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Asymptotic Behavior of the Free Boundaries
Arising in One Phase Stefan Problems

in Several Space Dimensions

By

" Hiroshi MATANO

§1. Introduction.

A Stefan problem is a mathematical model for describing
‘the meifihg'of a body of ite in contact wiih a region of
water. In one phase Stefan problems, the ice is supposed
to be maintained at 0°C. Hence the unknowns are the
temperature distribution of water and the shape of the
interface (free boundary) between ice and'water.

In the casée where tije space dimension is one, the
problem has been completely solved, and it is well known
that, for any smooth initial data and boundary conditions,
the solution is unique ahd exists.glébally in time (i.e.
for 0 §t < « ) in théiclaséical'Séhse (s€e e.g. Friedman
(4]). However, in the ‘case of multi-dimepsional spaces,

a classical solution cannot'necessarily be extended globally,
since cusp singularities may sometimes appear on the free
boundary. (This happens, for instance, when a

portion of ice is in the process of being separated from

the rest of the ice regiocn by the continuous growing of the
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water region.)

Duvaut [3] has introduced a weak formulation of the
above problem in terms of variational inequality, for which
the solutlon exists globally in time. Following his
formulation, several authors including Friedman, Kinderlehrer,
Nirenberg and Caffarelli have carefully investigated the
regularity and other properties of weak solutions. These
studies have revealed that any singular point on the free
boundary should have a cusp-like singularity [1] and that
the solution 1s sufficiently smooth, say Ca, in a
neighborhood of any regular point [8]. Friedman and
Kinderlehrer [S] have given an example in which the free
boundary possesses‘ﬁo singular point for 0st< =, i.e.
the solution is classical for all time. However, a strong
geometric assumption on the initial data has been required
in their approach.

The aim of this paper .1s to prove that any weak
solution i1s "aventually” cla;sical. That is, the interface
between the ice and water regions 1is surriciently smooth
for all large ¢t ; hence so is the temperature distribution
of water. It will also be shown that the shape of the
free boundary ( i.e. the interface ) approaches to that
of a sphare in a certain manneér as ¢t + =. Of course the
radius of this sphere goes to infinity as t - . Note

that we shall impose no specific hypdthesis on the geometric
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features of the initial and the boundary data. The only
assumption required here is that the temperature of water
at the prescribed boundary (i.e. the surface of a heat
supplying obstacle located in the midst of water region) is
bounded from below by a positive constant as ¢t -+ =,

To state the above results more precisely, let us
introduce some notation. First, let G14 be a bounded

n

domain in R such that aGl is sufficiently smooth and

that Rn‘\Gi 1s connected. Let G be a bounded domain

containing Gl' The boundary of G 1is aléd‘assumed to be
smooth. It is supposed that, at thevagitial>time t =290,
water occupies the regioﬁ G\\Gi: whilé:thé region 4R“‘\G
is occupied bf ice that is ﬁéintained at 0°C. The watér
region at esach t 2 0 and the interface between water and

ice are denoted by Q(t) and [ (t) respectivély. From the

definition it follows that
MO)=G\G1;
(L) = [‘-(t:)UaG1 (t 2.0).

-

The temperature of water will be denoted by 8 = 8(x,t).
This is a function defined for x€ Q(t), t 2 0 and supposed
e T

to satisfy the following initial and boundary conditiéna:
(1) 8(x,0) = h(x), (xeQq(0)})),

(2) ' 8(x,t) = g(k,t), OCGQGI, t20);:-
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here h- - and g are given positive smooth functions

satisfying

h(x)

g(x,0) ( xéaGl ),

0 (. xedG )

The equations governing the phenomenon are as follows:

(3)
(4)

(5)

)

t

=

a8, ( xea(t), ¢t >0 ),
0, (xer(t), t>o0),

%]velz, ( xer(e), t >0 ) ,

where k 1is a given positive constant. Thus the problem is

to find 6(x,t) and TI(t) satisfying (1) - (5) together

with the condition

(6)

reo)

= aG.

Although the problem (1) - (6) does not necessarily

have a global classical solution, it always has a weak

solution (in the sense of Duvaut) that exists globally in

time. In hiagweak formulaﬁion, the temperature 8 1is

locally given by the form 8 .=u

¢> Where u = u(x,t) 4is a

solution of ‘a certain variational problem (see §3 for

details). Caffarelli and Friedman (2] have proved that

8 1s continuous on (R™\G,) x {0,=) , where we understand
1 .

that 8(x,t) =0

for x¢Q_(t)U§1, t 2 0. It is . net -

difficult to see that @ 1is sufficiently smooth in the

5§ -



interior of the water region, since it satisfies there the

heat equation Bt = A8 in the sense of distributions.

Further regularity of. 8 near the free boundary r{e)
depends on the regularity of T[(t). In other words, a weak
solution is classical so long as T[(t) has no singular

point on it.

§2. Main Theorems.

In what follows the pair 6(x,t), ['(t) will denote the
weak solution to the problem (1) - (6). The notation in the
preceding section will be used freely. The main theorems of

this paper can now be stated as follows:

THEOREM 1. Supposebthere are positive constants §

and M such that

(1) 5§ s Jf g(x,t)dx s M
e
1
holds for all 0$t<e . Then there is a positive number To

such that T[(t) 4is sufficiently smooth for all t 2 T,

THEOREM 2. Let the same assumption as in Theorem 1
hold. Assume further that n 2z 3. Then there exist a
positive number To andla bounded convex set W in r"
such that for any t 2 T, and any point x,€ r(t) the

inward normal line to Tr(t) at xg, intersects the set W.
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Combining Theorem 2 and the fact that the free boundary
_r(t) 1is moving aQay from every finite region (i.e. any
poirt outside Gl will'eventhally be occupied by water),

we get

COROLLARY 3. Let n 2 3 and let (7) hold. Then,
for any bounded set A in R", there exists a positive

number T, such that .Q(t)LJGI is star-shaped with respect

to any point of A for each ¢t 2 TA .

COROLLARY 4- Lét n 2.3 - and-let {7) hold. Let X

be any point in R® and put AP e

m(t) = min dist(x X ) ;
xelf(t) -
Mit) = max dist(x X )

xXer(t)

Then M(t)-m(t) remains bounded as t + =,

REMARKS. (1) The condition (7) can be relaxed somewhat .

For example, even if the 1ntegral of g tends to zero as

t = , the assertion of Theorem 1 still remains true 30
long as the rate of decay is moderate. However, 1f this
value decays very rapidly as t~*;~ ; then the total amount
of the heat energy to be supplied to the water region
through the surface 3G, becomes finite; therefore, only

a finite portion of the ice ‘region will.be ‘melted. . In this

case, 1t is very likely that the assertion of Theorem 1 is

&7



no longer true.
(i1) In the case n = 2, Corollary 3 still remains ¢true,
but the assertions in Theorem 2 and Corellary 4 should be .

weakened slightly. For example, the boundedness of

vM(c)-em(t) will be replaced by *

1im 2~§) = 1.

L+
However, if g(x,t) = censt. on aGlx {0,2) , ¢then Theorem 2

‘and its corollaries hdld true even for n = 2.

(141) In the gcase where g is independent of t, we
have avsharp estimate for the growth order of the radius of
r(t), just as in the spherically symmetric case. More

precisely, we have the following corollary:

COROLLARY 5. Let n 2 3 and let g in (2) be
independent of t . Then the difference between M(t) ( or

m(t) ) and
(cg)1/m

remains bounded as t + ®», where M(t), m(t) are as in

Corollary 4 and C is a constant defined by .

in which k is as in (5), s, _, 1s the area of the

(ne1)-dimensional unit sphere, i.e. s _, = 2x"/3/T(n/2)

n-1
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with T[(:) ¢the usual gamma function, 3/3y 1is the inward

normal derivative on acl and, finally, § = §(x) 1is the

solution of the boundary value problem

a8 = 0 in RO\G, ,

(8) 8§ =g on aG1_,

[
[
=]
@)
—~
o
S”
]
o

§3. Proof of Theorems.

Let us give a very rough sketch of the proof of the
above results. The main tool is the maximpm principle.
And we follow the argument glven by Jones in [7], where he has
investigated the asymptotic behavior of solutions of certain

semilinear diffusion equations in the whole space R".

'First we show that, If a hyperplane P is sufficiently far

from Gl’ then
. A
8(x,t) s 8(x",t)

holds for all x¢H and t 2 0, where H 1s the half -
space with boundary P ( containing G1 ) and xx‘.denotes
"the ‘reflection:of x in the plane P. It then .follows that
for any small € > 0 the level surface 6(x,t) =€ 1is

smooth if t 1is large ( we denote this surface by r.ce) ),

and the inward normal line to [ _(t) always hit a certain
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pounded convex set W -that is independent of € and ¢t.
This discussion is similar to that of Jones and also to the
moving plane discussion given by Gidas, Ni and Nirenberg {61].
Finally, it will be shown that "(t) has the same property
as rs(t) , and thergfore the ice region has a positive
Lebesgue density at any point. on r(¢). It implies, Dy
virtue of the theorem of Caffarelli [1], that T(t) is
everywhere smooth for all large ¢t ; hence of class c” ( see
(8] ). This completes the proof of Theorem 1 together with

that of Theorem 2.
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Phytoplankton population dynamics with self-shading effect

Hitoshi Ishii * and Izumi Takagi **

We consider the following nonlinear diffusion equation describing the

population dynamics of phytoplankton:

Pp ™ Py ~ WP, Ap + fo(I(p))p for (x,t) ¢ (0, 2)x EH_,

t
1) P, - wp = 0 : at x=0,2 ,
p(x,0) = po(x) 20 in (0, %),
where

X
I(p) = [ (k + p(§,£))dE .
0

Here x 20, A >0 and w2 0 are constants and fo(r) is a Lipschitz
continuous decreasing function such that limr*;fo(r) = 0 . For the biolog-

ical aspect, see Shigesada and Okubo [2].

Let ul be the largest eigenvalue of the following Sturm-Liouville
problem:
2 { 0" -wh' - A+ £ (<x)0 = Lo in (0, ),

¢ -wd = 0 at x=0, L.

Note that this eigenvalue problem is associated with the linearization of
(1) at the trivial stationary solution p = 0 . Then we can show the follow-
ing theorem on the stacionary solutions and the asymptotic behavior of the

solutions of (1).

I'4

Theorem (a) If u, s 0, then the trivial solution p 2 0 is the

1

unique nonnegative stationary solution and it is globally stable, thac is,
any solution p(x,t) of (1) converges to O wuniformly on [0, L] as
r > o,

(b) If u, > 0=, then there exists a unique positive stationary solu-

1
tion p#*(x) and it is globally scable, that is, any solution p{x,t) of

{1) converges to p*(x) uniformly on {0, %] as ¢t + = unless po(x) 0.
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The sign of u, can be discriminated by (k , A, w)

1
Proposition (1) If X2 £,(0) , then u, s 0
(i1) Assume 0 < A < EO(O) . Then there exists a continuous function

€« (\,w) >0 such that u, >0 1if 0 Sk <x_ and p, s 0 for x 2z«
c 1 c 1 c

-r

We here show some examples in the case of fo(r) =1 - exp(-e¢ ) .
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xeox, (A
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