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On the remainder estimates of asymptotic formulas
for eigenvalues of operators associated with

strongly elliptic sesquilinear forms

Jun-ichi Tsujimoto

Let §2 be a bounded domain in R® having the restricted cone
vroperty (p. 11 of L. Let B be a symmetric integro-differen-

tial sesquilinear form of order m with bounded coefficients

Blu, v] = 5 ZZ\ a*P(x)D“uD.?; dx
Wig1E

satisfying
Blu, u] 2 Ellulli for any u V

where § is some positive constant and V is some closed subspace
of H, () containing H_(Q). Let A be the operator associated
with this sesquilinear form:an element u of V belongs to D(A)
and Au = féLZ(Q) if BRm, 1 = (£, v) is vaid for any ve V.
It is well known that A is a positive definite self-adjoint oper-
ator in Laﬁa). For t > 0 let N(t) be the number of eigenvalues
of A which do not exceed  t,.

Maruo & Tanabe [2] and Maruo [3] investigate the asymptotic
distribution of eigenvalues of the operator A, and under various

smoothness assumptions on the coefficients of B deduce formulas

with remainder estimates. In particular, Maruo [3] proved that

N(t)= ¢, t/2m 4 g(e(n=B)/2my 5 s o0 (D)
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for any § < (h41)Ant3) if the coefficients a.s (M= |fl=m) be-

long to the class C"’h in some domain containing §2. But it is

impossible to prove (1) for 1/236 < 1 by the mathod used in [2]

[3] s even if the all coefficients ayg belong to the class C (R%).
Let BT () (0< T < ©0) be the space of functions u in

such that 9 u are bounded and continuous for [l = [\J and

];) a(x) - qu(y)l/ix - le (Ix-yj51, x, 7€) bounded for il

=[X] , when 1= T - [X] > 0: The conclusion of this paper is tbat

(1) holds for any 8 < T/(+2) 4if the coefficients of B satisfy

‘the following assumptions. We state smoothness assumptions on the

coefficient of B;

Assumptions, For |=1fl = =m 8y belongs to BY(®) and
when [ Y 2, for X|t]|Bf = 2m-1 a belongs to }?T (52 where
/ .

T = (-T - 2)/20

Theorem, We assume that 2m > n .as in (2}, [3]. In the sit-

uation stated above the following asymptotic formuls for N(t)

holds as t % co:

N(t)= c°tn/2m +o(t(n-—6)/2m)

for any number § satisfying 0<@< T/((t2) where
o =$ c(x) dx,
o= )g |

c(x) = (Z'IE-)'"nS ag.

2 %(X)?“& 1

=(p1=m
Remark, In the proof of our theorem, the results of Tsujimoto [4]

play an important role,
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EXISTENCE AND ASYMPTOTIC_STABILITY'OF
STRONG SOLUTIONS OF NONLINEAR EVOLUTION EQUATIONS
WITH A DIFFERENCE TERM OF SUBDIFFERENTIALS

By Mitsuharu OTANI

Department of Mathematics, Tokai University, Japan

§ 1. Introduction

Let H be a real Hilbert space with the inner product (-,-)H
and ‘the norm "'H . Let V¥(H) be a family of all lower semi-
continuous convex functions ¢ from H into (-0 ,+o0] with

v § +o. For each ¢ ¢¥Y(H), the ef.fect_i\{e ‘dox:';ain, D(¢) of

¥ 1is defined by
D(y) = {u€H; y(u) <+ },

and the subdifferential operator 3y of ¢ by

dv(u) = { feH; y(v) - v(u) > (£, v-u), for all ueH}
"with domain DAY) ={ueH ; ap(u) ¥ ).

Then it is well known that 3y is a (possibly nonlinear multi-
valued ) maximal monotone operator in H ( see Brézis {1]).
-In what follows, however; for all ¢ e¢¥(H), 9y is assumed to
be single-valued and ¢ (u) >0 for all ueH, for the sake of
simplicity. Let ¢!, y?¢ ¥(H), and consider the following

abstract Cauchy problem (C.P.) in H :
{ (1) du(t)/dt + 3yl (u(t)) - 3y*(u(t)) = 0, t>0,
(c.p.)
{2} u(0) = a .

For example, let 2 be a bounded domain in R; with smooth

boundary T, and put




. n . P :
1 ZI 1281" ax if uewyRo ,
WI (U) s p i=1/Q xJ- ’
+ Cif uel?e) \WrRe) ,
”z‘%‘?i] lux) 2*%ax if uwerl*%@),
Vi) = ?
f o if uet’ @) \N1*"%w) .

Then 2, w2e~wcLz(n)), and the mixed problenm

3u _ %o qau PP
@ geton = Ll ) *uffu, x s, 20,

(Pr.NH) (4) u(x,t)

0, xel, t>0,

(S‘) u(x,0) a(x) , xe ,

can be reduced to (C.P.) in H = L%(q).

§ 2, Existence results

Definition 1. An H-valued continuous function u(t) 1is said

to be a strong solution of (C.P.) in ([0,S] if and only if

du(t)/dt and 3w¥u(t)) (i=1,2) belong to L(0,5;H), and u(t)
satisfies (1)-(2).

The local and global ( in time t ) existence of strong solu-’
tions of (C.P.) is already studied by Koi-Watanabe [5], Ishii

[3] and the author [8,9]. We here mention results in ([8,9].

Theorem I. ( Local existence) Assume the following (A.1) and

(A.2).

(A.1) For each L €(0,+00) , the set { u¢H ; w‘(u)-*luhig L}

is compact in H.
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(A.2) D(3vHCD(? and there exist a constant k ¢(0,1) and

a monotone increasing function M(-) on [0,+®) such that
(6) laqﬂ(u)[u <k lawl(u)}H+ M( $t(u) + [ulH) for all uéeD(3¢9.
Let a eD(w‘), then there exists a positive number T , which
is a monotone increasing function of Qahi and y!(a), such

that (C.P.) has a strong solution in [0,T]. (For a proof,'see [9])

Theorem I. ( Glecbal ek;stengg) Let .. (A.1), (A.2) and the follow-

ing (A.3) be satisfied.
(A.3) There exist constants k¢ [0,1) and C>0 such that
7y vi(u) < k yl(u) + C for all ueD(¥').

Then every local strong solution of (C.P.) can be continued
globally to [0, +), in particular (C.P.) has a global solu-

tion for all aeD(y').

Proof. Let u(t) be a strong solution of (C.P.) in {0,T],
then it follows from Lemma 3.3 of Brézis [1] that wi(u(t))
are absolutely continuous on [0,T] and satisfy ( awi(u(t)),
du(t)/dt )y = dyi(u(t))/dt for a.e. te [0,T]. Hence,
multiplying .(1) by du(t)/dt, we have '

1 du 2 _
(8) ’Hf(t)h{ + J(t)) =0 for a.e. te€[0,T] ,

where we put J(u) = ¢r(u) - p2Qu).
Then integration of (8) on [0,t], te (0,T], and (A.3) give

pr(u) < (y¢l(a) + C )V/(1-k) for all te [0,T].

Furthermore, by (8),
t t z Y2
ey < lely + [ 1§y < laly+ (| 182y as) |

S




%3

< al v (tyia) VP
Thus, since the a priori bound for ¢!(u(t)) + |u(t)h{ is
derived, Theorem I  assures that u(t) can be continued

gicbally to any compact subset of [0, +m). [Q.E.D]

§ 3. AsymptOtic‘sfébiiify

When condition (A.3) is absent; it has been shown by many
authors so far that if initial data a satisfies certain condi-
tions, then the corresponding (local) strong solution of
(Pr.NH) (or (C.P.)) ©blows up in a finite time in various to-
pologies ( say in the maximum norm , Lz-norm,etc.) . At the
same time, if a is sufficiently small in some sense, then
every strong solution can be continued globally. In particular,
we refer to Kaplan [4]}, Fujita [2], Tsutsumi [10], Levine [6],
ishii [3] and Matano [7]. However, it seems that very little
study has been devoted to the questions :— (1) whether blowing
up phenomena in some different topologiés are equivalent to each
other ; (2) of determining all possible asymptotic behaviors
of solutions. We here intend to study these problems for

(C.P.) in a somewhat restrected situation, ( which is similar

to that of 1Ishii [3]). Throughout this section, we always

assume (A.1), (A.2) and the following (A.4) and (A.S5).
(A.4) ' are homogeneous functions of degree «a;>1, i=1,2,
ie., v'(au) = A% yl(u)  for all A>0 and 119D(wi).

(A.5) There exist positive constants Ci and-Cz such that

(9 ClluIH' < Cz' {lpz(u)}llaz < {lla’(u)}llml for all ueD(yl).
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If ¢ e¥Y(H) is a homogeneous function of degree a>1, then
it is shown that (ay(u), u)_H—4 dnp(u)_ for all u &D(3y).
Then multiplying (1) by u(t) , a strong solution of (C.-P.) in
[0,T] , we have

1d

(10) : a—flu(‘t)lg = ju(t)) for a.e. t ¢[0,T] ,

where we put j(u) = vd;w’(u) - &lw‘(u) .

We now introduce several types of blowing up and growing up

of solutions of (C.P.) , which are induced quite naturally by

our abstract setting ( see (8) and (10) ).

" pefinition 2. A strong solution u(t) of (C.P.) in [o,7) ,

0<T<+ o , (resp. in (0, +o) ) 1is said to be
@® w!-B.U. (resp. @, $'-G.U. ), @ v2-B.U. (resp. ®’ v2-6:U35 .
® j-B.U. (resp. @ j-6.u.), @ J-B.U. (resp. @ J-6.U.),
@ H-B.U. (resp. ®' H-G.U. ) if and only if Y u(t)) » + o0,

Yiu(t))+ +oo , ju(t))+> +0 , Ju(t))+ - and Iu(t)|H+

+ ® as t+T (resp. t »+m ) respectively.
Then for the case a, >a,., we have :

Theorem III. Let a, >a, and a, >2. Then growing up phenom-

ena @l- @’ do not occur. Furthermore we have the relation :
®-0-0-0~0-0

Proof. Step I. We first note by (A.5) that @ > @ »> @

and ®'+ @’-v @, . Since J(u(t))' is monotone decreasing |

by (8),

(11) p2(ut)) 2 v (u(t)) - J(a) ,




£D

whence follows @ > @ and @)'4--» @' . Suppose here that
£ .

@ occurs , then from (19), (11) and (A.5), there exists a

positive number T, such that

(12) 7 2 = (aa-a1) v @) - a:(a)

> '(dz-a,)(cl/czf‘zluct)gz/‘z for all t>T,

which implies (& ,( so in particular (@) ). Thus we can find

that @' > @’ and @l do not occur.

Step II. Integration of (8) on {[0,t] gives

t o t
(%) -3+ 3@ = [l RO,

> ()l - laly P,

Then @ implies @ . Furthermore, if @, occurs, then

J{u(t)) <0 for all sufficiently large ¢ ,\s}we again obtain
(12) ,i.e., CS) . This is a contradiction.

Step II. It is easy to see that @ or @ implies @

and @ (see Fig. 1 ). To show that @ implies @ , it
suffices to recall j(u(t)) > (az-ay) p¥u(t)) - o,J(a) (see

(12) ). ' [Q.E.D.]

Remark 3. In Theorem II , instead of (A.2) , assume

(A.6) D(3p*)C D(3¢¥?) and there exist a constant Y ¢€{(0,1) and
a monotone increasing function M(-) on [0, +o0) such that

. 1-Y X 1-Y .

awuly < MClul ) C [3wiwlly  + (v +1) =l
for all ueD(YY).

Then , since @ implies @ , we can deduce the complete

equivalence : @ > @ > @ > > @




Let u(t) be a strong solution in [0,T] and consider the

case that  1lim inf y?(u(t)) <+ and 1lim sup ¢* (u(t)) = + .
t->T-0 t+T-0

We can exclude this case by Theorem I for the case T <+

and the following Theorem IV for the case T = + m.

‘Théorem V. Let: dz >d, and dz >2. Let u(t) be a (global)

strong solution of (C.P.) in [0, +®). Then ¢*(u(t)) is
bounded , i.e., sup { p’(u(t)) ; t¢[0, +m)} < +. Therefore
p2(u(t)) , j(u(t)), J(u(t)) and lu(t)]y are also bounded.

The proof of this theorem relies much on the following lemma.

Lemma 4. Let u(t) be a (global) strong solution in [0, + ).
Suppose that there exists a sequence ‘{tn} tending to + o0 as

n ~+0 such that w‘(u(tn)) is bounded as ‘tn-’ +oo.

Then  j(u(t,)) - 0 as t, > +o , and there exists a:sub--
sequence {t!} of {t } such that u(t]) converges to a

stationary solution "u;,e-,,gi {uebd(2¥?) ; dPu) = ap?(w)}.

What is more, if o= oz , then wi(u(tn)) -+ l(i (i=1,2) with
Xy = @K, .

Proof of Lemma 4. Since ¢'(u(ty)) is boun&ed, pHu(ty)) is

alsc bounded by (A.5). Hence J(u(t)) 1is bounded below and
J(u(t)) +C > -0 as t ++o0. Then, setting ut(s):='{u(t+s)
; 0<s<1} € C({0,1];H), we find by (8) and (A.2) that
|dutn(s)/ds}_LZ(0’1;H) + 0 as t,+ +00 and wi(utn(s)) are
bounded in L2(0,1;H) . Furthermore, since '{utés)}n is ‘equi-
continuous on [0,1] and forms a compact set in H for each
s € [0,1], by Ascoli's theorem, there exists a subsequence {t}}
of {t,} such that utﬁ(S) + u(s)zuwe)g in. C([0,1]);H).
[Q.E.D]
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Mote that in genefai‘the strong solution of (C.P.) is not
unique (_sée'{zj), so that the asymptoti;‘behavior of the solution
is not’determiﬁed'bnly by its initial déta a. However, as in
{107 and {3] , if a béidngs tolcertéin subsets of D(¥), thén
the asymptotic behavior Qf the corresponding solutions is unique-
1y determined by a. B
' PrppasitiOn S;fiPut

W= (veDEh); I <d, j@) <o},

2 = Cued@h); J) <d, j) >0},

a .
where 4 = (Czazlal)lﬂéz*él)(a2~a1)/a2. Then we haye :

(1) 1f ael), then every ( local) strong solution u(f) of
(C.P.) <can bé'cdhtinqed globally and y¢!(u(t)) , ¢?(u(t)) and

Iu(t)“{ tend to zero as t - +0.

(2) 1f faé’LV, then every strong solution of (C.P.) blows up,
i.e., properties @ ,@ and @ hold.

Proof. Put W = {( 2u), ' (uw)); vel}, V= ((p2(u), ! @);
ueyl and S = {( p2(u), p*(u)); alwi(u) = a,p%(u)} . Then
both W and V are connected subsets of the (y?(u),y’(u))-plane
,and WS = {0} and VNS =¢ by (A.5) ,(see Fig.1).
Moreover, since J(u(t)) is monotone decreasing, it is clear
that if a¢ W (resp. ) ), then wu(t) always stays in wr
(resp.1 ). Let a¢?) , then since W is bounded, it follows
from Lemma 4 that (¢2(u(t)),v’(u(t))) converges to a point
of WNS = {0} . As for the case ag)) , since VNnS==4¢ ,
combining Lemma 4 with Theorem V, we find that every strong
solution can not be continued globally. Thus, by Theorem II,

u{t) blows up. [Q.E.D.]}




A wiw
A, A uj =
5:30h) =0 Ty =d
\ Z(
\ P w= Cz (Y} %
/w
5 . >
Fig. 1

Remark 6. In the case of a¢ W), we can give explicit rates

of convergences of ¥!(u(t)), $Z(u(t)) and |u(t)h{(see [31).

Now we are ready to tell all the possible asymptotic behaviors

of strong solutions of (C.P.).

‘The case @ >, and a, >2 : There are two possible types.

(Tl) pi(u(t)), w2 (u(t)) and Iu(t)h{ are uniformly bounded

for all t [0, +m®), and the w-limiting set of u(t)

Q(u(t)) := f\ {u(s); s>t} is contained in ,8
What is'more, J(u(t)) +K>0 , pl(u(t)) » aK/(az- al) and

p2(u(t)) » oK/ (az-a1) as t + +0.

(T,) u(t) blows up in a finite time ,i.e., w‘fB.U. , V2-B.U.

and j-B.U. occur.




Remark 7. 1In case (IZ), even if a ;fU’,Athe corresponding
strong solution wu(t)} may blow up. However, if (A.6) is
satisfied, then the trajectory (¢Xu(t)),p!'(u(t))) goes into

V in a finite time.

The case o; >a, : It is easily follows from (A.S5) and Theorem

I that the trajectory (%X u(t)), v¥u(t))) is always bounded
for any a. Hence, by Theorem IV, the possible type is only

(Tl}, ( where constant K becomes non-positive ).

The case _ai1=a, : If C,>1 (C, :the constant in (A.5)),

then every strong solution u(t) of (C.P.) can be continued

globally, and ¢Xu(t)) - 0, pXu(t)) - 0 and ]-u(t)lH + 0
as t >+ 0. As for the case Cz_il » the situation is rather
delicate. However, under condition (A.6), we can show that
the possible cases are the following two , and properties in

each case are equivalent to each other.

(T Ju(t))+0 as t ++00 <+* Iu(t)[H is bounded <+~

3)
p!(u(t)) is bounded <+ P2(u(t)) is bounded.

( In this case Q(u(t))¢ 3 holds. )

(T4) J(u(t))H(e[- ®,0) as t++0m > P'-G.U, +»

$2-G.U. <«» H-G.U.
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