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ON THE NAVIER-STOKES-MAXWELL SYSTEM
IN MAGNETOHYDRODYNAMICS

Zensho Yoshida
Department of Nuclear Engineering, University of Tokyo
Hongo, Bunkyo-ku, Tokyo 113

Introduction

This report is a digest of the paper [3] which studies a system consists of the
Navier-Stokes-type equations (parabolic parts) and the Maxwell equations (hyperbolic
parts); Research has been done at Courant Institute of Mathematical Sciences in colla-
boration with Professor Yoshikazu Giga.

We consider the [ollowing system that is related to the dynamics of an
incompressible plasma consisting of two-components -- electrons and ions.

0 = Avy— vy = (E+ wxB) = R — Vp,,  div v =0 m
Ivr=Avy— (V) + (E+ vxB) + R —Vp,, divy,=0 2)
9,8 = —rot E 3
HE=rot B— (vj— vy ‘ 4)
divB=0, divE=0 (5)

Here R = —{(v; — vy) and { is a positive constant. Equations (1)-(2) are the Navier-
Stokes equations with Lorentz’s force £ + vyx B. The term R represents the
momentum-exchange rate between the two components. The equations (3)-(5) are
corresponding to the Maxwell equations. We consider the initial value problem for
(1)-(5) in a smoothly bounded domain Q in R?, with boundary conditions

Vi==0, Exn=0 ondl,

where n is the normal vector to 912.

In this paper we construct strong solutions of this system, using the nonlinear
semigroup theory established by Komura 15,6]. In [10] we have applied his theory to
solve the usual Navier-Stokes system. We show here that the previous method in
[10] is also applicable to the system (1)-(5) although it includes hyperbolic parls (3)-
(4). We first truncate the nonlinear terms of the system. The nonlinear semigroup
theory gives a unique global strong solulion of the truncated system. It turns out that
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the soluion of the truncaled system satisfies lhe original system at least focally-in-
time. Moreover, we see, for small initial data, this globally solves the system.

1. Foriiwulation

We give an operator-theoretic interpretation of the system (1)-(4), and introduce
the corresponding evolution equation in a Hilbert space. For the Nluid-dynamical part
(1)-(2), the standard technique in the usual Navier-Stokes theory is useful.

Let L2(£)) denote the Hilbert space of square-integrable vector functions on {1
endowed with the usual inner product (-,-) and the norm | | Let H, denote the space

H, = {veLAA) ;divv=0, inQd, v.n =0 ondfl).
We consider a Hilbert space

H = H,xH xL{Q)x L)
equipped with an inner product

<u,u>= f“u'u' dx,
where

u=(v, v3, B, E), u'=(v'}, v, B', E') € H,

(v, vy, v2, v2 € H,, B, B, E, E € L}(Q)),

|« | denotes the norm of u in H.

We denote by P the projector in L2(Q1) onto H,. Applying P to (1)-(2), we get
evolution equations

dv/dt = —Av; — P(v-V)y, (NSj)
+ 1/IP(E + vyxB) + R} (ae ¢20), j=1.2,
where d/ dt denotes the strong derivative in H,,_, A = —PA with domain
D(A) = {v € H(Q)N H, ; v=0 on 30}

We call A the Stokes operator, which is positive s_ell'-adjoint in H,. We can define the
power A% of 4 for every a € R.

We now write (N5), (NS,); ), (4) as the following evolution equation:
dufdt =—Lu + Nu+ Ru  (a.e t20), (NS-M)
where

Lu = Ayu + Ay, )
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A = (Av), Avy, 0, 0),

DAY = DU)xD(A)IxLAQ)x LAA),

A = (PE, —PE, rot E, —rol B + v; — v),

DA ={u; v, vy € H,, rotE, rotB € LX), Exn ~0 on anj,
—Nu = (P(o-) vy, P(1y V) v, 0, 0) + (P(v,x B), ~P(vyx B), 0, 0).
Ru=(-R,R,0,0). |

We call this system the Navier-Stokes-Maxwell system ((NS-M) for short).
We consider (NS-M) with initial data

‘u(0) =u, € D(L), Uy = (v19, V35, B,, E,).
The conditions
div vy =0, divy, =0

in (1) and (2) are implicitly included in (NS-M). On the other hand, the condition (5)
is dropped in (NS-M). However, if initial data B,, E, satisly

div B, = 0, div E, =0,

(NS-M) implies (5). In what follows, we consider the initial value problem for (NS
M) in H. ’

2. A truncated system and nonlinear semigroups

To apply the general theory of nonlinear semigroups, we {irst introduce a trun-
cated (NS-M) system. Let y5,(s) (s > 0) denote a cut function such that

1 0 s M= M/2
Um(s) =12—-s/M M <s< M
0 tM< s

Set
W) = ppr QA 20 D 0420, Dy, 4B D.
. We define a truncated operator Sy, by
Syu =—Lu + ¥y (u)Nu + Ru, D(Sp) = D(L).

- The standard estimate for the nonlinear term shows that Nu belongs to /1 if v is in
D(L), so Sy is well defined; see 2, 4, 9]. Since we have truncated the nonlinear
term, and since L and —R are non-negative, we have, for Sy,
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Lemma 1. There is a positive constant ¢ = c(§1) such that Sy — w! is dissipative for '

w = w(M) = cM?, thatis,
<Sy—owlu—(Sy—wDu',u—u><0

Jorallu, u' € D(Sp).

(outline of proof) For the nonlinear term Nu we have an estimate

l< W a (W Nu — W p )N’y u — u'>|
2 1
< TU—v)f + wB-BE + Tly—viP),
j=1 j=1

where u = (v, vy, B, E), u’' = (v}, v, B, E"). The proof is similar to that of
Lemma 2.1 in (10], so we omit it.

Lemma 2. The dissipative operator Sy — wl is hyperdissipative in H, that is, the range of
I — A(Sy — wl) is equal to H for some X > 0.
(outline of proof) It is enough to prove that
(L AWu+YyWNu+R=f, p> 0
is solvable for all / € H. We transform this into an integral equation
—u+ (L)~ Wy ) Nu + Ru) = (L+p)7'S,
and apply the Leray-Schauder degree theory lo prove that there is a solution in V:
V= {(vy,vy,B,E) € H; v € H'(Q), vy =00n 30, J=1,2)

which is equipped with a norm it = < (Ay+w)u,u>. This method is standard for
the Navier-Stokes equations (cf. [7]). Regularity results shows that the solution v is
in D(L).

We can now apply the nonlinear semigroup theory to Sum.

Proposition 1. The operator Sy generates a nonlinear semigroup Ty C0) in H. The func-
tion u(e) = Ty (O u, for u, € D(Sy) is absolutely continuous in f > 0 with values in H.
Moreaver, u(() uniquely and globally solves the truncated system

dufdt = Spyu (ae t20), u@0) =u, ’ ©
We have an estimate

IS Tag (D ud € e Ay Ty ()l ace (2520
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3. Existence theorems

In this section, we show that Tj,(1)u, solves the original (NS-M) at least locally-
in-time, provided that M is sufficiently large. We also prove that T), (1) u, solves
(NS-M) globally-in-time, if ju,} is sufficiently small.

We begin with an energy estimate.

Lemma 3 (Energy estimate). Set u(t) = Ty (t)u,. Then we have the energy inequality
.2 :
ke (O + 2 ';,E."‘ W2y, (s)Rds < luok, @)
where u = (v,,v,,8 E).

(proof) Take the inner product of u and the both sides of (6), and integrate it over
[0,7). Then, the result follows from

2
THUYP = <Aju, n> = <Lu, u>,
J=1

<—Lu+ kNu + Ru, u> < —<Ayu, u> <0 for everyk € R.

We also have the lollowing a priori estimate.

Lemma 4 (Growth-rate estimate for enstrophy). The Junction AV? v (0) (j=1,2) is con-
tinuous from [0,00) to H,, where u(t) = Ty (Duy , u = (v, vy, B, E). Setcx = Ju, P
and 5 = (a+a’)3. We have

Y2y (0F - 142, (5)P < M2y F+5, 0< -5 <1, ’ ®
where

= COUy P +8)2

(proof of the a priori estimate) The idea of the proof is similar to that of (2.24) in [1).
Multiply Av; to (NSj) and integrate it over {1 to get

1 dyin
5 dtlA vP + vl

< KE'AVI)' + K(VJ-V) VJ,AVJ” + '(ij B,AVI» + KR ,AVIH.

The fourth term in the right hand side is dominated by Cildvi< Qv + Ivd. Using the
estimates for nonlinear terms (see {1,2,4]) and Young'’s inequality, we get

%IA Y2yB + P < CyUAYIF + alAVf + o),

— 3
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where o = |u,l. This in particular implies
(O di < Cp () + 8, 8=+’

with y()) = 425, (P Setting z(0) = y(0)+8, we get

(n < 2(s) , 2520
AU gy roxerys) v AR

This implies
2(0) € 22(5), 0K =5 <14,

with ¢, = 3/ (8C,(z (5))D), which is the desired result.

Lemma 4 gives a local existence theorem for the system (NS-M).

Theorem 1 (local existence). Choose M’ (= M/2) such that MUy O)+8 < M,
where § is defined in Lemma 4. There is a positive constant T such that, for t € fo, 7,
u(r) = Ty (Du, solves (NS-M) uniquely.

(proof) We apply Lemma 4 with s=0. The assumption for M’ now implies that
Y2y, (0l < M for 1 € [0,4,]. The energy estimate (7 gives 1B} < ful € M.
These two estimates imply that, for ¢ € 10,6}, u(1) = Tas (), solves (NS-M).
Thereby, the proofl is completed.

Theorem 2 (global existence for small initial data). Choose M’ as in Theorem 1. Then
there is a positive constant € = €(M,Q) such that u(f) = Ta(0)u, uniquely and globally
solves (NS-M) forlu} < €.

(outline of proof) To show this theorem, we use the energy estimate (7) for 4V 2v,l
To derive upper bound for |4 v 2v,,|, this estimate is not enough because there may
appear narrow spikes in the graph of uv Zy) with respect to 1. The estimate (8) prohi-
bits such spikes, so we get upper bound for uv 2y|l The energy estimate (7) also
gives bound for |Bl Detail of the proof is omitted.

APPENDIX

Evolution equations in incompressible-fluid-dynamics have a significant properly,
that is, the combination of the convective nonlinearity and energy dissipativity. A
simple example is the Navier-Stokes system of incompressible viscous fluids:

dv=Av—(vV)v—-Vp, divv=0 in £,
ve=0 on 3.
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- The linear term A v dissipates the lotal energy ||, /2. On the other hand, the convec-
tive nonlinear term (v-V)v does not contribute to the change of the total energy,
although it gives local transport of energy. In plasma physics, we see a similar pro-
perty for the fluid-dynamical equations; see equation (7).

A plasma is a highly ionized gas, which is considered a mixture of two fluids --
electrons and ions; for example see (8]. Therefore, we should consider the interaction
of the Muids with the electro-magnetic field. In the [ramework of fluid dynamics, the
evolulion of an incompressible plasma can be described by the following system:

mnd vy = v Avy — myn(v-V)v; — en(E + vxB) — R — Vp,
mand, vy = vahvy — myn(vy:V)vy + eZn(E + vyxB) + R — Vp,
divy =0, divy,=0

9, B=—r0tE, divB=0, divE=D0

€. E =rtotu;'B — ne(Zv, — vy).

Here, subscripts | and 2 respectively represent the quantities corresponding o elec-
trons and ions.

¥;: macroscopic fluid velocity, py: thermal pressure (7 = 1,2)

B: magnetic flux density, £: eleciric field

ny: mass of a particle, v, viscosity (j = 1,2)

n: number density, e: elementary charge

Z: charge number, €, vacuum dielectric constant

ILo° vacuum permeabilily.

The term R represents the momentum-exchange rate between the two components,
which can be written as R = —{(v, — v,) where { is a positive constant. The condi-
tion div E = 0 follows from the charge neutrality and the incompressibility of the
plasma.

The Ohm-Navier-Stokes system [11] is a one-fluid approximation of the Navier-
Stokes-Maxwell system, which is derived by neglecting the displacement current, Hall
effect and so on; see [8]. The Ohm-Navier-Stokes system has a strong mathematical
analogy with the Navier-Stokes system. Strong solutions have been constructed in

(1.
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Study of Free Boundary Problems Arising in Ecology

Yoshio Yamada (Nagoya University)

This is a joint work with M. Mimura (Hiroshima Univ.) and S. Yotsutani

(Miyazaki Univ.).
§ 1. Problem

This report is concerned with a simplified free boundary probiem

) ari#ing in ecology. We consider the situation where two species, which
cannot coexist in the same region, struggle to get their own habitats.
These species live in a one-dimensional region, which has fixed boundaries
x = 0,1 and a free boundary = = 8(£). Denote by V = V(x,t) (W = W(x,t))
the population density of a species dwelling the region 0 < x < s(¢)
(s(t) <x < 1). 1t is assumed that the time evolution of V and ¥ is de-

scribed by

m Vt = "V:m: + VF(V), 0 <x < s(t), 0 <t <m,

"t = vwm + WG(W), s(t) <z <1, 0 <t <m
where u,v are positive constants and F,G are locally Lipschitz continuous

functions satisfying F(0) > 0, ¢(0) > 0 and F(a) = G(B) = O with some a,8 > 0.

On the fixed boundaries z = 0,1 and at the time ¢ =0, we impose the conditions

V(0,t) =M, W(Q,t) =N, 0<t<m,
s(0) = ¢,

2)
V(x,0) = Vo(x), 0<x <,
W(x,0) = Wo(z), L <x <1,

where M,N are positive constants and V , WO are non-negative functions.

We also assume that the free boundary x = s(t) is determined by the

interaction between V and W in the following sense

-1 -
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V(s(t),t) = W(s(t),t) = 0, 0 <t <m,
(3)

g(t) = -uyV_(s(t),) - v (s(8),8), O <t e,
where 8 = ds/dt and uy» v, are positive constants.
Our purpose is to study existence, uniqueness, regularity and asymptotic
behavior of solutions for (1)-(3). It is very convenient to introduce a

new function

V(x,t)/a for 0 g = < s(¢)

u(z,t) = {
-W(x,t)/8 for s(t) s x g 1.

The original problem (1)}-(3) is reduced to the following form

we_ + uf(u), in s,
4) u, = { = N
Vi + ugu), ‘ in§ ,
(5) u{0,t) =m, u(l,t) = -n, 0 <t <w,
(6) u(@®,0) = ¢(z), o<z <,
(N  u(s(t),t) = 0, 0 <t <,
(8) E.!(t) = -u'ux(s(t)-o,t) + v'ux(a(t)ﬂ),t), 0 <t <o,
(9) s(0) = ¢,

where S (S') is the open subset of @ = (0,1) x (0,®) in which = < 8(%)

(x > 8(t)). (In (8), uz(s(t)-o,t) and uz(s(t)+0,t) denote the limits of
ux(:x:,t) at £ = s(t) from the left and right respectively.) When f 20 and
g = 0, the reduced problem (4)-(9) is quite similar to a one-dimensional
Stefan problem for which there are a lot of contributions (see Rubinstein

{3}, Yotsutani [S) and the references therein).

§ 2. Assumptions and Results

In what follows, we consider (4)-(9) (which is denoted by (P)) in place
of (1)-(3).

The following assumptions are imposed.
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(A.1) f is locally Lipschitz continuous on (-a,») with some a > 0,

monotone non-incfeasing on {0,1] and satisfies
f(u) >0 on [0,1), f(1) =0 and f(u) <0 on (1,=).

(A.2) As a function of u & (-a,~), g(-u) has the same properties as
fin (A.1).

(A.3) 0<mg<l and 0<ngl.

(A.4) 0 <t <1,

(A.5) 06”1(0,1) satisfies ¢(0) = m, é(L) = 0, ¢(1) = -n and

(2-x)8(x) 2 0 for 0 < = < 1.
Our first result is concerned with the global solvability of (P).

THEOREM 1. There existe a unique pair of functions (u,s) ec(@) x ¢({0,~))
such that '
(i) 8(0) = %, & € L3(0,=) and
d < s(t) < 1-d for 0 <t < =

with a constant d € (0,1) depending on u,v',v,v’',m,n,f,g and $.

(i1) u satisfies (5)(6)(7) everywhere and

0<uz<M:zmax (1, sup ¢(x)} in 5,
O<x<t
0>u>-¥=min (-1, inf ¢(x)} in s*.
L<xel

(iii) u € C([0,=):8'(0,1))n L7(0,=;81(0,1)), where u' = max (u,0)
and u~ = - min {(u,0)}.

(iv) u, e 12N P,

(v) u, u_ €C(S)N €(5") and u satisfies (4) everywhere.

-+
(vi) For each § > 0, u, i8s Holder continuous in (z,t)e 5~ N (28]

and s is Holder continuous in t € [6,=) .

(vii) (u,8} satisfies (8) everywhere.
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Since the global existence result is established, we are in a position
‘to study tbe asymptotic behavior of the solution [u,s} constructed in
Theorem 1. Let {(u(-,-,;¢,2),8( ;¢,2)) denote the solution of (P) with
initial data {¢,2). We introduce the w-limit get associated with the orbit

u(-,t36,2),8(t34,2)); ¢ 2 0}

w(4,2) = {u*,s*)e H1(0,1)x (0,1); there exists a sequence (tn) =
(10) such that s(tn;¢,l) > g*, u(tn;¢,z) + u* in C[0,1] and

+ + i
u'(tn;O,t) + (#*)” in B (0,1) as n + = },

It is said that the sequence {u(tn;o,z),s(tn;¢,z)} converges to (u*,s*} in

Q-topology if it has the convergence properties stated in (10).

THEOREM I . (i) w(é,L) is non-empty and connected in Q-topology.
(ii) If {u*,8*} ew($,L), then {u*,s*} satisfies
uu;x + u*f(u*) = 0, u*>20, in (0,8*),

) vu*  + u*g(u*) = 0, u* £ 0, in (s*,1),
(SP) =
u*(0) = m, uy*(s*) =0, u*(1) = -n,

-u'u;(s*-O) + v'u;(s*+0) =0.

Theorem I helps us to get a useful information about the asymptotic
behavior of solutions for (P). For example, if (SP) has isolated solutions,
then (u(t;$,2),8(t;é,1)} approaches one of them (in -topology) as t + =.

' {See the paper of Aronson, Crandall and Peletier [1], where stability for
degenerate nonlinear diffusion equations is discussed by using the w-1limit
set and the comparison principle.)

We next investigate (SP) with the aid of an auxiliary problem

W * vf(v) = 0, v 2 0, in (0,8),

(AP) vvzz‘+ vg(w) = 0, v £ 0, in (§,1),

v(0) =m, v(E) = 0, v(1) = -n,

-4 -

—/4 S~




where £ € (0,1) is any fixed number.
THEOREM HI. (%) For every £e(0,1), (AP) has a unique golution v = v(-;E).

(i) {(v(-;£),E} 1ig a solution of (SP) if and only if E i8 a zero

point of V(£) = -u 'vm(E-O;E) + V'Uz(ﬁ"‘o;ﬁ)-

(iit) If El < 52 are zero points of V, then v(-;gl) <v(- ;52) in {0,1].

(iv) (SP) has a mazimal solution {u,8} = {(v(:;8),8)} and a minimal
. solution (u,g} = {v(';8),8)) such that any solution (u*,s*} of (SP)
satisfies

s* <8 and wugu*gu in (0,1).

8

[

Here 8 is the greatest zero point of V in [0,1) and 8 is the least szero
point of V in {0,1].
- Finally we state stability or instability of solutions of (SP) in

connection with the asymptotic behavior of solutions of (P).

THEOREM IV. (%) The maximal solution (u,8) of (SP) is globally and asymp-
totically stable from above in the sense that, if % 2 8 and ¢ 2 u in [0,1],

then 8(t;9,%) > 8 for t > 0,  ul(x,t;é,8) 2 u(x) for (x,t)e  and

(1) lim (u(-,t;8,2),8(t;9,2)) = {u,8) in Q-topology.

troo

(ii) The minimal solution {u,8)} of (SP) is globally and asymptotically
stable from below; that is, the assertion of (i) remains true with {E,S}
and > replaced by (u,8} and <.

(tit) Let (O <)£l <£2(< 1) be two adjacent zero points of V. If
{é,2} satisfies
(12) v(-;€)) £ ¢ 2v(3E,) in [0,1) and £ <L <8,
then (u(t;¢,L),8(t;4,L)) satisfies (12) for every t 2 0. Moreover, if
V() > 0 (V(E) < 0) for & 5(51,62). then (v(';Ez),Ez}((v(';El),Ell) is

asymptotically stable from below (from above); that i8, for any v(* ;El) <

-5 .
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$ev(-iEy) and £ <L LB, WCSE) L9 <v(3E) and ) £t < £, the
convergence property (11) holds with {u,s) replaced by {v(';EZ),EZ}
(lv(-36,),6 .

As a special case of (P), we take

u=v, p =v',m=n and f(u) = g(-u)

to explain our stability results. Define Xo = Xo(m,u,f) by

-1/2

m u
Xg = [O(Fl(m) - £ @) 2du, where F () = 3 lovf(v)dv.

By a simple calculation, V has a single zero point £ = 1/2 for XO > 1/2
(see Fig. 1) and three points § = 8%, 1/2, 1-s8* (with soﬁe s* e (0,1/2))

for XO < 1/2 (see Fig. 2).

£ s* o~ Fs* €
0 1 1 0 Nt 1
Graph of V(E) for Graph of V(g) for
Xy 2 172 Xy < 172
Fig. 1. Fig. 2.

For X, 2 1/2, w($,%) consists of a single.point {uc,l/Z} by Theorem 1 ;
so that Theorem IV implies that (uc,l/Z} is globally and asymptotically

stable from above and below. On the other hand, (SP) has three distinct
solutions {u,s*}, {uc,l/Z) and {u,1-8*} for X, < 1/2. Since V(E) < 0 for

E €(8*,1/2) and V() > O for £ € (1/2,1-8*), Theorem IV assures the asymptotical
stability (from above and below) of {u,s*} and {u,1-s*}, while (uc,I/Z} is

not stable (see Fig. 3).

“The above considerations suggest us to take XO as a bifurcation para-

meter and get bifurcation results. If X0 2 1/2, then the unique solution

-6 -




- = v( ;l-s*)—_|

| u, = vi(-31/2) —]
m

- 1-8* sv

0

- u = V(')S.)\

(a) Domain of attraction (b) Domain of attraction
for (ui,1-s*} in case for {u,s*} in case
xo < 1/2 xo < 1/2
Fig. 3.

(uc,l/2} of (SP) is globally asymptotically stable. However, as XO becomes
smaller than 1/2, {uc,l/z) loses its stability and two bifurcated solutions

{u,s*} and {u,1-8*} obtain their stability.

§ 3. Proofs of Theorems

3.1. Proof of Theorem I.

The proof is completed by dividing it into several steps. Using the
arguments in Evans Qnd Kotlow [2] or Yotsutani [5)}, one can show the local
existence of a solution for (P) in the framework of Lz-theory. Régularity
properties of this solution is proved by the standard parabolic regularity
results (see [2]) and (4]).

'Before proceeding to further investigation, we prepare a comparison
theorem for (P). Let (u,s}le C((0,1] x [0,T]) x C([0,T}) be a smooth func-
tion. (It is sufficient to assume the same regularity for {u,s} as a classi-
cal solution of (P).) We say that-{u,s)} is a supersolution (subsolution)
of (P) on [0,T) with data {$,2} if {u,s) satisfies (4)-(9) with the equality

signs in (4), (5) and (8) replaced by the inequality 'signs > (Z).

-7 -
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COMPARISON THEOREM. Let {ul,sl} be a supersolution of (p) on [0,T} with
data (¢1,21} and let {uz,az) be a subsolution of (P) on [0,T) with data

2 1

(02,23, 1f o' 2 ¢ in [0,1]) and 2} > €%, then u! > u® in [0,1) x [0,7]

and 81> 32 in [0,T). Moreover, if one of (ut,st}(i=l,2) is a classtical

solution of (P), then the above assertion holds with 11 > 22 and sl > az

replaced by ot 2 22 and &! 2 8.

The uniqueness of classical solutions of (P) is derived from Comparison
Theorem. Furthermore, this theorem insures that the free boundary is dis-
tant from the fixed boundaries for all ¢ > 0. Therefore, making use of
the energy method, one can show the global existence result in the usual
way .

3.2. Proof of Theorém I

The essential point in the proof is to show the compactness of the
orbit ({u(-,t;¢,2), s(t;¢,2)}; ¢t > 0} in Q-topology. This is accomplished
with the aid of the theory of evolution équations and the embedding theorem
for differential operators. To complete the proof, it suffices to employ

the technic often used in the study of dynamical systems (cf. {1]).

3.3. Proof of Theorem OI.
Since (SP) is a free boundary problem for ordinary differential equa-

tions, it is not difficult to prove Theorem II.

3.4. Proof of Theorem IV.

The proof is carried out by combining Theorem Il and Comparison Theorem.

Similar arguments can be found in [1].
§ 4. Some Remarks

REMARK 4.1. Even if we drop the monotonicity assumptions on f and g,

Theorems I and I remain true. However, the uniqueness of solutions for

— (52—




(AP) is not shown; so that the analysis of (SP) will become more complicate.

REMARK 4.2. In the casem = 0 or n = 0, the free boundary x = 8(t) may
hit one of the fixed boundaries x = 0,liin a finite time. Thérefore, we
need more careful analysis to get complete information about the behavior

of solutions for (P).

An analogous situation takes place when the Dirichlet boundary condi-

tions (5) are replaced by the Neumann boundary conditions.
" REMARK 4.3. 1f (8) is replaced by
8(t) = u'u (8(£)-0,¢) - v'u_(s(£)+0,t),

then some numerical experiments exhibit the existence of periodic solutions
for (P). The study in this case seems interesting from a mathematical

point of view.
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On Separation Points of Solutions to Prandtl Boundary Layer

Problem

de . =T XL MAP W,

1. Introduction

The equations for 2-dimensional stationary boundary

layer theory of incompressible fluid past a rigid wall are

+ = -
(1.1) uu vuy vuyy Py

+
ux VY

[}
(=]

in the domain DA = {(x,y); 0 < x <A, 0 <y < «}(see [2}],
[4],f6]) and (7}). Here the subscripts x and y denote the
partial differentiation with respect to the corresponding
variable, (x,y) are orthogonal coordinates in the boundary
layer with x representing the length along the wall and y
the perpendicular distance from the wall, u = u(x,y) and v =
v(x,y) are the corresponding unknown velocity components.
The constant V is a viscous coefficient. Finally p = p{x) is
a pressure function. Let U = U(x) be an exterior streaming
speed; we assume that p(x) and U{x) satisfy the Bernoulli
law and thé origin (0,0) is notva stagnation
point, i.e., |

U(x)Ux(x) + px(x) =0,

(1.2)
u(o) > 0.
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The appropriate boundary conditions are
u=v =0 fory-=20,
(1.3)
u{x,y) » U(X) as ¥ + o, uniformly in x.
In 6rder to obtain a well-set problem, we suppose that at an
initial position, say x = 0, an initial datum uo(y) is assi-
gned to the veiocity component u, i.e.,
(1.4) u(0,y) = uo(y) given (0 <y é ),
We study the existence of the separation point of the
flow determinstically.
. Here after we assume that the initial datum uo(y)

a
2+a 12+ {v,U) (for notations see Section 2)

belongs to I
and that the exterior streaming speed U(x) and
the pressure gradient px(x) have following properties:
{1.5) U(xo) = 0 for some point X, (0 < X5 < ©) and,
U(x) > 0 for 0 < x < X,
(1.6) The pressure p(x) is sufficiently smooth, and if

px(c) = 0 at a point x = ¢, then a certain N-th

derivative does not vanish at this point.

Now we mention our theorems (see ([1]).

Theorem 1. For the problem (1.1),(1.3) and (1.4) there
exists a solution (u,v} € Pz([o,s)) such that the point
(s,0) is its separation point and the inequality 0 < s < X0

holds.
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If we put S(uo) = g in Theorem 1, then we obtain the

‘ . 2+
mapping S(uo) from I to (O,Xo).

Theorem 2. (i) For the fixed viscosity, no separation
point exists near the point (XO,O):
(1.7) sup( S{ug): ug et } < Xp-
(see [9]).
(ii) For the viscosity v tending to zero if the pressure
gradient Py is monotone non increasing, then there exist

uo(”, ¢ 12*te(,,u) and ug € 12%® (without the compatibility

condition) such that

(v) 1
ug + ug in B ({[0,»)) and

(1.8) (v) .
S(UOV)40a5v+0.

In physical or numerical experiments ([8] and{9]) it is
always assumed that the initial datum uo(y) is the constant
U(0) which does not belong to the class 12+a and so that the
separation point is independent of the viscosity

On the other hand, 0.A.Oleinik[2] proved the local
existence and the uniqueness of a solution (u,v) in some
domain DAo to the problem (1.1), (1.3) and (1.4) with a

certain initial datum. Theorem 1 means that this local

solution can be continued to the separation point. Recently
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Liu-Lee[5} have tried to prove such a result among others,
but we cannot understand their proofs. To prove Theorem 1,
we use essentially Lemma 1, 2 and 3 described below and to
obtain (1.7) we compare our solution with the Blasius'.

In Section 2 we give a suitable definition of a

separation point, notations mentioned above and the lemmas.
2. Preliminaries and Lemmas

For an interval {a,A]} {0,0) let Bo([a,A]x[yo,w) be
the Banach space of uniformly bounded functions defined over
{a,A)x[0,=) with supremum norm. For « (0 < u < 2/3) and y,> 0
let Cu([a,A]x[yo,m)) be the set of continuous functions

ul{x,y) € Co([a,A]x[yo,m)) which satisfy

172

| wlxgoyg) = ulxgeyy) | S M{x=%,| 777+ |y7Y,])°

for (xi.yi) € (a,A]x[yo,m) (i =1,2) and M = M(yo,u).
and let C®(fa,Alx(0,m)) =\ C®(la,Alxlygre)).

y0>0
Furthermore let B%®{[a,A]x(0,o)) be the set of uniformly
bounded functions belonging to Ca([a,A]x(O,“)). We also
define C®((0,»)), B* ((0,»)) and BZ+G((0,”))by the analogous

way. Then we define the space of the initial data:
12% (, 0) = (uly) ¢ C2(10,))1NBZ* ((0,°)); u(0)= 0,

uy(o) > 0, uy(y) >0 fory >0, u” U(0) as y » » and

vuy ly) = pl0) = 0(y?) as y 20 ).
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o . +
The condition in 12 a

2
. vu ( - (0) = O(y”) as y > 0
(2.1) yy ¥ = Py (0) y 4
is the compatibility condition,
The space of the solutions to the problem (1.1), {(1.3)

and (1.4) is given as follows:

Let P2([a,A]) be a set of all functions (u,v) such that
(i) u,ou, ug, g, v oand v c%(fa,A)x10,%9),
(ii) ui{x,y) > 0 in [a,A]lx(0,00),

(iii) uy(x,o) >0 for x €& [a,A},
(iv) u, uy, uyy € BO([a,A]xlo,Nﬂ).
Then we define our space by

p2(10,a)) =M\ p2(l0,a']).
0<A'<A .

Now we define the separation point of a solution to the
problem (1.1),(1.3) and (1.4):

Definition. A point (s,0) is a separation one of a
solution (u,v) to our problem in the domain Ds’ if the
solution (u,v) belongs to PZ(IO,S)) and for some sequence
(xn,yn) in [0,s5)x[0,%9)

(xn,yn) - (s,0) and uy(xn,yn) > 0 (as n> 00).

Here we note that physicists call (s,0) a separation
point if uy(s,O) = 0 for a solution (u,v) (see ([8},{9]). Our
definition of the separation point is the same one as the

above for a solution (u,v) € Pz(lo,s]) without the condition

~/63—
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(iii) at % = s in its defnition. But it is very difficult to
find such a solution under our assumptions.
We consider the transformation of the independ

variables in the system (1.1) of the form

(2.2) x = x, ¥="Yx,y),
where
u = "I/y(x,y) P vo= =¥ xey) , Wix,0) = 0.
If we put wix,¥) = uz(x,y), then the transformation (2.2)
reduces the problem (1.1),(1.3) and (1.4) to the Von Mises'

form:

(2.3) L(w) = Vﬁw’w” - w, = 2p, in Gp,

with the conditions

(2.4) w(x,0) = 0, wix,¥) = Uz(x) as 4 500, uniformly in

any compact subset of [0.,A),

(2.5) wiony) = wo(‘l}')'
where '
Gp = f(xn&);0<x<A,o<'v<oo'.,
L 2
wo(souo(t)dt) = u, {y).
24 K 2 2+
Let I, = fwey); w(Lu(t)dt) =uly)l, uel i.

Then wiy) € IMZ*"‘ if and only if

) 0 o
W W Jﬁw@q’s B ([0,0) N\ C¥((0,09),
w(0) = 0, w,(0)>0, w, ) 20 for ¥ > 0,
wiy) > U2(0) as ¥ and

(2.6) uty) = vahr)w,vm'hH - 2p,(0) = O(¥) as ¥ > 0.




Let PM2+°‘([o,A]) =1 wixy):
0, o
w, W, W,, M’V'V-EB (GA)I'\C ({0,A)x(0,09),

X
1-p
bw, | <k¥ and w,

wix) > £ for ¥ > i,

2 m in [O,A]x[O,’ll'l} and

where positive constants "!’1, m, § depend on w. Furthermore

for any (0 < p < 1/2) the positive constant K depends on

"I’l, B and w.

et 2,°*%(10,a0) = N\ 2, **"(10,a')).
0<A'<A

Here we remark on Oleinik's local solutions (see {2]) or

(31):

A solution (u,v) € P2({0,AJ) of the problem (1.1), (1.3)
and with the initial datum u,€ 12+ (without u, y) >0
for y > 0) exists, if a solution w ¢ PM2+“(t0,XJ) of the

problem (2.3), {2.4) and (2.5) exists.

Now we mention the essential lemmas and their
colloaries (see [1]).
Lemma 1. Let w({x,%) be Oleinik's local solution. Then

there exist positive constants M1 and A such that
|wx\_<_ MY for 0 < x < Ajand 0 <Y < A.
Corollary. Let w(x,%) be as in Lemma 1. Then the

section w(x,+) satisfies the compatibility condition (2.6)

for any x (0_<_x_<_A0).
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Lemma 2. Suppose that the pressure gradient Py is
monotone non increasing on (0,1} and the point'x0 in (1.5)

equals to 1. Then for any positive constant k there exist

‘positive constants ¥ and A < 1 such that if w(x,%#) be a

solution to the problem (2.3),(2.4) and (2.5) with w, Wopt Wy

and J—ww,v, eCOHO,A]x[O,MD) and if

nf
wot < k¥|'p, (b1t for 0 < < 2/k,
[}

then
wixM) < F(x¥)

t !
kf\r{zs p, (thdt(l - ¥¥) + zY'Vprx(t)dt}
x/A

for 0 < x <A, 0 <% < 1/¥.

Corollary. There exists no solution w(x/,¥) to the
problem (2.3),(2.4) and (2.5) in Gy which belongs to the

0

class PM2+“([0,XO)) and whose section w(x,*) belongs to IM2+°‘

for any x (0 < x < Xg).

For a point X.(0 < X, < X,), let k; and k, be min UZ(O)
1 1 0 1 2 0¢
_xix1

and max \px(x)\ respectively. Furthermore let W be the
0<x<X,
2+
subset of I, such that for wohn € W
inf{w%m; 0 <¥ <Yk
where"f'0 and k are ,a priori, sufficiently small positive

numbers.

/66—



Then we have

Lemma 3, For any Yo € W, the constant Ao may be chosen

depending only on'Vb, k, kl and kz, but independent of Woe
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