given by Theorem 1. Let F
be a Z-valued function on [0,T]l with F(t) € Y, a.e. t on
(0,T), and with the following properties;

(i) There exists a sequence of stép functions {F 3} such that
Fm belongs to Yt for a.e. t and

Fm(s) - F(s) in 'Xt as m - o for a.e. t on (O,T),
(i) iFcon, e Llo,m. |

t
Then for every y € Ys (s € [0, T,
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t
u(t) = Utt,s)y + J Uct,rm)F(r)dr
S

is a unique solution of (CP;F)s with sup Nu(t)HY
sStgT t

Furthermore wu(+¢) is absolutely continuous on [s,T]1 in Z.

{ =,

Assume moreover that for interval Etl.t2] C [O0,T1, there

exists positive constant d such that

-1

d "\ 4 lunx < dn'ﬂt for Ty St

1 t 1 _

Then, u(t) 1is absolutely continuous in Xt at to t on [t
: 1

.“t

1 ,T2]~

REMARK 2.2. Assume that [0,T] 1is devided into finite
intervals {Ii}i=1.-',n with the following properties; for each i,

Xy ~ Xy and Y, ~ Y, a.e. t on Iy, and F(:) is X ,-measurable

i
on Ii‘ Then (i) 1is satisfied.

$3. Application

Let A = In l'dEl be the spettral,décomposition of\ A.
‘0

For a nonnegative number x, we define Banach space D  as

x

Qx = D(Ax), the domain of A”, with graph norm of Ax.

where A® = J lxdEl. For a negative number x, we define

D. = (D_)*, the dual space of Dx‘

X -X
We put
(3.1 T = (@+24)/{4+1)} (> -1/4), 7° = min (1,1/2),
(3.2) g = =

(atv)/{4(a+1)} (> -1/4), a’ min (¢,0).

‘Here we note that 7 + ¢ = 1/2 + v/{2(a+1)}. For a real number x, we

define product spaces as

1
| 1o,
(3.3) 2§ = DAZ ) x DAS) for t ¢ O,

DAl ) x DAZ ) for t = O.
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We assume that E(t) and f satisfy the following.
(H1) For every y € Dl+x’ E()y ?s a 0(1/2)+x-valued

measurable function on (81,82) with

fEtHHn HE(t)nD'

< by,
(1/2)+7" -8+« .

D,,,°0 ’ »D

1+’ " (1/2)+x 7' -6+x

for some positive number & and positive functiun b(t) satisfying

11 bty « Llcs),s,) if a+v o0,

1

[tIVb(t) ¢ L (8,8, if a«a +v <O,

(H2) f 1is a H-valued function on ESI’SZJ satisfying

(—a+v)/2 1 .

1

]tl”f(t) € L7(S,,S,5D, ) if ‘a +v < 0.

Now we have prepared to state a theorem for (WE).

Theoreh 2. Let x be arbtrary fixed real number. Let (0.3) ~
' (1/2)+x

to
exists a unique solution u of (WE)Y in the following sense;

(0;6). (H1), (H2) hold. Then for every (uo,ul) € x » there

. 1 H
u € C([tO’SZJ’DT'+(1/2)-6+lc) n C ([t0'82]’00""6+&)_

N AC,  ([tgiSoML035D oy ) M AC, (L1, S,N{033D,),
[tV (t) e C(Lty,S,330,),
(0.1) holds in Dx a.e. oOn (tO.Sz),

u(0) = ug, 1t1Yur (O t=t, = Y1 (s that u’ (0) =0 if

to =0 and v < 0.
Furthermore, the.follouing estimates hold:
(3.4) sup (Hu(t)nD + Hu’(t)BD ) (=,
T'+(1/2)+x o' +(1/2)+x

toSt<S,

Fu" (R %jCI(It
+ 1@+ BECOIR) if a+v 20,

1 (aW)/(l—u)+‘|t|-(a+v)/(1-u)b(t)
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l- é cl(|t|2<a+u)/(l-u)+ b(t)
w12 @AV G+ afcOD) ifa v <O,
fgr some positive constant Cl.
REMARK 3.1. Assume moreover that &, = and f satisfy;
1 ’ @ .
¢ e C (Et0.523 \N{0};00,]), f € C([t0.$2]\(0}.0(1/2)+x),

E(+) 1is strongly continuous on [tO.SZJ\{O). as an

operator from Dl+x to D(l/2)+x‘ Then
3 - i o
u e 1ro (Eto.szj\co}:p{(z_i)/2)+x).

REMARK 3.2. The continuity of u and v’ in DT’+(1/2)-6+x

and in D_, respectively combined with (3.4) implies that

g’ +x

u e CCty,S » N clecty,s,3:0,

23300 4 (1/2) - +x —e+x

2 >

for every - € > O.

SKETCH of’the PROOF. We assume thét ESI.SZJ = {-1,1]3, uwhich
does not lose gerenerity. Transforming (WE) into the s-invarent

equation for v by changing the variables:

t(s) = Isle—ls 8 = 1/(1-v) > O ), v(s) = u(t(s))>,
for -1 { s {1, we can reduce this theorem to the case that a >

—1/2 and v = 0.

(1) First we assume that ¢ =0, 8 =0 and f = 0. Then, by

putting v = u*, (WE) is transformed into the equation:

dUCt)/dt + ACDIUL) = 0 for t

0 0

<t <t, ucty) = (7)),
. vy
where '
u(t) 0 -1
Uty = ( ), ACt) = ( 2
v(t) (A 0

‘Ue define Hilbert spaces Xj (-1 ('t (1) so that X, =X},

Yt = x{"2’+‘ satisfy the assumption of Theorem 1, then uwe get a




141

soglution. Here we mention roughly what I-nxx iser For 2 > 1

- t :
determing t; by 803t1a 1. 11/2. we define the functions p , q
and r on (-1,1] x [£O,») as follows;

P, =41 ' for 021 ¢1, -1t
l(¢(t1)(t+tl)+¢(~tl)(tl-t))/(2fl) for 2 > 1, It < t,,
20(t) for 2> 1, t, <Itl <1
act, ) =f1 for 0SA <Y, ~1gtg1,
(2t1)/{¢(t1)(t+t1)+¢(—tl)(tl—t)} for 2 > 1, |t é‘tl'
o Lty for 2> 1, t; < It g 1.
r(t,2) ==[0 for 0¢2¢1, -1 gtg1, or 2>1, It <t,,

Lo 2o (trr2 for 21> 1, t,< It! < 1.

Then '

I(;)Ix:: ~ o(p(t.l)dElllxlI2+ aCt, I E NYRH 2rCt,2)dE, Gxiv)) s
(2) In general case, using Theorem 2 and the contraction

mapping theorem, we obtain a solution. . - Q.E.D.
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1. The objective of this paper {s to estabiish tﬁe following result:

Theorem. Every nonrefliexive Banach space tan be renormed so that it

is not the range of a norm-one projection of its second dual.

The validity of this theorem was first raised as an open question in
(2] by Davis and Johnson, and the next result due to them is an immediate

consequence.

Corollary ([2]). If X 1{s a nonreflexive Banach space,.then there
{s an equivalent norm on X under which X fails to be isometric to a

dual space.

The property of Banach spaces mentioned in the above theorem
characterizes tge nonreflexivity of Banach spaces. Our proof of the
theorem is based on the application of James' Theorem concerning bounded -
linezr functionals which do not attain their norms ([3, p.61) and on the
use of the set. R(X) of all elements x** € X** such that X is
orthogonal to x** in the sense of Birkhoff ([1] and [4]). It turns out
that a geometrical proof for the conjecture of Davis.and Johnson is obtained,
and that our argument provides an elementary proof of their result given

in [2].

2. Let (Z,|+|) be a Banach space and Z*, 7** the succesive dual
spaces. We consider Z as canonically embedded in Z**. Given a pair of
subsets M and N of Z** we write M+ N for the set {x+y : x € M,

yeN}. If M and N are closed subspaces of Z, the direct sum of M
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and N 1is denoted by M@ N. The space of real numbers {s writien as R.
For each f € Z*, K(f) denotes the set of all x** g Z** .with x**(f) = 0,
Further, B(Z) and S(Z) stand for the closed unit ball and the unit sphere
of I, respectively.

An element x € Z 1{s said to be orthogonal (in the sense of Birkhoff{)
to an element y € Z 1if |x| < |x + ay| for any scalar «. In this case
we write x L y. Let M, NcZ. We write ML N if i Ly for x€eM
and y € N. Given a linear subspace M of Z, we define a subset R(M)
of I** by R(M) = {x*; € I** : M L {x**} in ZI**}, For the basic
properties of R(M) we refer to [4].

Let (Z,|]) be a nonrefiexive Banach space. Then by James' Theorem
there is f € S(Z*) such that |f(x)] <1 for x € B(Z). We consider the
direct sum i = 7@ R and write (x,t()'for the generic element of i We

fix any & € (0,1) and then define a norm ||+l on Z by
(1) I (x, )| = max{|x|, |t + &F ()], It{} for (x,t) € Z.

Then (i.H-ll) becomes a Banach space and (Z,]-|) may be regarded as a
closed 1inear subspace with codimention one of 1.

To prove our theorem, we choose a c1o;ed hyperplane M of the
nonreflexive Banach space X and consider the Banach space ;4' =M®R
with the norm defined by (1). Then ﬂ is isomorphic to X, and we

shall show that ﬂ is not the range of any norm-one projection of M** -

LEMMA 1. Llet Z and f be as above. Suppose that there {is a subsat
N of Z** such that Z** = Z +N and Z L N. Then N is not contained
in K(f).

PROOF. Choose an x** € X** such that X**(f) = |x*f| = 1. By

assumption one finds x e‘Z and y e N such that x** = x +y, Since
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X 1y, we have |x| s |{x**| = 1. Hence |f(x)| <1 by the property of f,

and so f(x) # x**(f). This shows that y(f) # 0 and N & K(f).

Let Z, 2 and f be as above. Since the norm topology on i defined
by (1) is equivaﬁent to the product topology on Z x R, the sacond dual
i** is regarded as the diréct sum Z** @ R. Hence the generic element of
I** mav be written as (x**,t) with x** € Z** and t € R, and it is seen

from Goldstine's theorem that the norm on Zv* {s defined by .
(2) [[(x**,t)]| = max{]x**], [t + sx**(f)], [t]} for (x**,t) € I**,

Further, i1t is not difficult to check that R(i) consists of the elements
(x**,t) € Z+* such that I(x,8)]| s ||(x + gx**, s + gt)|| for any (x,s) € z

and any scalar &.

LEMMA 2. Let (x**,t) € Z**. Then (x**,t) € R(Z) {ff x L x** in
(z%*,]+]) for x € Z, x**(f) =0 and t = 0.

PROOF. Assume that x L x**, x**(f) =0 and t = Q. Let (x,s) € 2,
and £ € R, then [|[(x + gx**, s + &t)|| = max{|x + Ex**|, |s + &6f(x)|, |s|}
2 max{|x|, |s + 6F(x)], Is]} = [1(x,s)][ by (2). So, (x**,t) € R(Z).
Conversely, suppose that'(x*;,t) € R(i). First we choose (x,s) € i so that
Ix] < |s| and |s + &f(x)]| < [s|. Then, [[(x,s)]| = |s| and [|(x,s) + &(x**,t}]
= |s + gt| provided that |g| is sufficiently small. But (x**,t) € R(i),
and so |s + &§t| 2 |s| for |&] sufficiently small. From this it follows that
t = 0. Next choose (x',s') € Z so that |s'| < |s' + 6f(x')] and |x']| <
|s* + &6F(x')|. Since [[(x',s') + &(x**,0)}] 2 |[(x',s')|| for any &, we
have |s' + &{f(x') + gx**(f)}| 2 |s' + &f(x')]| for |g| sufficiently small.
But this implies x**(f) = 0. Since (x,0) L (x**,0) in. ¥ for x €1,
we have |[(x + gx**,o)" 2 [1(x,0)|| for any E and any x € Z. But
(x + x%,0)]l = [x + £x**| and [|(x,0)[| = |x| by the choice of &, we
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have x L x** {in (Z**,|+|).
LEMMA 3. %% 4 7 + R(Z).

PROOF. Let N = {x** € Z** : (x**,0) € R(Z)}. Then Z LN in
(Z**,]{+]) and N < K(f) by Lemma 2. Furthermore it follows from Lemma 1
that Z** #Z +N. But (Z+N) xR = {{x**,t) : x*>* €Z +N, t € R}
= 2 + R(i), and thus we have i + R(i) # Z"f*.

We now give the proof of our Theorem.

Proof of Theorem. Let (X,|+]) be a nonreflexive Banach space and
let M be any closed hyperpiane in X. Take any x, € X - M and denote by

[xo] the one-demensional space spanned by «x Then X =M@& [x0]. Since

0
M becomes a nonreflexive Banach space under the norm |:|, we can apply
James' theorem to find an f € S(M*) which does not attain its norm. Let
M=M&R and define a norm i)l on M by (1). Then (X,]-]) is isomorphic

to (M,]|-]|).  Applying Lemma 3 to the Banach space M, we have
(3) M** # M + R(M)

Suppose then that there is a norm-one projection P from ;1** onto ﬂ
Then M** = ﬁe P'I(O) and P’I(o) < R(ﬁ), since for (x,s) € ﬁ and
(x**,t) € P L(0) we have [[(x,s)[| = |lp(x + &Ex**, s + E)|| $ [|(x + Ex**,
s + gt)|| for all &. This contradicts (3), and it is concluded that I‘]
is not the r:ange of any norm-one projection on. I:I**. The proof is thereby

completed.

3. A Banach space X 1is called a dualoid, if there is a norm-one
projection of its second dual space onto X. (See [1], [4] for the basic

properties of dualoids.) Now our theorem states that given a nonreflexive

Banach space (X,|+|) there is at least one equivalent norm |[-|| on X
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such that (X,||+]|) is not a dualoid. We then give two remarks on this
result. ‘

Firstly, it is szen from the Dixmier decomﬁosition that a dual Banach
space is a dualoid. By virtue of this fact, Corollary follows immediately
from the theorem. It should be noted that a dualojd nesd not be a dual
space; the space L1(0,1) is known as a typical example.

Secondly, it is possible to show by modifying the definition (1) of
the norm of i that there are many such equivalent norms in the following
sense: Consider the space N of norms on X equivalent to the original

norm |<|. Then one can introduce a metric p on X by defining

oClE=lsli-11) = sup Clog max{[Ix{[/llx1*, f1x{l '/ lx]|}]
X7

for [[-ll, {l-]l' € N. Let P be the set of all norms ||+|] in N such that
(Z,[l-lt) is not a dualoid. Then it is proved that P is dense in N with
respect to the metric p. This means that given a noﬁreflexive Banach spaca
(X,]+1) we can find an equivalent norm on X under which the unit ball with
respect t2 |+| s deformed a§ slightly as we plezss but X fazils tote 2

dualoid.
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On a decay property of weak solution for semilinear

evolution equation of parabolic type
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Introduction

The
theorems
solution
Then we

M.H.D.

purpose of this report is to present the abstract
on the existence and a certain decay property of weak
for a semilinear evolution equation of parabolic type.

shall show that these theorems are applicable to the

equations in an exterior domain. In - the case of the

Navier-Stokes equations, the energy decay for a weak solution was

shown by

Let

Masuda [3] and Sohr [(61.

X be a separable Hilbert space. The abstract equation

of evolution‘we consider has the form

Here A

dult)/dt + Au(t) + Nu(t) = f(t) t > 0,
(E)

u(0) = a.

is a non-negative seif-adjoint operator in X , while N

s a non-linear operator Iin X specified later.

Our problem reads as follows.

~1-
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Problem 4
Construct a weak solution u = u(t) of (E) on (0, ») such
that Hut(t)ll + 0 as t » o, Here H Il denotes the norm on X.

Concernig our problem, we follow Madsuda (31 and Sohr (6].

At the first step, we show that there exists a positive number «

o
such that any weak solution u of (E) with ] na'Zucon®ar <
0

° satisfies

el + &) %uCt)ll » 0, as t » o, (W.D.)

An immediate consequence of (W.D.) is that

[t 2
1im [ lu(oHidr = 0. (0.1)
tom Ot - -

See Masuda [3, Corollary 11.
Hence in order to solve our problem, -1t s sufficlent to
construct a weak solution u of (E) satisfying the energy

inequality of strong fdrm:

t . v
flucern® + 2[ na'ucorn’dr s utsH)lw + 2] (£(1), ulr)) dr

S S

(E.1.S5.)
for almost all s 2 0 , including s = 0 , and all -t > 0 such

-2-
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that s < t. (( , ); the scalar product on X)
In fact, if f 1is a summable function on (0, ) thh values

in X, we see by (E.I.S.) that the inequality

t ® -
HuttHn” + 2[ ta'*uton’dr < luesHi® + MOI Hfcol dr 0.2)
S s . . .

holds for almost all s 2 0 and all t >s. ( My := sup Nutol )
>0

It follows from (0.1) and (0.2) that a weak solution u of (E)

with (E.I.S.) satisfies lim Hu(t)“2= 0.

tow

In section 1, we state the general results of existence and
decay property for weak solutions of (E) under some assumptions
on A and N. Section 2 1is devoted to apply the theorems
obtained in section 1 to the magnethydrodynamic(M.H.D.) equations

in a three-dimensional exterior domain.

1 Exlétence and decay property (W.D.) of weak solutions of (E)
Let X be a separable Hilbert space. We denote by ( , )

and I I the scalar product and the norm on X. Suppose that A

is a non-negative self-adjoint operator in X with the core D.

we set

v = D(A"”*). (D(S); the domain of S)

-3-
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Equipped with the scalar product

1/2
(Cu, v =u v+ a"7%u, a'%w,
V is a Hilbert space. We denote by |l Il the norm on V
1 /2
defined by Mull = (tu, u N /%,
* *

Let X and \Y denote the dual spaces X and v,

respectively. Identifying X . with X*. we have the usual

fnclusions

ve x = X* v,

where each space is dense in the following one and the injections

are continuous.

For T >0, weset %y =L%0, Ti XINL (0, T: V). %, is the

. T 1/2 2 1
Banach space with norm 1lul. = sup llutt)ll + {I A / u(o)ll dr} /2.
T cter 0

We can now introduce the aésumptlons on N.

N is a continuous mapping from V into V* satisfying the

following conditions.

Assumptjon t. There exists a monotone increasing function L,=

L, (A) such that the inequality

I<Nu, @31 s Lyciucr + na'Zuibna’Zunna’ e

hoids for all u and ¢ in V.  Here and hereafter < , >

b
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denotes the duality between V* and V.
Assumption 2. There exist a constant 0 £ p ¢ 2 and a monotone

Increasing function L, =1L, o) depending only oh ¢ in V
such that the inequality
2

I<Nu, 31 S L,Clulb et + 1A' 2w HP

holds for all u in D.

(4) For each T > 0, there exist a monotone increasing function
Ly =Lg ,,¢¢A) depending only on veE J and @ = &(t) = h(t)¢
(h€Cy(10, T)), $€D), an Interger K = K, , , depending only

on g >0, v and ¢ as above, positive numbers al(l=l.....K)

and !I(l=l.....K1 in C°([0. Tl; X) such that the inequality

T
|I <Nu(t) - Nv(t), &(1)> dr
0

Te K ot
S LyUulpds + I Ty tun) - v, ¥ (e © dr)
0

holds for all u €y .

For a weak solution of (E), we give the following definition.
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Definition.
Let the initial data a be in X and let f be in

L‘(o. »; X). Suppose that the assumptions 1, 2 and 3 hold.
u is called a weak solution of (E), if (i) and (i) hold:

® 2
(1) ue L (0, =} X)f\Lloc(O. »; V),

(ii) For all & € C;([O. w); V), the equality

® 1/2 1,2 ;
I {-(utt), 3tQ(t)) + (A u(t), A d(t)) + <Nuft), &(t)>} dt
0 - .

0
= (a, ®(0)) + [ (f(t), #(t)) dt
0

is satisfied.
Our result on existence of weak solutions reads:
Theofem 1.

Let _the ipitial data a be in X and let f be in

L' 0, = X). Suppose that the assumptions 1, 2 and 3 hold. 1f
<Nu, u> 2 0 for all ueV, then there exists a weak solution u

of (E) such that the inequality

t . t .
fluctHn® + 2[ na'Zucon® dr s tal” + 2] (1), ult)) dr
0 0 :

holds for all t > 0.

—6-
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Our result on the decay property of weak solutions reads:

Theorem 2.

Let a bein X and let f be in L'(0, ®: X). Suppose that
the assumptions 1, 2 and 3 hold. 1f zero is not an ejgenvalue of

. o . .
A, then any weak solution of (E) with I ia' uorn’dr < »
1]

satisfies

1/

1m a1 + & *ucoon = 0.

tow
For the proof of Theorems I and 2, see Kozono [2].

2 Application

In this section, we apply the theorems obtained in the
preceding section to the M.H.D. equations in a three-dimensional
exterior domain. In the case of the Navier-Stokes equations, the
similar result was obtained by Masuda [3] and Sohr (61. The main

work is to check whether or not the assumptions 1, 2 and 3 hold.

Let O Dbe a bounded domain in R3 with smooth boundary

90. We set 2 =R -o0. For simplicity, we assume that 2 |is

simply connected. 1In Q>:= Qx(0, =), we consider the

following magnetohydrodynamic( M.H.D. ) equations:

-7-
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3 v - BV + (v, VIV + BxrotB + Vn = b in Q,
atB - AB + (v, V)B - (B, V)v =20 in Q,

divv =20, divB=20 in Q,

v=20, Bv=20, rotBxv = 0, on IWx(0, =),
V|g=0 = Vg » B t=0 = Bg

’ 1 2 . 3
Here v = v(x,t) = (v (x,t), v (X,t), v (x,t)), B = B(x,t) =

B 2 3
(B (X,t), B (x,t), B (x,t)) and w = n(x,t) denote respectively

the unknown velocity: field of the fluid, magnetic field and
pressure of the fluid, b = b(x,t) = (b’ (X,t), b (X,t), b (X,t))’

denotes the given external force, Vv, = Vg(X) =

1 2 3 : IR 2 3
(Vg (X), Vo(X), Vg(x)) and B, = Bp(x) = (By(x)s Bg(X), Bg(x))

denote the given 1initial data and v denotes the unit outward

normal on 2%.

We tntroduce some function spaces.
Let COTO(Q) be the set of all c® vector functions ¢ with
compact support in &, such that div¢ = 0 ( XEQ ).

LZ(Q) denotes the closuré of Cowo(ﬁ) in Lz(Q):= Lz(Q)a.
We denote by P the orthogonal projetion from Lz(Q)_ onto

2
LU(Q).

We define the operators AD and AN on LZ(Q) as follows:

-8-



Note that -ABEL;(Q) if and only 1f BeD(A

= -AB for BE&D(A,).

157

H (@) °A (v eHy (75 div v = 0,

-Pav  for vVED(AL),
2 3 . 2
= {B€H () ; Bov = 0, rot Bxv = 0 on aQ)r\LU(Q).

N

N). With the aid

of Miyakawa (5, Theorem 1.81 and (4, Theorem 3.8), we see that

AD and AN are non-negative self-adjoint operators in L;(Q).

Moreover, we have

and

A pvll , = NVl ,  for veD(' [, (2.1)
L L
llA’{fBuL2 = lrotsll , for BEDA' ). (2.2)

I'n the context of section 1, we set

2 2
X = LO(Q)XLU(Q). D= D(AD)XD(AN)

(o a.) with the domain D(A) = D(A;IXD(A\).

Then we have  V = D(A;)/z)xD(AN‘/z).

t

We define NueVv*® for u = ‘rv, BleV by



158

{Nu, &>:= [ ((v, V)v + BxrotB)-¢ dx + I ((v, V)B - (B, MIv)+¥ dx
Q Q :

for & = ‘re, wiev.

By integration by parts, we have <Nu, u> =0 for all ue¢€Vv.

By the Halder inequality, the Gagliardo-Nirenberg inequality and
Duvaut-Lions [4, Chapter 7 Theorem 6.1], the inequalities

|I (v, V)v + BxrotB):¢ dx
Q

S (vl gliovlt , + NIBI SltrotBH O liel
L L L L - L

1/2 3 2
s covi' 2o 1°4% + uBn 7 nBi {*iirotsil ,Huvel ,
L L L H L L

1/21 1/2 1 /2
< C{(1+IIVIIL2)(1+IIAD vIILz)IIA D vIIL2+(l+IIBI|L2)(l+IIA N BuLz)x
1/2 172,
xla" 'BIILz}lIA N ¢||L2 ,
and

lj((v. v)B - (B, VIv):¥ dxl
Q

= |Igrot(va)-w dxl = lI Bxv. rotv dxl (by integration by patrs)
Q i
S Bl vl glirotwll
L3 LS L2

1/2

s clBli’}
L

1/2
B 219w Il ,lirotwl ,
H L L

< cUIBi , + HrotBll Vil ,lirotell ,
L L L . L

-10-
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1/2
N

/2
ol -,

S CU + IBI (1 + HIA
L L

1/2 1
Bl WA 5"Vl 1A

hold for all u = [v, BJ€V and all ¢ = e, wIEV.
Hence the assumption 1 follows.

Moreover, for each ¢ € D(Ap) and ‘each ¥ € D(AY)

N

inequalities

” ((v, V)v + BxrotB)-4 dx
Q

S ess sup Ié(x)iclivlii JHvvil , + IIBI ,HrotBll )
X€EQ L L L L

1/2 1/2
= ess sup l¢(x)l("vHL2HA D vIILz + "B"L,"A N BHLz)

XeQ

and

'I (v, V)B - (B, M)v)+¥ dx
Q

S ess sup 1VOO (VI LCIBIL , + HA'[7BI ) + B A" [*vil ,)
xeQ L L L L L

hold for all ‘ttv, Bl€v.

Taking p =1 and

L, g\ i=(ess supl®(x)l+ ess supl¥(x)1)( 1+4A7)
-7 XeQ XEQ

for each ¢ = t[¢. viepc L”(Q)SXL“(Q)a, we see that the

assumption 2 holds.

-11-

the
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Ve obtain the assumption 3 by using Masuda’'s beautiful
technique. See Masuda (3, Lemma 2.5].

Finally, 1t remains to show that zero is not an eigenvalue of
A. In fact, by (2.1) it is easy to see that zero is not an

eigenvalue of AD . Suppose that ANB =0 for BGINAN). Then

by (2.2), rot B = 0 in Q. Since divB =0 in Q and since
B-v=0 on 932, it follows from the classical potential theory

that there is a scalar function 15 with pElec(Q). VPeLz(Q)

and
op =0 in @, 9p/3v = 0 on 32

such that B = Vp.
According to Miyakawa [5, Lemma 1.4], such p must satisfy that

Vp = 0 and hence B = 0. Thus zero is nbt an eigenvalue of AN‘

Remark. . )
Theorems 1 and 2 are appplicable to the following system of semi-
linear parabolic equations: '

L Pooyd L

1 ' 1 Py L
3gu - Ly ey axJ(aJk(X)axku ) + Tul"Ey 7 byoxu” = f

in Q, -

= ],...,L)

u‘ = 0 on aéx(o, ®),

i 1

Uljtsp = 2

-]2-
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where Q = 9x(0, =)(2; bounded or upbounded domain in R™ and

L, 1,2, 1,2

tub = €2, vauy y 7,

Suppose that 3 Sn<$6 and 1 S P S 6/n.

i ® g =
Ye assume that a,;; and by arein B (2 and a;; = ay; for

all 1,3 = 1,...,L. Moreover, we assume that there is a
positive constant & such that

L, (xyedek 2 Loty yelgd 2
Ly, =12y 087€" 2 618", L, (_[byo0&' e’ 2 6lgl

hold for all x€Q apd all £=¢g',...,g% )erl.
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Maximal Monotone Operators
Assoclated with Saddle Functions

By Hidekazu ASAKAWA

Introduction. A convex function on a real locally convex

Hausdorff space E is a function f with value (-, +00) whose
epigraph (i.e. set of points in Ex(-o,+0) lying above the graph of
f) is convex. The domain of f ls,d&finedlby DCE) = (x : f(x) < +o
). If f¢x) > —o0 for all x and f(x) < +o for at least one x, then
*

E

f is sald to be proper. The mapping df: E - 2 given by

1) = ( xT e X*: 1@ > fo + F,z-x) for all z € E)

is called the subdifferential of f. A function f is concave if -f

is convex. (See (1)),

Throughout this note, we assume that X and Y are real
reflexive strictly convex(Banach spaces whose dual spaces Xf and
Y* are also strictly convex. We denote by (°.°)x , ('.')Y the .
dual pairing between X and X*, between Y_aﬁd Y* respectively. XxY

is a Banach spacelwlth the norh defined by
2 2 2
hex, v I} = (HxHx'+HyHY)

for any x in X and any y in Y. Then the dual space of XxY is X*
XY*, with their duality paliring given by (-.-)x + (-,-)Y.
Moreover XxY and x*xv* are strictly convex.

By the strict convexity of X*. for each x in X there is
unique Fyx in x* which satisfles "x";="FxxH;=ﬂFxx.x)x. The
correspondence Fx which 1s called the duality map on X, is ieml—
continuous (i.e. continuous from X with norm topology to X with
d(x*.X)-topology). In the same manner, we also consider the
duality map FY on Y and F on XxY,. It Is easy to see that F(x,y) =
(Fxx.FYy) for any (x,y) in XxY. ' N

X*xY

An operator A from XxY to 2 is séid to be monotone 1if
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* *
(x*-a ,x—;)x + (y -1*.y—1)Y >0

whenever (x*.y*) € A(x,y) and (5*.1*) €'Alx,y). A is said to be
maximal monotone if the graph of A is properly contained in no

_ * K
other graph of monotone operator from XxY to 2x Y . It is well—-
known that A Is maximal monotone 1ff R(F+A) = X*XY*. In this case
for each (x,y) in XxY and each A > 0 , there are unique (x,,y,) In

x %k L . AT7A

XxY and (xA.yA) in X %Y such that

' x ok x X
F(xA—x,yA-y) + A(XA'YA) = (0,0 and (xA.yA) € A(xA.yA).
or equivalently
Fo(x,=x) + AxT = 0, Fyly,=y) + Ay = 0 and 5 y™ € Atx,,y.)
X2 AT Byt A ATYa A
We define

J,x,y) = ( ) d Ay = Ly

/\x'y = x/\’yA an Ax.y = x/\'ylt.

JA and AA are called resolvent of A and Yosida approximation of A
respectively. The domain of A is defined by D(A) = ((x,y) € XxY:
Alx,y) # ¢ ). (See (2,3,4)),.

K:XxY - (-0,+0) is said to be a saddle function if

K{s,y):X = (—00, +00) fs convex for each y in Y,
K(x, *):Y » (-w,+0) 1is concave for each x in X.
X*XY*

Then the operator K from XxY to 2 » which Is defined in §2, is
mono tone. Under certain continuity condition on K, it was shown
by R.T. Rockafellar in (6) that K is maximal monotone if X and Y
are Banach spaces, at least one of which is reflexive. D. Tiba
showed that there exists a saddle function KA such that 8KA is
Yosida approximation of K under more restrictive assumptions on
X and Y. He also gave a characterization of resolvent operator of
0K by the saddle function K. In this note we.will show the
existence of saddle point, which plays an important role in this
theory. The same result was obtained In (7) by using duality

argument of saddle functions.
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§1. Saddle Functions.
Let K:XxY - (~00,+00) be a saddle function. We define two
saddle functions K and K by :

(1.1) if vy € Y such that l%m»iaf K(z,y) > =00 for any x € X, then

Kix,y) = lémﬁiaf K(z,y), otherwise K(x,y) = - for all x € X,

and

(1.2) if x € X such that l%m*sgp K(x,w) < 400 for any y € Y, then

Kx,y) = l&mﬂsgp K(x,w), otherwise K(x,y) = +o for all y € Y.

K and K are upper semi-continuous (u.s.c.) in y for any fixed x in

X and lower semi-continuous (l.s.c.) in x for any fixed y in Y

respectively. Two saddle functions K and K’ are called
equivalent, denoted by K @ K', if K = K* and K =K. A saddle

functlion K Is said to be closed provided that K > K and K K.

is easy to verify the following facts :

(1.3 Kix,y) < K(x,y) < Kx, y) for all (x,y) in XxY

1.4 iaf Kx,y) lgf K(x, ¥ for any y in Y.

a.s) syp K(x, v

sgp-K(x.y) for any x in X.

The saddle point of K is an element (x,y) in XxY such that

(1. 6) K(z,y) < K(x,y) < K(x,w)

for all (z,w) in XxY, In this case we have

a.mD inf sup K(z,w) = K(x,y) = sup inf K(z,w)
z W w z

It

The following theorem is an easy consequence of the definition of

equivalence of saddle functlions.

Theorem 1.1. (7)), Equivalent saddle functions have the

same saddle points (if any).

We put
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{(x € X: K(x,y) < +o  for all y in Y}
{ly € Y: K(x,y) > -0 for all x in X).

(1. 8 Cc
1.9

o
it

Then both C and D are convex, and they depend only on equivalent
class containing K. K is called proper if its effective domain
D) = CxD is non—empty.

Let K be proper closed saddle function on XxY, .then K is
finite on CxD, +® on (X-C )xD, and —© on Cx(Y=D ). It is an

immediate consequence of (1.1) and (1.2) that

(1. 10 Ki(x,y) = l%m*laf Kz, y) if y €D and x € X
=00 if y D and x € X,

and

a. i Koay) = 1jm,syp Kx,w) 1f x €Cand y €Y
+00 it x 2 C and y € Y.

§2. Monotone Operator Assoclated with Saddle Function,

Suppose K is a proper closed saddle function on XxY. Let
(x,y) and (x*,y*) are slement In XxY and X*XY* respectively. We
define the operator 8K, which is assoclated with K,

¥, v™ e aKx,

if and only {f

2.1 K(z, y)-K(x, y)
and

Iv

(x*.z-x)x for any 2z in X
-K(x,w)+K(x,y) > (y*.w—y)Y for any w in.Y.

We also give the following forms of the definftion of 8K which are
equivalent to (2.1) : /

2.2 Kz, ) -KG, ¥) 2 0 2=x) g for any z In X,
—R(x.w)+ﬁ(x.y) > (y*,w-y)Y for any w in Y,
and K(x,y) = Kx, v.
and
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2.3 (x,y) is a saddle point of L, where L iS the proper
closed saddle function defined by
L(z,w) = (x*.z)x—(y*,w)Y+K(z,w) for any (z,w) In XxY.

(2.2) guarantees that 8K depends only on equivalent class
containing K.

Proposition 2.1, ((B)). If K is a proper closed saddle

function on XxY, then 8K is a monotone operator from XxY to
L I
oX XY

Proof.) Suppose (xT.yT) € 6K(xl.yi), where 1 = 1,2. From
the definition of 8K, we have tﬁe'followlng four inequalities :

2. 4 K(xz,ylj—K(x,.y‘) > (x:k.xz—x‘)x
(2.5 “K(x,,y,)+K(x, ,y,> > (y,.y,'yi)y
(2. 6) Kx,,y,)-Kx,,y,) > (xz.x,—xz)x
2.7 “K(x,,y, )+K(x,,y,) > (y:‘,yi—yz)Y

Summing up those inequalities, we get
*_ X X X
O, =%, X, =X, )+ (¥ =¥, , ¥, 7Y )y £ 0.
This means 8K is monotone.

§3. Existence of Saddle Point.

In this section, we will show the existence of saddle point

which was already shown by Rockafellar in (7). However, our

me thod is quite different from the duality argument given in (7).

Proposition 3. 1. LLet K be a proper closed saddle function on
XxY. Suppose there is a (x,y) € DCK) such that

3. D K(x,y) - +o as  lIxlly = 4o
3.2 K(x,y) - -0 as  liylly = +o.

Then there exists a saddle point of K.
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The following lemmas wjll be needed in the proof of
Proposition 3.1,

Lemma 3. 1. Let G = (xl.---.xn) c R™ Suppose A(y) |is
closed convex .subset of R™ for any v € G, which satisfies the

following condition :

L k
3.3 Yoottty € G Implies co (yl. --.yk? C UJ=1A(yj).
Then {(A(y): y € G} has non—empty intersection.
Proof.) We use induction on n. If n =1, then Lemma 3.1 is

trivial. Suppose Lemma 3.1 holds for n = k. We set K = co
?::A(xj). We put Pj(x) =
d(x.A(xJ)) for any x € K and 1 < §j < k+1. Then PJ is a continuous

convex function on K and

(xl.---.xk+l) which Is contained in U

(3. 4) P,(x) =0 if and only if x € A(x

3 ).

J

for 1 < § < k+1. ~ Now we define f(x) = mhxf]Pj(x): 1 € 3§ < k+l )},

Since f Is continuous on compact set K, there is ay € K such that
fCy) = min {(f(x): x € K}. Suppose f(y) =& > 0. Noting that y

k+1 - n
€ UJ=1A(xJ). we may assume . that Pk+l(y) = 0._and Pj(y) < e for 1 <

J £ k. By the induction assumption for n = k, there is a z €

njﬁ A(xJ) i.e. Pj(z) =0 for 1 < § <k. From the continuity of

1
Pk+l' we can choose A € (0,1) such that
3. 5 Pk+1((1—A)y + Az).< e.>f
By the convexity of Pj' wae have

3.6 Pj (AA=Dy + A2) < U-DP (y) + AP, (2) < (1-Q)e

3 b

1f 1 < J <k Thus we have f((1-A)y + Az) < e, which is a
contradiction to f(y) = min (f(xX): x € K }. Therefore we conclude

fCy) = 0, which means y € nk+1

j=1A(xj)' This completes the proof.
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Lemma 3.2. Let G be a subset of a locally convex Hausdorff
space E. Suppose A:G - 2E satisfies the following conditions :

3.7 x :

1° """ *p € G implies co (xlf.."xn’ C Uk lA(xk).

(3. 8) A(x) is closed convex for all x € G.

I1{f there is an X € G such that A(x) 1is d(E.E*)-compact, then
{A(x): x € G) has non-empty intersection.

Proof.) It suffices to shdw {(A(X): x € G} has finite
intersection property on A, This is an immediate consequence

of Lemma 3. 1.
Now we shall give the proof of Proposition 3.1.

Proof of Proposition 3.1.) We apply Lemma 3.2, First of

all, we set

(3.9 ACz,w) = ((x,y) € XxY: K(x,w) - K(z,¥) <0,

for any (z,w) € D). Since E(',w)—i(z.-) is a l.s.c. convex
function on XxY, A(z,w) is closed convex. From (3.1) and (3. 2),
we obtain that A(x,y) 1Is a(XXY.X*XY*)-compact. In fact, (3.1) and
(3.2) imply

(3.10) K(x,y) = +o as lxlly = +o and inf K(x,y) > -,
and
31D K(x,y) - —o as |Iy||Y - -0 and sgp K(x,y) < +w,

From (3.10) and (3.11), we have K(x,y) - K(x,y) » +0 as I, v -
40, Thus A(x,y) is a bounded closed convex subset in XxY. Since
XxY is reflexive, this means Alx,y) is o(XxY.X*XY*)-compact. Ve
now claim that A:D@K - 2X¥
(xk.yk) € DK (1 <k <£n). Set x = E Akxk and vy = ? Akyk' where
A, 20 (1 <k <n) and E Ak = 1. Noting that D(K) is convex, we
have the following inequality :

has the property (3.7). Suppose
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(3.12) 0 > Kx

JYI-Kx,y) > § A KOy - % Aki(xk.y)
= E Aktﬂ(x.yk) - K(xk.y)).

Thus there is k (1 < k < n) such that K(x,y,) - R(xk.y) <0, fi.e.
(x,y) € A(xk.yk). Hence A satisfies (3.7). By lemma 3.2, there
is a (x,y) € XxY which is contained in A(z,w) for each (z,w) €
D). Since K(x,w) = - if w £ D and KCz,y) = 4+ if z £ C, we
obtain

3.13 Kx,w) < KCz,y) for all (z,w) € XxY.

This implies (x,y) is a saddle point of K, which completes the
proof.

§4. Maximality of JK.
It was shown in (6) that the operator 8K is maximal monotone

if X and Y are Banach spaces, at least one of which is reflexiva.
It was shown in (58) that D(K) is dense in D(K) under the same

assumption. But we always assume that X and Y are strictly convex

reflexive Banach spaces and their dual spaces X and Y are also

strictly convex.

Theorem 4.1. Let K be a proper closed saddle function on
XxY. .- Then the following assertions hold :

(4.1) ((6)). OIK maximal monotone in (XXY)X(X*Xy*).

(4.2) For each (x,y) € XxY and each A > 0, there Is a unique
(xk.yk) € D(FK) such that

. 2 2
(Hx—zﬂx - Hy-ykuy)/(zk) + K(z

'YA)
> Uxmxylly = ly= y 17 @0 + K(xy, )
2 2
> (Hx—xkﬂx - My—wHY)/(2A) + K(xA;w)

for all (z,w) € XxvY..
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(xa.yk) = JA(x.y). where JA !s the resolvent operator of ax.'

(4.3) ((8)). We define for any (x,y) € XxY and any A > 0 :

2 2
KA(x.y) ("x-xA"x - "Y“YA"Y)/(2A) + K(xk,yk)

i Ll 2 Nyl +
min sup x sz |y wIY)/(ZA) K(z,w))

2 2
m%xAigf ((Hx—z"x - Hy—wHY)/(2A) + KCz,w)).

Then KA(',y) is a GAteaux differentiable continuous convex
function on X for each y € Y.
KX(x.-) Is also a GAteaux differentiable continuous convex
function on Y for esach x € X.

9K, = @GK

A A where (aK)A i{s the Yosida approximation of JK.

(4.4) ((5)). DK) =D =C xD .
Moreover, for each (x,y) € XxY,

I,y = (xy,¥,) > (Kgu¥,) € C XD in 0 (XY, X*xy™

A

and Chx,=xliy, ly,=vlly) = Uixg= xlly, llyo=yliy) as A =0,

where (x,,v,) is a unique element in C xD  such that

lixo=xlly = d(x,C) and lyo=ylly = d(y,D.

4.5) ((®). Kx,y) > lim sup KA(x,y) > 1lim inf KA(x.y) > Kx,y)
. A->0 A0

for all (x,y) € DK .

if x € C and y £ D.

4

lim K, (x,¥)
As0 A

3

if x £ C and y € D.

(4.6) ((M). int DK = int DK = Cint C)xint D).
K=K on (int C)xY and on Xx(Cint D).

,yY) s contlnuousion int C for each y € D.

= =1 =

(.
(x,*) is continuous on int D for each x € C,
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Sketch of proof of (4.1).) For each (', y" € x™x¥*, we
define proper closed saddle function L on XxY by :

3

2 2 L 3 L 3
“.mn Lz, w) = ("sz - NwHY)/2 + K(z,w) - (x .z)x + (y .W)Y

for any (z,w) € XxY, From Proposition 3.1, there is a saddle
point (x,y> of L, which means (x*.y*) € (F+3K) (x,y). Thus 9K is
maximal monotone, since R(F+3K) = X*XY*.

We shall not give a proof of (4.2)-(4.6) for lack of space.
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Extinction and Growing—up of Solutions

of Some Nonlinear Singular Parabolic Equations
Isamu Fukuda (Kokushikan University)

1. Introduction
We are concerned here with the limiting behavior, including
extinction and growing—up, of solutions of the initial-boundary

value problem for thé nonlinear singular parabolic equation:

u, = divivul®’ W +au xe€Q, t>0 (W
P ulx,t) =0 : x€30 , t>0 - @
ulx, 00 = mug o - = " xeQ (@

vhere Q is a bounded domain in RN with smdothuﬂouﬁdary q,
1<p<2 2>0andg>0. -

Here extinction meéns that ;olutlons';o‘to zero w}thlﬁ a

. finite time and growing-up pe#ns that solutions go to Jnflﬁity.
as time t tends to infinity. .

For the probl;m (P1) with 2 = 0,;.!t is anbeasy mattbf to
show that, for any initial data, there éxist# a finite number
*> 0 such that utx,)——>0 as t—>t* and ux, t) = 0
for t2 t . In case 2 >'0_. however. the term Au prevents

solutions going to zero .
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The main purpose of this report is to show extinction of
solutions of (P1) for small initial data, growing—up of solutions
for large initial data and , moreover, to show that there exist
solutions which exhibit some kind of "borderline” behavior, that
is, they neither extinguish within a finite time nor grow up ‘to
infinity.

The quasi-linear parabolic equation (1) with any  p > 1 has
been actively studied and is a model! for a broad cl‘ass of~singular
and degenerate parabolic equations. |

Existence and regularity results c‘an be found in Lions (8 ,
DiBenedetto (6) and Fukuda (7)

Especially, Neumann boundary value problem with 4 = 0 , that
is, we take the boundary condition

2= xX€aQ , t>0 @
instead of Dirichlet condition (2>, has been treated by
Alikakos~Evans (1) .A. Alikakos-Rostamian (2), (3), (4) (r > 2) and
by Fukuda (7 1 <p < 2).

In thelir paper, aecay estimates for the gradient of solutions
in LP @ .( p>2) and L°@> have been obtained ( L”-estima.te
under the assumption that Q is .convex ). Moreover, the regularizing
effect has been proved using the monotonicity of Vu in L°°(.Q)

In (7, the hbmogenlzation of solutions for 1 < p < 2 has
been proved, that is, there exists a finite number t*> 0 such

that_

u (x, t-)—)-.%rj uo(x)dx as t———}t*.
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2.Main results

First of all, we consider the initial-boundary value .proble,m:

v, = divdwlP Ry x€Q, >0 @
P2) vix,t) = 0 x€3Q , t>0 (5)
VX, 0 = pugx) 0 xea . 6

It is well-known that soluvtions vix,t) of (P2) extinguish .

within a finite time <t" > 0 for any inltial data belonging to

L2@.
At )
Now, let u(x,t) = " 'vi(x,v) and
I NI N o 23X |
By w s a -8 ) N

Then one can reduce the problem (P1) into P2).
As was mentioned in Introducti_on. we may consider three
possibilities on the asymptotic states of problem (Pl).
(I) There exists a finite number t*> 0 such that
-Ilu(t)|2—'_)0 o as | t-—)t"l
and '
. -‘ : . *
ulx,t>) = 0 . for t2t , x€8Q .

(II) There exist two po‘sitlv_e constants m and M sﬁch that

mSMu(t)Ist  for any t 2 0 .
(111> Solutions grow up to infinity as t tends to o .
Throughout this reporf, we denote LP—norm ll |l by el .
LP @ P
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The main theorems are as follows:

Theorem 1 Let =S p<2 (NZ3) or 1<p<2
N=1or2) a ?7.(%—'57 . WG, L be a solution of (PL)
and ‘t* be an extinction time of v(x,t) which is a solution of (P2
_ At - 1 oA @2-pit,.
vlher’e u (x, t2 -.e v(x,t) and = =Ty (1 § ).
Then if ¢ < a ., () holds and * = alog(a%;r)
It «*=a, (ID holds.
It «*>a, (IID holds and
e Ilu(t.)||2_——)llv(a)ll2 as ‘t —) o,
JTheorem 2 * Under the same assumption as Theorem 1. Let

s*(uo) be an extinction time for the problem (P2) with 2 =1,
and B8 = (c/s*(uo))l/(z-p)
‘Then, if g < B , C(I) holds. If m =8, (ID holds.

It s >8, (IID holds.

Now we consider the prdbleu_l' (P1) with g =1 and classity

the limiting behavior by the size of uy-

2N
N+2

a solution of (P1) with # = 1 and ugé Lz(mr\w(l)"(n).

Theorem 3 Let SpP<2 (NZ3) and ulx,t) be

It lluol2< (_5?) 1/-(2-p). then t° < a and hence. (I) holds.

11 ||u0||§>-%;nvl:0||§. then t*> a and hence (III) holds.
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3. Sketch of Proof
We shall only give the idea of proof.
Proof of Theorem 1 One can find from (7) that as t varies
1 .

from O to oo, t varies from 0 to « (=m ).

Hence we have to discuss three cases.

First case: when ¢* is less than a » t tends to t*(= alog(':f_?r ))
as t tends to r*, and then Ilv(f)ll'2 goes to zero and also flud(t®d Il2
extinguishes as t-—)t*.

Second case: when t* is larger than a. Whenever t varies from

0 to %, tr can not reach f*. ¢ only reach a&. Hence as t tend to

¢, t goes to o and

Iveoly, = e *Hucdlly —— v,

That is, u(x,t) behaves like as ea'_tv(x.a), near t = oo ,
Last case: when t" is equal to a. We can apply the similar method
as in Berryman-Holland (5) to problem (P2).

Then we have

1/ (2-p)

mc1-2 20 P v, s Ma-a@-po 8

At
e

Since u(x,t) = vi(x,t) , (7 and (8) imply that

nsS llu(t)ll2 S M

Proof of Theorem 2 - Let s = np- t and vix,t) = paw(x,s).

Then we can c'hange (P2) to
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Cw_ = divAve PR x€a, s>0, 9
P wix,s) =0 x €3, s> 0, ao
wix,0) = uo(x) x € Q . an

We denote the extinction time of (P3) by s’ = é*(uo). Then

we can express the relation between s* and extinction time e

of (P2) as follows
* - . 2-p %
2 1 (uuo) =p s (uo)

frqm which we can easily conclude Theorem 2.

Proof of Theorem 3 It is easily obtained that the assumption

Il'u0||2,< (—g—p )1/(2—p) implies t*< a since f* is bounded above
1 2-p

by <gp3xe NAygll .

By the standard argument, we can obtain the lower estimate of
llv(t)ll2 such that

Iveed B2 > Hu 02 - c2-prag)?/ 2P
2 072 )
This means that I!v(t)ll2 does not extingulsh for t€(0,a). Then
t*>a and C(III) holds.
2 . 1/2-p)

2.2 p. 17 (2-p)
Remark "“0“2 >l_p ||Vu0|lp implies ||u0||2 < <'§‘) (T)

and then there is a gap between the case (I) and CIII).
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4. Remarks

In theorem 2, we have shown that there exist solutions of (P1)
which exhibit some kind of "borderline” behavior, that is, they
neither extinguish within a finite time nor grow up to infinity.
We are Interested in the asymptotic behavior of thes§ solutions

which we call bounded solutlions.

(1) Now we discuss stationary states of the problem (P1).

Cénslder the elliptic proﬁlem:

- divdvul®Zw = au x€Q - a2
(EP)
ulx) = 0 B  xea ’ a3y

Otani has proved existence and nonexistence of nontrivial

solutions of (EP)

Theorem 4 Qtani(10))  If A= <p< 2 (NZ2), then

there exists at least one nontrivial non—na;ative soiutions of (EP)
belonging to W(l)'p(Q)(\Lm(Q).

2N

If 1 <p < N+ 7

there are no nontrivial solutions of (EP) belonging to.

(N2 3)> and Q iIs star shaped, then

w(l,"’ @A @.

2N
N+2

there are no nontrivial solutions of definite sign belonging to

It p = (N=3) and Q 1is strictly star shaped, then

vy PN @.
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Here Q s said to be star shaped (resp. strictly star shaped),
1f nGAex 2 0 (resp. n(xX)sx 2 ¢ > 0 ) holds for all x€23Q with
a suitable choice of the origin, where n(x) denotes the outward
normai unit vector at x € 2qQ.

He also proved that there exists an unique positive solution

of (EP) for N =1 . (9

(2) Combining the above results and theorem 2 , we can expect

that 1f 2-<p<2 (N23) or 1<p<2 (N=1or2)
a bounded solution tends to a nontrivial solution as t tends to o .

However, in case p = 522 » the curious phenome}na happen that

there exists a bounded solution which neither extinguish within a
finite time nor grow up to infinity, but there are no nontrivial
solutions of definite sign of (EP) where Q is strictly star shaped.

We shall discuss on the details in the forthcoming paper.

(&) If‘we take a nontrivial solution of (EP) as an initial value
ug it is easily found that t* =a and g =1,
Nontrivial solutions of (EP) are unstable as initial values, that is,
let U(x) be a nontrivial non—-negative solution of (EP) and
uo(x) = kUx). .If k < 1 then u(x.t:uo) extlngul#hes within a finite
time and if k > 1 then u(x,t:uo) grows up to Infinity.

On the other hand, if we take uo(x) = V(x) which is not a
nontrivial solution of (EP), theorem 2 assures that there exist a

g > 0 such that a solution udx, t:avixd)) of (P1) is a

bounded solution.
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2

From the above results we can say that there exists a L™-

function V(x) and a positive constant g depending on V(x) such

that u(x, t:aV(x)) is a bounded solution of (P1) and U(x) - BV (x)

is not definite sign all over Q@ for a nontrivial solution UG

of (EP).

9}

2)

)]

(4)

(5

(6)

N
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